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Equations with formal languages as unknowns are among the most natural objects of
study in language theory. The research of their properties dates back to a paper by Ginsburg
and Rice [1962], in which the semantics of the context-free grammars was equivalently defined
using systems of equations of the basic form

X1 = ϕ1(X1, . . . , Xn)
...

Xn = ϕn(X1, . . . , Xn)

 (*)

where each ϕi contains variables and singleton constant languages connected with union and
concatenation.

For example, consider the one-variable equation X = ({a}·X ·{b})∪{ε} over the alphabet
Σ = {a, b}, denotedX = aXb∪ε for short. It represents the context-free grammar S → aSb | ε
and its unique solution is {anbn |n > 0}. Another example is the equation X = XX∪aXb∪ε
with multiple solutions, of which the least solution is the Dyck language and the greatest
solution is Σ∗.

After some years of not more than occasional study, the subject of language equations
has recently undergone a revival. Equations of various form have been investigated, and their
different properties were established. In particular, language equations with non-standard
word operations were considered by Kari [1994], and her approach received a considerable
following. The equation XL = LX, where L is a regular constant, has been studied by
several authors, until, contrary to the conjectures, Kunc [2005] established its computational
universality. Equations and inequalities with concatenations and Boolean operations were
studied by Okhotin [2002, 2003, 2005b, 2006]. A recent survey by Kunc [2007] summarizes
the existing results in the area.

Enough knowledge has been accumulated to attempt classification of the known types
of language equations. This paper begins such a classification by considering systems of the
above form (*), in which any fixed set of Boolean operations can be used instead of {∪}. As we
know from Ginsburg and Rice [1962], for union only these systems represent the context-free
languages. A few other cases have been considered in the recent years. It is left to summarize
this knowledge and to determine the exact number of families of languages generated by
unique solutions of such equations. An essential tool for this study is the fundamental work
by Post [1941] on the classes of Boolean functions.
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Post’s lattice

In his seminal paper, Post [1941] completely described all classes of Boolean functions closed
under superposition: there are 8 countable hierarchies and 44 individual classes organized
into an elaborate lattice of containment. Each class has a finite basis. A clear proof and
explanation of Post’s results can be found in a textbook by Yablonski et al. [1966].

Post refers to his classes as “closed systems”, while subsequent literature has coined the
term “clone”. For every set of Boolean functions F , denote its closure under superposition
by [F ]. We shall use the following symbols for Boolean functions: ∧ for conjunction, ∨ for
disjunction, ¬ for negation and ⊕ for sum modulo 2 (exclusive or).

Post’s lattice, written in the notation of Yablonski et al. [1966], is shown in the bottom
layer of Figure 1. The class P2 at the top of the figure is the class of all Boolean functions,
generated, for instance, as [x ∨ y,¬x], and each of the rest of the families has its own basis,
such as D01 = [x ∨ y]. Each line specifies a proper inclusion.

Let us apply Post’s lattice to language equations. We shall consider finite sets of Boolean
functions F , and interpret them as set-theoretic functions operating on subsets of Σ∗. Then
logical constant 0 represents ∅, constant 1 represents Σ∗, disjunction represents union, sum
modulo two represents symmetric difference, etc.

For every fixed set of Boolean functions F , consider systems (*) with concatenation,
Boolean operations from F and singleton constants, which have a unique solution. Such a
system is regarded as a specification of languages that are components of its unique solution.
Hence, every set of Boolean functions generates a family of formal languages.

Since set-theoretic operations can be freely combined in the right-hand sides of equations
(*), given a basis set of operations F , one can directly express any Boolean function in
[F ]. Thus we have to consider countably many Post’s classes and can use Post’s complete
description of these classes to describe the corresponding language equations.

The main result of this paper is that seven distinct families are obtained in this way.
These families are denoted O, I, K, D, M , N and P , more or less after their respective
generating classes of Boolean functions. These families are described in the rest of this paper.

D: Disjunction only

If the only allowed Boolean operation is disjunction, one obtains the well-known equations
of Ginsburg and Rice [1962], which generate the family of the context-free languages. Better
to say, these equations provide a natural semantics to the context-free grammars, which is
equivalent to Chomsky’s operational semantics by derivation.

These equations normally use the basis of Boolean functions {x ∨ y}. Adding constants
to this basis clearly does not increase their expressive power, hence the following theorem is
obtained:

Theorem 1. Let F be a class of Boolean functions, such that [x ∨ y] ⊆ [F ] ⊆ [x ∨ y, 0, 1].
Then unique solutions of systems (*) with Boolean operations from F , concatenation and
singleton constants define the context-free languages.

There are four closed classes of Boolean functions satisfying these conditions, namely,
D01 = [{x ∨ y}], D = [{x ∨ y, 0, 1}], D0 = [{x ∨ y, 0}] and D1 = [{x ∨ y, 1}]. By the theorem,
each of them yields the family of context-free languages.

The term “context-free languages” comes from string rewriting. In our framework, this
is the family of languages generated by the disjunction, and it will accordingly be called D.
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Figure 1: Seven families of language equations over Post’s lattice.
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Four Post’s classes generating this family of languages are shown in Figure 1. We shall now
see that a few other classes of Boolean functions define families that are no less natural than
this one.

M : Disjunction and conjunction

The next class to be considered is defined by language equations with union and intersection.
The corresponding Post’s class is M01 = [x∨y, x∧y]; however, more classes actually generate
the same language family.

Theorem 2. Let F be a class of Boolean functions, for which [x ∨ (y ∧ z)] ⊆ [F ] ⊆
[x ∨ y, x ∧ y, 0, 1]. Then unique solutions of systems (*) with Boolean operations from F ,
concatenation and singleton constants define the conjunctive languages.

The upper bound is given by Post’s class M = [x ∨ y, x ∧ y, 0, 1], which contains all
monotone Boolean functions. The lower bound is MO∞

0 = [x ∨ (y ∧ z)]. Two of the eight
Post’s infinite hierarchies are located between these classes, and, with respect to language
equations, they collapse as shown in Figure 1.

The family of languages specified by these equations is generated by conjunctive grammars,
introduced by Okhotin [2001, 2002], which are a generalization of the context-free grammars
with rules of the form A → α1& . . .&αm, where each αi is a string comprised of symbols
and variables. Conjunctive grammars have a greater expressive power than the context-free
grammars: they can generate many key abstract examples of non-context-free languages,
such as {anbncn | n > 0}, {ww | w ∈ {a, b}∗}, {(wc)|w| | w ∈ {a, b}∗} and {a2n | n > 0}
(see Jeż [2007] for the latter grammar), and more. On the other hand, the main context-
free parsing algorithms, such as the Cocke–Kasami–Younger, the recursive descent and the
generalized LR, can be extended to conjunctive grammars, maintaining the low complexity
of the originals. This makes conjunctive grammars a theoretically and practically appealing
generalization of context-free grammars, A survey of these grammars, their known properties
and their open problems was recently given by Okhotin [2007].

In the context of language equations, let us use the symbol M to refer to this family.

P : All Boolean operations

Language equations with all Boolean operations, that is, over the basis P2 = [{x∨y,¬x}], were
studied by Okhotin [2003, 2005b]. These equations may have no solutions or multiple pairwise
incomparable solutions, and the problems of testing solution existence and solution uniqueness
are co-RE-complete and Π2-complete, respectively. The family of languages representable by
unique solutions of these systems is exactly the family of recursive languages.

Subsequent research done by Okhotin [2006] has shown that some restricted sets of
Boolean operations are sufficient to generate all recursive languages: this is, most notably,
the symmetric difference alone, or, in the terminology of the present paper, Post’s class of
sum modulo 2. Using this result, the following theorem can be established:

Theorem 3. Unique solutions of systems (*) with Boolean operations from a class F , con-
catenation and singleton constants generate all recursive languages if and only if any of the
following three functions is in [F ]: x ∨ (y ∧ ¬z), x ∧ (y ∨ ¬z) or x⊕ y ⊕ z.
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Let us call this family P , after the name P2 for the class of all Boolean functions (which ap-
parently refers to two-valued propositional logic). This family captures the notion of effective
computability.

N : Negation only

The family of language equations (*) using concatenation and complementation has first been
studied by Leiss [1994], who has constructed an interesting example of such an equation over
a unary alphabet

X = a ·X2
2
2

,

which has a nonregular unique solution {an | ∃k > 0 : 23k 6 n < 23k+2}.
This family has recently been systematically studied by Okhotin and Yakimova [2006].

The problem whether a system of this kind has a solution is NP-complete. Unique solutions
of such equations are generated by Boolean grammars, see Okhotin [2007], and hence are
contained in DTIME(n3). It was shown that the regular language aΣ∗b ∪ bΣ∗a ∪ ε cannot
be represented by such equations. Even if all regular constants are allowed in equations, the
linear context-free language (aΣ∗b ∪ bΣ∗a ∪ ε) \ {anbn | n > 1} is not representable.

Let us position this class in the Post’s lattice.

Theorem 4. Let F be a class of Boolean functions, such that [F ] = [¬x] or [F ] = [1,¬x].
Then unique solutions of systems (*) with Boolean operations from F , concatenation and
singleton constants define the same single class of languages.

Two Post’s classes mentioned in this theorem are denoted SU and U , respectively, which
refers to self-dual unary and general unary functions. This designation appears irrelevant for
language equations, hence a new name has to be invented for this family. Let us call it N ,
which stands for “negation”.

O: No Boolean operations

It remains to consider three trivial families. The family O corresponds to equations in which
no Boolean operations are allowed. It is easy to see that their unique solutions contain only
singleton languages and empty sets. However, it turns out that some larger Post’s classes
cannot generate any more languages.

Theorem 5. Let F be a class of Boolean functions, such that [F ] ⊆ [(x∨y)∧(y∨z)∧(x∨z)].
Then unique solutions of systems (*) with Boolean operations from F , concatenation and
singleton constants contain languages of the form ∅ and {w}.

Post’s class [{(x∨ y)∧ (y ∨ z)∧ (x∨ z)}] is called MI2. Note that conjunction is in MI2,
while constant 1 is not there. Let us denote this bottom family by O.

I: Constant 1 only

Post’s class formed by constant 1 is denoted C1, and this constant can be used to express Σ∗,
which results in a somewhat larger family of languages than O. This family has the following
characterization:
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Theorem 6. Let F be a class of Boolean functions, such that 1 ∈ [F ] ⊆ [0, 1, x]. Then
unique solutions of systems (*) with Boolean operations from F , concatenation and singleton
constants contain languages of the form ∅ and w0Σ∗w1Σ∗ . . . wn−1Σ∗wn, where n > 0 and
wi ∈ Σ∗.

Let us denote this family by I; this symbol is meant to resemble the digit “1”. Note that
I is not closed under intersection, since the language Σ∗aΣ∗ ∩ Σ∗bΣ∗ cannot be represented
in the above form.

K: Conjunction and constant 1

In the definition of O we have seen that conjunction alone does not help to generate anything
more than singletons. However, once Σ∗ can be expressed, the intersection operation gives a
little increase to the expressive power:

Theorem 7. Let F be a class of Boolean functions, such that [F ] = [x∧y] or [F ] = [x∧y, 1].
Then unique solutions of systems (*) with Boolean operations from F , concatenation and
singleton constants contain exactly the languages from the intersection and concatenation
closure of I.

Denote this family by K. This family is distinct from I, since I is not closed under
intersection.

Summary

As the reader can see in Figure 1, the above Theorems 1–7 cover the entire Post’s lattice.
Hence, no families besides these seven families can be generated by language equations of the
given kind.

The following table attempts to review the work on these families. The column “discovered
by” records the first mention of the language family in the literature, irrespective of the
language equations generating this family. The next column “equations studied by” refers to
the study of language equations with the corresponding operations.

language family discovered by equations studied by
P recursive Turing (1936), Church (1936) Okhotin [2003, 2006]

M conjunctive
Okhotin [2001],
also Szabari [1991]

Okhotin [2002]

D context-free
Chomsky (1956), also
Panini (ca. 4th cent. B. C.)

Ginsburg and Rice [1962]

N (no name)
Okhotin and Yakimova [2006],
also Leiss [1994]

Okhotin and Yakimova [2006]

K (·,∩)-closure of I − Okhotin [2005a]
I ∅, w0Σ∗w1 . . .Σ∗wn − −
O ∅, {w} − −

The family P (the recursive languages) corresponds to the notion of effective computabil-
ity, which was developed by Church and Turing.

The family M (the conjunctive languages) was first studied by Okhotin [2001]. An equiv-
alent definition of such grammars was given in an unpublished Master’s thesis by Szabari
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[1991], though no properties of these grammars were obtained. For a survey of these gram-
mars, see Okhotin [2007]. The latest contribution to the study of this family was made by
Jeż [2007].

The family D (the context-free languages) was known since the ancient times, when
the Indian legendary scholar Panini used similar formalisms to write down the grammar of
Sanskrit. This family was first mathematically considered by Chomsky, and the representation
by equations was discovered by Ginsburg and Rice [1962].

The family N was proposed by Leiss [1994], who constructed an interesting example and
established some results for a restricted case. The first systematic study is due to Okhotin
and Yakimova [2006]. The only known definition of this family is by language equations.

The following proper inclusions between these families can be established:

O ⊂ I ⊂ K ⊂ D ⊂M ⊂ P

I ⊂ N ⊂ P

In addition, it is known from Okhotin and Yakimova [2006] that N is distinct from K, D and
M , hence all seven families are pairwise distinct.

Conclusion

This work began a classification of language equations with concatenation and Boolean op-
erations. The proposed method of study based upon Post’s lattice is certainly applicable
to larger classes of equations, such as the unresolved equations of the form ϕi(X1, . . . Xn) =
ψi(X1, . . . Xn). It remains to carry out these extended classifications. Other interesting kinds
of language equations, such as equations with non-standard word operations, await new meth-
ods of classification.

Let us conclude by saying that hierarchies of language equations, such as the one estab-
lished in this paper, constitute an alternative to Chomsky’s hierarchy of transformational
grammars. While the context-free languages can be naturally represented in both hierar-
chies, this is not so for many other families, and the proposed hierarchy leads to noteworthy
families that would be hard to fit in the Chomskian paradigm. Furthermore, some natural
families of language equations that did not fit into the present preliminary classification rep-
resent other important language families, such as the regular languages first characterized
by Bondarchuk [1963], and the recursively enumerable languages and their complements, see
Kunc [2005] and Okhotin [2005a, 2005b]. More research on elaborating these hierarchies will
bring further interesting results in formal language theory and its applications.
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