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Abstract. The family of deterministic input-driven pushdown automata
(IDPDA; a.k.a. visibly pushdown automata, a.k.a. nested word automata)
is known to be closed under reversal, concatenation and Kleene star. As
shown by Alur and Madhusudan (“Visibly pushdown languages”, STOC
2004), the reversal and the Kleene star of an n-state IDPDA can be
represented by an IDPDA with 90(n?) states, while concatenation of
an m-state and an n-state IDPDA is represented by an IDPDA with
90((m+m)?) gtates. This paper presents more efficient constructions for
the reversal and for the Kleene star, which yield 2°(*1°8™) gtates, as
well as an m2°(™1°8™ _gtate construction for the concatenation. These
constructions are optimal due to the previously known matching lower
bounds.

1 Introduction

A subclass of deterministic pushdown automata called input-driven pushdown
automata (IDPDA), in which the input letter determines whether the automaton
should push a symbol, pop a symbol or leave the stack untouched, was introduced
by Mehlhorn [13] in 1980s and had only one follow-up paper at the time [5]. Their
systematic investigation was initiated more than twenty years later by Alur
and Madhusudan [2], who renamed the model to wvisibly pushdown automata,
proved that its deterministic and nondeterministic cases are equal in power,
and established its closure under all basic operations. These results inspired an
ongoing stream of research on the properties of this model [IIBI6Y7IIT5]. Part of
the literature has adopted yet another name for the same model: nested word
automata.

Though deterministic and nondeterministic IDPDAs define the same class of
languages, they differ in terms of succinctness of description. A pushdown au-
tomaton uses states of two types—internal states and pushdown symbols. The
natural succinctness measure is the sum of the number of these states. The
determinization blowup of nonterministic IDPDAs was assessed by Alur and
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Madhusudan [2I3], who proved that representing an n-state nondeterministic
IDPDA in the worst case requires 20("*) gtates in an equvalent deterministic
IDPDA. Recently, the authors [I6] defined an intermediate family of unambigu-
ous IDPDAs and showed that transforming a nondeterministic automaton to
an unambiguous one, as well as an unambiguous automaton to deterministic,
requires 20(n*) gtates in each case.

The closure of the language family defined by input-driven pushdown au-
tomata under all basic language-theoretic operations, established by Alur and
Madhusudan [2], leaves related succinctness questions. According to Alur and
Madhusudan [2], the Kleene star of an n-state IDPDA can be represented by an
IDPDA with 20" states, and the concatenation of an m-state and an n-state
IDPDA is representable by an IDPDA with 20((m+n)*) states. In each case, the
construction proceeds by representing the result of the operation by a nonde-
terministic IDPDA, and then by determinizing the latter. For the reversal of an
n-state IDPDA, Piao and Salomaa [I7] presented a similar 20("*)_gtate construc-
tion, that relies on constructing a nondeterministic IDPDA and determinizing
it. Furthermore, Piao and Salomaa [I7] gave an improved construction for the
concatenation of two IDPDAs, which uses m - 20(n*) states. At the same time,
Piao and Salomaa [I7] demonstrated lower bounds on the number of states re-
quired to represent these operations: the reversal and the Kleene star requires
292(nlogn) states, and the concatenation requires 292("1°87) states as well.

This paper presents more efficient constructions for these three operations,
and thus determines the asymptotically optimal number of states needed to
represent them. It is shown that both the reversal and the star of an n-state
IDPDA can be represented using only 29("1°87) gtates, which coincides with
the lower bound given by Piao and Salomaa [I7]. For the concatenation, the
proposed construction yields an IDPDA with m2©("1°87) states. This result is
accompanied by an m22("1°87)_state lower bound, which refines the lower bound
by Piao and Salomaa [I7].

2 Definitions

A (deterministic) input-driven pushdown automaton (IDPDA) [I32] is a special
case of a deterministic pushdown automaton, in which the input alphabet is
split into three classes, X1, Y1 and Xy, and the type of the input symbol
determines the type of the operation with the stack. For an input symbol in X' 1,
the automaton always pushes one symbol onto the stack. If the input symbol
is in X _1, the automaton pops one symbol. Finally, for a symbol in Xy, the
automaton may not use the stack: that is, neither modify it, nor even examine
its contents.

Unless otherwise mentioned, the acronym IDPDA shall refer to a determin-
istic input-driven pushdown automaton, and when the computation is allowed
to use nondeterminism, the model shall be referred to as a nondeterministic
IDPDA.



Different names and different notation for these automata has been used
in the literature. Most of the time, they are regarded as pushdown automata,
and recent literature often refers to them under an alternative name of wvisibly
pushdown automata [T2I36I7]. An alternative outlook at essentially the same
definition regards this model as an automaton operating on nested words—a
nested word automaton [39I17]. Under the latter outlook, internal states are
called “linear” or “horizontal” states, while pushdown symbols are regarded as
“hierarchical” or “vertical” states. This paper uses the terminology of pushdown
automata.

An IDPDA is formally defined over an action alphabet, which is a triple

Y= (E-I—lvz—la 20)7

in which the components X', ¥'_; and X are finite disjoint sets. In the follow-
ing, unless otherwise mentioned, X1, X' 1 and Xy always refer to components
of an action alphabet, and their union is denoted by X. A string over Y is an
ordinary string over X, where each symbol is assigned a “type” depending on
the component it belongs to.

Let @ denote the set of (internal) states of the automaton, with a subset
of accepting states F' C @, let I' be its pushdown alphabet, and let | € I" be
the initial pushdown symbol. For each input symbol a € X, the behaviour
of the automaton is described by partial functions §, : @ — @Q and v, : Q —
(I'\ {L}), which provide the next state and the symbol to be pushed onto the
stack, respectively. For every b € X _;, there is a partial function 0, : Q x ' —
Q@ specifying the next state, assuming that the given stack symbol is popped
from the stack. For ¢ € Xy, the state change is described by a partial function
0c : @ — Q. There is an additional condition that whenever the stack contains
only one symbol (which shall be 1), any attempts to pop this symbol will result
in checking that it is there, but not actually removing it. Once the automaton
processes the last symbol of the input, it accepts if the current state is in F,
regardless of whether the stack is empty or not.

Most of the constructions in this paper manipulate functions, mainly func-
tions from @ to ), and some related notation ought to be introduced. For any sets
X and Y, denote the set of functions from X to Y by YX. Such functions can be
applied to subsets of X: if f: X — Y is a function, then f(S)={f(z) |z € S}
for any set S C X; similarly, the set of pre-images of a set T' C Y is denoted
by fFUT) ={x|zeX:f(x)eT} If f: X - Y and g: Y — Z are two
functions, then their composition g o f is a function from X to Z defined by
(g0 f)(z) = g(f(x)).

The set of well-nested strings over an alphabet (X1, X_1,%)), denoted by
Lpycx, is defined by the following context-free grammar:

S — <S> (e Xy, >e X )
S —8S
S—c (c e Xy)

S —e¢



Computations of IDPDAs on well-nested strings have the most straight form.
The automaton finishes reading such a string with the same stack contents as
in the beginning, and it never attempts to pop any symbols underneath. The
behaviour of an automaton on a well-nested string w can thus be characterized
by a function f,,: @ — @, which maps the initial state of the automaton to its
state after processing the string. Given an IDPDA A, one can construct another
IDPDA B with the set of states Q, that calculates the behaviour of A on
the last well-nested substring it reads; this fact will be essentially used in all
constructions in this paper.

The measure of succinctness of an IDPDA adopted in the literature is the
combined number |Q|+ |I'| of internal states and pushdown symbols, which may
be regarded as two kinds of states. The state complezity of a language is the
least value of |Q| + |I'| among the IDPDASs recognizing this language. The state
complexity of an operation is a function mapping the state complexities of its
arguments to the worst-case state complexity of the result.

Generally, state complexity lower bounds are established using more or less
ad hoc methods [3I19]. Various lower bound criteria for the size of IDPDAs were
given by Piao and Salomaa [I7]. The following variant of those criteria is tailored
for the specific purpose of proving the results in this paper.

Lemma 1. Let A be an IDPDA over action alphabet (X11,X_1,%0) and let S
be a set of strings over Y. Suppose that there exists a word w € X* such that

(i) For each u € S, wu is a prefix of some word of L(A), and,
(ii) for any ui,us € S, uy # ug, there exists v € X* such that wuiv € L(A) if
and only if wugv & L(A).

Then the number of states of A is at least |S)|.

Proof. By (i) for each u € S, A reaches the end of wu in some state g,. Since
the strings of S contain only symbols of Yy, condition (ii) implies that for any
u1 # ug the states g, and ¢,, need to be distinct. O

3 Reversal

The reversal of a string w = ajas . . . ag over an action alphabet Yy = (X1, X_1,%0),
with £ > 0 and a; € X, is the string wf® = ay...asa; over the inverted alphabet
YE = (¥_4,%,1,%), in which the symbol types “+1” and “—1” are inter-
changed. The reversal of a language L over Y is the language L% = {w? |
w € L}, viewed as a language over the inverted alphabet IR,

Consider a nondeterministic input-driven pushdown automaton recognizing
a language L. Then another nondeterministic IDPDA recognizing the language
L can be obtained by reversing all transitions and exchanging the sets of initial
and accepting states [I7]. However, the construction for determinizing a nonde-
terministic IDPDA implies only an 20(n?) upper bound on the number of states
of a deterministic IDPDA recognizing the reversal. A more efficient construction
for reversing a given deterministic IDPDA is given in this section.



The construction is first presented in a simplified form applicable to an
IDPDA A operating on well-nested strings. Under this assumption, an IDPDA
for L(A)T can separately calculate the behaviour of A as a function from Q to
@ on each level of nesting of brackets, transfer the behaviour through the stack
upon reading a closing bracket, and combine behaviours on substrings upon
reading an opening bracket.

Lemma 2. Let A be an IDPDA over an alphabet (X1, X _1, %) that accepts
only well-nested strings, let @ be its set of states and let I' be its pushdown
alphabet. Then there exists an IDPDA C with the set of states Q9 and the
pushdown alphabet Q9 x X_1 that recognizes the language L(A)® (under the
assumption that C rejects upon reaching the end of the input with nonempty
stack).

Proof. The goal of the construction is to simulate the behaviour of A on a well-
nested string w, upon reading the string w’. Note that the input alphabet of C is
now the inverted alphabet (X'_1, X1, X). A state of C represents the behaviour
of A on the reversal of the longest well-nested suffix of the string read so far.

The initial state of C' is ¢, = id, the identity function on Q. The transition
on each symbol from X is defined as a composition of the transition function
of A on this symbol with the calculated behaviour of A on the previously read
suffix:

52(.]6) = fod..

If f: Q — @ is the behaviour of A on the suffix u, then this transition computes
the behavuour of A on cu.

Whenever C' reads a symbol from X _;, on which A pops, C' must push.
What it does is to push the calculated behaviour f: @ — @ on the suffix and
the current symbol > € X'_; to the stack, and begin calculating a new behaviour
on the deeper level of nesting:

8L (f) = id,
() = (f,>).

By the time C' reaches the matching bracket < € 34, it will have the behaviour
of A on the inner level calculated in its internal state g: Q@ — Q. It pops from
the stack the pair (f,>), where f is the behaviour on the suffix and > is the
other previously read bracket. Let u denote the well-nested string between these
brackets, the behaviour on which is g, and let v be the suffix, on which the
behaviour is f. Now B has all the data to calculate the behaviour of A on <u>v
as follows:

8 (g, (f,>)) = foh,
where the function h : Q — @, defined by

h(q) = 6> (9(0<(q)),v<(q)),

represents the behaviour of A on <u>.



Claim. For every string w over ) , let f be the behaviour of A on the longest
well-nested prefix of w. Then the automaton C, executed on w’ with the initial
state id, finishes its computation in the state f.

The claim is proved by an induction on the length of w. The basis is w = ¢,
with the empty string as the longest well-nested prefix, and the behaviour of A
on it is the identity function, which is the initial state of C. For the induction
step, the proof is split into three cases, depending on the form of w:

— If w begins with a symbol ¢ € Xy, let w = cuv, where u is longest well-
nested prefix of the rest of w. The first portion of the computation of C
on wf = vRuflcl is a computation on the shorter string v®uf. By the
induction hypothesis for uv, the automaton C' computes the behaviour of A
on u. Let f be this behaviour. Then cu is the longest well-nested prefix of
w, and the transition of C' by ¢ correctly computes the behaviour of A on cu
as a composition f o 4.

— Let the first symbol of w be < € X', 1. Then the longest well-nested prefix of
w is a string of the form <u>v, where u and v are well-nested and > € X_;.
Let w = <u>vz and note that the longest well-nested prefix of vz is v.
The computation of C on w! = zfvf>uf< begins with the computation
on zv® and, by the induction hypothesis, calculates the behaviour of A
on v. Denote this behaviour by f. Next, C' reads > and pushes the pair
(f,>) to the stack, and afterwards, C processes the well-nested substring
u®. Applying the induction hypothesis to the ensuing computation of C—
that is, to the string u>vx with the longest well-nested prefix u—shows that
C calculates the behaviour A on w. Finally, C reads <, pops the pair (f,>)
from the stack, uses the behaviour of A on w stored in the internal state
to calculate the behaviour h of A on <u>, and finally combines it with the
behaviour of A on v as f o h. This is the behaviour of A on <u>wv, which is
the longest well-nested prefix of w.

— Assume that w begins with a symbol > € X_;. Then the longest well-nested
prefix of w is €, and the computation of C' on w? ends with transition by >,
which sets the internal state to id.

It is left to define the set of accepting states of C' as

F'={f:Q—Q| f(e)€F},

where qq is the initial state of A and F' is the set of accepting states of A. Then,
for every well-nested string w, the automaton C, executed on w’* computes the
behaviour f of A on w, and accepts if and only if f(qy) € F, that is, if and only
if A accepts w. If the input string is not well-nested, then C' either reaches an
undefined transition by the bottom stack symbol L, or finishes reading the input
with nonempty stack. O

In the general case of IDPDAs operating on not necessarily well-nested
strings, the construction is slightly extended.



Lemma 3. For every IDPDA A over an alphabet (X11,X_1,X0) with a set of
states @ and a pushdown alphabet I', there exists an IDPDA C over the inverted
alphabet (X_1, X1, Xo) with the set of states Q2 x 29 and the pushdown alphabet
QP x 29 x X_| that recognizes the language L(A)%.

Proof. Given a string uv, where where u is its longest well-nested prefix, the
automaton C' is given a string v®u® and should simulate the computation of A
on uv. The goal of the construction is that C' calculates (i) the behaviour of A
on u, and (ii) the set states, beginning from which A would accept the string uv.
The initial state of C'is ¢j = (id, F).
On any symbol ¢ € X, its transitions are:

5e((£,8)) = (f 00c,8.1(S)).

Every symbol > € X_;, which is a closing bracket for A, is therefore an
opening bracket for C', and its transitions are defined as follows:

0L((£,8)) = (id,{q | 6>(g, L) € S ),
V5 ((f,9)) = (£, 5,>).

Each A’a opening bracket < € X, is regarded by C as a closing bracket,
and is processed as follows:

8-((9:T), (f,8,>)) = (f o h, h™1(S5)),
where h : Q — Q is defined by
h(q) = 05 (9(0<(q)), v<(a))-
And if the stack is empty (that is, < has no matching right bracket):
8- ((9.T), L) = (id,6-1(T))

Claim. For every string w, the automaton C, after reading w’, reaches a state
(f,S), where f is the behaviour of A on the longest well-nested prefix of w, and
S is the set of all such states ¢, that A, having begun a computation in the state
q with the empty stack, accepts after reading w.

Finally, the set of accepting states of C' is defined as
Fl:{(fas)lqoes}7

where ¢q is the initial state of A. ad

A matching lower bound for reversal is already known.
Proposition 1 (Piao and Salomaa [17]). Let Y1; = {<}, X1 = {>},
Yo ={a,b,c}. For n > 1, the language

Lo=|J u<({a,b} )" 'uc({a,b}*c)*>
ue{a,b} o]

has an IDPDA with O(n) states, while any IDPDA for its reversal requires at
least 2271081 states.

(p- [13)



This shows that the construction in Lemma[3]is asymptotically optimal, and
thus the state complexity of reversal has been determined as follows.

Theorem 1. The state complexity of reversal of IDPDAs is 20(nlogn)

4 Concatenation

Given an m-state IDPDA and an n-state IDPDA B, one can represent their con-
catenation by a nondeterministic IDPDA with m+n states, and then determinize
it to obtain 20((m+m)) states [2]. An improved construction given below directly
yields a deterministic IDPDA, and this IDPDA contains only m2° (7187 gtates.
Like in the previous section, this construction is first presented in an idealized
form, in which all strings are well-nested.

Lemma 4. Let A and B be IDPDAs over an alphabet (X1, X _1, Xg) that accept
only well-nested strings, let P and @Q be their respective sets of states, let I' and
2 be their pushdown alphabets. Then there exists an IDPDA C' with the set of
states P x (29 U Q9) and the pushdown alphabet I' x (29 U Q@) x X, that
recognizes the language L(A) - L(B).

Proof. The first component of all states of C' is used to simulate the operation
of A. The states from P x 29 are used for well-nested prefixes of the input.
After reading a well-nested prefix w, the automaton C' should reach a state with
a second component S C @, containing all states of B reached on strings in
L(A)~'w After reading a prefix w that is not well-nested, C' should calculate a
state with the second component f: @ — @ representing the behaviour of B on
the longest well-nested suffix of w.

Let m and & be the transition functions of A and B, respectively. Let p and
v be their push functions on X1, and let F4 and Fp be their sets of accepting
states.

The initial state of C' is (po,{qo | if po € Fa }).

Its transitions on the bottom level, for p € P, S C Q and ¢ € X, are:

52((291 S)) = ('/Tc(p)v 56(5) U {QO ‘ if Wc(p) € FA})

When C enters the first level of brackets by a symbol < € X4, it continues
simulating A in the first component, and switches to computing the behaviour
of B in the second component:

3= ((p,5)) = (1< (p),id),
YL ((,9)) = (p<(p), S, <),

where id : @ — @ is the identity function. The state S and the symbol < are
stored in the stack, along with the stack symbol of the simulated automaton A.

When C returns from the first level of brackets by a symbol > € X4, it
has the behaviour of B on the substring inside the brackets computed, and can



combine it with the behaviour on the brackets < (popped from the stack) and
> (read from the input) to form a function h : Q — @, defined by

h(q) = 0>(9(0<(q)),v<(q))-

Then C' can apply this function to the set S popped from the stack as follows:

6/> ((p, 9): (s, 5, <)) = <7T>(p,5), h(S))7

Transitions inside the brackets, on ¢ € Y.

5e((p, f)) = (me(p), 6c 0 f)

Going into the next level of brackets: forp € P, f: Q — Q and < € X, 1:

5/<((pa f)) - (7T< (p),id),

Returning into the previous first level of brackets: for > € X 1, pe P, f: Q —
Q,s€l g:Q—Qand <€ X,

6I> ((pvg)v(sva<)) = (7r>(p7s), gof)v
where h : Q — @ is defined by

h(q) = 0>(9(0<(q)),v<(q))-

Claim. Upon reading a well-nested prefix w of an input string, the automaton
C enters a state (p,S), where p is the state reached by A on w, and S is the
set of all such states ¢ € @ that w = wv for some u € L(A) and v € X* with
0(qo,v) = gq.

Upon reading a not well-nested prefix w, the automaton C enters a state
(p, f), where p is the state reached by A on w, and f is the behaviour of B on
the longest well-nested suffix of w.

Let all states (p,S) € P x 29 with SN Fp # @ be the accepting states of
C. Then, by the above claim, C' accepts a string w if and only if w = uwv for
some u € L(A) and v € L(B), and therefore L(C') = L(A)L(B). Unlike the
automaton constructed in Lemma[2] here the automaton C is also able to reject
strings other than well-nested. ad

The next lemma presents the construction for concatenation of IDPDAs of
the general form.

Lemma 5. Let A and B be any IDPDAs over an alphabet (X1, X _1,%0). let P
and @ be their respective sets of states, let I' and {2 be their pushdown alphabets.
Then there exists a IDPDA C with the set of states P x 29 x 29 x Q% and
the pushdown alphabet I' x 29 x 22 x Q% x X, that recognizes the language
L(A) - L(B).

(p-[14)



The automaton C' simulates A in the first component of its state, and calcu-
lates the behaviour of B on the last well-nested suffix of the input in the fourth
component. The second and the third components are both sets of such states
q € @, that the string read so far is a concatenation of a string in L(A) with
a string, on which B goes from gy to ¢. The third component handles all such
factorizations, where the suffix processed by B is a concatenation of well-nested
strings and closing brackets from Y_;. The second component refers to factor-
izations with the suffix of any other form. The details of the construction are
omitted due to space constraints.

A 29(nlogn)_state lower bound on the state complexity of concatenation of an
m-state IDPDA and an n-state IDPDA was given by Piao and Salomaa [I7]. This
lower bound does not provide any dependence of the state complexity of con-
catenation on the complexity of the first language. The following more elaborate
version refines the result of Piao and Salomaa [17] to reflect this dependence.

Lemma 6. Let Xy = {a,b,#}, Y11 = {<} and X¥_1 = {>}. Then, for every
m,n > 1, the language

K ={we{a,b#,<,>} | lwl, =0 (mod m)}
has a DFA with m states, and the language
L, = U akb*#(a*b*#)*<(a*b*#)kalb*#(a*b*#)*a5>ak
k,e{1,...,n}

has an IDPDA with O(n) states and n pushdown symbols, while any IDPDA for
their concatenation K., L, requires at least mn™ states.

Theorem 2. The state complexity of concatenation of IDPDAs is m-20(logn)

Using a variant of the languages L,, from Lemma [f] we get a lower bound
for the state complexity of square.

Lemma 7. Let Xy = {a,#}, Y11 = {<} and X_1 = {>}. Then, for every
n = 1, the language

Lo=(a"#)"u |J d'#@#) <@ a#a #) a">a"
k,ee{1,....,n}

has an IDPDA with O(n) states and n pushdown symbols, while any IDPDA for
the language Ly, - L, requires at least n™ states.

Theorem 3. The state complexity of square of IDPDAs is 20(nlogn)

5 Kleene star

The concatenation L(A)L(B) was recognized by simulating A as it is, along with
keeping track of all possible computations of B following a prefix in L(A). Every



time the simulated A would accept, one more computation of B was added to
the set.

The below construction for the star is derived from the one for the concate-
nation. There is no automaton A this time, but multiple computations of B are
traced in the same way as before. Whenever one of them would accept, the set
is augmented with another computation of B.

Lemma 8. Let B be a IDPDAs over an alphabet (X1, X_1,%0) that accepts
only well-nested strings, let Q be its set of states. Then there exists a IDPDA C
with the set of states 22 UQC and the pushdown alphabet (2° UQ®) x X1 that
recognizes the language L(A)*.

The construction is extended to the full case of IDPDAs not restricted to
well-nested strings as follows.

Lemma 9. Let B be any IDPDA over an alphabet (X1, X _1,X0), let Q be its
set of states, and let I' be its pushdown alphabet. Then there exists a IDPDA C
with the set of states 29 x 29 x Q@ and the pushdown alphabet I' x 29 x 29 x
QP x X1 that recognizes the language L(A)*.

The construction is similar to the one for the concatenation, and is not included
in this extended abstract.

This establishes a 20("1°87)_state upper bound on the state complexity of the
star for IDPDAs. A matching lower bound is already known from Salomaa [19],
who presented an IDPDA A with O(n) states and stack symbols, such that the
total number of states and stack symbols in any IDPDA recognizing L(A)* is at
least 27198 These results are combined to the following asymptotic estimation.

Theorem 4. The state complezity of Kleene star of IDPDAs is 20(nlogn)

6 Conclusion

The complexity of all basic operations on both deterministic (IDPDA) and non-
deterministic (NIDPDA) input-driven pushdown automata has now been deter-
mined. In the following table, it is compared to the similar results on two basic
types of finite automata recognizing regular languages.

DFA NFA IDPDA NIDPDA

U mn [12] m+n + 1 [10] O(mn)[17] m+n+0(1) 2
N mn [12] mn [10] O(mn) [17) O(mn) [9]
~ n 2" [ n 26(*) 1g]

m-2" — 2"~ 1 [ m4+n[0  m20lsn) m+n+0(1) 2
2| n.2m — 2" l[Ig 2n [§] 20(nlogn) n+0(1) 2
* 39m [12) n + 1 [10] 20(nlogn) n+O(1) 2|
R 2" [11] n + 1 [10] 20(nlogn) n+O0(1) 2]

Investigating the complexity of operations on unambiguous IDPDAs [16] is
suggested for future work. Since descriptional complexity questions are already
difficult for unambiguous finite automata [I4], this task might be nontrivial as
well.

(p-

(p-
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Appendix

The following table shows the location of the results presented in this paper.

reversa_l _|concatenation star
idealized construction| Section |3 Section Appendix [D
its proof Section omitted omitted
general construction | Section Appendix [B| |[Appendix |§|
its proof Appendix |A]  omitted omitted

A Omitted proof for reversal

The claim in Lemma For every string w, the automaton C, after reading
w®, reaches a state (f,S), where f is the behaviour of A on the longest well-
nested prefiz of w, and S is the set of all such states q, that A, having begun a
computation in the state q with the empty stack, accepts after reading w.

Proof. The claim is proved by an induction on the length of w. The basis is
w = €, with the empty string as the longest well-nested prefix. The behaviour of
A on ¢ is the identity function, while the set of states of A, from which it accepts
upon reading ¢, is exactly F': this is what is given in the initial state of C'. For
the induction step, the proof is split into four cases, depending on the form of
w:

— If w begins with a symbol ¢ € Xy, let w = cuv, where u is longest well-
nested prefix of the rest of w. The first portion of the computation of C on
wl = vRuftcf is a computation on the shorter string v, By the induction
hypothesis for uv, the automaton C' computes a pair (f,S), where f is the
behaviour of A on u, and S is the set of states, from which A accepts uv.
Then cu is the longest well-nested prefix of w, and the transition of C' by ¢
correctly computes the behaviour of A on cu as a composition f o d., and
the set of states from which A accepts cuv as a pre-image §,1(9).

— Let the first symbol of w be < € X, and assume that w contains is a
matching closing bracket, that is, that the longest well-nested prefix of w is
a string of the form <u>v, where u,v € X* are well-nested and > € X _;.
Let w = <u>wvzx and note that the longest well-nested prefix of vz is v. The
computation of C' on wf = zfvf>uff< begins with the computation on
o and, by the induction hypothesis, calculates a pair (f,S), where f is
the behaviour of A on v, and S is the set of states, from which A accepts vz.
Next, C reads > and pushes the triple (f, S, >) to the stack, and afterwards,
C processes the well-nested substring u. Applying the induction hypothesis
to the ensuing computation of C—that is, to the string u>va with the longest
well-nested prefix u—shows that C' calculates the behaviour A on u, and the
set of states, from which A accepts u>vx Finally, C reads <, pops the triple
(f,S,>) from the stack, uses the behaviour of A on u stored in the internal
state to calculate the behaviour h of A on <u>. Combining the latter with

(p-



(p-[)

B

the behaviour of A on v as foh yields the behaviour of A on <u>wv, which is
the longest well-nested prefix of w. The set of states, from which A accepts
<u>vz, is obtained as the pre-image h~1(S).

If the first symbol of w is < € X1, but this symbol does not have a matching
closing bracket, then the longest well-nested prefix of w is €. In this case,
the computation of A on w begins with pushing a symbol that will never get
popped, while the computation of C' on w’* symmetrically ends with trying
to pop a symbol that has never been pushed.

Let w = <z. By the induction hypothesis, C, executed on z?, computes (in
the second component of its state) the set of states T', from which A accepts
x. Then A accepts x from the set of states 6='(T'), and id is the behaviour
of A on e. These are the values computed by C by a transition 6 ((g,7"), L).
Assume that w begins with a symbol > € X'_1. Then the longest well-nested
prefix of w is €, on which the behaviour of A is id. The computation of A
on w begins with an attempt to pop a symbol from the empty stack, while
C will end its computation on w’ by pushing a symbol onto the stack.

Let w = >z. By the induction hypothesis, the computation of C on z yields,
in particular, the set of states S, from which A accepts . The computation
of C on x> continues by a transition by >, and produces the set of states
621(8), from which A accepts >z, as well as the behaviour of A on e. O

The general construction for concatenation

Lemma Let A and B be any IDPDAs over an alphabet (X41,X_1,%0),
let P and @ be their respective sets of states, let I' and {2 be their pushdown
alphabets. Then there exists a IDPDA C with the set of states P x 29 x 29 x Q%
and the pushdown alphabet I’ x 29 x 29 x Q@ x X1 that recognizes the language
L(A) - L(B).

Proof. As in Lemma [4 let 7 and § be the transition functions of A and B, let
@ and v be their push functions on Y, and let F4 and Fp be their sets of
accepting states.

Initial state: (po, @, {qo | if po € Fa },id).
Transitions for ¢ € Xjy:

52((173 S, S/af)) = ('/Tc(p)v 5C(S)a 60(5/) U {QO ‘ if 71—c(p) € FA}7 dc 0 f)
For < € Xi:

3= ((p, 8,8, 1)) = (7<(p), 0<(SUS"), {qo | if 7<(p) € Fa}, id),
7/<((p7 S7 S/af)) - (/L<(p)a5a S/afa <)'

For > e X _;:

&L ((p, T, T, 9), (s, 5,5, f,<)) =

(7T> (ps S)a h<g>(S)7 h<g>(S/)U5>(T/a i)U{QO | if 7~ (p,s) € FA}H h<g>0f)7



where the function hegs: Q@ — @ is defined by

heg>(q) = 05(9(6<(q)), v<(q))-

And if C’s stack is empty:

5/><(p7 T7 T/7g)7J-) = (7T>(p, 5)7 6>(T7J-)7 5>(T'7J—)U{CI0 | if 7T>(pa 5) € FA}; Zd)

The correctness of the construction is formally claimed as follows:

Claim. Upon reading a prefix w of an input string, the automaton C should
enter a state (p, S,95’, f), where

— p is the state reached by A on w;

— S is the set of all such states ¢ € Q that w = wv for some u € L(A) and
v ¢ (Lpyek - X—1)* with §(qo,v) = ¢;

— 5’ is the set of all such states ¢ € Q that w = uv for some u € L(A) and
v € (Lpyek U X_1)* with 6(qo,v) = ¢;

— f is the behaviour of B on the longest well-nested suffix of w.

The set of accepting states of C' contains all states (p, S, S, f) with (SUS")N
Fp # @. Since, by the above claim, SU .S’ is the set of all such states ¢ € Q) that
w = uv for some u € L(A) and v € X* with 6(qo,v) = ¢, the automaton C will
accept exactly the strings in L(A)L(B). O

C Lower bound proofs in Section

Lemma [6] Let ¥y = {a,b,#}, X1 = {<} and X1 = {>}. Then, for every
m,n = 1, the language

Ko ={w e {a,b,#,<,>}" | lw|, =0 (mod m)}

has a DFA with m states, and the language

L, = U akb*#(a*b*#)*<(a*b*#)kalb*#(a*b*#)*aé>ak

k,e{1,...,n}

has an IDPDA with O(n) states and n pushdown symbols, while any IDPDA for
their concatenation K., L, requires at least mn™ states.

Proof. We describe a construction of an IDPDA A for the language L,,. The
following discussion assumes that the input is in (a*b*#)*<(a*b*#)*a*>a*. This
check can easily be made by multiplying the number of states of A by a constant.

The IDPDA A counts the number 1 < k < n of symbols a occurring in a
prefix of the input and stores it in a state gg. (If the prefix has more than n
symbols a, the computation rejects.) After this A skips input symbols until the
element < € X, where the computation pushes to the stack an encoding of k.
After bypassing <, the computation uses the state as a counter to skip exactly
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k substrings in a*b*# and counts the number of a following the k’th substring.
This number ¢ is stored in the state. When processing the remainder of the
input, A remembers £ and counts each consecutive sequence of symbols a. If A
encounters a substring of ¢ symbols a followed by >€& Y _;, the computation
“retrieves” the number k from the stack symbol and checks that the remaining
suffix consists of exactly k symbols a.

The IDPDA A uses exactly n pushdown symbols. The computation needs
to count up to n and compare numbers of size at most n and this can be done
easily with O(n) states.

It remains to prove the lower bound. Let F,, denote the set of all functions
{1,...,n} = {1,...,n}. For f € F,, and 0 < j < m we define the following
string over Xy:

up; = bJ#af(l)#af(2)# . #af(n)_

Using the notations of Lemma [l we write
S={us;| feF,0<j<m}, and,
w = a#aQ#a?’# cea#<

Clearly each string wuy ; is a prefix of a string of K, and hence of K, L,,, and
condition (i) of Lemmais satisfied. To verify condition (ii), consider fi, fo € F,
and ji,j2 € {0,...,m — 1}, where (f1,j1) # (f2,j2)-

First, if j1 # j2 choose v = V" N#>a#<F#a#a>a. Now we can write
wuy, ;U = 0q - @y where as = a#<#a#a>a € L, and |oq|, = m, and con-
sequently o; € K,,. On the other hand, consider the string 8 = wuy, j,v. The
only suffix of 8 in L, is a#<#a#a>a (because strings of L, contain exactly
one pair of symbols < and > and at least one a as a prefix). Now we note
that |wuy, j,0™ 914 >], = j2 — j1 (mod m) and hence 3 cannot be written as a
concatenation of a string of K, and of L,.

Second, assume that f; # fo and choose x € {1,...,n} such that fi(z) #
f2(z). Now we choose v = #a/1(®)>a®. We can write

wug, v = (aHa# - a" T H) (" H# - a H <Y #a D pa O @ ST 507

where the string inside the first (respectively, the second) pair of parentheses is
in K,, (respectively, in L,). On the other hand, since fi(x) # f2(x) the string

<bfhal? Vg 2@ s gf2(0) g fr(@) 5 o

cannot be a suffix of any string of L,,, and this implies that wuy, j,v & KpLy.
Now Lemma implies that any IDPDA recognizing K, L,, has at least |S| =
m - n" states. a

Lemma Let Xy = {a,#}, Y11 = {<} and ¥_1 = {>}. Then, for every
n > 1, the language

Ly=(@#)u |J d#@#) <@#) a'#a#)a >a"



has an IDPDA with O(n) states and n pushdown symbols, while any IDPDA for
the language L, - L,, requires at least n™ states.

Proof. An IDPDA of the required size is constructed for L, completely analo-
gously as in the proof of Lemma [6]

For the lower bound, let F,, again denote the set of functions {1,...,n} —
{1,...,n} and for f € F, define uy = #afWgaf @ g 6/ € 5%, Choose
S to consist of all strings us, f € F,, and w = a#ta’# - - #a™ <. Similarly as in
the proof of Lemma@ we can verify that for f € F, and k,£ € {1,...,n}:

wusta’>a® € L, - L, iff f(k) = ¢.

This means that S and w satisfy the conditions of Lemma [l for L,, - L, and,
consequently, any IDPDA recognizing L,, - L,, has at least |S| = n" states. O

D Construction for the Kleene star

Lemma Let B be a IDPDAs over an alphabet (X11,X_1,X) that accepts
only well-nested strings, let @QQ be its set of states. Then there exists a IDPDA C
with the set of states 22 UQ® and the pushdown alphabet (22 UQ®) x X, that
recognizes the language L(A)*.

Proof. The construction is very similar to the one for the concatenation, given
in Lemma [4] After reading a well-nested prefix w of the input, the automaton
C should calculate the set S C @ of all states reached by B on all strings in
(L(A)*)"tw. . For a string w that is not well-nested. C should calculate the
behaviour of B on the longest well-nested suffix of w.

Let I" be the pushdown alphabet of B, let § be its transition function, let
be its push functions on 34, let F' be its set of accepting states.

Initial state: {qo}. Transitions on the bottom level, for S C @ and ¢ € Xy:

5.(8) ={d:(q) | g € S}U{qo | if é.(q) € F for some g € S}
Entering the first level of brackets, for S C @ and < € X ;:
82(S) =1d,
7= (8) = (S, <),

where id : Q — @ is the identity function.
Returning from the first level of brackets: for > € ¥ 1, g: Q — Q, s € I,
SCQand <€ X

3 ((p9), (5,5,<)) = (7= (p, ), {h(a) | q € 5}),
where h : Q — @ is defined by

h(q) = 6> (9(0<(q)),v<(q))-
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Inside the brackets: the standard calculation of the behaviour of A. On ¢ €
20:
5é(f ) =dc.0 f.

Going one level deeper:

oL (f) = id,

V() = (f, <)
Returning back: for > € X 4, f,g: Q@ — Q and < € X :

82 (9,(f,<)) =ho f),
where h : Q — @ is defined by
h(q) = 6>(9(0<(9)),v<(q))-
Accepting states: S with SN F # @. O

Lemma@. Let B be any IDPDA over an alphabet (X1, X _1,X0), let Q be its
set of states, and let I' be its pushdown alphabet. Then there exists a IDPDA C

with the set of states 29 x 29 x Q and the pushdown alphabet I' x 22 x 29 x
Q@ x X1 that recognizes the language L(A)*.

Proof. Initial state: (&,{qo | if po € Fa },id).
Transitions for ¢ € Xy:

55,5 1) = (3:(S). (8" Uao | i 6.(SUS) N F £ 2}, b0 f)
For < € Y ;:

5((5,5, 1)) = (3<(SUS), {ao | H6-(SUS)NF £ 2}, id),
7’<((S’S/vf)) = (S7S’vf7 <)'

For > e X _q:

L (T, T, 9),(S,8', f,<)) =
= (heg>(9), hegs(S)US- (T, L)U{qo | if heys(SUS)NF # @}, hegsof),
where the function hogs: Q@ — @ is defined by
heg>(q) = 6>(9(0<(q)),v<(q))-
And if C’s stack is empty:
6% ((T,T’,g),J_) = (6-(T, 1), 05(T', L) U{qo | if 6~ (T UT', L)NF # &}, id).

The correctness of the construction is formally claimed as follows:



Claim. Upon reading a prefix w of an input string, the automaton C' should
enter a state (p, 5,5, f), where

— S is the set of all such states ¢ € @ that w = uv for some v € L(B)* and
v & (Lpyek - X—1)* with 6(qo,v) = ¢;

— 5’ is the set of all such states ¢ € @ that w = uv for some u € L(B)* and
v € (Lpyek U X_1)* with 6(qo,v) = ¢;

— f is the behaviour of B on the longest well-nested suffix of w.

The set of accepting states of C' contains all states (S, .5, f) with (SUS")NF #
@. Since, by the above claim, SUS’ is the set of all such states g € Q that w = uv
for some u € L(B)* and v € X* with §(qo,v) = ¢, the automaton B will accept
exactly the strings in L(B)*.
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