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Abstract. Conjunctive grammars (Okhotin, 2001) are an extension of
the standard context-free grammars with a conjunction operation, which
maintains most of their practical properties, including many parsing al-
gorithms. This paper introduces a further extension to the model, which
is equipped with quantifiers for referring to the left context, in which the
substring being defined does occur. For example, a rule A — a & <1B de-
fines a string a, as long as it is preceded by any string defined by B. The
paper gives two equivalent definitions of the model—by logical deduction
and by language equations—and establishes its basic properties, includ-
ing a transformation to a normal form, a cubic-time parsing algorithm,
and another recognition algorithm working in linear space.

1 Introduction

Context-free grammars are a logic for defining the syntax of languages. In this
logic, the properties of strings are defined inductively, so that the properties of
a string are determined by the properties of its substrings. This is how a rule
S — aSb asserts, that if a string a”~'b"~! has the property S, then the string
a™b™ has the property S as well. Besides the concatenation, the formalism of this
logic has an implicit disjunction operation, represented by having multiple rules
for a single symbol. This logic can be further augmented with conjunction and
negation operations, which was done by the second author [TTJI3] in conjunctive
grammars and Boolean grammars, respectively. These grammars preserve the
main idea of the context-free grammars—that of defining syntax inductively, as
described above—maintain most of their practically important features, such
as efficient parsing algorithms [I3IT5IT6/T7], and have been a subject of diverse
research [T4U7I8ITOITS]. As the applicability of a rule of a Boolean grammar to a
substring is independent of the context, in which the substring occurs, Boolean
grammars constitute a natural general case of context-free grammars. Standard
context-free grammars can be viewed as their disjunctive fragment.

When Chomsky [2] introduced the term “context-free grammar” for an intu-
itively obvious model of syntax, he had a further idea of a more powerful model,
in which one could define rules applicable only in some particular contexts. How-
ever, Chomsky’s attempt to formalize his idea using the tools available at the
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time (namely, the string-rewriting systems) led to nothing but space-bounded
nondeterministic Turing machines. Even though the resulting devices are still
known under the name of “context-sensitive grammars”, they have nothing to
do with the syntax of languages: the nonterminal symbols of these grammars
are, in general, nothing but bits in a memory of a general-purpose computer,
and do not correspond to any syntactic notions. In particular, these grammars
fail to implement Chomsky’s original idea of a phrase-structure rule applicable
in a context.

This paper undertakes to reconsider Chomsky’s [2] idea of contexts in gram-
mars, this time using the appropriate tools of deduction systems and language
equations, and drawing from the experience of developing the conjunctive gram-
mars. The model proposed in this paper are grammars with one-sided contexts,
which introduce two special quantifiers for representing left contexts of a string.
The first quantifier refers to the “past” of the current substring within the en-
tire string being defined: an expression <l defines any substring that is directly
preceded by a prefix of the form «. This quantifier is meant to be used along
with usual, unquantified specifications of the structure of the current substring,
using conjunction to combine several specifications. For example, consider the
rule A — BC & <D, which represents any substring of the form BC preceded
by a substring of the form D. If the grammar contains additional rules B — b,
C — cand D — d, then the above rule for A shall specify that a substring
bc of a string w = dbc. .. has the property A; however, this rule shall not pro-
duce the same substring occurring in the strings w’ = abc or w” = adbc. The
other quantifier, <a, represents the form of the current substring together with
its left context, so that the rules A — B& <IFE, B — b, E — ab define that
the substring b occurring in the string w = ab has the property A. One can
symmetrically define right contexts, denoted by quantifiers >>a and >a.

In the literature, related ideas have occasionally arisen in connection with
parsing, where right contexts—>aX™*, in the terminology of this paper—are
considered as “lookahead strings” and are used to guide a deterministic parser.
If « represents a regular language, these simple forms of contexts occur in LR-
regular [3], LL-regular [9] and LL(*) [19] parsers. Some software tools for engi-
neering parsers, such as those developed by Parr and Fischer [19] and by Ford [5],
allow specifying contexts >aX™, with a defined within the grammar, and such
specifications can be used by a programmer to adjust the behaviour of a deter-
ministic recursive descent parser.

In this paper, the above intuitive definition of grammars with one-sided con-
texts is formalized in two equivalent ways. The first formalization, pursued in
Section 2} uses deduction of elementary propositions of the form [A, (u)v], where
(u)v denotes a substring v in left context u (that is, occurring in a string uovw)
and A is a syntactic property defined by the grammar (“nonterminal symbol”
in Chomsky’s terminology); this proposition asserts that v has the property A
in the context u. Then, each rule of the grammar, which is of the general form
A— & ... &ap&<fi & ... &<Bn &Iy & ... & v, becomes a deduc-
tion scheme for inferring elementary propositions of this form from each other,



and the language generated by the grammar is ultimately defined as the set of
all strings w, such that [S, (¢)w] can be deduced. The standard proof tree of such
a deduction constitutes a parse tree of the string w. This definition generalizes
the representation of standard context-free grammars by deduction—assumed,
for instance, in the monograph by Sikkel [20]—as well as the extension of this
representation to conjunctive grammars [14].

An alternative, equivalent definition given in Section [3| uses a generalization
of language equations, in which the unknowns are sets of pairs of a string and its
left contexts. All connectives and quantifiers in the rules of a grammar—that is,
concatenation, disjunction, conjunction and both context quantifiers—are then
interpreted as operations on such sets, and the resulting system of equations
is proved to have a least fixpoint, as in the known cases of standard context-
free grammars [6] and conjunctive grammars [12]. This least solution defines the
language generated by the grammar.

These definitions ensure that the proposed grammars with one-sided con-
texts define the properties of strings inductively from the properties of their
substrings and the contexts, in which these substrings occur. There is no rewrit-
ing of “sentential forms” involved, and hence the proposed model avoids falling
into the same pit as Chomsky’s “context-sensitive grammars”, that of being able
to simulate computations of space-bounded Turing machines.

This paper settles the basic properties of grammars with one-sided contexts.
First, a transformation to a normal form generalizing the Chomsky normal form
is devised in Section [d} the construction proceeds in the usual way, first by elim-
inating empty strings, and then by removing cyclic dependencies. This normal
form is then used to extend the basic Cocke-Kasami—Younger parsing algorithm
to grammars with one-sided contexts; the algorithm, described in Section
works in time O(n?), where n is the length of the input string. Finally, in Sec-
tion [6] it is demonstrated that every language defined by a grammar with one-
sided contexts can be recognized in deterministic linear space.

In this extended abstract, most proofs are omitted due to space constraints.

2 Definition by deduction

A grammar with one-sided contexts uses concatenation, conjunction and disjunc-
tion, as well as quantifiers, either only {<1, <} for left contexts, or only {r,>}
for right contexts. Though left contexts are assumed throughout this paper, all
results symmetrically hold for grammars with right contexts.

Definition 1. A grammar with left contexts is a quadruple G = (X, N, R, S),
where

— X is the alphabet of the language being defined;

— N is a finite set of auxiliary symbols (“nonterminal symbols” in Chomsky’s
terminology), disjoint with X, which denote the properties of strings defined
in the grammar;



— R is a finite set of grammar rules, each of the form
A-a& .. . &ap&<bi & ... &G, &I & ... &y, (1)

with A€ N, k,m,n >0, a;, B;,7: € (X UN)*;
— S € N is a symbol representing correct sentences (“start symbol” in the
common jargon,).

A grammar with left contexts degenerates to a conjunctive grammar, if the
context quantifiers are never used, that is, if m = n = 0 for every rule (1)); and
further to a standard context-free grammar, if conjunction is never used, that
is, if K =1 in every rule.

For each grammar rule (1f), each term «;, <14; and <v; is called a conjunct.
Each unquantified conjunct «; gives a representation of the string being defined.
A conjunct <15; similarly describes the form of the left context or the past, relative
to the string being defined. Conjuncts of the form <v; refer to the form of the
left context and the current string, concatenated into a single string. Intuitively,
such a rule asserts that every substring v occurring in the left context w, such
that v is representable as each «ay, u is representable as each 3; and and wv is
representable as each +;, therefore has the property A.

Formally, the semantics of grammars with contexts are defined by a deduction
system of elementary propositions (items) of the form “a string v € X* written
in left context u € X* has the property o € (X' U N)*”, denoted by [a, (u)v].

Definition 2. Let G = (X, N, R, S) be a grammar with contexts, and define the
following deduction system of items of the form [X, (u)v], with X € ¥ UN and
u,v € X*. There is a single aziom scheme:

Fa [a, (x)a] (for alla € X and x € X*).
Each rule A — o1& ... &ap& <41 & ... &8, &< & ... &y, in the

grammar defines a scheme I Fg [A, (u)v] for deduction rules, for all u,v € X*
and for every set of items I satisfying the below properties:

— For every unquantified conjunct o; = X1 ... Xy with £ >0 and X; € YUN,
there should exist a partition v = vy ...ve with [X;, (uvy ... v_1)v;] € I for
all je{1,...,¢};

— For every conjunct <3; = <Xy... Xy with £ > 0 and X; € YU N, there
should be such a partition w = uy ...ug, that [X;, (u1 ... uj_1)u;] € I for all
je{l,...¢t};

— Bvery conjunct <y; = X1 ... Xy with £ > 0 and X; € Y UN should have a
corresponding partition wv = w; ... wg with [X;, (wy ... w;_1)w;] € I for all
jed{1,.... ¢}

Note, that if a; = € in the first case, then the given condition implies v = ¢, and
similarly, B; = € implies w = €, and ~v; = € implies u =v = €.
Then the language generated by a nonterminal symbol A is defined as

La(A) = {{u)v | u,v € X", g [A, (u)v] }.



The language generated by the grammar G is the set of all strings with left context
€ generated by S':

L(G)={w|weX, F¢[S,(e)w] }.

Using both kinds of past quantifiers (< and <) is actually redundant, because
each of them can be expressed through the other as follows:

— <D is equivalent to D'X*, for a new symbol D’ with a rule D’ — & & <D;
— «F can be replaced by X*E”, where E” has the unique rule E” — ¢ & <E.

Using both types of quantifiers together shall be essential later, when transform-
ing a grammar into a normal form, where the empty string cannot be defined.

The following sample grammar with contexts defines a rather simple lan-
guage, which is an intersection of two standard context-free languages. The value
of this example is in demonstrating the machinery of contexts in action.

Ezample 1. The following grammar generates the language { a"b"c"d™ | n > 0 }:

S — aSd | bSc | c& <A
A—adb|e

The symbol A generates all strings a™b™ with n > 0 in any context. Without
the context specification <A, the symbol S would define all strings of the form
wh(w®), where w € {a,b}* and the homomorphism h maps a to d and b to c.
However, the rule S — € & <A ensures that the first half of the string (the prefix
ending with the last b) is of the form a™b"™ for some n > 0, and therefore S
generates { a™b"c"d™ | n > 0}. Consider the following logical derivation of the
fact that the string abed with the left context ¢ is defined by S.

F la, (€)al (aziom)

 [b, (a)b] (aziom)

F [e, (ab)c] (aziom)

 [d, {(abc)d] (aziom)

F A, (a)e] (A—e)
[a, {e)al, [A, (a)e], [b, (a)b] - [A, (e)ab] (A — aAb)

[A, (g)ab] - [S, (ab)e] (S — e&<A)

[b, {a)b], [S, (ab)e], [c, (ab)c] - [S, {a)bc] (S — bSc)
[a, (e)a], [S, (a)bc], [d, {abc)d] F [S, (e)abed] (S — aSd)

The tree corresponding to this deduction is given in Figure [I} where the depen-
dence upon a context is marked by a dotted arrow.

Ezample 2. The following grammar generates the language {wui...u, |
for every i, u; € a*c, or there exist j, k with u; = b*c and u; = akc}.

S — AcS | CeS | BeS& DeE | e
A—aAle C — B&EF E — AcE | B¢E | e
B —bB|e D —bDa | cE F — aFb | cE



S—+aSd

Fig. 1: A parse tree of the string abed according to the grammar in Example

This is an abstract language representing declaration of identifiers before or after
their use. Substrings of the form a*c represent declarations, while every substring
of the form b¥c is a reference to a declaration of the form a”c.

The idea of the grammar is that S should generate a string
(uy ... up)Ugyy ... u, with u; € a*c U b*c if every “reference” in the suffix
Ug+1 - .. Uy has a corresponding “declaration” in the whole string u; ... u,. This
condition is defined inductively on ¢. The rule S — ¢ is the basis of induction:
the string (ug ...u,)e has the desired property. The rule S — Cc¢S appends a
reference of the form (b* & SEF)c, where the context specification ensures that
this “reference” has a matching earlier “declaration”. The possibility of a later
“declaration” is checked by another rule S — BeS & DcE.

For the language in Example 2] no Boolean grammar is known (and hence
no conjunctive grammar either). At the time of writing, this is the only such
example known to the authors. This is due to the simple reason that conjunc-
tive grammars are already quite powerful, and can define most of the standard
examples of formal languages. No methods of proving that a language does not
have a conjunctive grammar are currently known, and hence there is no proof
that grammars with contexts generate a larger class of languages.

3 Definition by language equations

The representation of standard context-free grammars by language equations,
introduced by Ginsburg and Rice [6], is one of the several ways of defining their
semantics. For example, a grammar S — aSb | € is regarded as an equation



S = ({a} - S - {b}) U {e}, which has a unique solution S = {a™b" | n > 0}.
Conjunctive grammars inherit the same definition by equations [12], with the
conjunction represented by the intersection operation.

This important representation can be extended to grammars with contexts.
However, in order to include the contexts in the equations, the whole model has
to be extended from ordinary formal languages to sets of pairs of the form (u)v,
that is, to languages of pairs L C X* x X*. All usual operations on languages
used in equations are redefined for languages of pairs as follows. For all K, L C
2% x X*, consider their

— union K UL = {(u)v | (u)v € K or {u)v € L},

— intersection K N L = {(u)v | (u)v € K, (u)v € L},

— concatenation K - L = { {(uyow | {uyv € K, {(uv)w € L},
— <Q-context AL = {{uyv | (e)u € L, v e X*}, and

— J-context AL = {{u)v | (e)w € L, w =uv }.

With respect to the partial order of inclusion, all these operations are mono-
tone and continuous. Hence, every system of equations X; = ¢;(X1,...,X,)
with ¢ € {1,...,n}, in which X, are unknown languages of pairs and the right-
hand sides ¢; are comprised of the above operations, has a least solution. A
grammar is represented as such a system in the most direct way.

Definition 3. For every grammar with contexts G = (X, N, R, S), the associ-
ated system of language equations is a system of equations in variables N, in
which each variable assumes a value of a language of pairs L C X* x X*, and
which contains the following equations for every variable A:

A= U [ﬁamﬁwmﬁéw]. (2)

A—ar&...&ar& =1
&<1B1&...&<1Bm &
&dvi&...&dv ER

Each instance of a symbol a € X in such a system defines the language { (x)a |
x € X*}, and each empty string denotes the language { (x)e | v € X* }.

Let (Lay,...,La,) with La, C X* x X* be the least solution of the system.
Define Lg(A) = La, and let L(G) = {w | (e)w € Lg }.

For instance, the grammar in Example (1| induces the system
S=(Z%a-5-(X*)d U (Z*)b-S-(X*)c U ((¥)e N <4)
A=(Z%a-A- (5 U (Z%)e

with a unique solution S = { (a*)a™~b"c"d™ | n > i > 0} U { (a™b")b" ‘c"d" |
n=2i>0}, A={(x)a"b" | x € {a,b}* }.

Definitions [2 and [3| are proved equivalent as follows.

Theorem 1. Let G = (¥, N, R, S) be a grammar with contexts, let X = ¢(X)
be the associated system of equations. For every A € N and (u)v € X* x X*,

(uyv € [ |_| oF(,...,2) B if and only if Fg [4, (u)v].
k>0



4 Normal form

Consider the Chomsky normal form for standard context-free grammars, in
which all rules are of the form A — BC and A — a. Its extension to con-
junctive grammars allows rules of the form A — B;C1& ... &ByCy. The trans-
formation to this normal form is done by first eliminating e-conjuncts, that is,
rules of the form A — e& ..., and then removing unit conjuncts, or rules of the
form A — B&... [1I]. This transformation shall now be further extended to
grammars with contexts.

The task of eliminating e-conjuncts is formulated in the same way: for any
given grammar with contexts, the goal is to construct an equivalent (modulo
the membership of ) grammar without e-conjuncts. A similar construction for
context-free grammars (as well as for conjunctive grammars) begins with deter-
mining the set of nonterminals that generate the empty string, which is obtained
as a least upper bound of an ascending sequence of sets of nonterminals. For
grammars with contexts, it is necessary to consider pairs of the form (A4, Z2),
with A € N and Z C N, representing the intuitive idea that A generates € in
the context of the form described by all nonterminals in Z. The set of all such
pairs is obtained as a limit of a sequence of sets as follows.

Definition 4. Let G = (X, N, R, S) be a grammar with contexts. Assume, with-
out loss of generality, that in each rule of the grammar, the context quantifiers
are applied only to single nonterminal symbols rather than concatenations. Con-
struct the sequence of sets NULLABLE;(G) C N x 2V with i > 0, by setting
NULLABLE((G) = @ and

NULLABLE; 41(G) = { (A,{D1,..., D} U{E1,...,E,} UZ1 U...UZy) |
A= & ... & &<aD1 & ... & <D, & <E1 & ... & <E, € R,
21y Zk SNt (on,21),..., (o, Z) € NULLABLE; (G) },

where S*, for any set S C N x 2V, denotes the set of all pairs (Ay ... Ay, Zy U
. UZy) with €20 and (A, Z;) € S.
Finally, let NULLABLE(G) = ;5o NULLABLE;(G).

In the definition of §*, note that @* = {(e, &)}. This value of NULLABLE; (G)
is used in the construction of NULLABLE; (G).

The next lemma explains how the set NULLABLE(G) represents the genera-
tion of ¢ by different nonterminals in different contexts.

Lemma 1. Let G = (X, N, R, S) be a grammar with contexts, let A € N and
u € X*. Then, (u)e € Lg(A) if and only if there exist K1, ...,K; € N, such that
(A, {K1,...,K;}) € NULLABLE(G) and (e)u € Lg(K1), ..., {(e)u € Lg(Ky).

It is convenient to define the elimination of e-conjuncts for a grammar with
contexts G = (X, N, R, S), in which every symbol A € N either has one or more
rules of the form A — B1 & ... & B & <D & ... & <D, &F1 & ... &<F,



with B;, D;, E; € N, or a unique rule of the foorm A — BC (with B,C € N),
A — a (with a € X) or A — €. The pre-processing necessary to reach this
intermediate form is straightforward, and then an equivalent grammar G’ =
(X, N, R/, S) without e-conjuncts is constructed as follows:

1. All rules of the form A — a in R are added to R’'.

2. Everyrule A —» B1 & ... &Br& <D & ... &<D, & E1 & ... & <LF, in
R is added to R’. Additionally, if (¢)e € Lg(D1)N...NLg(D,,), then another
rule A - B1 & ... &BL& E1 & ... & B, & <e is added to R'.

3. Every rule A — BC € R is added to R’, along with the following ones:

- A—- B&LK 1 & .. & UK, for all (C,{K},...,K:}) € NULLABLE(G);

- A->C&<K1 & ... &<Ky, for all (B,{Ki,...,K;}) € NULLABLE(G);

— A — C & <e, if there exists a nonempty set {K1,..., K¢} C N, such that
(B,{K1,...,K:}) € NULLABLE(G) and (¢)e € Lg(K1)N...N Lg(Ky).

Lemma 2. Let G = (X, N, R, S) be a grammar with contexts. Then the gram-
mar G' = (X, N',R',S) constructed above generates the language L(G) \ {e}.

The second stage of the transformation to the normal form is removing the
unit conjuncts in rules of the foorm A — B&.... Already for conjunctive gram-
mars, the only known transformation involves substituting all rules for B into
all rules for A, and results in a worst-case exponential blowup [II]. The same
construction applies for grammars with contexts as it is.

These transformations lead to the following normal form theorem.

Theorem 2. For each grammar with contexts G = (X, N, R,S) there exists
and can be effectively constructed a grammar with contexts G' = (X, N', R',S)
generating the same language, in which all rules are of the form

A= BiCi& ... & BuCi& D1 & ... & <Dy & AE1 & ... & <E,,
A—a&k <D & ... &<D,, &dE1 & ... &<LE,

A— BiC1 & ... &BipC & <e

A—a&<e (k>1, mn>0 acX, B;C;D;,E; € N')

The size of the resulting grammar, measured in the total number of symbols used
to describe it, is at most exponential in the size of the given grammar.

5 Parsing algorithm

For each grammar with one-sided contexts in the binary normal form, there
exists a parsing algorithm that determines the membership of all substrings of
the input string in the languages generated by all nonterminals of the grammar,
storing the results in a table. This algorithm elaborates a similar procedure
for conjunctive grammars [I1], which in turn generalized the Cocke-Kasami-
Younger algorithm for standard context-free grammars.



Let G = (X, N, R, S) be a grammar with contexts in the binary normal form,
and let w =ay...a, withn > 1 and a; € X be some string. Let 0 <7 < j < n.
Define

Ti’j = {A | Ae N, Fq [A, (al...ai>ai+1...aj}}.

This table is constructed by the following algorithm.

1: Top={AeN|A—-a &<ceR}

2: for j=1,...,ndo

3: while Tj ; changes do

4: for all A - a& <D & ... &<D, &LE1 & ... & LE,,» do

5: if a; = a, Dq,...,D, € To’j,1 and El, .. .,Em// € T()’j then

6: Tj,5 = Tj1,; U{A}

7: fori=j—-2to0do

8: let U=2 (UC N x N)

9: fork=i+1toj—1do

10: U=UU (Ti,k X Tkyj)

11: for all A — B1C1&...&B,Cp,&<D1& ... &<Dpy &
B & ... & 4E,,» do

12: if (Bl,Cl),...,(Bm,Cm) € U, Dy,...,D, € TO,i and

Ei,...,Enn € T(),j then

13: T;; =Tij U{A}

14: for all A — B:C1 & ... & B,,,C,, & < do

15: if (B1,C1),...,(Bm,Cr) € U and i = 0 then

16: T, ; =T, ; U{A}

Once the table is constructed, the input is accepted if and only if S € Tp .

Theorem 3. For every grammar with one-sided contexts G in the binary normal
form, there exists an algorithm that determines the membership of a given string
w=ay...a, in L(G), and does so in time O(|G|?-n3), using space O(|G|-n?).

6 Recognition in linear space

The cubic-time algorithm in Section [f] uses quadratic space, as do its context-
free and conjunctive prototypes. For conjunctive grammars, the membership of a
string can be recognized in linear space and exponential time [I3] by using deter-
ministic rewriting of terms of a linearly bounded size. In this section, the latter
method is extended to handle the case of grammars with one-sided contexts.

Let G = (¥, N, R,S) be a grammar with one-sided contexts and let w =
aj ...a, be an input string. The linear-space parsing algorithm presented below
constructs the sets Tp 1, To2, --., Ton (as in the top row of the table in the
algorithm in the last section), with

T07i:{A€N|<€>al...ai ELg(A)}

The membership of each A € N in each set T ¢ is determined using term rewrit-
ing similar to the one defined for Boolean grammars [I3], which operates in



exponential time by trying all possible parses. Whenever the grammar refers to
a context <D, the answer is found in one of the previously computed sets T ;
with i < ¢; a reference to a context <F is resolved by looking in the partially
computed set Tp . However, this £ may not yet have been added to Tj ¢, and the
procedure may give a false negative answer. Hence, up to | N| iterations (similar
to those in line [3| of the cubic-time algorithm) have to be done until all depen-
dencies are propagated and all elements of T ¢ are found. Once the last set Tg
is constructed, the input string is accepted if S belongs to this set.

Theorem 4. FEvery language generated by a grammar with one-sided contexts
is in DSPACE(n).

7 Future work

The new model leaves many theoretical questions to ponder. For instance, is
there a parsing algorithm for grammars with one-sided contexts working in less
than cubic time? For standard context-free grammars, Valiant [21] discovered an
algorithm that offloads the most intensive computations into calls to a Boolean
matrix multiplication procedure, and thus can work in time O(n*), with w < 3;
according to the current knowledge on matrix multiplication, w can be reduced
to 2.376. The main idea of Valiant’s algorithm equally applies to Boolean gram-
mars, which can be parsed in time O(n*) as well [I7]. However, extending it to
grammars with contexts, as defined in this paper, seems to be inherently impossi-
ble, because the logical dependencies between the properties of substrings (that
is, between the entries of the table T; ;) now have a more complicated struc-
ture, and the order of calculating these entries apparently rules out grouping
multiple operations into Boolean matrix multiplication. However, there might
exist a different o(n3)-time parsing strategy for these grammars, which would
be interesting to discover.

Another direction is to develop practical parsing algorithms for grammars
with one-sided contexts. An obvious technique to try is the recursive descent
parsing [16], where ad hoc restrictions resembling contexts of the form =>DX*
have long been used to guide deterministic computation. The Lang—Tomita Gen-
eralized LR parsing [I5] is worth being investigated as well.

A more general direction for further research is to consider gram-
mars with two-sided contexts, which would allow rules of the form A —
BC&<1D&LE&EF&>G. Such grammars would implement Chomsky’s [2] idea
of defining phrase-structure rules applicable in a context in full—which is some-
thing that was for the first time properly approached in this paper.
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