The dual of concatenationt

Alexander Okhotin

Department of Mathematics, University of Turku, Turku FIN-20014, Finland

Abstract

A binary language-theoretic operation is proposed, which is dual to the concatenation of
languages in the same sense as the universal quantifier in logic is dual to the existential
guantifier; the dual of Kleene star is defined accordingly. These operations arise whenever
concatenation or star appear in the scope of negation. The basic properties of the new oper-
ations are determined in the paper. Their use in regular expressions and in language equa-
tions is considered, and it is shown that they often eliminate the need of using negation, at
the same time having an important technical advantage of being monotone. A generaliza-
tion of context-free grammars featuring dual concatenation is introduced and proved to be
equivalent to the recently studied Boolean grammars.

Key words: Formal languages, semiring, regular expressions, language equations,
deductive parsing, co-context-free languages, conjunctive grammars, Boolean grammars.

1 Introduction

The dual of a logical propositioff(zy,...,z,) is its transform under negation,

- f(—x,...,x,). FOr instance, conjunction is the dual of disjunction, as stated
by de Morgan’s law. The existential and the universal quantifier are dual to each
other, since~(3z) P(z) is equivalent toVz)—-P(z). In temporal logic, the opera-
tors I’ (“eventually”) andG (“always”) demonstrate the same kind of duality. The
possibility of saying “eventually X” instead of the cumbersome “not always not
X" is certainly helpful both for intuitive clarity and due to the technical difficulties
associated with nonmonotone negation.

Email addressokhotin@cs.utu.fi (Alexander Okhotin).
I This work was carried out during the author’s studies at Queen’s University (Kingston,
Ontario, Canada). A preliminary version of this paper was presented at the MFCS 2004
symposium held in Prague, Czech Republic, August 22-27, 2004, and its extended ab-
stract appeared in: J. Fiala, V. Koubek, J. Kratdtlids.),Mathematical Foundations of
Computer Scien¢ceNCS 3153, Springer-Verlag, 2004, 698-710.

Preprint submitted to Elsevier Science 22 August 2005



Among the commonly used language-theoretic operations, union and intersection
are dual to each other, while concatenation is apparently without a dual. As a re-
sult, reasoning about language constructsiike L, becomes as inconvenient as it
would be to deal with the statement “not always not X”, being forbidden to use the
notion “eventually”. This makes a significant contribution to the general attitude to
complement in formal language theory as a “hard” operation.

It is not hard to define the operation dual to concatenation: recalling that concate-
nation of two languages is

L, - Ly = {w | there exists a factorization = uv, such that: € L; andv € Ly},

one can formally invert the predicate by replacing the existential quantifier with the
universal quantifier and conjunction with disjunction:

Ly ® Ly = {w | for every factorizationv = wv it holds thatu € L, orv € Ly}.

This is a binary operation on languages. Although it might look artificial at the first
glance, one should bear in mind that such an operation invariably arises whenever
concatenation occurs in the scope of negation. This gives a clear motivation for
conducting a study of this operation, nantkdhl concatenation

In Sections 2 and 3, dual concatenation and its iterative countedoitstar, are
formally introduced and their basic properties are established. Section 4 obtains
closure/nonclosure results with respect to these operations for the most common
families of languages. Sections 5 and 6 examine the use of dual concatenation
together with or instead of concatenation in regular expressions and in language
equations. A generalization of context-free grammars featuring explicit dual con-
catenation is defined in Section 7; it is shown to be equivalent to the recently studied
Boolean grammars [12], which contain explicit negation. The final Section 8 sum-
marizes the contributions of dual concatenation to these areas and argues for its
importance.

2 The dual concatenation

Let us start from giving two equivalent definitions of the new operation.
Definition 1 The dual concatenation of two languages L, C ¥* is defined as
Ly ® Ly = {w | for every factorizationv = uwv it holds thatu € L, orv € Ly}
Definition 2 The dual concatenation of two languages L, C ¥* is defined as

Li®Ly=1Li-Ly (1)



Theorem 1 Definitions 1 and 2 are equivalent.

PROOF. Writing down a formal negation of Definition 1, a stringis notin the
dual concatenation of; and L, according to that definition if and only if there
exists a factorizationv = ww, such thatu ¢ L, andv ¢ L. This is in turn
equivalent tow € L; - Lo, which holds if and only ifw is notin the language
(). O

Theorem 2 (Algebraic properties of dual concatenation) (1) Dual concatena-

tion is associative, i.el; © (Ly ® L3) = (L1 ® Lg) ® Ls.

(2) Dual concatenation is not commutative, i.B,,® L is not necessarily equal
to Ly ® L.

(3) Xt is atwo-sided identity for dual concatenation, iEpXt =Xt oL = L.

(4) ¥* is a two-sided zero for dual concatenation, ikp >¥* = ¥* © L = X*.

(5) Dual concatenation is distributive over intersection (including infinite inter-
section), i.e.L ® Nier Li = Nier(L ® L;) for any index sef and L, L; C >*.

PROOF. For simplicity, all the proofs are based on the representdtion L, =
L, - L, and the universally known corresponding results for concatenation.

ASSOCiatiVity: Li® <L2 ® Lg) = fl - Ly ® Ls = E . (E . Lg) = (L1 . Lg) - Ly =
LiOLy Ly= (L ®Ly) ® Ls.

Noncommutativity: Suppose dual concatenation is commutative. Then, for every
Ly,LyeX* L1 -Ly=1L,®Ly=Ly® L, = Ly - Ly, and hence concatenation is
also commutative, which is known to be untrue.

Identity: foreveryL C¥*, Lo Xt =L-%t = L-{e} = L = L. Similarly it is
proved that:™ © L = L for all L.

Zero. LoOY*=L-YX* =L -@ =g =Y* Similarly,* ® L = ¥* for all L.

Distributivity:
LoNLi=L-NLi=L-UL=UL-L)y=NL-Li=N(LOL). O
iel '

i€l i€l i€l i€l el

Corollary 1 (The dual semiring of formal languages) Formal languages over

an alphabet® form a semiring withn as sum and> as product, with zerd*

and identity>", denoted(2*", N, ®, ¥*, ¥T). This semiring is complete with re-
spect to infinite intersections and naturally ordered by the relation of containment
(see Kuich [6] for definitions).



PROOF. The axioms of a semiring are stated in parts 1, 3, 4 and 5 (for two-element
I) of Theorem 2. Completeness of this semiring follows from the obvious properties
of intersection and from part 5 of Theorem 2 (this time for arbitigsy. The partial
order on languages defined ds,“C L, ifand only if L; O L,” satisfies the axiom

“Li C Lyifand only if L; N L = L, for someL”, as it suffices to takd. = Lo;
hence it is a natural order for this semiringd

The semiring(2*",N, ®, ¥*, X*) is dual to the classical semiring of formal lan-
guages2® U, -, @, {e}) [6]; some of its further properties will be established later.

Theorem 3 (Analytic properties of dual concatenation) (1) Dual concatena-
tion is monotone with respect to inclusion, i.e.Lif C L} and L, C L),
thenl; ® L, C L} ® Li.

(2) Dual concatenation is)- and N-continuous, i.e., for every two sequences of
languages{ L/ }°°, and { L }°° , that are both increasing (both decreasing,

resp.), the sequendd.;, ® L’} , is also increasing (decreasing, resp.) and

n=1

its limit equalssup,,», { L, } ©sup,,>,{ Ly, } (inf,>1{ L, } ©inf,> {L}, resp.).

PROOF. Monotonicity: Letw € L; ® L. Then for every factorization = u;us
there exists, such thai,; € L,. SinceL, C L} andL, C L, for every factorization
w = ujuy there existg, such thaty; € L.. This meansv € L} ® L.

Continuity: Let us proveJ-continuity. If both{Z/ }>°, and{L”}> , are increas-
ing, then{L! ® L”}> | is increasing by the monotonicity of dual concatenation.

If w € sup{L,, ® L} then there existé& > 1, such thatw € L) ® L}. Since
Ly, C sup{L)} and L] C sup{L"}, L), ® L} C sup{L!} ® sup{L!} by the
monotonicity of dual concatenation, and hence sup{L/ } ® sup{L”}.

Conversely, ifw € sup{L/,} ® sup{L}, then for every factorizatiom = uv,

u € sup{L}} orv € sup{L”}. By the definition of least upper bound, for every
suchu; € sup{L;,} there existsg; > 1, such that; € L; , and similarly for every
suchv; € sup{L; } there ist; > 1, for whichv; € Lj . Sincew has finitely many
substrings, the seftk;, ¢;} is finite. Letk = max{k;, ¢;}. By the monotonicity
of {L/}>, and{L”}> ,, all the relevant substrings will be if) and L}, and
thereforew € L), ® L} Csup{L,® L"}. O

An important case of concatenatiorliilsear concatenationwhere a singletofia }

(a € Y)isleft- or right- concatenated to a languag€: or L-a. What happens if the
dual of concatenation is similarly restricted? Consilileear dual concatenation
defined asi ® L and L ® a. It turns out that linear concatenation and linear dual
concatenation can be expressed through each other:



Theorem 4 For every languagd. C >¥* and foreverys € X, a® L =aLUa - X*
anda-L=a® LNa-X*.

Let us now show how a nontrivial language can be obtained from languages of a
simple form using dual concatenation.

Example 1 Define the following three languages:

Lo =A{zay [z,y € {a,b}", |2| = [y}, (2a)
Ly = A{aby | z,y € {a,b}", |z] = |y[}, (2b)
Leyen = {aa, ab, ba, bb}* (2¢)

ThenL = L, ® (Ly U Leyen) N Ly © (Lg U Leyen) = {ww | w € {a,b}*}.

W1 W2

Fig. 1.How the languagéww | w € {a,b}*} is obtained in Example 1.

Let us explain how this construct ensures that L if and only if + = ww for
somew. Consider a string: of even length. For every factorization ofinto two
strings of odd lengthy = uwv, lets,t € {a,b} be the middle symbols in andv
respectively, as shown in Figure 1. It is easy to see ¢hatd¢ occupy the same
relative position in the two halves af and hence it should be checked that ¢.

The requirementthat € L, ® (L, U L., ) States that, for every such factorization,

s =aort =b;so, ifs = b, thent also has to bé. Similarly,z € L, ® (LyU Leyen)
ensures that if = a, thent must equak as well. The use of..,.,, allows to handle
factorizations ofr into even-length strings, as well as to enforce that the length of
x is even.

3 The dual star

Kleene closurel* = ;2 , L™, admits an equivalent representation as the set of all
stringsw, such that there exists a numbep= 0 and a factorizatiom = w; . .. w,,

such that for ali (1 < ¢ < n), w; € L. Let us take a formal dual of this repre-
sentation, thus obtaining a new language-theoretic operation. The properties of this
operation will now be investigated.



Definition 3 Let L C >* be a language. The dual star 6fis defined as

L® = {w | for everyn > 0 and for every factorizatiomw = w; ... w,

: 3
there exists (1 < i < n), such thatw; € L} 3)

Definition 4 Let L C ¥* be a language. Define the dual stariofis
®=r (4)

Before proceeding to the proof of the equivalence of these two definitions, consider
the third way of defining the dual star, by an iterative application of dual concate-
nation. Recalling the semirin@*", N, ®, ¥*, ¥*) with dual concatenation as the
associative product, considgowersof an element defined as follows:

Definition 5 The n-th dual concatenation power of a languadeis defined as
L® = L ®...0 L, whereL is repeated: times; ifn = 0, assumd.® = ¥+,

Definition 6 The n-th dual concatenation power of is defined asL® =
{w|for every factorizationv = w; . . . w, there exists (1 < i < n), such thatw; € L}.

Theorem 5 Definitions 5 and 6 are equivalent.

PROOF. Induction onn.

Basisn = 0: According to Definition 6¢ ¢ L@, since for the factorization of

into zero substrings (as= ¢, this is a valid factorization) there cannot exissuch
thatl < i < 0. On the other hand, every other string is/iff, because there are no
factorizations ofw # ¢ into zero substrings, and hence everything that is supposed
to hold for every such factorization is true. 6% = ¥+ under both definitions.

Induction stepw € LO L ® ... ® L (n + 1 repetitions) if and only if for every
factorizationw = uwv,u € Lorv € L ® ... ® L (n repetitions). By the induction
hypothesis, this is equivalent to: for every factorizatios= uv, u € L or, for every

factorizationv = v, ...v,, v; € Lor...orv, € L. Rewrite this as follows: for
every factorizationv = uvy ...v,,u € Lorv; € Lor...orv, € L. O

Definition 7 Let L C >* be a language. The dual star éfis defined as

L® = ﬁ L® (5)

n=0

Theorem 6 Definitions 3, 4 and 7 are equivalent.

PROOF. (Def. 3« Def. 4) A stringw is notin (3) if and only if there exista > 0
and a factorizationv = w ... w,, such thatw; ¢ L for every:. This is in turn



equivalent tow € L", which holds if and only ifw is notin the Ianguagf.

(Def. 3« Def. 7)w is in L® according to Definition 3 if and only if for every
n > 0 and for every factorizatiom = w;, ...w, there existg (1 < i < n), such
thatw; € L. Using the notation of Definition 6, this can be equivalently rewritten
as: for everyn > 0, w € L@, This holds if and only ifw is in (5). O

According to its third definition, dual star is an infinite intersection (5), which is an
infinite “sum” in the complete semirin@*", N, ®, ¥*, ). Thus dual star has the
following role within this semiring:

Proposition 1 (&) is an abstract star operation in the semiric@™", N, ®, *, ).

Theorem 7 For every languagé., (1)c ¢ L® (cf.e € L*); (2) L® C L C L%
)X = LS3 is the greatest solution of the equatidh= X ® L, N X+,

PROOF. Consider Definition 7: takingp = 0, we obtain the first claim, while

n = 1 establishes the second claim. As for the third claim, it is a known fact that
the least solution of the equatidh= Y - L U {¢} is L*. Take the complement of
both sides of the equatiod’ = Y - L U {}, or, equivalentlyy =Y & LN X7;

this does not alter the set of solutions, and hehtes still the least solution of the
latter equation. Substituting = Y, one obtains the equatioli = X © LN X

with the greatest solutio*, which equalsf®. SettingL = L, for a given L,
proves the claim. O

Example 2 Consider the languages,, Ly, L..., from Example 1 and define linear
context-free languages

Li=c-LyULp-dU Leyen, - dUc - Leyen - dU {a,b}* and
Lo=c-LyULy - dU Leyen, - dU ¢+ Leyen, - dU {a, b}”.

ThenL® N LY N ¢ Leyen - d = {cwwd | w € {a,b}*}.
4 Closure properties
Let £ C 2% be a class of languages. Denotee- {L | L € L}.

Theorem 8 A class of language€ C 2% is closed under dual concatenation
(dual star) if and only if co£ is closed under concatenation (star, resp.).



PROOF. Let £ be closed under concatenation, and consider an arbitrary pair of
languagesl;, L, € co-L. The languages.; and L, are in £ according to the
definition of co£, and then, by the closure @f under concatenatior,; - L, is in

L. Hence, its complement,; - L, = L; ® Lo, is in coL. The case of dual star is
proved in the same way.O

Corollary 2 Every family of languages closed under complement is (i) either
closed or not closed under both concatenation and dual concatenation; (ii) either
closed or not closed under both star and dual star.

Theorem 9 Regular, deterministic context-sensitive, context-sensitive, recursive,
and the languages generated by Boolean grammars [12] are closed under both
dual concatenation and dual star. Deterministic context-free and linear conjunc-
tive languages [11] are closed under neither dual concatenation nor dual star.

PROOF. All these families are known to be closed under complement. The fam-

ilies from the first group are closed under both concatenation and star, while the
families from the second group are closed under neither. The results follow from
Corollary 2. O

Lemma 1 Consider the languages,,, Ly, L..., from Example 1. The language
L, ® (Ly U Leyen) is not a finite intersection of context-free languages’).
Similarly, the languages® and LY from Example 2 are not inC'F.

PROOF. Supposd., ® (LyU Leyen) isinNCF. By the symmetry, so i, ® (L, U
Lesen)- Hence, their intersection is alsoirC' F'. However, this intersection equals
{ww | w € {a,b}*}, which is known not to be imC'F' [17], a contradiction.

If LY from Example 2 (and, by the symmet#£’) can be represented by such an
intersection, thed® NLY Ne¢- Leyen - d = {cwwd|w € {a,b}*} isinNCF, which
similarly yields a contradiction. O

Sincel,, L, U L., and L, are linear context-free, Lemma 1, partially with the
help of Theorem 8, leads to the following nonclosure results:

Theorem 10 Context-free and linear context-free languages are not closed under
dual concatenation and dual star. Co-context-free and co-linear-context-free lan-
guages are not closed under concatenation and star.

Theorem 11 Finite languages are closed under both dual concatenation and dual
star.



PROOF. The case of>. Let L, and L, be arbitrary finite languages. Let; be
the length of the longest string i, (takem,; = 0 if L, = @) and let us prove that
L1 ® L, does not contain strings of more than + m, + 1 symbols long.

Suppose there i® € Ly ® Lo, such thatw| > my + ms + 2. By the definition
of dual concatenation, for every factorization= uv it should hold that, € L,
orv € Ls. Consider the factorizatiom = uv, such thaju| = m; + 1 and thus
|v| = msy + 1. By the choice ofn;, u ¢ L, andv ¢ L,, which is a contradiction.

So,L, ® Ly C Xs™m+ma+l gnd s therefore finite.

The case of®). By Theorem 7 L® is a subset of,, and hence is finite. O

~ ® * ®
Finite -+ |+ ]+ + ] -+
co-Finite — + |+ |+ + |+ -
Regular + + + +
LinCF — + | - |- - | - —
co-LinCF — — + | - | - — —
DetCF + - — —
CF -+ |-+ -+ -
co-CF — - + | - | + - +
Lin.Conj. [8,11] | + + - -
Conjunctive [8] | 7 + |+ |+ ] 7 + ?
co-Conjunctive | 7 + + |7 + ? +
Boolean [12] + + + +
DetCS + + + +
CS + + + +
Recursive + + + +
RE -+ |+ |+ + |+ |+
co-RE -+ |+ |+ |+ |+ |+

Table 1
Closure properties of common families of languages

Finally, the following theorem can easily be proved by an explicit construction of a
Turing machine.

Theorem 12 Recursively enumerable and co-recursively enumerable languages



are closed under both dual concatenation and dual star.

The results of this section are put together in Table 1.

5 Dual concatenation in regular expressions

A fundamental theorem due to Kleene states that a set is recognized by a finite
automaton if and only if it can be represented asgular expressionwhich is a
formula over the operations, - and« and the constants « and@. More expressive
formalisms semi-extended regular expressiavith the operationgu, N, -, x}, and
extended regular expressiongth U, N, ~, - andx [4,18], have been subsequently
studied.

Consider the following related formalism:

Definition 8 (Extended dual regular expression)Let: be an alphabet. (i, &,
g, g, a anda (for everya € X)) are extended dual regular expressions; (iiplfis
an extended dual regular expression, then soar@nd o®; (iii) If « and 3 are
extended dual regular expressions, then so(ares), (« ® 3), (« | §) and (a&:/3).

A languageL(«) is associated with every extended dual regular expressias
follows: L(e) = {e}, L(z) = ¥*, L(a) = {a}, L(a) = ¥*\ {a}, L(a*) = L(a)*,
L(a®) = L()®, L(e- B) = L(@) - L(B), L(a ® B) = L(e) © L(B), L« | B) =
L(a) U L(B3), L(a&f) = L(ar) N L(B).

As compared with extended regular expressions [18], extended dual regular ex-
pressions do not have negation, but have dual concatenation and dual star instead.
It turns out that the lack of negation does not increase the descriptional complexity,
as any given extended dual regular expression can be negated by simply changing
all operations to their duals:

Definition 9 The duald(«) of an extended dual regular expressiotis defined as
d(@) = ,d(?) = @,d(e) =&, d(E) = &,d(a) = @, d(@) = a, d(a”) = d(a)®,
d(a®) = d(a)*, d(a - ) = d(e) © d(B), d(a © B) = d(a) - d(B), d(a | §) =
d(a)&d(f3), d(a&eff) = d(a) | d(3).

Lemma 2 For every extended dual regular expression d(d(«)) = « and
L(d(e)) = L(a).

So the succinctness of description of languages by extended regular expressions
and by extended dual regular expressions is the same. Along with this, the latter
inherit many other noteworthy properties of the former, such as the nonelementary
complexity of the emptiness problem [4], and nonelementary succinctness tradeoff
with the standard regular expressions [4]. It is important to emphasize that in our
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case this is being achieved without using the complement: the operations,
), U andn are all monotone.

Let us now consider some restricted classes of regular expressions with dual con-
catenationsemi-extended dual regular expressidmbid the operations ofandx

and the constants, ¢ anda (retaining®, ), U, N and the constantg, g, a), while

dual regular expressionalso exclude union (thus featurirg %), N andd, g, a).

Proposition 2 The dual of every regular expression is a dual regular expression.
The dual of every semi-extended regular expression is a semi-extended dual regular
expression.

It is easy to see that dual regular expressions have the same expressive power as
the standard regular expressions: for every regiilaf. is regular and hence is
generated by some regular expressigronsequently, the dual regular expression
d(a) generates.. With respect to the semirin@>", N, ®, ¥*, ¥F), ®, ® andn are

known as theational operationdn this semiring; hence the following statement:

Proposition 3 The class of languages rational in the semirif2g , N, ©, X%, )
is exactly the class of regular languages.

Thus dual regular expressions, semi-extended dual regular expressions and ex-
tended dual regular expressions form three new equivalent representations of regu-
lar sets. These representations vary in descriptional complexity:

Example 3 It is known that the languagé,, = (0|1)*-0-(0|1)™-0-(0|1)*is
specified by a regular expression of s2én), while L,, requires a regular expres-
sion of size at least'- 2" [4]. On the other hand[,, is specified by the dual regular
expressiof0&1)® 0 e (0&1)® © 0 (0&1)® of linear size, but,, requires an
exponential-size dual regular expression.

6 Dual concatenation in language equations

Language equations with concatenation and union were studied in the early days
of formal language theory as an algebraic semantics for the context-free grammars
[3,5]; their extension, additionally equipped with intersection, has been shown to
characterizeonjunctive grammarg8,9] in a similar way.

Complement proved to be a problematic operation for language equations: a system
of equations with, U, N and~ can have no solutions at all or multiple pairwise
incomparable solutions, these properties are undecidable, and the expressive power
of unique solutions amounts to all recursive languages [10]. Using such equations
typically forces one to impose different kinds of constraints [7,12]. In this section,
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language equations with dual concatenation instead of complement, i.e., with the
operations, ®, U andn, will be studied.

6.1 Equations and their solutions

Definition 10 Let ¢; (1 < i < n) be expressions that contain constant lan-
guages over an alphabet and variables(Xy,..., X,,) that assume values of
languages ovek:, connected using language-theoretic operations from a certain
fixed set (e.g.{-,®,U,N}). ThenX; = ¢;(Xy,...,X,) (X = ¢(X) is vector
form) is called a resolved system of language equations. A vector of languages
L= (Ly,...,Ly,)isits solution ifL; = y;(L) for all 7.

L is called a solution modulo a languagdd C X%, if L; " M = (L) N M for

all 7 (the latter being denoted; = ¢;(L) (modM)). A system is said to have a
strongly unique solution, if it has a unique solution modulo every finite language
closed under substring.

In light of Theorem 3, itis easy to generalize the well-known properties of language
equations ovef-, U} [3,5] for the case of language equations ofer>, U, N}:

Theorem 13 Every system of language equations over®,U,N} has a
least and a greatest solution given by the limits of the increasing sequence
{p'(,...,2)}2, and of the decreasing sequengg’ (X%, ..., ¥*)}2, respec-
tively.

Thus the decision problems of checking existence and minimality (maximality) of
solutions become trivial, while for language equations with explicit complement
they are co-RE-complete arnfh-complete, respectively. The property of having a
unique solution remains nontrivial (consider a one-variable resolved equéatien

X). Let us establish a necessary and sufficient condition.

Lemma 3 (Extension of a solution modulo a language).etX = ¢(X) be a sys-
tem of language equations ovér, ©,U,N}. If Ly, is a solution modulo a finite
languageM closed under substring, then there exists a solufioof the system,
such thatl = Ly, (modM).

PROOF. [A sketch] Consider the sequen¢e”(L,;)},. It can be proved to be
increasing, and every term of the sequence eglglsnodulo M, sincep(L,,) =
Ly (modM). Let L = sup;s, ¢*(La). L can be proved to be a solution of the
system (since is U-continuous), and it equals,; moduloM. O

Theorem 14 (Criterion of solution uniqueness for monotone systemsh sys-
tem over{-, ®,U,N} has a unique solution if and only if it has a strongly unique
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solution.

PROOF. In one direction, the proof is trivial: if a system has a strongly unique
solution, then it has a unique solution [10]. To prove the converse, let a system
have a unique solution and &, L, be solutions modulo some finite closed
under substring. Then, by Lemma 3, there exist solutiogh&” of the system, such
that/ = L), (mod M) andL” = L, (mod M). Since the solution of the system

is unique,L’ = L", and hencd/,, = L}, (mod M). O

Theorem 14 expresses the uniqueness of a solution by a first-order formula
with a single universal quantifier; this shows that the problem is co-recursively-
enumerable. On the other hand, the same problem for language equations with
union and linear concatenation only is already known to be hard for this class,
which is proved by reducing the context-free universality problem [14]. Hence the
following completeness result:

Theorem 15 The set of systems ovér, ®, U, N} that have a unique solution is
co-RE-complete.

6.2 Expressive power of unique solutions

For language equations ovgr, -}, the classes of languages representable by their
least, greatest and unique solutions are the same: that is the class of the context-free
languages [1,5]. On the other hand, for language equations{with, ~, -} these

are three different classes: RE, co-RE and recursive languages, respectively [10].
Let us show that our systems of language equations with dual concatenation but
without complement inherit this property from the context-free equations:

Theorem 16 For every system of language equations ofrer, U, N} with con-
stantse, g, a, a (for all a € Y), there exists and can be effectively constructed a
system of language equations over the same set of operations, which has a unique
solution, such that the first component of this unique solution coincides with the
first component of the original system’s least (greatest) solution.

A proof of Theorem 16 is given in the rest of this section. First, let us define the tar-
get form that guarantees the uniqueness of a solution, which generalizes the known
notion of aproper systenil,9]. Afterwards it will be described how to transform a
system to this form.
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Definition 11 Consider the following modified operations:

Li-. Ly = (Ll N E+> . (L2 N E+> (63.)
Ll (OR LQ = (Ll U {5}) © (L2 U {5}) (6b)

The set of expressiogg X, ..., X,,) over{U,N, -., ®.} admissible in proper sys-
tems is defined inductively as follows:

e a,a, ¢ andz are admissible in proper systems;

® 51-c... Sy, Wherem > 2 and eachs; is a variableX; or a symbok € %, is
admissible in proper systems;

o 51O ... 0. sy, Wherem > 2 and eachs; is a variableX; or a negated symbol
a (a € X)), is admissible in proper systems;

e If ¢ and ¢ are expressions admissible in proper systems, then sg aré and

YNE.

A systemX; = ;( X1, ..., X,) (1 <i < n)is called proper if every; is admissi-
ble in proper systems.

Lemma 4 Let an expressiop over{U, N, -., ©.} be admissible in proper systems.
Then, for every: > 0, if L' = L” (modXsF71), theny(L') = ¢(L”) (modXsF).

PROOF. Induction on the structure of.

e The case of constants is trivial.
o Letw € (851 -...sm)(L) (Jlw] < k). Then there exists a factorizatian =
uy ... Uy (u; # €), such thaty; € s;(L’) for all 7. This, sincdw;| < |w| < k and
L' = L" (modXsF1), impliesu; € s;(L"). Hencew € (s1 -« ...« sm)(L").
o Ifwe (s10:...0:5n) (L) (Jlw] < k), then for every factorization = u . .. uy,
(u; # €) there existg, such that;; € s;(L’). By the same argument as above, the
latter impliesu; € s;(L”). Hencew € (s1 ®c ... ®c $m)(L").
o Letw e (L") UE(L'). Thenw € ¢(L') orw € £(L'). By the induction hypoth-
esis twicew € (L") orw € £(L"), which meansv € (L") U&(L").
The case of intersection is proved in exactly the same way.

Theorem 17 Every proper system of language equations duem, -., ®.} has a
unique solution.

PROOF. A systemX = ¢(X) has solutions by Theorem 13. L&t, L” be solu-
tions of the system, and let us show tlat= L” (modX:s*) for everyk > —1.
The basisk = —1, is true. Turning to the induction step,iif = L” (mod k1),
then

p(L') = p(L") (modx+F) (7)
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by Lemma 4. Sincd.’ and L” are both solutions]’ = (L") andL" = (L"),
which, together with (7), implied’ = L” (mod X <*). Therefore,/ = L”. O

Following is the general schedule of transformation of a system fven, -, ©}
to a proper system:

e first, ensure that the right hand side of every equation is a combination of terms
of the forms; - ... s, ands; ® ... ® s,, (m > 1) with union and intersection;

e second, expresso through-./®.;

e third, get rid of unit terms, for whicln = 1.

The first part can be done by a straightforward decomposition of the right hand
sides. The second part is done as follows. Fix a vector of languzgesd define
with respect to it:

p(s1+.o.8p) = U Si1 ve -+ e Siy (8a)
1< <. .<ip<m
V]%{Zt} EES]'(LE)

p(Sl ®...® Sm> - ﬂ Sil @5 cee @6 S’ik (8b)
161 <. <1, <M
Vjglin} cesy(L°)

Lemma 5 Letp be defined with respect . Let L = L (mod{e}). Lety be of
the forms; -... 8, 0rs1®...@ s, (m > 0,s; € XUX). Thenp(L) = p(p)(L).

The case of concatenation generally repeats the well-known case of removing ep-
silon rules from context-free grammars (Bar-Hillel, Perles and Shamir [2]). The
case of dual concatenation is formally dual to the first case, sifegp)) =

pld(p))-

Let us extend the notatign(8) to handle unions and intersections of concatenations
$1-...- Sy and dual concatenatiors © ... ® s,,,: definep(p Uv) = p(p) U p(v))
andp(pNv) = p(e) N p(y). The statement of Lemma 5 straightforwardly extends
to this notation:

Lemma 6 Under the conditions of Lemma 5, letbe a finite union of finite inter-
sections of objects of the form- ... s, 0r s; ©...® sy,. Thenp(L) = p(¢)(L).

Lemma 7 Let X = ¢(X), wherep; are as in Lemma 6, be a system of language
equations, letL be a solution of this system modyle}, definep with respect to
L*. Define

— 9
plei) NE, ife ¢ L ®)

Then a vector of languages is a solution ofX = ¢(X) if and only if L is a
solution ofX = ¢(X) andL = L* (mod{c}).

) {pwi)Us, it e L
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PROOF. & Let

L = ¢i(L) (10)
forall i. By (9),c € ¢;(L) ifand only ife € L; by (10), this implies that € L; if
and only ife € L5 (for all 7). Therefore,L = L¢ (mod{c}).

The latter fact allows to apply Lemma 6 to eaghand toL, giving

P(%‘)(L) = %‘(L) (11)

According to (9),
@i(L) = p(wi)(L) (modX™) (12)
Putting together (10), (12) and (11), we obtain

Li = ;(L) (mod=™) (13)

On the other hand, sind€ is a solution ofX = ¢ (X) modulo{s} by assumption,
andL = L° (mod{c}) as proved above, we infer that = ¢;(L) (mod{c}),
which, together with (13), proves that= ¢(L).

© Let L = L¢ (mod{c}) and L; = ¢,;(L) for all i. By Lemma 6,¢,(L) =
p(p;)(L). Together, this yields

Li = p(ei)(L) (14)

If ¢ € LS, thenL; = L; U {}. From (14) we obtairl; U {¢} = p(v;)(L) U{e} =
i(L), and hencd,; = ¢;(L).

Similarly, if e ¢ L5, thenL; = L; N X%, while (14) impliesL; = L, N Xt =
p(e)(L)NET = ¢;(L), and again.; = ¢;(L), which completes the proof.O

For the final, third step of the transformation, the next lemma gives a way to elimi-
nate individual unit terms, which is necessary to obtain a proper system.

Lemma 8 Let X = ¢(X) be a system ovefr., ©.,U,N}. Let the equation foX;
be of the formX; = (X; Nvy) U&. Then, ifitis replaced with; = & (X; = ¢ U,
resp.), the resulting system has the same least (greatest, resp.) solution.

PROOF. The case of a least solutionDenote the new system as = ¢(X).
It is claimed thatp*(2,...,2) = ¢*(@,...,) for all k > 0. We proceed by
induction onk. The basis holds; for the induction step, giver- % (2, ..., ) =
o*(@,...,2), it suffices to show thag(L) = ((X; Ny) U &) (L).
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The inclusion{ (L) C ((X; Ny) U&)(L) is evident. Conversely, ifv € ((X; N
) U &) (L), thenw € (X; NyY)(L) C L; orw € &(L). While the latter case
is clear, in the former case, since the sequeng€, ..., )} is increasing,L;
(which equals the-th component of3* (&, ..., @)) is a subset of (L) (thei-th
component of?*(2, . .., @)), and againv € £(L).

The case of a greatest solutionLet X = ¢(X) be the new system, and let us
prove thatp® (X, ... X*) = o*(3*,...,¥*) for all £ > 0. Induction onk. Basis:
true. Induction step: givelh, = @F(X*,...,¥%) = ©F(Z*, ..., %), we need to
show that(y) U §)(L) = ((Xi Ny) UE)(L).

As in the previous caséy U &) (L) 2 ((X; Ny) UE)(L) is obvious. Conversely,
if wé¢ ((X;Ny)U&) (L), thenw ¢ (X; Ny)(L) (meaningw ¢ L; orw ¢ (L))
andw ¢ &(L). There are two cases to consider:«i)¢ (L) andw ¢ &(L):
then, as requiredy ¢ (v U &)(L); (i) w ¢ L; andw ¢ &(L): L; a superset
of (v U &)(L), since the sequendgs’ (X%, ..., %)} is decreasing, and therefore
we ($UE)(L). D

Now the main theorem can be proved.

PROOF. [Proof of Theorem 16] First, decompose the right hand sides of the given
system to match Lemma 6. Let = ¢(X) be this decomposed system over
{-,®,U,N}. Let L be the least (greatest) solution of this system modglo De-

fine p with respect taL° and use Lemma 7 to obtain a system ofere., U, N}

with the same least (greatest) solution. Apply Lemma 8 until all unit terms are elim-
inated. The resulting system is proper and has a unique solution by Theorem 17.
Finally, express., ®. using (6) to obtain a system over the original set of opera-
tions. O

The unique solution constructed in Theorem 16 is, according to Theorem 14,
strongly unique. Therefore, least, greatest, unique and strongly unique solutions of
language equations ovér, ©, U, N} specify a common class of languages. In the
following it will be shown that this is the class defined by strongly unique solutions
of language equations ovér, U, N, ~}.

6.3 Elimination of negation

Definition 12 (cf. Def. 9) Let X be an alphabet, lep(X;, ..., X, ) be an expres-
sion overX, which uses the operations, N, -, ®. The dual ofy, denotedd(y),
is defined inductively on the structure gfas follows:d(¢) = g, d(&) = e,
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d(a) = @ andd(a) = a for everya € %, d(X;) = X;, d(¢ - §) = d(¢) © d(§),
(¢ © &) = d(¢) - d(§), d(¢ U ) = d(¢) Nd(E), d(y NE) = d(¢) U d(¢).

Lemma 9 (cf. Lemma 2) For every formulap, d(d (<p)) ¢, and for every vector

of languages Ly, ..., L,), d(¢)(L1, ..., Ly,) = @(L1, ..., Ly).

Corollary 3 (Ly,...,L,) is a solution ofX; = ¢;(X) (: = 1...n) if and only if
(Ly,...,L,)isasolution ofX; = d(y;)(X) (i =1...n)

Corollary 4 If asystemX; = ¢;(X) (i = 1...n) has aunique (a least, a greatest)
solution(L, ..., L,), then the systenY; = d(gp )(X) (i = 1...n)has the unique
(the greatest, the least, resp.) solutigh, . .., L,,).

Example 4 Consider the language equatich=a - X - b U X - X U . Its least
solution is the Dyck language, while its greatest solution‘isTherefore, the dual
equationX = a0 X b N X®X N X haso as the least solution and the
complement of the Dyck language as the greatest solution.

Example 5 Consider the following three one-variable resolved language equa-
tions:

2
22

—2 —2 2 22?2
X:a~72 X:a-(a-X2 ) Xza-(a@X@2 )

The first of them has been constructed by Leiss [7], who showed that it has the
unique solution. = {a" | 3k > 0, such tha3* < n < 232}, The second one is

a substitution of the Leiss equation into itself: if the first equatioX is= ¢(X),

the second one I8 = ¢(p(X)); henceL is one of its solutions. The third equation

is obtained out of the second one by a symbolic rewriting, and it is easy to prove
that it has a unique solution, which is nothing but

The purpose of the first step in Example 5 is to make the number of negations even.
After that they can be merged with the neighbouring concatenations to form dual
concatenations. This idea can be used in a more general context as follows:

Lemma 10 For every system of language equations ofvet), N, ~}, which has a
strongly unique solution with the first componédntthere exists and can be effec-
tively constructed a system of language equations ¢ved, U, N}, which has a
unique solution with the same first component.

PROOF. Itis known [12] that every system of language equations §ver, N, ~
} that has a strongly unique solution can be effectively transformed to a form akin
to Chomsky normal form for the context-free grammars, in which every equation
Xy = ¢ hasyy = {1 U ... U &, Where eacly; is eithera € X, or of the form
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Decision problems

Existence of solution co-RE-complete [10 trivial (Th. 13)
Uniqueness of solution IT5-complete [10] | co-RE-complete (Th. 15)
Strong uniqueness of solutiorco-RE-complete [12] co-RE-complete (Th. 15)
Existince of minimal solutionn  TI,-complete [10] trivial (Th. 13)

Existence of maximal solution TI,-complete [10] trivial (Th. 13)

Expressive power

Unigue solutions Recursive [10] Boolean (Th. 18)

Least solutions RE [10] Boolean (Th. 18)

Greatest solutions co-RE [10] Boolean (Th. 18)

Strongly unique solutions Boolean [12] Boolean (Th. 18)
Table 2

Negation vs. dual concatenation in language equations

P Y- Z; NN, U;-V; N . The intersections with effectively forbide in the
solution of the system; hence, the latter expression can be equivalently rewritten as
P Y. Z;NNL, U; -. V;Nz. This results in a proper system as in Definition 11.

Let (Xi,...,X,) be the vector of variables of the original system. Con-
sider the vector of variableg X;,...,X,,X/,...,X/) and let us con-
struct a new system ovef-.,®.,U,N} that will have the unique solu-
tion L' = (Li,...,Ly, Ly1,...,L,). For that purpose, defing;, as ei-

ther « or N, Y, - Z; N N, U/ ®. V/ N e It is easy to see that

&i(La, ..., Ly) = ggj(Li...,L,lLi,...,Ln). Definey; = &, U... U, Ob-
viously, ¢, (L1, ..., Ly, Ly, ..., L,) = oi(Lq,..., L,) = L.

By Lemma 9,d(p})(Ly,...,Lp, Ly,...,L,) = @i(L1,..., Ly, Ly,...,L,) =
L;. Let us swapX; and X! in d(y}), thus obtaining the systedX;, =
Oy Xy, X, XY, X)), X =d(ey) (XY, .., X)L X, .., X)) b L is its so-
lution, and it is unique, because the system is proper.

Theorem 18 The set of languages specified by unique (least, greatest) solutions of
system of language equations ofer®, U, N} coincides with the set of languages
specified by strongly unique solutions of systems ¢ver, N, ~}.

Strongly unique solutions of systems o\erU, N, ~} were originally used to de-

fine Boolean grammar$12], which are context-free grammars with added con-
junction and negation. The same class of languages has now been obtained using
only monotone operations. The differences between these two representations are
summarized in Table 2. Although negation is intuitively more clear than dual con-
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catenation, the formal properties of language equations with dual concatenation are
definitely more attractive.

6.4 Restricted cases

Let us now determine the expressive power of restricted types of language equa-
tions, which may contain dual concatenation but not concatenation. First, using
Corollary 4, a statement akin to Proposition 2 can be obtained.

Proposition 4 If unique (least, greatest) solutions of language equations over
some fixed set of operations define a language fafijlyhen unique (greatest,
least, resp.) solutions of language equations over the set of duals of these opera-
tions specify cct.

Theorem 19 The languages specified by least, unique and greatest solutions of
language equations withh and LIN® are theco-linear-context-freelanguages;
language equations with and ©® specifyco-context-freelanguages; language
equations withJ, N and LIN® specifylinear conjunctivelanguages [8,11]; lan-
guage equations withy, N1 and ® specifyco-conjunctivelanguages [8].

PROOF. It is well-known that least and unique solutions of language equations
with U and- specify context-free languages [5], and it can be proved that the great-
est solutions of these language equations also specify only the context-free lan-

Operations | Strongly unique Unique Least Greatest
U, LIN- LinCF[12] | LinCF[3,5] | LInCF[3,5] | LinCF
N,LIN® co-LinCF co-LinCF co-LinCF | co-LinCF
U, - CF[12] CF [3,5] CF [3,5] CF
Nn,® co-CF co-CF co-CF co-CF
U, N, LIN- Lin.Conj. [12] | Lin.Conj. [9] | Lin.Conj.[9] | Lin.Conj.
U,N,LIN® Lin.Conj. Lin.Conj. Lin.Con;. Lin.Conj.
u,n,- Conj. [12] Con;. [9] Conj. [9] Conj.
U,N, e co-Conj. co-Con;. co-Conj. co-Conj.
U,N,-,® Bool. Bool. Bool. Bool.
U,N,~,LIN- | Lin.Conj. [12] Rec. [10] RE [10] co-RE [10]
U,N, ~, - Bool. [12] Rec. [10] RE [10] co-RE [10]
Table 3

Classes of languages defined by solutions of language equations
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guages; hence, by Proposition 4, greatest, unique and least solutions of language
equations withn and © specify the co-context-free languages. The other three
cases are proved in the same way; for the linear conjunctive case, the closure of
this family under complement is additionally usedJ

Corollary 5 The class of languages algebraic in the semir{ag’, N, ®, ©*, X T)
is exactly the class of co-context-free languages.

Some of the known results on the expressive power of language equations are pre-
sented in Table 3 together with those established in this paper.

2

; . N\
———————————————————————————————— Arithm:@-

12 I

co-Conj. co-RE=IT4

co-CF

Fig. 2.Hierarchy of language families defined by language equations.

The relation to each other of the families known to be representable by language
equations is shown in Figure 2; the arithmetical hierarchy in the right has been
characterized using a special partial order on the set of solutions [13]. The symme-
try with respect to the dotted line in the figure means complementation; the classes
upon the dotted line are closed under complement.

7 Dual concatenation in formal grammars

The principle ofparsing as deductiofil5], brought to a formal perfection in the
theory of parsing schemat§l6], means representing a parsing method as a for-
mal deduction system. For instance, the Cocke—Kasami—Younger algorithm would
be formally described using elementary propositions of the fotmw] (A € N,

w € ¥1T) and employing axioms like [A, a] (A — a € P) and inference rules like
[B,ul],[C,v] F [A,uv] (A — BC € P). This approach can also serve as an alterna-
tive definition of the context-free grammars. Let us use it as the primary definition
of a new family of grammars with explicit dual concatenation.

Definition 13 A dual concatenation grammar is a quadrugle= (X, N, P, 5),
in which ¥ and N are finite nonempty disjoint sets of terminal and nonterminal
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systemsS € N and every production i is of the form:

A—>$11'...'81k1& &Smlsmkm&tH@@tl&& &tn1®®tn€na
(15)
Whel’em—l—nZ 1,]{71‘,&' 20,827‘ EEUNandtij € {E‘OJGE}UN

The language generated by a grammar is defined by a formal deduction system:

Definition 14 Let {[p,w] | w € ¥* andp = s; - ... - s for somek > 0 and
si €EXUN,0rp =35 0...0 s, forsomek > 0ands; € {a|a € ¥} U N} be
the set of elementary propositions (items). Define the following axioms:

Al: F [g,¢],

A2: + [a,a] (forall a € X),

A3: F [, w] (forall w € £7),

A4d: F [a,w] (forall a € ¥ andw € ¥*\ {a}).

Define three types of deduction rules:

C: [p,ul, [, v] F [p -, uv] forall ¢, andu,v € ¥*.

D: [@ig, o], - - - s [Pig» Upwl] F [91 © o, w] for all g1, o, w € X%, 45 € {1,2} and
uj € ¥* (0 < i; < |w|), such that each; is a j-symbol prefix ofv if i; = 1, or
a (|w| — j)-symbol suffix ofv if i, = 2.

P: [311-...~51k1,w],...,[smlu..'smkm,w],[tH@...@tlgl,w],...,[tm@...@
tne,, w] F [A, w] for every rule (15).

DefineLg(p) = {w |G F [p,w]} and L(G) = La(S) = {w | G F [S,w]}.

Example 6 Consider the following dual concatenation grammar, which generates
the languaggww | w € {a, b}*} using the method of Example 1.

S—=A0D&BOC
A—aAalaAb|b-AalbAbl|a
B —a-B-ala-B-b|b-B-a|b-B-b|b
C—A|E

D—B|E
E—aaF|abE|baFE|bbFE|e

Let us demonstrate that + .S, abab):

A2 + Ja,d

P la,a] F [Aja] (A—a)
A2 + [b0]

P [bb F [B,b] (B—0b)

P [B,b + [D,b] (D — B)
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g,e]l F [Ee] (F—e¢)
b,b],[E,e] + [b E,b]

,[b-E,b] b [a-b-E,ab

-E ab] + [E,ab] (F — a-b-E)

JE,ab] F [b-E,bab]

], [b-E, bab] + [a~b~E, abab]

-E abab] F [E,abab] (E — a-b-E)

A F D] (D E)

,ab] = [D,ab] (D — E)

E, abab] + [D,abab] (D — E)

D, ababl, [A, al,[D,ab],[D,b],[D,e] b [A® D,abab)
F [b-A, bal

- [b-A-b, bab]

[A,bab] (A — bAD)

bab] (C — A)
[

@Q.SQ‘@

a
a-B,abl, [a, a] t [a-B-a,abal
a-B-a,aba) + [B,aba] (B — aBa)
EdFWQ(CHm
E,ab] F [C,ab] (C — E)
E,abab] F [C,abab] (C — E)
C, abab], [C, babl, [C,ab], [B, abal, [C,e] + [B ® C,abab]
A® D,ababl,[B® C,abab] + [S,abab] (S —-A©D&BOC)

TOTVOUVUTTUTOOTTOOOTUTTUTTOOTOO T

For dual concatenation grammars there exists a result similar to the well-known
characterization of the context-free grammars due to Ginsburg and Rice [5]:

Definition 15 LetG = (X, N, P, S) be a dual concatenation grammar. The system
of language equations corresponding@bis a system ovek in variables N, in
which the equation for everyt € N is

Thereis arule (15)< i=1 =1
for Ain P

if there exist any such rules, ot = a A (for somea € Y) if there are none. Lef,
denote the right-hand side of this equation.

Lemmall LetG = (X, N, P, S) be a dual concatenation grammar, [etbe the
least solution of the corresponding system of language equakioas;(X). Then,
for everyp as in Definition 14 and for every € ¥*, G F [p,w] if and only if
w € p(L).
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PROOF. & LetG I [p, w]. The proof is an induction on the length of the shortest
derivation offp, w]. Consider howy, w] has been derived:

Al, A2, A3, A4. If I [e,¢], thene € {e} = ¢(L). The proof for the rest of the
axioms is also immediate.

C. Let [¢,u], [¢,v] F [¢ - & uv] be the last step in the shortest derivationof
¢, uv| from the axioms. Thefi), u| and[¢, v] can be derived in fewer steps than
[4 - &, uv], and hence, by the induction hypothesis; (L) andv € £(L). This
impliesuv € (¢ - &)(L)

D. Let [wiy; wols - -+ s [Py U] F [01 © 2, w], wherei; € {1,2} andu; € 2
(0 < 4; < |w|), such that each; is aj-symbol prefix ofw if i; = 1, ora(jw|—j)-
symbol suffix ofw if 7; = 2. Then, by induction hypothesis; < ¢; (L) for all
7.

Consider an arbitrary factorizatian = xy, let j = |z|. Now z is a j-symbol
prefix andy is a (|w| — j)-symbol suffix ofw. If i; = 1, then we know that
u; =z € p1(L); if i; = 2, thenu; = y € po(L). In any case, either € (L)
ory € yo(L). Since this applies for every factorizatian,c (1 ® p2)(L).

P. Let [811 L Slkl,w],...,[sml Caat smkm,w], [tn © ...Qtlgl,w],...,[tnl ®
. O tyg,, w] F [A, w] for some rule (15) inP. Then eachs;; - ... - sy, w] and
each[t; © ... ® ty,,w] is derivable in fewer steps thad, w]. By the induction
hypothesisw € (s;1-...-si,) (L) foralll <i <mandw € (t;®...Oty,)(L)
foralll <i<n.Thenw € (s11-...-$156,&Sm1 - -+ Sk, &1 O . . Oty &t ©
oo O tne, ) (L) € na(L) = A(L), wheren, is the right-hand side of (16). The
latter equality is due to the fact thatis a solution ofX = n(X).

& Denote L) = nk(a, ..., @). If w € ¢(L), then, by the convergence of the
sequencg L™} to L, there exists: > 0 such thatw € ¢(L™). Inductively on
k > 0, let us prove tha€’ - [p, w]. The inner induction is on the structure gn

e If ¢ = ¢, thenw must bes, and the itene, ¢] is derived byAl. The proof for
the cases = a, ¢, a is also immediate.

o If we (v-&)(LW), there exists a factorizatian = uv, such that: € (L®)
andv € ¢(L™®). By the inner induction hypothesi€, - [¢, ] andG  [¢,v].
Use the ruleC to deducdy - £, uv].

o If w € (v ® &)(LW), then for every factorizatiom = uv, u € ¥(L®) or
v € £(L™). By the inner induction hypothesi&; - [, u] or G  [¢,v]. This
yields a collection of items that is enough to dediiee &, uv] using the ruleD.

o If we A;(LW), thenw € LY = n,(L*:-). Then there exists a rule (15), such
thatw € (s ... si,)(L* D) foralli andw € (L © ... ® ty,)(LFY)
for all <. By the outer induction hypothesi& + [s;; - ... - si,, w] and each
Gt [th ©®...0ty,,w]. Hence, by the deduction ruR G - [A,w]. O

Theorem 20 For every dual concatenation grammar G =
(3,{A1,..., A}, P,S), the least solution of the corresponding system of
equations iISLg (A1), ..., La(Ay)).
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This correspondence allows us to use all the results of Section 6 to determine the
expressive power of different types of dual concatenation grammars.

Theorem 21 |. Dual concatenation grammars have the same generative power as
Boolean grammars [12].

Il. Consider a subclass of dual concatenation grammars, in whiisithe maximal
number of rules for a single nontermina, is the maximal number of concatena-
tion conjuncts in a rulep is the maximal number of dual concatenation conjuncts
in a rule and/ is the maximal number of nonterminals in a conjunct. For different
restrictions onk, m, n, ¢, the classes of languages generated are as follows:

context-free, ik > 1, m=1,n=0,¢ > 1;

linear context-free, ik > 1, m=1,n=0,{ =1,

conjunctive, it > 1,m>1,n=0,¢ > 1;

linear conjunctive, it > 1, m > 1,n = 0, ¢ = 1, or, alternatively, ifk > 1
m=0n>1,/¢=1;

e co-context-free, ik =1, m=0,n>1,¢>1;

e co-linear-context-free, ik =1, m=0,n> 1,/ =1;

e co-conjunctive, ikt > 1,m=0,n>1,¢> 1.

The first part of the proof follows from Theorem 18 and Theorem 20, while the
second part is given by Theorems 19 and 20.

Note that the form of the rules (15) in the aforementioned subclasses of dual con-
catenation grammars that generate (linear) context-free and (linear) conjunctive
languages is exactly the same as the form of the rules in the original (linear) context-
free and (linear) conjunctive grammars. Hence dual concatenation grammars, de-
spite their differently defined formal semantics, can be viewed as a generalization
of these types of grammars. Then it is easy to see that the result of Theorem 20
is not just similar to the characterization of context-free grammars by language

equations [3,5], but constitutes its generalization.

8 Conclusion

Joint use of concatenation and complement yields dual concatenation whether we
want it or not. This paper attempted to consider this operation as a self-contained
notion and to use it in some contexts where both concatenation and complement are
naturally used: in regular expressions, in language equations and in formal gram-
mars.

When concatenation and dual concatenation are wggdher the use of the com-
plement is considerably facilitated. One can reduce the scope of negation to min-
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imal terms, and in many cases get rid of it entirely. The latter was the case with
extended dual regular expressions. As for language equations, it turned out that
the equations witH-, ©, U, N} define the same class of languages as a specifically
restricted class of equations over U, N, ~} used in the definition of Boolean
grammars [12]. These results also allowed to characterize Boolean grammars by a
simple formal deductive system, contributing to the study of this noteworthy lan-
guage family.

When dual concatenation is usiedteadof the standard concatenation, the result-

ing constructs tend to specify complements of what could be originally defined.
Dual regular expressions form a straightforward example. Among the more elabo-
rate findings are two “positive”, negation-free characterizations of the complements
of the context-free languages: as the languages algebraic in a certain semiring, and
as the languages generated by the proposetbntext-free grammars

Generally, it can be concluded that dual concatenation often allows to avoid the use
of logical negation while reasoning about concatenation of languages, or at least to
facilitate such reasoning. Hence, wherever concatenation and complement of lan-
guages are being used together, it makes sense to recognize the dual concatenation,
to denote it explicitly and to take advantage of its properties.
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