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Basic Concepts

1.1 Definitions and examples

Generic notation

Welet N = {0, 1, ...} be the set of the non-negative integers, and Ny = {1,2,...}
the set of the positive integers. Also, Z denotes the set of the integers, Q the set of
the rational numbers, R the set of the real numbers, and C the set of the complex
numbers.

For a function f: X — Y, we may write x — y to denote that f(z) = y.

For a set X and a mapping a: X — Y, write

a(X)={a(z) |ze X} CY,
a ' (X)={y|a(x)=y forsomexr € X} CY.

For a mapping a: X — Y, let o | A be the restriction of « to the subset A C X,
thatis, a [ A: A — Y is defined by

(afA)(z)=alz) (r€A).
Let B(X,Y) be the set of the (binary) relations in X x Y:
B(X,Y)={0]|6 C X xY} with B(X) =B(X,X).

We write (x,y) € § or xdy to denote that the (ordered) pair (, y) is in relation 6.
For arelation § C X x Y, let

zéd ={y €Y | xdy}.
Also, for A C X, we adopt

Ab = U yo, ran(d) = X9, dom(d) = X671,
yeA

where 67! = {(y,z) | (x,y) € §}. In particular, § C dom(§) x ran(é).

The identity relation on a set X is givenby ¢ = 1x = {(z,z) | x € X}. (It is the
identity function on X.) The universal relation in B(X) is the relation w = wx =
X x X ={(x,y) | z,y € X}.
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e Arelation § € B(X) is an equivalence relation, if its is reflexive (tx C J), sym-
metric (6~ = §) and transitive (62 C 6). The sets z6 are the equivalence classes
of 4. They form a partition of the set X,

X:de and rdNyd #0 < x6=yd.
zeX
e The sets X and Y have the same cardinality, denoted |X| = |Y|, if there is a
bijection a.: X — Y. We say that a set X is denumerable, if it is finite or if it
has the cardinality of N. The elements of a denumerable set X can be listed: X =
{1, x9,...}. (This is not the case for R, which is not denumerable).

Semigroups

Let S be asetand x: S x .S — S abinary operation, called a product, and often written
in infix notation (x,y) — x % y. The pair (S, ) (or simply S, if there is no fear of
confusion) is called a groupoid. We shall mostly write xy instead of x % y, or if in need
to emphasize the place of the operation, we write x-y. When the groupoid is naturally
given, we adopt the corresponding notation: -, 4, x, o, @, ®. If we do not mention the
(notation for the) product, we choose: x-y.

A groupoid S is a semigroup, if its defining operation is associative,

Ve,y,z€ S z-(y-z) = (zy)z.
Hence the placement of the brackets is irrelevant, and therefore we may write

T1T9 -+ Tp :$1($2(($n—133n)))

2 n+1

For anelement x € S, let 2! = z, 22 = z-z, and =x-z"forn > 1.

e A semigroup S is commutative, if z-y = y-x, forall z,y € S.
e A semigroup S is left cancellative (resp., right cancellative) if

Ve,y,2€ S: ze =2y = x =1y (Ve,y,z € S: xz=yz = = =y).
If S is both left and right cancellative, then it is cancellative.

Example 1.1. (1) The grupoids (N, ) and (N, +), with the usual operations, are com-
mutative semigroups. Also, (N,*) is a (commutative) semigroup when n x m =
max{n, m} . Indeed,

n* (m* k) = max{n, max{m, k}} = max{n,m, k}

= max{max{n,m},k} = (nxm) x k.

(2) Consider the upper triangular 2 x 2 integer matrices

{3 1))

Then S is a semigroup with the usual matrix multiplication.
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(3) For a nonempty set X, let
Ty ={a|a: X - X}

be the set of all functions on X. Then (T'x, o) is a semigroup with respect to the compo-
sition of functions: (5 o )(z) = f(a(x)) for all z € X. The semigroup Ty is the full
transformation semigroup on X, and it has a special place in the theory of semigroups.

(4) Let S = {a,b,c} and define the product * as in the given table. Then S is a finite
semigroup. In order to check this, we must test, for all triples, that
they satisfy the associativity requirement: zx (yx z) = (zxy) * 2.
In general, this may be tedious. In this case, there are some helpful
restrictions in S. For instance, if z = ¢, then the product is always
c no matter what x and y are. O

(5) The set B(X) of the relations on X forms a semigroup under composition:
pod={(z,y) € X x X |3z: (z,2) € p, (2,y) € 0}.

(6) Consider the matrix semigroup Z>*2. Here

Ga)()=Go)(oa)

and hence Z2*2 is not cancellative. However, if we take all matrices A with det(A) =1,
then this semigroup is cancellative.

Example 1.2. The following table gives the number of (nonisomorphic) finite semi-
groups as given by the “Encyclopedia of Integer Sequences:” Let f(n) denote the num-
ber of semigroups with n elements.

f)y= 1 f(6)= 1915
f2)= 5  f(6)= 28634
f3)= 24 f(7)= 1627672
F(4) = 188

One should compare this table to the number of groups. There are only two groups of
order 6, and one for all prime numbers. a

Special elements

Let S, i.e., (S,-), be a semigroup.

e Ancelement x € S is a left identity element (resp. right identity element) of S, if
VyesS: zy=y VyeS: yx=y).

If = is both a left and a right identity element of S, then z is called an identity
(element) of S, and S is a monoid. The identity of a monoid S is usually denoted
by 1g, or simply by 1. (If S has an established identity, we use that notation.)
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e Ancelement x € S is a left zero element (resp., right zero element), if
VyesS: zy==x (VyeS: yx=ux).

A zero element is both a left and a right zero of S.
e Anelement e € S is an idempotent, if e = e. Let

Eg=1{e|e?=e}.
Lemma 1.1. A semigroup S has at most one identity, and at most one zero element.
Proof. Exercise. u

In fact, if S has a left identity = and a right identity y, then x = y. In particular, the
identity of a monoid is unique.
A monoid G is a group, if each = € G has a (group) inverse ! € G-

All groups are cancellative semigroups. Although semigroups and groups seem to be
rather close to each other, semigroups lack the basic symmetry properties of groups, and
therefore the general theory of semigroups differs drastically from the theory of groups.

Example 1.3. (1) If G is a group, then Eg = {1}.

(2) Consider the finite semigroup .S defined in Example 1.1(4). The element a is an
identity of S, and hence S is a monoid. The element c is a right zero element. There are
no left zeros, and hence S does not have a zero element. Both a and ¢ are idempotents.
Indeed, all left and right identities and zero elements are idempotents. The element b is
not an idempotent, since b2 = a.

(3) The matrix semigroup from Example 1.1(2) has no idempotents.

(4) Consider the set of all n x n matrices with integer entries. This is a monoid Z"*".

Forn = 2,
722 = {(i Z) ‘a,b,c,deZ}.

ZQ><2

The identity matrix I is the identity element of and the zero matrix 0 is its zero

element. This monoid has quite many idempotents.

(5) Let GL(n,R) denote the monoid of all nonsingular n x n matrices A with real
entries — so that det(A) # 0. Apart from the identity matrix, GL(n,R) has no other
idempotents, because it is a group, called the generalized linear group over R. Also.
the monoid SL(n,R) of all n-by-n-matrices A in R™*" such that det(A) = 1 forms a
group. This is the special linear group over R. O
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1.2 Subsemigroups and direct products

Subsemigroups

A subset A C S of a semigroup S is said to generate S, if
S={ajaz---a, |n>1, a; € A}.

In this case we also say that A is a generator set of S.

Example 1.4. (1) The additive semigroup (N, +) is generated by one element A = {1}.

(2) The multiplicative semigroup (N, -) does not have finite generator sets. The smallest
generator set of this semigroup consists of the prime numbers together with 1. a

We say that a subset X of a monoid M generates M (as a monoid), if X U {1/}
generates M . Hence in a monoid the identity element is always taken into granted.

Let A be a nonempty subset of a semigroup (S, -). We say that (A, -) is a subsemi-
group of S, denoted by A < S, if A is closed under the product of S:

Ve,ye A: z-ye A.

Example 1.5. (1) Consider the additive semigroup S = (Q, +) of rational numbers. Then
(N, +) is a subsemigroup of .S, but (N, -) is not.

(2) A numerical semigroup S is a subsemigroup of (N, +) such that 0 € S and the
complement N \ S is finite. Each numerical semigroup S is finitely generated, that is,
there exists a finite subset A C .S such that

S:{k1a1+k2a2+---+knan\nZl, ki,ko,...,kpn >0 andal,ag,...,anGA}.

If S # N, then there exists the largest integer fs € N such that fg ¢ S. This number is
called the Frobenius number of S. d

Theorem 1.1. Let S be a semigroup.

(1) Let A; < S be subsemigroups of for i € 1. If their intersection is nonempty, then
(A4:i<s.
i€l

(2) Let X C S be nonempty. Then

oo

n=1

is the smallest subsemigroup containing X, called the subsemigroup generated
by X.
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Proof. (1) Suppose the intersection is nonempty. If z,y € A = N;crA;, then x,y € A;
for all i € I, and hence xy € A as required.

(2) This follows directly from part (1). O
The subsemigroup [X]g is often shortened as [X]. When X = {z1,29,...,z,} is
finite, we write [z1, 2, . .., zy]s for [X]s.

Example 1.6. Consider the matrix semigroup S = Z2*?, and let

w01,

= () = (10) = (39). e

and hence [M]s = {I, M, M? M3} is a finite subsemigroup of S. In fact, [M]g is a
subgroup of S, that is, a subsemigroup which is a group. Note that Z?*? is not a group.
O

Index and period

If X = {z} is a singleton subset of a semigroup S, then [z]g = {2" | n > 1} is
called the cyclic semigroup generated by x. There are two possibilities for [z]g: Either
it is infinite and 2™ # z™ for all n # m, or there exists an integer k such that [z]g =
{x,22,..., 2"} in which case zF = 2" for some 1 < r < k. Here r is called the
index and p = k£ — r the period of . We have now

Y > ™ =" tP.
Lemma 1.2. Let r be the index and p the period of an element x € S. Then
Ky ={z", 2", ... 2" 1}

is a subgroup (i.e., a subsemigroup that is a group) of S.

Proof. Exercise. O

Direct products
The direct product S x 7" of two semigroups S and T is defined by

(z1,91) (x2,92) = (T122,35172) (i €S, i €T).

It is easy to show that the so defined product is associative on S x T', and hence the direct
product is, indeed, a semigroup.
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Example 1.7. Let S = (N, +) and T' = (N, -). Then in the direct product S x T" we have
(n,r)-(m,s) = (n+m,rs). O

The direct product is a convenient way of combining two semigroups. The new semi-
group S x T inherits properties of both S and 7'. The mappings m1: S x T — S and
mo: S X T — T such that 71 (z,y) = x and ma(z,y) = y are called the projections of
the direct product S' x 7.

1.3 Homomorphisms and transformations

Definition
Let (S,-) and (P, ) be two semigroups. A mapping «: S — P is a homomorphism, if
Ve,ye S: a(z-y) =a(z) *aly).

Thus a homomorphism respects the product of S while ‘moving’ elements to P (which
may have a completely different operation as its product). However, a homomorphism
may also identify elements: a(z) = a(y).

Example 1.8. (1) Let S = (N, +) and P = (N, ), and define a(n) = 2" forall n € N.
Now,
a(n+m) = 2" = 2".2™ = a(n)-a(m),

and hence a.: S — P is a homomorphism.

(2) Define S and P by the following tables:

These are semigroups — which is never too obvious! Define a mapping o: S — P,
that identifies the elements c and d of S, as follows

afa) =e, ab) = f, alc) =g =a(d).

Now, a is the identity of S, and its image e = «(a) is the identity of P. Therefore for all
z € S,a(az)=a(r) =exa(r) = ala)*a(zx), and similarly a(z-a) = a(z) * a(a).
Also, the other cases can be checked easily to ensure that o is a homomorphism.

(3) Let S = (Z,-) and P = (Z,+). Define a: S — P by a(n) = nforall n € Z. Then
« is not a homomorphism, because 6 = a(6) = «(2-3) # «(2) + a(3) = 5.

(4) If a: S — P is a homomorphism, then a(2™) = ((z))" forallz € S and n > 1.
(The latter is usually written as o(x)™.) O
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Theorem 1.2. Let o, 3: S — P be homomorphisms and let X C S. Then o([X]s) =
[a(X)]p. and
al X =p1X <= alX]s=pF1X]s.

Proof. If © € [X]g, then, by Lemma 1.1, z = z125 - - - z,, for some z; € X. Since « is
a homomorphism,

a(z) = a(zr)a(rs) - alzn) € [a(X)]p,

and hence o([X]s) C [a(X)]p. On the other hand, if y € [a(X)]p, then, again by

Lemma 1.1,y = a(z1)a(x2) - - - a(zy) for some a(x;) € a(X) with z; € X. The claim

follows, since « is a homomorphism: y = a(z12z2 - - - xy,), Where x1x9 - - -z, € [X]s.
The second claim is an exercise. O

Corollary 1.1. If A < Sand a: S — P is a homomorphism, then a(A) < P.
Proof. Immediate from the preceding lemma. a
Lemma 1.3. Ifa: S — Pand 3: P — T are homomorphisms, so is fa: S — T.

Proof. Indeed, for all x and y,
Ba(z-y) = Bla(z-y)) = Bla(z)-aly)) = Bla(z))-Bla(y) = Ba(z)-Baly).

Isomorphism and embeddings

A homomorphism a: S — Pis

e an embedding or a monomorphism, denoted by o: S — P, if it is injective, that
is, if a(x) = a(y) implies z = y;

e an epimorphism, denoted by a.: S — P, if it is surjective, that is, if for all y € P
there exists an € S with a(z) = y;

e an isomorphism, denoted by o: S ~— P, if it is both an embedding and an epimor-
phism;

e an endomorphism, if P = S,

e an automorphism, if it is both an isomorphism and an endomorphism.

Lemma 1.4. Ifa: S — P is an isomorphism, then also the inverse map o~ ': P — S
is an isomorphism.

1

Proof. First, the inverse mapping o™~ exists, because « is a bijection. Furthermore,
-1

aa” " = (, and thus because « is a homomorphism,

ala™(z)-a(y) = ala” (2))-ala” (y) =ay

and thus o~ !(2)-a~!(y) = a~!(xy), which proves the claim. O
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A semigroup S is embeddable in another semigroup P, if there exists an embedding
«: S — P,and S is isomorphic to P, denoted S = P, if there exists an isomorphism
a: S — P.Two isomorphic semigroups share their algebraic properties (but they may
differ in their combinatorial properties).

Example 1.9. (1) If S = [z] is an infinite cyclic semigroup, then a: S — (N4, +),
defined by a(z™) = n, is a homomorphism: o (z™2™) = a(z"™™) = n+m = a(ax™)+
a(z™). Moreover, « is a bijection, and thus an isomorphism. Therefore, S = (N, +).
In conclusion, each infinite cyclic semigroup is isomorphic to the additive semigroup of
positive integers.

(2) If P < S, then the inclusion mapping ¢: P — S, () = z, is a homomorphism,
and it is injective (but need not be surjective). Therefore ¢ is an embedding (of P into .S).
In particular, the identity function : S — S, ((z) = x, is always an automorphism,
the trivial automorphism, of S. O

Theorem 1.3. (1) The endomorphisms of a semigroup S form a monoid.
(2) The automorphisms of a semigroup S form a group.

Proof. Exercise. O

Representations by full transformation semigroups
Example 1.10. Let X = {1,2,3}. There are altogether 3% = 27 functions in the full

transformation semigroup 7T’x. A mapping o: X — X, defined by (1) =2, a(2) = 3
and «(3) = 3, can be represented conveniently in two different ways:

a—(123) or 1392 % 3.

233
123
ﬁ_(112>’
and S = [« 8] the subsemigroup of T’y generated by v and 5. We have
» (123 » (123 (123
“ _<333 =111 fa=1129
(123 » (123
O‘ﬂ_<223> Pa _<222>_a5'

One may check that there are no other elements in this semigroup, and hence S has seven
elements, S = {a, 8, a2, 8%, aB, Ba, Ba?}. 0

Let then
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A homomorphism ¢: S — Tx is a representation of the semigroup S. A represen-
tation ¢ is faithful, if it is an embedding: ¢: S — Tx.

The following theorem states that semigroups can be thought of as subsemigroups
of the full transformation semigroups, that is, for each semigroup S there exists a set X
such that S = P < T'x for a subsemigroup P of transformations.

For a semigroup S, we define a monoid S! by adjoining an identity to .S, if S does
not have one:
1 )S if S is a monoid,
SuU{1} if Sisnotamonoid,

where 1 is a (new) identity element.
Theorem 1.4. Every semigroup S has a faithful representation.

Proof. Let X = S1, that is, add the identity 1 to S if .S is not a monoid. Consider the
full transformation semigroup 7" = T'q1. For each z € .S, define

pe: St = SN pu(y) =wy (yeSh.
Thus p, € T, and for all 2,y € S and for all z € S1,
pay(2) = (x2y)z = pa(y2) = pa(py(2)) = pepy(2),
and hence p;, = ppy,. Consequently, the mapping
p: S =T givenby ¢(z) = py
is a homomorphism. For injectivity we observe that
p(x) =¢y) = pe=py = pa(1) =py(1) = z=y.
O

In the previous proof the special element 1 is needed (only) to ensure injectivity
of . It is needed, because there exists a semigroup S (without identity) that has two left
identities x # y. In such a case, xz = yz forall z € S.

Hence, loosely speaking the theory of semigroups can be taught of as the theory of
transformations. This situation is reflected in a more restricted manner in the theory of
groups, where we have the following fundamental theorem of representations.

Theorem 1.5 (Cayley). Each group can be represented faithfully as a (semi)group of
permutations (bijections X — X).

Proof. Exercise. O
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Example 1.11. Let S be the semigroup on the set X = {e, a, b, ¢} given in the next table.
We have the following faithful representation ¢: S — T'x for S.

Note that the mappings p, are just the rows of the multiplication
table.

O (o T e
o= (). o= (s,

The representation ¢ is by no means unique. Consider ¢1: S — Ty oy defined by

a0 =(13) a@=(51). @0=(13) @@= ()

One may check that this simpler ; also represents S by checking that the transforma-
tions 1 (x) satisfy the multiplication table of .S. a

Semilattice of idempotents

A relation § € B(X) is a partial order, if it is reflexive, antisymmetric (§ 0§~ C 1)
and transitive. A partial order is often denoted by the symbols < or C.

The idempotents Eg of a semigroup S are partially ordered as follows, if Eg # ().
Define fore, f € Fg:
e<f < ef=e= fe.

Lemma 1.5. The relation < is a partial order on Eg.

Proof. First of all, for all e € Eg, e = e, and hence e < e (reflexive). If e < f and
f <e,thene =ef = f (antisymmetric). If e < f and f < h, then

e=ecef =ecfh=ceh and e= fe=hfe=he,
and so also e < h (transitive). O

If S is a commutative semigroup and all its elements are idempotents (S = Eg), then
S is called a semilattice. Hence, in a semilattice, > = x and xy = yx forall z,y € S.

The relation < on idempotents is defined on the entire semilattice S. An element g is
a lower bound of elements e and f,if g < eand g < f.

Lemma 1.6. Let S be a semilattice. Then ef € S is the greatest lower bound of the
elements e and f of S.
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Proof. Lete,f € S.Thenef = fe = ffe = eff,and thus (ef)f = ef = f(ef),
which means that e f < f. Similarly, ef < e holds, and hence ef is a lower bound of e
and f.If g is also a lower bound of e and f, then g = gf = ge, and therefore

glef)=(ge)f =9f =g,

and hence g < ef. Therefore ef € S is the greatest lower bound of the elements ¢ and
f in the semilattice S. ad



2

General Structure Results

2.1 Quotient semigroups

Congruences

An equivalence relation p on a semigroup S is a left congruence (resp., right congru-
ence), if

Vr,y,z € S: wpy = (22)p(zy)  (Va,y,z € St zpy = (z2)p(yz))

and p is a congruence, if it is both a left and a right congruence. An equivalence class
of a congruence is called a congruence class. We can also use the symbols ~, ~, ~, =
for congruences.

Let Con(.S) be the set of the congruences of the semigroup S.

If p is a congruence, then it respects the product of S as in the following lemma.

x1 T1-x2 T2

1 Y1-Y2 Y2

Lemma 2.1. An equivalence relation p on S is a congruence if and only if for all
T1,72,Y1,Y2 € S:
T1PY1

— 1T .
a1 } (z122) p(Y172)

Proof. Suppose first that p € Con(S). If x1py; and x2pys, then, by the definition,
(x122)p(x1y2) and (x1y2)p(y1y2) and hence also (z1x2)p(y1y2) by transitivity. In the
converse, the claim is trivial. O

Quotients

Let p € Con(S) be a congruence of a semigroup S, and let

Slp=A{xp |z €S}
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be the set of the congruence classes of p. We define a new semigroup, the quotient
semigroup (of S modulo p), on S/p by

zp-yp = (zy)p.
This is a well defined binary operation by Lemma 2.1. Associativity is easily checked:
zp-(yp-zp) = zp-(yz)p = (x(y2))p = ((xy)2)p = (wy)p-2p = (xp-yp)-2p .

The quotient S/p is thus obtained from .S by contracting each congruence class zp
to a single element.

Example 2.1. (1) Consider the finite semigroup .S defined in the leftmost table. Here e
and f are idempotents. Indeed, e is an identity of .S.

"eafb
ele a f b
ala e b f
flfo fob
b|b f b f

Let p = ¢t U{(f,b), (b, f)}. Then p is a congruence of S, and its congruence classes are:
¢ = {e},d = {a} and g = {f,b}. The multiplication table for the quotient semigroup
S/p is given in the rightmost table.

Also, p) = 1 U {(e,a),(a,e),(f,b), (b, f)} is a congruence. It has only two con-
gruence classes, {e,a} and {f, b}, and hence the quotient S/p’ is a semigroup of two
elements.

The relation p,, = ¢ U {(a,b), (b,a)} is not a congruence, because a-a = e and
a-b= fin S, but ep,, f does not hold.

(2) Consider the additive semigroup S = (Z,+) with a congruence ~. Then n ~ m
implies (n + k) ~ (m + k) for all k € Z. Suppose that k is the smallest non-negative
integer such that n ~ (n + k) for some n € Z. In particular, (n —n) ~ (n + k —n),
ie,, 0 ~ k. Let m = m (mod k), where 0 < ™ < m. By the above m ~ m. Also
the converse holds, and thus the congruences of (Z, +) are exactly the ordinary number
theoretic congruences, ~ equals mod k (k > 0). d

We prove now that the congruences of a semigroup S are closed under intersections.

Lemma 2.2. (1) Let p; € Con(S) be a congruence of S for each i € I. Then also the
intersection ﬂie 1 Pi Is a congruence.
(2) Let 6 C 5 x S be a relation. Then

5= 16 C p, p € Con(9)}

is the smallest congruence of S containing 0.
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Proof. Denote p = N;crp;. Assume xpy and z € S, then also zp;y for all i € I,
and hence (zz)p;(zy) and (zz)p;(yz), which implies that (zx)p(zy) and (xz)p(yz).
Therefore p is a congruence of S.

For the second claim, observe first that §¢ is a congruence, since it is an intersection
of congruences. If p is any congruence with § C p, then p takes part in the intersection,
and thus 6¢ C p. The claim follows from this. O

2.2 Homomorphism theorem

Natural homomorphisms
For a congruence p € Con(S), define a mapping p"*: S — S/p as follows
P (2) = p.
Theorem 2.1. Let p € Con(S). The mapping p™®* is an epimorphism, called the natural

epimorphism.

Proof. Let x,y € S. Now, p"®(zy) = (zy)p = zp-yp = p"**(z)p"*(y), and hence

nat ;

p"?* is a homomorphism. On the other hand, if u = zp € S/p, then clearly p"**(x) = u,
and therefore p"2t is surjective. a

For a homomorphism «: S — P, we define its kernel as the relation
ker(a) = {(2,y) | a(z) = a(y)} = o a.
Lemma 2.3. For each homomorphism «: S — P, ker(a) € Con(S).

Proof. We leave it as an exercise to show that ker(«) is an equivalence relation. Let
(z,y) € ker(a), that is, a(x) = a(y). Now, for all z € S,

a(zz) = a(z)a(r) = a(z)a(y) = alzy)
and similarly, «(xz) = a(yz). This proves the claim. O

Lemma 2.4. Let p € Con(S). Then p = ker(p").

Proof. Indeed,
Tpy = zp=yp = p"(z)=p"(y) <= (1,y) € ker(p™").

O
Corollary 2.1. Every congruence is a kernel of some homomorphism.

Example 2.2. Often homomorphisms are easier to handle that congruences. Consider
S =(N,+).Ifa: S — P is a homomorphism, then
an)=a(l+1+---+1)=al)+ad)+ -+ a(l) =na(l).

In particular, «(0) = 0. This implies that o depends only on 1. Of course, this follows
already from the fact that 1 generates (N, +). It is now easy to show that ker(«) equals
mod k for some k. u
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Homomorphism theorem

Theorem 2.2. Let oo: S — P be any homomorphism. There exists a unique embedding
B: S/ ker(a) < P such that o = 3 o ker(a)"?",

S = P

ker(ak /

S/ ker(a)

Proof. Denote p = ker(a), and let p"®*: S — S/p be the corresponding natural homo-
morphism. Define 5: S/p — P by

Ve e S: B(zp) = a(z).
(1) B is a well defined function, since
zp=yp <= (z,y) € ker(a) <= a(z) =aly) < B(zp) =B(yp) (2.1)

and hence the value (xp) is independent of the choice of the representative of the
congruence class zp.
(2) [ is a homomorphism, since

B(xp-yp) = B((zy)p) = azy) = a(z)aly) = B(xzp)B(yp) -

(3) B isinjective by (2.1).

Finally, 3 is unique, since if v: S/p — P is another embedding, then o = ~p"', and
hence o(z) = y(zp) for all x € S. But this means that v = . O

The previous theorem has the following improvement.

Theorem 2.3 (Homomorphism theorem). Let oo: S — P homomorphism and let
p € Con(S) be such that p C ker(«). Then there exists a unique homomorphism
B:S/p— P such that the following diagram commutes.

S = P
S/p

Proof. The proof is similar to the previous one. Here we observe that the mapping 3
defined by B(xp) = a(x) is well defined, since p C ker(«), and hence

wp=yp = apy = (v,y) €ker(a) = a(z) =a(y).
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The homomorphism theorem, as well as the next isomorphism theorem, are standard
(universal) algebraic results, that is, they hold in all algebras (groups, rings, Boolean
algebras, and so forth).

Theorem 2.4 (Isomorphism theorem). Let o: S — P be a homomorphism. Then
a(S) = S/ ker(a).

Proof. The homomorphism « is an epimorphism S — «(S) < P. When Theorem 2.2
is applied to a: S — «(S) we obtain a unique embedding 3: S/ ker(a) — «(S5).
Moreover, (3 is surjective, since o maps S onto «(S) and o« = /3 for the homomorphism
v = ker(a)"a%, Consequently, 3 is a bijective homomorphism, i.e., an isomorphism. [

2.3 Ideals

Ideals in semigroups

A nonempty subset I of a semigroup S is a left ideal (resp., right ideal), if ST C I;
(resp., 1.5 C I). Also, I is an ideal, if it is both a left and a right ideal.

Lemma 2.5. A nonempty subset I C S is

(1) aleftideal of S, if foralla € I and x € S, sa € I;
(2) arightideal of S, ifforalla € I andx € S, as € I;
(3) anideal of S, ifforalla € I and x € S, as, sa € I.

Proof. Exercises. a
Lemma 2.6. If I is a (left or a right) ideal of S, then I is a subsemigroup of S.
Proof. If ST C [ or IS C I, then certainly [1 C I, since I C S. O

Lemma 2.7. If I and J are left (right) ideals of a semigroup S with I N J # (), then
I N Jisaleft (right) ideal.

Proof. Leta € INJandx € S. Then sa € I and sa € J, since [ and J are ideals, and
sosa € INJ.Hence (INJ)S C(INJ). O

Example 2.3. (1) A group G has only the trivial ideals {1} and G. Indeed, if [ is an ideal
and g € G, then g = ga—'a € I foreach a € I.

(2) Let I be an ideal of S. Define the Rees congruence (with respect to I) as follows:
pr = (I X I) Ue.

Hence xpry holds if and only if either ,y € I or x = y. This means that p; contracts
the ideal I and leaves the rest of S as it was. If I is an ideal of .S, then p; € Con(S).
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The quotient semigroup S/p; will be denoted simply S/1, and it is called the Rees
quotient (of the ideal I). S/I has the elements I and {z} for x € S\ I. In order to
simplify the notation, we identify the elements {z} (= zp;) with the corresponding
elements x € S\ I. The product of elements in S/ is as follows: z-y = xy forz,y ¢ I,
and [z = I = z for all z. Therefore I is a zero element of the semigroup S/I. a

An ideal [ of S is minimal, if for all ideals J of S, J C I implies that J = I.
Lemma 2.8. If I is a minimal ideal, and J is any ideal of S, then I C J.

Proof. First of all, I N J # (). Indeed, by the definition of an ideal I.S C I, and hence
also I.J C I. Similarly, IJ C J, and so IJ C I N .J. Here, of course, IJ # (). Now,
INJ C Iimplies that I N J = I, since I is a minimal ideal, and I N J is an ideal. It
follows that I C J as required. O

By the above,
Theorem 2.5. If a semigroup S has a minimal ideal, then it is unique.

Every finite semigroup S does have a minimal ideal. Indeed, consider an ideal I,
which has the least number of elements. Such an ideal exists because S is finite and S'is
its own ideal. By Theorem 2.5, it is unique.

Example 2.4. The ideals of the semigroup (N, +) are the sets n + N ={n + k| £ > 0}
(Exercise). Further, m + N C n + N if and only if m > n. Therefore (N, +) has no
minimal ideals. O

Simple semigroups
A semigroup S is said to be simple, if it has no (proper) ideals I # S.
Lemma 2.9. S is simple if and only if S = Sx.S forall x € S.

Proof. Clearly, for any € S, Sz.S is an ideal of S, and hence if S is simple, then
S=SzSforallz € S.

In converse, assume S = Sz S forall x € S. Let I is an ideal of S and let z € I.
Hence S = SxS C I, and so I = S, from which it follows that S is simple. ad

Example 2.5. By the above, a semigroup S is simple if and only if for all s,r € S the
equation zsy = r has a solution in S. Using this, one can show that the semigroup of all
2 X 2 matrices
z 0 .
<y 1) (x,y € Qwith z,y > 0)

is a simple semigroup. This is an exercise. a
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Free Semigroups and Presentations

3.1 Free semigroups

Word semigroups

Let A be a set, called an alphabet, of symbols or letters. Any finite sequence of let-
ters is a word (or a string) over A. The set of all words over A, with at least one let-
ter, is denoted by A™. The set AT is a semigroup, the word semigroup over A with
respect to catenation of words, that is, the product of the words w1 = ajas- - ap,
wy = biby by, (a;,b; € A)is the word w1 -we = wiws = ajas -+ - apbibs - - - by,.
When we adjoin the empty word ¢ (with no letters) to AT, we obtain the word monoid
A* = AT U {e}. Clearly, e-w = w = w-¢ for all words w € A*.

Example 3.1. Let A = {a,b} be a binary alphabet. Then

A* ={e,a,b,aa,ab,ba,bb, aaa,aab,...}.

As usual, w* means the catenation of w with itself & times. We have w® = &, and, for

example, v = ab3(ba)? = abbbbaba = ab*aba. o

Free semigroups

Let S be a semigroup. A subset X C .S generates .S freely, if

e S =[X]sand,
e every mapping «g: X — P (with P is any semigroup) extends to a homomorphism
a: S — Psuchthat o [ X = ap.

Here we say that « is a morphic extension of ag. If S is freely generated by some
subset, then S is a free semigroup.

—
—

Example 3.2. (1) The additive semigroup (N4, +) is free, for X = {1} generates i
freely: Let ag: X — P be a homomorphism, and define a: N — P by «(n)
ap(1)™. Now, a | X = agp, and « is a homomorphism: a(n + m) = ag(1)"*™ =
ap(1)"ap(1)™ = a(n)-a(m).

(2) On the other hand, the multiplicative semigroup (N, -) is not free. For, suppose
X C Ny, choose P = (N4, +),and let ag(n) =nforalln € X. Ifa: (Ny,-) —» Pis
any homomorphism, then o(n) = a(1-n) = a(1) + a(n), and thus a(1) = 0 ¢ P. So
certainly no « can be an extension of «y.
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(3) Let S = {a,a®} be a cyclic semigroup with a® = a?. If X generates S, then
a € X, since a is not a product of two elements of S. Let ap: S — P = (N, +) be
such that ap(a) = 1. If a: S — P is an extension of ag, then a(a?) = a(a) + a(a) =
ao(a) + ap(a) = 2 and similarly a(a®) = 3. However, > = @® in S, and this is a
contradiction. Thus S is not free. a

Theorem 3.1. For any alphabet A, A™ is a free semigroup freely generated by A.

Proof. Clearly, A generates A™. Let then S be any semigroup, and ag: A — S a map-
ping. Define a: AT — S by

alarag - - ap) = aplar)ag(az) - - - ap(an) (n>1,a;€A).
Clearly, o [ A = ag, and « is a homomorphism by its definition. a

Theorem 3.2. If S is freely generated by X and ay: X — P is a mapping to a semi-
group P, then o has a unique morphic extension a.: S — P.

Proof. By the definition, each o has an extension. For uniqueness, suppose both
a: S — Pand 8: S — P are morphic extensions of ag. Now, for all z € S5,
T = aiag - - a, for some a; € X, since X generates S. Therefore,

a(z) =alar)alag) - - - ala,) = aglar)ag(az) - - - ag(an)

= B(a1)B(az) - -~ Blan) = B(x)
and hence o = f. a

The next result states that every semigroup .S is a homomorphic image of free semi-
group, and therefore the free semigroups are the ‘basic’ semigroups wherefrom all other
semigroups can be derived.

Theorem 3.3. For each semigroup S, there exists an alphabet A, possibly infinite, and
an epimorphism ¢: AT — S.

Proof. Let X be any generating set of .S; you may even choose X = S. Let A be an
alphabet with |A| = | X|, and let ¢po: A — X be a bijection. Since A™ is free, 1)y has
a morphic extension 1): AT — S. This extension is surjective, since X generates S and

hence [(X)]s = ¥([X]s) = ¥(S). 0

Corollary 3.1. Every semigroup is a quotient of a free semigroup. Indeed,
S = A"/ ker(v)
for a suitable epimorphism 1): AT — S.

There are other free semigroups than the word semigroups, but all of them are iso-
morphic to word semigroups.
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Theorem 3.4. A semigroup S is free if and only if S = A™ for some alphabet A.

Proof. Suppose S is freely generated by a subset X C 5, and let A be an alphabet
with |[A| = | X]|. Let o: A — X be a bijection. Since A generates A™ freely there is
an epimorphic extension 1): AT — S as in the previous theorem. Also, the mapping
vy 1. X — Ais abijection, which has an epimorphic extension 5: S — AT, since S is
freely generated by X . The composition 3¢: AT — AT is an epimorphism, for which

By TA= o= (B1X)o=1y"bo=1a.

Now, the identity mapping ¢4 : A — A extends uniquely to the identity homomorphism
ta+: AT — AT, and hence B | A extends also uniquely to ¢ 4+, that is, 3¢ = 1 4+. It
follows that 3 = ¢ ~! and thus %) is a bijection, and hence an isomorphism.

Conversely, suppose that there exists an isomorphism t¢: AT — S. In this case,
S = [t)(A)]s, and ¢ has an inverse mapping 1»~': S — AT, which is a homomorphism
(an isomorphism, by Lemma 1.4). Denote )9 = ¢ [ A and X = 1(A). Let P be any
semigroup, and op: X — P any mapping. Now, the mapping agtbg: A — P extends
uniquely to a homomorphism v: AT — P. Consider the mapping = v~ ': S — P.
This is a homomorphism, since both @b—l and ~ are. Further, for each x € X,

B(z) =y~ (2)) = agthotyy ' (z) = ao(z)

and hence 8 [ X = ay, that is, 5 is a morphic extension of «g. By the definition, S is
freely generated by X. a

The above proof reveals also
Corollary 3.2. If S is freely generated by a set X, then S = A", where |A| = | X|.

Corollary 3.3. If S and R are free semigroups generated freely by X and 'Y, respec-
tively, such that | X | = |Y|, then S = R.

Corollary 3.4. Every free semigroup is cancellative.

Proof. This is immediate, since A7 is cancellative. O

A criterion for freeness

Let X C S for a semigroup S. We say that x = zjx2---x, is a factorization of
x over X, if z; € X for each ¢. Now, if X generates S, then every element x € X
has a factorization over X . Usually, this factorization is not unique, that is, we may have
T1Lo Ty =T =Y1Y2 - - Ym forsome z; € X (1 = 1,2, ..., n)and for some different
y€eX@=12,...,m).

Theorem 3.5. A semigroup S is freely generated by X if and only if every x € S has a
unique factorization over X.
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Proof. We observe first that the claim holds for the word semigroups A™, for which A
is the only minimal generating set. Let A be an alphabet such that |A] = |X| and let
ag: X — A be abijection.

Suppose X generates S freely, and

T1T2 Ty = Y1Y2 - - - Ym fOr some z;,y; € X .
For the morphic extension « of «g, we have

ao(z1)ap(x2) - - - ao(Tn) = ao(yr)ao(yz) - - ao(ym)

in AT. Since the claim holds for A", and o (z;), a(y;) € A each i, we must have that
ap(zi) = ap(y;) foralli = 1,2,...,n and m = n. Moreover, « is injective, and hence
x; = y; for all 7, and thus also S satisfies the claim.

Suppose then that S satisfies the uniqueness condition. Denote 3y = o L and let
B: AT — S be the morphic extension of 5y. Now, 3 is surjective, since X generates S.
It is also injective, because if S(u) = [(v) for some words u # v € A*, then B(u)
would have two different factorizations over X. Hence [ is an isomorphism, and the
claim follows from this. ad

Let the base of a semigroup S be defined by
Base(S) = S\ S?={zx € S|Vy,z€S: x#yz},

consisting of those elements x € S which are not products of any two or more elements
of S. The following result is an exercise.

Theorem 3.6. A semigroup is free S if and only if Base(S) generates it freely.

Example 3.3. (1) Let A = {a, b, c} be an alphabet. The set X = {ab, bab, ba} generates
a subsemigroup S of A™ that is not free, since the element w = babab has two different
factorizations over X: w = ba-bab = bab-ab.

(2) Let A be as above, but let S be generated by X = {aab, ab,aa}. Then S is a
free. Indeed, if there were two different factorizations ujus -« - - Uy, = V12 - -+ Uy, OVEr
X of a word, then either u; = v; (and, by cancellation, there would be a shorter word
Ug Uy = Vg -+ Uy With two different factorizations) or u; = aa and v1 = aab (or
symmetrically, u; = aab and v; = aa). But in this case us cannot exist, because it
should start with the letter b.

(3) Let then A = {a, b} be a binary alphabet, and consider S = [ab, ab?, ab?,...].
Clearly, Base(S) = S\ S% = {ab" | n > 1}, and S is freely generated by Base(S).

(4) For S = (R, ), we have Base(S) = (. In particular, this semigroup cannot be
free. O
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Free monoids

No monoid M can be a free semigroup, because 15; = 1,7-157. We say that M is a free
monoid freely generated by a subset X with 1)y ¢ X, if X U {1/} generates M, and
every mapping ag: X — P (where P is a monoid) extends to a monoid homomorphism
a: M — Psuchthata [ X = ag and a(ly) = 1p.

Again, if M is free and ap: X — P a mapping to a monoid P, then its extension
a: M — P isunique.

We have immediately:
Theorem 3.7. If S is a free semigroup, then S* is a free monoid.
Corollary 3.5. The word monoid A* is a free monoid for all alphabets A.
The converse of Theorem 3.7 holds, too.
Theorem 3.8. A monoid M is a free monoid if and only if M\ {1} is a free semigroup.

Proof. Suppose first that M is a free monoid, freely generated by X. Then M \ {1/}
is a subsemigroup of M, for otherwise, 1y = x122...x, for some z; € X, and a
mapping ag: X — A* with ag(z;) € A does not extend. The rest of the claim follows
from the definition of a free semigroup.

The converse claim is an exercise. ad
The other results for free semigroups can also be modified for free monoids:

Theorem 3.9. (1) A monoid M is freely generated by X if and only if each nonidentity
x € M\ {1} has a unique factorization over X.

(2) Every monoid is an epimorphic image of a word monoid A*.

(3) A monoid M is free if and only if it is isomorphic to A* for some alphabet A.

A free matrix monoid

Let SL(2,N) be the set of all matrices M € N?*2 with det(M) = 1, that is,

n n
M = ( H 12 ) s n11N9y — NiaMol = 1 (nij € N) (3.1
n21 MN22

This is a monoid, called the special linear monoid. The identity element is the identity
matrix /. Note that if det(M;) = 1 = det(M2), then also det(M;Mz) = 1.

Theorem 3.10 (Nielsen). SL(2,N) is a free monoid, freely generated by the matrices

11 10
A_<O 1) and B—<1 1>.
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Proof. The inverses of the matrices A and B are

1 (1 -1 1 10
A _(O 1> and B —<_1 1).

They have integer entries, but are not in SL(2,N).
Let M be asin (3.1) with M # I. Then

_ ni—n ni —n _ n n
A 1M: 11 21 12 22 and B 1M: 11 12 )
n21 n22 n21 —Ni1 N22 —Ni12

Either one of these is in SL(2,N): A='M € SL(2,N), if ny; > ng1, and B~'M ¢
SL(Q, N), if n11 < noq.

Moreover, the trace of M, tr(M) = n11 + naeo, is greater than the trace of A~ M or
B~'M whichever is in SL(2, N):

tr(A™ M) = tr(M) — ng; and tr(B~ M) = tr(M) — nyo.

Therefore, for each M € SL(2,N) with M # I, there exists a unique sequence

C1,Ca,...,Cy (C; = A or B) such that C;'C.t,---C7'M = 1, that is, M =

C1Cy - - - Ck. By Theorem 3.5 and Theorem 3.8, SL(2, N) is a freely generated by { A, B}.
O

3.2 Presentations of semigroups

Generators and relations

Let S be a semigroup. By Theorem 3.3, there exists an epimorphism ¢): A — S, where
AT is a suitable word semigroup. By Theorem 2.4,

S = At/ ker(v)) .
We say that
S ={(ai,a2," - |ui=v; (i€l))y or S=(A|R),

is a presentation of S in generators A = {a1,as, ...} and relations R = {(u;,v;) |
i € I}, if ker(¢) is the smallest congruence of A™ that contains the relation R. In
particular,

Y(u) =1(v) forall (u,v) in R. (3.2)

The set R of relations is supposed to be symmetric, that is, if (u,v) € R, then also
(v,u) € R, and we often write v = v (in S) instead of (u,v) € R.

One should remember that the words w € A™ are not elements of S but of the word
semigroup A™, which is mapped onto S. We say that a word w € A" presents the
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element ¢(w) of S. The same element can be presented by many different words. In
fact, if ¢)(u) = 1(v), then both u and v present the same element of S.

Let S = (A | R) be a presentation. We say that a word v is directly derivable from
the word u, if

u=wt'ws and v =wiv'wy forsome (u',v") € R. (3.3)

Clearly, if v is derivable from u, then u is derivable from v, since R is supposed to be
symmetric, and, in the notation of (3.3),

P(u) = (win'ws) = P(wr)(u)ih(we) = P(wi) (V') (we) = p(wiv'wz) = P(v).

The word v is derivable from u, denoted by u =g v or simply u = v (in .5), if there

exists a finite sequence v = uj,u9,...,ur = v such that forall j = 1,2,...,k — 1,
;41 is directly derivable from u;. Now, if v is derivable from w, then also ¢ (u) = 1 (v),
since ¥ (u) = ¥(uy) = - -+ = ¥ (ug) = 1 (v). This can be written as

U=U] =U =" """=U —=171.

We allow the case that an element w is derivable from itself.
Theorem 3.11. Let S = (A | R) be a presentation (with R symmetric). Then
R¢ = {(u,v) | v is derivable from u} .
Hence w = v in S if and only if v is derivable from u.
Proof. Let the relation p be defined by
upv <= u = v as words or v is derivable from u .

Clearly tg C p, and hence p is reflexive. It is also symmetric, since R is symmetric. The
transitivity of p is easily verified, and hence p is an equivalence relation.

If w € A" and v is derivable from u, then clearly also wv is derivable from wu and
vw is derivable from uw. This proves that p is a congruence.

Let then 0 be any congruence such that R C 6. Suppose v is directly derivable from u,
say u = wiu'wy and v = wiv'we with (v/,v") € R. Since R C 6, also (u/,v") € 6,
and since 6 is a congruence, also (wqu'wy, wiv'ws) € 6, that is, ufv. Therefore, by
transitivity of p, we have 6, p C 6. In conclusion, p is the smallest congruence that
contains R, that is, p = R°. a

Theorem 3.12. Let A be an alphabet and R C AT x AT a symmetric relation. The
semigroup S = AT /RS, where RC is the smallest congruence containing R, has the
presentation

S=(A|u=w forall (u,v) € R).

Moreover, all semigroups having a common presentation are isomorphic.
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Proof. The claim is immediate from the above considerations. O
Example 3.4. (1) Consider the following presentation
S = (a,b| aa = ab, ba = aab, bbb = aba) .

In this presentation there are two generators and three relations. For instance, .S satisfies
the relation baabbaa = bbaaaba, since u; = baabbaa = b-aab-baa = b-ba-baa = us
and us = bbabaa = bba-ba-a = bba-aab-a = bbaaaba. Also, aaab = aabb = abbb =
aaba = baa = bab in S and hence aaab = babin S.

(2) The free word semigroup A™ does not need any relations: AT = (A | ().
(3) The presentation

S ={(a,b,c,d,e | ac = ca, ad = da, bec = cb, bd = db,

eca = ce, edb = de, cca = ccae)

is called Tzeitin’s semigroup. This surprisingly simple semigroup has an undecidable
word problem, that is, there exists no algorithm that determines whether ©v = v is a
relation in this semigroup, where u,v € {a,b,c,d,e}™ are given (input) words. Hence
in Tzeitin’s semigroup one cannot effectively decide whether a word is derivable from
another given word. a

All semigroups, and also monoids and groups, have presentations. Indeed, S = (4 |
ker(¢))) is one such presentation, when v¢): AT — S is the presenting epimorphisms.
Usually this presentation is complicated. We are mostly interested in semigroups that
have a finite presentation, that is, a presentation S = (A | R), where A is a finite
alphabet and R is finite set of relations. However, not all semigroups have such presen-
tations.

Monoid presentations

All monoids have a semigroup presentation, but it is more convenient to use monoid
presentations for these in order to take advantage of the identity element:

M:<a1,a2,...‘ui:1)i (ZEI)>

is a monoid presentation, if u;,v; € A* where A = {aj,as,...} is an alphabet. In a
monoid presentation we may thus have relations of the form v = 1, which means that
the word u can be erased from another word or added somewhere in between two letters.

Example 3.5. (1) Let M = (a,b | ab = ba) be a monoid presentation. Hence
M = A*/R° where A = {a,b} and R has the single relation ab = ba. There is an
epimorphism ¢): A* — M and M is generated by the elements z = (a) and y = ¥(b).
The monoid M is commutative, because of the relation ab = ba. If the generators of M
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commute with each other, then M is commutative. Furthermore, each element z € M
has a normal form: Suppose z = z122 . .. z, With z; = ¢(a;) (a; = a or b), and so

z=(a)y(az) ... p(an) = Plaraz . .. an) = Y(a’b™) = () ¥ (b)™

for some k,m > 0. The monoid M is a free commutative monoid, and it can be
shown that every commutative monoid generated by two elements is an epimorphic im-
age of M.

(2) The (monoid) presentation
(a,b | aba =1)

defines a group is isomorphic to (Z,+). Indeed, let M be a monoid with the above
presentation, i.e., M = A*/R€, where A = {a, b} and R consists of aba = 1, and let
: A* — M be the corresponding epimorphism. Then M is generated by the elements
x = 1(a) and y = 1 (b). Furthermore, ab = ab-aba = aba-ba = ba, and hence xy = yx.
It follows that M is a commutative monoid. Consequently, every element z € M has the
form z = v (a"b™) for some n, m > 0. Also, a-ba = 1 and ba-a = ab-a = 1 means that
ba is a group inverse of a. Similarly, a? is a group inverse of b, b = (aa)~!. This means
that all elements of M have the form z = v(a¥) for k € Z. It is now easy to show that
a: M — (Z,+) defined by a(a) = —1 and a(b) = 2 is an isomorphism.

(3) Define two mappings a, 5: N — N as follows:

0 ifn=0
_ d —n+1 >0).
a(n) {n “1 ifn>1 an B(n)=n+ (n>0)

Consider the bicyclic monoid B = [«, /3] generated by these two transformations. We

observe that o3 = ¢, but
1 ifn=0,
a(n) =
faln) {n ifn>1,

and, more generally,

n ifn>k.

Sk (n) = {k ifn <k,

Let A = {a,b} be an alphabet, and define a homomorphism ¢: A* — B by ¢(a) = «
and ¢(b) = /3. By the extension property, ¢ becomes uniquely defined by the images of
the generators a and b. Hence v is an epimorphism and B = A™ / ker(z)).

By above ab = 1 is a relation in B. Let then v € B be any element of the bicyclic
monoid, 7 = YpYn—1 - - -1, Where 7; = « or ; = (. Since af = ¢, we may assume
that if ; = B for some index j, then ; = 3 for all ¢ with j < ¢ < n. This shows that
v = *a™ for some k,m > 0, and hence

B = {8*a™ | k,m > 0}.
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Furthermore, these elements are all different from each other: if v = %™ and § =
8" a®, then

7(0) = %a™(0) = 8*(0) =k and  6(0) = §"a*(0) = £7(0) =7,
and for n > max{m, s},

v(n) = g™ (n) = B*(n —m) =n+k—m,
d(n)=p"a’n)=0"(n—s)=n+r—s.

Therefore, v = ¢ just in case kK = r and m = s. This means that
B = (a,b|ab=1)

is a (monoid) presentation of B.
The bicyclic monoid has many (semigroup) presentations, of which we mention

B = (a,b | aba = aab,a = aab,bab = abb,b = abb) .

3.3 Embeddings into 2-generator semigroups

Evans’ embedding result

The following embedding result was proved by Evans in 1952. The proof given here is
due to Subbiah (1973).

Theorem 3.13 (Evans). Let S be a semigroup generated by denumerably many ele-
ments. Then S can be embedded into a semigroup generated by two elements.

We shall use the fact that each semigroup is isomorphic to a subsemigroup of the full
transformation semigroup, and we actually prove

Theorem 3.14 (Sierpinski). Let a1, o, ... : Ny — Ny be any transformations. There
exist two transformations 51, B2: No — Ny such that each o; is a composition of 1
and [s.

Proof. Define
X,={2"2m—-1)—-1|m=1,2,...}.

Now, X,, N X,,, = 0 for all n # m, because k € X,, if and only if n is the highest power
for which 2™ divides k + 1. Also,

U Xn=2N+1,

n>1
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and hence the sets X,, form a partition of the odd positive integers. Define

n—1 if n is even,

Bi(n)=2n(n>1), Ba(n) = {ak(2(k+1) (n+1)+27Y ifne X,

Now, forall kK > 1,
oy = B3P BB

since

B381Bap1(n) = B3B1Fa(2n) = G381 (2n — 1) = B5(2"(2n — 1)) =
Ba(2F(2n — 1) = 1) = a2~ FFV(2F(2n — 1) +271) =
(27120 — 14 1) = ag(n).

This proves the claim. a
Theorem 3.13 follows from Sierpinski’s result by using suitable isomorphisms. We

omit this straightforward reduction.

Embedding word monoids

Let A = {a1,aq,...,a,} be a finite alphabet, and let B = {a, b} be a binary alphabet.
The homomorphism «: A* — B* defined by

afa;) =abt (i=1,2,...,n)
is injective as can be easily shown. Therefore

Theorem 3.15. Each finitely generated word monoid A* can be embedded in a word
monoid B* generated by two letters.
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Green’s Relations

4.1 Definitions

Introducing the relations
Let S be a semigroup, and define the following relations on S,

zly <= Slz =Sy
tRy <= xS =yS!
zdy <= SlasS! = slyst.

Here S'z, xS' and S'zS! are the principal left ideal, the principal right ideal and
the principal ideal generated by = € S. By the definitions,

2Ly <= 3s,s' € Sz =syand y = sz,
2Ry < Ir,r’ € Stz =yrand y= 2.

As an exercise, we state

Lemma 4.1. The relations £, R and J are equivalence relations on S. In fact, L is a
right congruence and R is a left congruence of S.

We denote the corresponding equivalence classes containing x by

Ly ={y|zLy}, Re.={yl|axRy}, J.={y|zdy}.

Example 4.1. (1) Consider the semigroup .S from the table. Then

Sta = {a,d}, S'b = {a,b,c,d}, S'c = {a,b,c,d}, S'd = {a,d}
St ={a}, bS* = {a,b}, ¢S* = {a,c}, dS* = {d}.

The equivalence classes with respect to £ are L, = {a,d} = Lgand L, = {b,c} =
and those with respect to R, R, = {a}, Ry = {b}, R. = {c} and Ry = {d}.

(2) Let T'x be the full transformation semigroup on X . Now, for o, 5 € T,

aRB = Iy, Y €Tx: a=py and B = a7 .
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Therefore, RS implies that (X ) = 5(X). On the other hand, if a(X) = 5(X), then
define v € Tx as a function, for which v(z) = some T with (%) = «(x). Then, in
the above notation, 8y(z) = B(Z) = a(z), and hence o € BT%. Similarly, 3 € aT%,
and hence, aRf if and only if a(X) = B(X). O

Theorem 4.1. The relations L and R commute: Lo R =R o L.

Proof. Suppose that (x,y) € £ o R. This means that there exists an element z € .S such
that £z and 2Ry. Therefore there are elements s, s’, 7, 7' € S such that

/ /
r=s5z, 2=8x, z=yr, y=2zr.
Denote t = szr’. Then

t=szr =ar,
x = sz =syr =szr'r =tr,
which means that xR¢. On the other hand,
t=s-2r' = sy,
y=zr' =sar =s'sxr’ =5t

which implies that y£¢t. Since xRt and tLy, also (x,y) € R o L. We have shown that
L oR CRo L. The inclusion in the other direction is proved in the same way. a

D- and H-relations
The previous result is important because it implies that the product
D=LoR
is an equivalence relation.
Lemma 4.2. D is the smallest equivalence relation that contains both £ and R.

Proof. Clearly, £ C D and R C D, since Lz and zRx hold for all z € S?.

In order to show that D is an equivalence relation one needs to show that it is transi-
tive: if 2Dz and 2Dy, then also xDy. This is an exercise.

In order to show that D is the smallest equivalence relation containing £ U R one
assumes an equivalence relation € with £ U R C €, and shows that D C C. This also is
an exercise. a

Let
H=LNR.

Hence X is an equivalence relation, and it is the largest equivalence relation of S that is
contained in both £ and R.
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Fig. 4.1. The inclusion diagram of the Green’s relations

The inclusion diagram of the Green’s relations is given in Fig. 4.1, where one needs
to observe that D C J by Lemma 4.2.

We denote by D, and H, the corresponding equivalence classes that contain the
element x € S. Clearly, forall x € S

H,=L,NR,.

On the D-classes
Lemma 4.3. For each semigroup S we have

Dy <= L,NRy#0 <= L,NR, #10.

D:L": U Ly: U Ry.

yeD, yED,

Moreover,

Proof. By the definition of D,
Dy <= Jz € S (zLzand zRy) <= Is € S (zRsand sLy).

The first claim follows from this. For the second claim is trivial, since £ C D and
R CD. O

The situation can be visualized by the eggbox picture of Fig. 4.2, where the rows are
R-classes and the columns are L-classes. Their intersections are H-classes, if nonempty
(the intersection L, N R, is nonempty, if yDz). Indeed, if u € L, N R, then L, = L,
and R, = Ry,andso L, N R, = H,.

Example 4.2. Let X = {1,2,...,7}, and consider the subsemigroup .S of the full trans-
formation semigroup 7T'x generated by v and 3 as defined in the table.

(07

B

W | =
IO
W | W
INICNES
~ | WD
INGNCNE-
N DN
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Rz{ Ly N R

Fig. 4.2. The eggbox visualization of a D-class D,

This semigroup consists of six elements «, 3, af3, fa, afa and Saf. Computation
shows that Safa = Ba, and hence SaRBaf. Also, afRafa holds, as do Salafa
and aSLBaS.

We conclude (after some calculations) that the eggbox for the class Dpg, is as in
Fig. 4.3. ad

Bap | fa

Fig. 4.3. Eggbox for Dg,

4.2 Green’s Lemma and corollaries

Green’s lemma
Let S be a semigroup. For each s € S, define the mapping ps: S — S! by
Vze St py(z) = sz.

The usefulness of the Green’s relations are due to the following version of Green’s
lemma.

Lemma 4.4. Let S be a semigroup, x,y € S such that xLy, and let s, s' € S' be such
that sx = y and s'y = x. Then
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(1) ps: Ry — Ry is a bijection, and py : R, — R, is a bijection,

(2) py = p3 L is the inverse function of ps restricted to Ry,

(3) ps fixes the L-classes, that is, zLps(z) for all z € R,

(4) ps preserves H-classes, that is, for all u,v € Ry: uHv <= ps(u)Hps(v).

R, =x z
Ryl v ps(2)
L,

Fig. 4.4. Green’s lemma

Proof. First we have to prove that p; maps R, into R,. For this, let z € R, that is,
281 = £S'. We have now
528 = sz St = ySt,
which shows that ps(z) = sz € R, as required. A symmetric argument shows that p
maps R, into I2,.
If z € R,, then zRx and therefore there are elements u, v € S! such that z = zu
and v = zu’. Now,

s'sz =s'sau=5"sru=syu=2u=2,
and hence
V€ R, : s'sz2=z. 4.1)
Hence
perps(2) = py(sz) = s'sz = 2,

and so py p, 1s the identity mapping of I2,.. Similarly, p,py is the identity mapping of R,
from which we conclude Claims (1) and (2).

For Case (3) assume z € R,. By (4.1), the elements z and p;s(z) (= sz) are in the
same L-class.

For Case (4) we notice that uHv if and only if uLv and uRv, and hence
uHv = ps(u)Lps(v) and ps(u)Rps(v) = ps(u)Hps(v)

by Case (3) and since R is a left congruence (and ps(u) = su, ps(v) = sv). On the other
hand, if ps(u)Hps(v), that is, suHsv, then uHwv, since, by equation (4.1), u = s'su and
v = s'sv (and since R is a left congruence and p, fixes the £-classes). O
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Thus, ps maps each H-class H, (with z € R;) bijectively onto the H-class H, ().

The next dual version of Lemma 4.4 is proved similarly. Here \.: S' — S! is the
opposite version of p,.:
Vze S: M(z) =2r.

Lemma 4.5. Let S be a semigroup, yRz, and let r,r' € S' be such that yr = z and
2r’ = y. Then

(1) A\r: Ly — L is a bijection, and \»: L, — Ly is a bijection,
(2) A\ = A7 Lis the inverse function of \, restricted to Ly, and
(3) A, preserves the R-classes, that is, wWR\,.(w) for all w € L.

Lemma 4.6. Let e € Eg be an idempotent. If xLe, then xe = x. If xRe, then ex = .

Proof. If zLe, then z € L., that is, x = se for some s € S!. Therefore, since e = ee,
x = se-e = ze. The other case is similar. O

Corollary 4.1. Each H-class contains at most one idempotent.

The sizes of an H-class

In the above notation, p; is a bijection R, — R, and A, is a bijection L, — L. and
therefore

Corollary 4.2. The H-classes inside a D-class have the same cardinality, that is, if
xDy, then there exists a bijection between H, and H,.

Proof. Indeed, if z, z € S are in the same D-class such that Ly, yRz with

st=y, sSy=x, yr=2z2, 2r' =y,
then by the above lemmas p,: H, — H, and A\,: H, — H_ are bijections. Therefore
Arps: Hy — H, is a bijection. O
Green’s theorem for H-classes
The following crucial result is the location theorem of Miller and Clifford (1956).
Theorem 4.2. Let x,y € S. Then

ry € Ry N L, <= RyN L, contains a unique idempotent.
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R,| x Y
Ry| e Y
L, L,

Fig. 4.5. Location theorem

Proof. Suppose first that zy € R, N L,. Since yLxy, we may choose s = x in
Lemma 4.4, and hence p,: R, — R, is a bijection. Also zyRx, and hence R, = R,
which means that p,.: R, — R, is a bijection. The mapping p, preserves £-classes and
so pg; maps R, N L, onto R, N L, = H,. Therefore there exists a z € R, N L; such
that p,(z) = z, that is, 2z = x.

Because zLz, there exists a u € S! with z = uz. We have thus obtained zuzr =
rz = z, and thus 2z = urux = ux = z, which means that z € Fg.

In the other direction, suppose there exists an idempotent e € R, N L,. Now, by
Lemma 4.6, ey = y and ze = x. From eRy we obtain that xeRzy, and thus xRxy.
From eLx we obtain that eyLxy, and thus yLxy. So xy € R, N L, as required.

Finally, if R, N L, contains an idempotent, it must be unique by Corollary 4.1, since
R, N L, is an H-class. O

In the following Green’s theorem, G is a subgroup of a semigroup S, if G is a
subsemigroup, which is a group.
We need the following lemma; see Fig. 4.6.

Lemma 4.7. Lete, f € Eg. Then forall x € R.N Ly, there exists a unique y € RyN L,
such that vy = e and yx = f.

Proof. Let v € R. N Ly. By Lemma 4.6, v = ex = xf, and there are u,v € St for
which e = zu and f = vz. Now, y = fu is the required element of the claim. Indeed,

f=vxr =ver =vrur = fur =yzx 4.2)

and

e=xzu=zxfu=uxy. 4.3)
Hence, y € Ry by (4.2) and the fact that y = f-u; and y € L., by (4.3) and since
y = fu = vru = ve. Therefore y € Ry N Le.

For the uniqueness, assume also y’ satisfies the conclusion. Then

using Lemma 4.6 twice. a
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Rf f:ny” Yy

L,= Ly L.
Fig. 4.6. The eggbox of D, for a regular

Theorem 4.3. Let H be an H-class of S. Then the following are equivalent:

(1) H contains an idempotent.
(2) There exist x,y € H such that xy € H.
(3) H is a subgroup of S.

Proof. (1) implies (2), since we can choose x = e = y for the idempotent e € H.
Assume (2). Then (1) follows by Theorem 4.2, since now R, N Ly, = H = R, N L.
Therefore there exists an e € Ep. Hence, by the converse claim of Theorem 4.2, we
know that H is a subsemigroup of S. By Lemma 4.6, H is a monoid with identity e. We
apply then Lemma 4.7 for e = f. This shows that H is a group, and (2) implies (3).
(3) implies (1), since the identity element of the group H is an idempotent of S. O

Example: periodic semigroups

We say that a semigroup S is periodic, if each of its elements has finite order, that is,
the cyclic subsemigroup [z] is finite for all z € S.
As an exercise we have

Lemma 4.8. If S is periodic, then each [x] contains an idempotent.
Theorem 4.4. For periodic semigroups J = D.

Proof. First, D C J is valid for all semigroups. Thus we need to show that J C D.
Suppose that 2Jy. Therefore there exist u, v, r, s € S' such that

r=wuyv and y=rxs.

NOW’ . . . .
Vi>0: xz=(ur)z(sv)” andy= (ru)y(vs).

By Lemma 4.8, there exists a nonnegative n such that (ur)” € Eg. We may suppose
that ur # 1, for otherwise already xRy and thus 2Dy, since R C D.
Denote z = rx, for short. We have then

v = (ur)"a(sv)" = (ur)" (ur)"a(s0)" = (ur)"e = (ur)""uz,
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and hence x £z, since z = r-x. Further, y = rxs = zs and if (vs)k € Eg, then

z =rx = r(ur) " Mz(s) 1 = (ru) T res(vs)fo = (ru)Hy(vs)Fo =
(ru) Ty (vs)*(vs) v = (ru)* ™y (vs) ™ (vs)" v = y(vs)* v,

which shows that zRy, and so xDy. This proves that J = D. a

Corollary 4.3. For all finite semigroups S, J = D.
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Inverse Semigroups

5.1 Regular semigroups

Basic properties of regular elements

An element z of a semigroup S is regular, if there exists an element y € S such that
T = TYT.
Also, S is regular, if each of its elements is regular.

Example 5.1. (1) Groups are regular: = x2~ 'z, where 2! is the group inverse of .
A regular semigroup is a group if and only if it has exactly one idempotent (Exercise).

(2) Idempotents ¢ € FEg are regular, since e = eee. Let x € S be regular with
x = zyz. Then xy € Eg and yx € Eg.

(3) The full transformation semigroup 7'x is regular (Exercise). a
Lemma 5.1. Let x € S. Then
xis regular <= Je € Fg: zRe <= 3If € Eg: zLf.

Proof. If x is regular, say x = xyx, then e = xy € Eg and f = yx satisfy zRe and

2L f. On the other hand, if zRe, then £ = ex by Lemma 4.6, and there existsay € S 1

such that e = zy. Therefore x = ex = xyx, and z is regular. The case for £ is similar.
O

Regular D-classes
We say that a class D, is regular, if it contains only regular elements.

Lemma 5.2. Let x € S be a regular element. Then the D-class D, is regular.

Proof. By Lemma 5.1, the class D, contains an idempotent e and hence D, = D.. Let
then z € D,, i.e., zDe. Thus there exists u € D, with eRu and uLz. Hence there are
elements r, s, s’ € S such that

/
e=ur, u=-eu, u=S5z, 2 =Su.
Here, u = eu by Lemma 4.6. Now,
/ / / /
z=Su=S8eu=Sesz=S8ursz =z-rs-z,

and hence z is regular. a



5.1 Regular semigroups 42

In particular, D, is regular for each idempotent e € E.

Lemma 5.3. If a D-class D is regular, then each L, C D and each R, C D contains
an idempotent.

Proof. When x € D, then © = xyx for some y, and hence xLyx and zRxy, where xy
and yx are idempotents. a

From these we obtain

Theorem 5.1. A D-class is regular if and only if it contains an idempotent.

Inverse elements in semigroups
We say that y € S is an inverse element of x € S, if

r=xyr and y=yxy.
Note that an inverse element of x, if such an element exists, need not be unique.
Lemma 5.4. Each regular element x € S has an inverse element.
Proof. If z € S is regular, then for some y € S, x = zyx. Now, yxy = yry-z-yxy, and
yxy is also regular. Also, x = x-yxy-x and consequently yxry is an inverse of x. a
Lallement’s lemma

Lemma 5.5. Let S be a regular semigroup, and let o.: S — P be an epimorphism onto
a semigroup P. If e € Ep, then there exists an idempotent f € Eg such that a(f) = e.

Proof. Let 2 € S be such that a(z) = e, and let 3 be an inverse element of 22 in S:

z? = 2?yx? and y = ya?y. Then for f = 2y,

that is, a( f) = e. Here f is an idempotent: zyx-zyz = x-yx’y-x = xyT. ad
As a consequence we have
Theorem 5.2. Let p be a congruence of a regular S, then
zp € Eg/, = Je€ Eg: xp=ep.
As an exercise

Theorem 5.3. Ifa: S — P is a homomorphism from a regular semigroup S, then o(.S)
is regular. In particular, if o is an epimorphism, then P is regular.
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5.2 Inverse semigroups

Example

A semigroup S is called an inverse semigroup, if each x € S has a unique inverse
element 2~ 1

r=xxr T and z =g teat,
Example 5.2. (1) If S is a group, then it is an inverse semigroup, and x~! is the group
inverse of the element x.

(2) Consider Z x Z as a drawing board so that you can draw a unit line up, down,
right and left, using the alphabet A = {u,d,r,¢}. A word w € A* produces a figure
in Z x Z starting from (0, 0) and following the instructions given by the word w; see
Fig. 5.1.

A O
l L

w = uurd v = ruldur
Fig. 5.1. The figures drawn by the words w and v

We identify the words w; and ws, and denote this by w; >4 wo, if they draw the same
figure with the same endpoint. This means that

u X udu, dx<dud, r>xrér and £ frf. 5.1

It should be clear that if wq <t wo and v € A*, then also vw; < vws and wyv X1 Wy,
and hence < is a congruence on A*. The quotient T? = A*/ ta might be called the
turtle semigroup. It is an inverse semigroup with v™' = d, d™' = u, r~! = ¢ and
¢~1 = r, and the inverse of an element w i for a word w = x129...2, € At is

obtained by reversing the order of the instructions: w~' = z; 'zt .y O
The semilattice of idempotents
If e € Eg for an inverse semigroup, then ece = e, and hence e ! = e.

Theorem 5.4. Let S be an inverse semigroup. Then the idempotents Eg form a sub-
semigroup of S. Moreover, Eg is a semilattice, that is, the idempotents of an inverse
semigroup commute.
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Proof. Let ¢, f € Eg and consider the (unique) inverse element z = (ef)~! of ef.
Now,

SR

and

ze-ef-vre = xefxr-e = xe
fx-ef -fr= f-zefr=fz.
This means that x = (ef) ™! = ze = fz. Here x € Eg, since

?=ze fr=zxefr=u1,

and hence ef € Eg forall e, f € Eg, thatis, Eg is a subsemigroup of S.
Furthermore, E'g is commutative: For e, f € Eg, also ef, fe € Eg, and

ef-feef =efef = (ef)Q —ef and fe-ef-fe= fefe= (fe)2 — fe,
meaning that fe = (ef)~! = ef. a0

Corollary 5.1. Assume S is an inverse semigroup. Then

(122 .. xp) =y et !

forall x; € S.

Proof. We have

1

vyy ey =ayy!

-a:flx-y = x-mflm-yyfly =2x2y.

The claim follows by induction. a

Corollary 5.2. In an inverse semigroup S, we have v = (x~1)~! forall x € S.

A characterization

Theorem 5.5. Let S be a semigroup. The following are equivalent:

(1) S is an inverse semigroup.
(2) S is regular and its idempotents commute.
(3) Each L-class and R-class contains a unique idempotent.

Proof. (1) implies (2) by Theorem 5.4.

Suppose (2). By Lemma 5.3, each L-class and R-class contains an idempotent. For
the uniqueness, let f € L., where e, f € Eg. Hence eLf, and therefore there are
x,y € S' such thate = zf and f = ye. We obtain
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e=xf=xff=ef=fe=yee=ye=f.

Similarly, eR f implies that e = f. Hence (2) implies (3).
Suppose (3). Now each D-class contains an idempotent, and, by Theorem 5.1, each
2 € S has an inverse element. Suppose an element x has two inverse elements y and z.
Now, yz, zx € Eg with yxLx and zzLx. Then, by assumption, yxr = zx. A similar
reasoning using R shows that xy = xz. Therefore y = yxy = zxz = z, and (1) follows.
O

As exercises we have

Corollary 5.3. Let S be an inverse semigroup. Then
Vo e S: x_lES.%' C Fg.

Theorem 5.6. Let S be an inverse semigroup, and let x,y € S and e, f € Eg. Then

1

(1) 2Ly = 'z =y 1y.
1

(2) 2Ry <= zax ' =yy L.
(3) eDf < 3z€8: e=zz"" and f=2""z.

Partial ordering inverse semigroups
Recall that in any semigroup S the idempotents can be partially ordered by the relation:
e<f < ef=e= fe.
This partial order generalizes in an inverse semigroup S to all elements of S as follows,
x<y < Jdec€ Eg: z=c¢ey.
Indeed, here < is

o reflexive, since z = (zz 1) -z, where z2~! € Egs;

e antisymmetric, since if x = ey and y = fx, then z = ey = eey = ex, and
r=ey=cefr=fexr=fr=uy;

e transitive, since if xt = ey and y = fz, then also z = ey = efz, where ef € Eg.

If you restrict < to Eg, you get the above partial order of idempotents. Indeed, if e < f,
then there exists g € Eg such thate = gf, and here e = gf f = ef = fe as required.
As an exercise we state

Lemma 5.6. In an inverse semigroup S we have

r<y < JecEg: x=ye < ax ' =yz !
— T = xy’lx — gz l= :cyfl
— 7z = y_lx = zlz = x_ly

<~ T = ZL'ZL'_ly.
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Example 5.3. All groups are inverse semigroups. Let S be a semigroup. As an exercise
we state that the following conditions are equivalent.

(1) S'is a group.

Q) VeeSAN e€8: x=uar'z.

B)Vere S eS: xa’ € Eg.

(4) S is an inverse semigroup that satisfies: © = zyr — y = yzy.

Example 5.4. If an inverse semigroup S is right cancellative, then it is a group. a

5.3 Representations by injective partial mappings

Partial mappings

Let X # () be a set. A partial mapping a.: X — X is a function from a subset Y =
dom(a) of X onto ran(«) = a(Y) C X. A partial mapping o: X — X is undefined
onall x ¢ dom().

Example 5.5. Let X = {1,2,...,5}and letdom(«) = {2,4,5} witha(2) = 1, a(4) =
5 and a(5) = 1. We can represent « as follows

(245
““\151)
Here ran(a) = {1,5}. O

We say that a partial mapping : X — X is injective, if a(x) # a(y) forall x # y
with x,y € dom(«). The injective partial mappings form a semigroup, denoted Jx,
under the usual composition:

(Ba)(x) = Bla(x)) if x€dom(a) and a(z) € dom(S).
We observe that
dom(Ba) = a~(ran(a)Ndom(B)) and ran(Ba) = B(ran(a)Ndom(A)). (5.2)

We denote by ¢ty : X — X the partial function such that dom(ty) = Y = ran(¢)
and vy (y) = yforally € Y.

Theorem 5.7. Jx is an inverse semigroup.

Proof. Let o € Jy, and let ™ ': X — X be defined by

al(y) =z if a(x) =y forz € dom(a),
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that is, dom(a ') = ran(a) and ran(a~!) = dom(«). Moreover, o~ (a(z)) = = for
all z € dom(a). Clearly, o' € Jx. Furthermore,

-1 -1
Q@ = Ldom(a) and Q" = Lran(a) -

1 1

Now, ca tao = aand a taa ! = a1, and so o~
is a regular semigroup.

1'is an inverse element of v, and I x

By Theorem 5.4, we need to show that the idempotents of Jx commute. For this, we
prove that
e€ by, < =1y forsome Y C X.

Indeed, suppose ¢ is an idempotent of Jx. Then by (5.2),
dom(e?) = e (ran(¢) N dom(¢)) = dom(e),
and, by injectivity,
ran(e) Ndom(e) = e(dom(e)) = ran(e),
which implies that dom(g) C ran(e). Similarly, ran(e?) = ran(e) implies ran(e) C
dom(g), and hence ran(¢) = dom(e). Now, ¢2(z) = &(z) for all # € dom(e), and thus,

by injectivity, e(x) = x for all z € dom(e).
Finally, the idempotents commute, since for all Y, Z C X,

lzly =lynz = tylz,

and the theorem is proved. a

The Vagner-Preston representation

Theorem 5.8. Each inverse semigroup S has a faithful representation as a semigroup of
injective partial mappings, i.e., there exists an embedding ¢: S — Jx for some set X.

Proof. We choose X = S, and define for each = € S the mapping

i S =S by m(y)=xy (yezlS).

First of all,

1S =z s, (5.3)
because z 'zS C 2715, and 271S = z7lzz™lS C z7'zS. In particular, since
e Eg,

y€dom(r,) =278 «—= y=a"lay. (5.4)

For 7, € Jx we need to show that it is injective. Let v, 2 € xS be such that
72(y) = 72(2). Thus 2y = x2z, and, by (5.4), y = v~ oy = v toz = 2.
We need also

dom(7y,) = dom(7y7y) . (5.5)
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To prove this, notice that
z € dom(ry7,) <= z € dom(7,) and 7,(z) € dom(7),
that is, by (5.4),
z € dom(1y7;) <= z=2 'zz and vz =y lyrz.

Therefore if z € dom(7,7;), then

1

z=atzz =ty yzz = (yz) tyz-2

and hence z € dom(7y,) by (5.4). On the other hand, if 2 € dom(7y,), then z =
(yr)~'-yz-z and so z = 7 'z-x 'y lyrz = x~'zz, from which it follows that
z € dom(7y). Also, in this case, by commuting the idempotents,

1

xrz = xx_ly_lyxz = y_lyfm_ TZ = y_lym,

and hence 7,(z) = xz € dom(7y). This proves (5.5).
Define then ¢: S — Jx by

o(x) =74 (xeb).
Now, ¢ is a homomorphism: When z € dom(r,7,) = dom(7,;), then
TyTo(2) = Ty(T2) = Yoz = Tyz(2) ,
and so 7,7, = Ty, that is,
pyr) = Ty = TyTe = 0(y) ().

Finally, ¢ is injective: If p(z) = ¢(y), then 7, = 7. By (5.3), 27125 = y~1yS,
from which it follows that 2~ 'Ry 'y for the idempotents 2~ 'z and 3 ~'y. By Theo-
rem 5.6, z 7'z = y~ly. Now, since 712 € 2715 = dom(7,) = dom(r), it follows
that 7, (z71z) = 7, (27 'z). Here 7, (z712) = 2272 = z and 7 (27 '2) = ya~lz =
yy~ 'y = y. Therefore x = y as required. 0

5.4 Congruences of inverse semigroups

Heritage of images

Lemma 5.7. Let S be an inverse semigroup and o: S — P a homomorphism. Then
a(S) is an inverse subsemigroup of P.

Proof. We have for all # € S, a(r) = a(zr~'z) = a(z)-a(r™!)-a(x), and so a(9)
is a regular subsemigroup of P. Again, it sufficies to show that the idempotents of «(.5)
commute.

Let g,h € E, ). By Lemma 5.5, there exist e, f € Eg so that g = a(e) and
h = a(f).Now, gf = a(ef) = a(fe) = fg, from which the claim follows. O
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In particular,

Corollary 5.4. If p is a congruence of an inverse semigroup S, then S/p is an inverse
semigroup.

Therefore,

Lemma 5.8. Let S be an inverse semigroup, and p its congruence. Then

TpYy < :v_lpy_l.

We obtain also that for each homomorphism a:: .S — P for an inverse semigroup S,
Ve S: alz™!)=alz)?t.

A subsemigroup 7" of an inverse semigroup S is called a inverse subsemigroup, if
forallz € T also z—! € T, where 2~ is the inverse element of z in S. Notice that not
all subsemigroups of an inverse semigroup are inverse subsemigroups.

The following lemma is an exercise.

Lemma 5.9. Let S be an inverse semigroup, and let A be a subsemigroup of S. Then A
is an inverse subsemigroup of S if and only if t=' € A forall x € A.

Lemma 5.10. Let S be an inverse semigroup, «: S — P an epimorphism, and let
e € Ep. Then o' (e) is an inverse subsemigroup of S.

2 = ¢, and so zy € a~l(e).

Proof. First of all, if a(z) = e = a(y), then a(zy) = ¢
This means that a~!(e) is a sunsemigroup of S.
The claim follows when we show that z € a~*(e) implies 1 € a~!(e). For this

we just notice that if a(z) = e, then a(z™!) = a(z) 1 =e ! =e. O

For ideals we have a strong closure property (which will be an exercise). In general,
if I is an ideal of a semigroup S, then S is called an ideal extension of I by S/I, where
S/1 is the Rees quotient.

Theorem 5.9. Let I be an ideal of a semigroup S. Then S is an inverse semigroup if
and only if I and S/ I are inverse semigroups

Kernels and traces

Let p be a congruence of a semigroup S. We define its kernel ker(p) and trace tr(p) as
follows:

ker(p) = {x € S | xpe forsome e € Eg} = U ep,
ecEg

tr(p) =plEs x Eg .
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Theorem 5.10. Let S be an inverse semigroup. Then for all congruences p and 6,
pCd << Vec Eg: epCel.

Proof. In one direction the claim is trivial. Suppose then that ep C €6 for all e € Fg.
Now,

1

zpy = xx tpyr ! = zx ya! = adya 'z,

zpy = v tzprly = s lwdrly = yaladyrly,

and thus
zpy = xdyx ly. (5.6)

On the other hand,

V= a7 lypyly = a7 'yoyly = yalydy,

zpy = & py”
and, by combining this with (5.6), we obtain that zdy holds. This shows that p C . O
Corollary 5.5. For an inverse semigroup S,
p=0 < Vee€ Eg: ep=-ed
for all congruences p and 0.
We have then Vagner’s theorem:
Theorem 5.11. Let S be an inverse semigroup, and let p and § be its congruences. Then

p=209 < ker(p) =ker(d) and tr(p) =tr(d).

In other words, If «: S — P and 3: S — T are epimorphisms from an inverse
semigroup S, then ker(a) = ker(3) if and only if forall z € S and e, f € Eg,

a(x) € Ep < f(x) € Er,

ale) = a(f) < B(e) = B(f)-

Proof. In one direction the claim is again trivial. Suppose then that ker(p) = ker(9) and
tr(p) = tr(d). If e € Eg, then

epr = 3f € Bg: féx = ff ' = fozat,

epr —> ee”! = epm:_l — edzx !,
and thus ed f and fdx hold, from which we obtain edx, that is, ep C ed. The case for
ed C ep is similar, and hence we can conclude that ep = ed, and finally p = § by
Corollary 5.5. a
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Classifications according to traces
Congruences of an inverse semigroup are classified according to their traces.

Lemma 5.11. Forallxz € Sand e € Eg, x 'ex € Eg.

16%'1'716.% = 1‘71‘%'1'7166.%' = .%'716.%.

O

Proof. Indeed, by commuting idempotents, ™~

For a congruence p of an inverse semigroup S, we obtain a congruence ppin by
defining
TPminY < Jde € Eg: xe = ye, a:flscpe and y~ type . 6.7

The next theorem states that pp,;, identifies as few elements as possible under the
restriction that it should identify exactly the same idempotents as the original p. In this
way the quotient S/ pmiy is as large as possible.

Theorem 5.12. For a congruence p of an inverse semigroup S, pmin IS the smallest
congruence whose trace equals tr(p).

Proof. To show that pi, is an equivalence relation demands some calculations, which
we leave as an exercise.

We show that py,iy, is a congruence. For this suppose xpniny and let e € Eg be such
that (5.7) holds. Let z € S. Now, f = 2~ lez € Eg, and

zz-f =xzzz ez =xezz lz =yezz s = yzz lez = yz- f

and so there exists an idempotent f € Fg such that xz- f = yz- f. Further,

1 1

(zz) Laxz=ztatezpztez=f. (5.8)

Similarly, (y2)~lyz p f, and therefore xzpminyz. On the other hand, ze = ye implies
that ex~! = ey~! by taking inverses of both sides, and using this we obtain

(Zﬂc)_l'zx =zl 2z lz e =2tz 2 pexr "z Tzx,

(zy) Lzy=ytz ey =y gy e ey oy ly pey e aye

=ex tz7lzze P ex ez lzpn e =ex a2 ,

1 1 1 -1 1_-1

which shows that zzpnin 2y, since ex 1271z is an idempotent. Thus pp;i, is a congru-
ence.

Next we show that tr(pnin) = tr(p). For f,g € FEg,

fpming = Je € E: fe=ge, fpe and gpe = fpg.

On the other hand, suppose fpg. Now, for e = fg we have fe = ffg = fg = fgg =
gfg = ge, and, clearly, fpe and gpe. Hence also fpning and the traces are the same.
Finally, pmin is the smallest of such congruences: For any congruence § with tr(d) =

tr(p),
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Tpminy = de € Eg: xe = ye, x_lmpe, y_lype
— gz 'zde and y lyde = zdze and ydye = xdy,

and therefore pyin C 9§ as required. O

In particular, we have that pp,in C p for all congruences p of an inverse semigroup .S.
For a congruence p of an inverse semigroup .S define pax by

TPmaxly < Ve € Eg: xilexpyfley.
Theorem 5.13. Letr S be an inverse semigroup and p its congruence. Then ppyax is the
largest congruence of S whose trace equals tr(p).

Proof. First of all we show that p,.« is a congruence. That it is an equivalence relation
is an easy exercise. Let then xpmaxy and let z € .S. We have

1 1 -1

2T pmaxzly = Ve € Eg: (zx) Lezzp(zy) tezy —= z tz tezapy tz ey

Since 2z 'ez € Eg, we have

1 1 1 1

TPmaxly — T -2z ez-Tpy -z ez-y,

and thus zxpmaxzy holds if xppyaxy holds. Similarly, for x2zpmaxyz. We conclude that
Pmax 1S @ congruence.
Next we show that tr(pmax) = tr(p). For this let f, g € Eg. Then

fomaxg = f'ffog ' fg = fofg,

and in the same way, fpmaxg =— ¢pfg, from which we get that fpg, and so
tr(pmax) C tr(p). In the other direction, for all e € Eg, if fpg, then f~lefpg~leg
and so we deduce that fppnaxg, that is, the traces are the same.

Finally pnax is the largest of such congruences. For this assume ¢ is a congruence
such that tr(d) = tr(p). Now, for all e € Eg,

w0y = z lexdy ley = zlexpy ley = Tpmaxy,

1

since v tex,y ley € Eg; and s0 § C puay as required. 0O

The above theorem states that pn,x identifies as many elements of .S as possible
with the restriction that it does not identify any idempotents unless p does so. Certainly,
P < pmax. and so the quotient S/ pmax is an epimorphic image of S/p.

GI’Ollp congrucnces

We say that a congruence p of a semigroup S is a group congruence, if S/p is a group.
The following lemma holds already for regular semigroups.
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Lemma 5.12. An inverse semigroup is a group if and only if it has a unique idempotent.
For a congruence p of an inverse semigroup, we have by Theorem 5.2 that
zp € Eg), = Je€ Eg: ep=u1up,
and hence

Theorem 5.14. A congruence p of an inverse semigroup S is a group congruence if and
only if tr(p) = Eg X Eg.

Proof. If tr(p) = Eg x Eg, then S/p has exactly one idempotent by Theorem 5.2. In
the other direction the claim is equally clear. ad

If p is a group congruence of an inverse semigroup S, then so iS pyin, because now
tr(p) = tr(pmin) = Es X Eg. In particular, pp,i, is the smallest group congruence of .S,
and for all group congruences ¢ of .S, dnin = Pmin.

The smallest group congruence of an inverse semigroup S is denoted by og.

Let then p be a group congruence. Then o0g = pmin € p, and hence, by the homo-
morphism theorem, there exists a unique homomorphism S such that

pnat — Bo_gat )

This means that every group GG, which is a homomorphic image of S, is a homomor-
phic image of the group S/og, and in this sense S/og is a maximal homomorphic image
of S.

Remark 5.1. If S is not an inverse semigroup, it need not have the smallest group con-
gruence. As an example consider (N, +). The group congruences of this semigroup are

exactly pn = {(p,¢) | p = p( mod n)}. 0
Theorem 5.15 (Munn). In an inverse semigroup S,
rogy <= de€ Eg: xe =ye.
Proof. Now, 0g = 0min, and so
xogy <= de € Eg: xe = ye, x_lxase, y_lyase,
where 7'z, y 'y € Eg, and so the condition reduces to the claim. ]
As an exercise we have

Theorem 5.16. In an inverse semigroup S,

(1) xogy < de € Eg: ex = ey.
(2) ker(og) ={zx e S|IyeS: zy=ux}
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Idempotent separating congruences

A group congruence puts all idempotents in the same congruence class. An idempo-
tent separating congruence does the opposite, it puts different idempotents to different
classes.

A congruence p of a semigroup S is idempotent separating, if
Ve,f € Es: epf — e=f.
From this definition we have immediately

Lemma 5.13. If p is an idempotent separating congruence of an inverse semigroup S,
then tr(p) = g = {(e,€) | e € Eg}.

By Theorem 5.13, for each inverse semigroup S there exists the greatest idempotent
separating congruence, which will be denoted by pg.
Theorem 5.17. For all inverse semigroups S,

1 1

xpsy < Ve€ Eg: z ex =y “ey.

Proof. This is clear, since from Theorem 5.13, since tr(us) = tg, and so the claim
follows. O

As an exercise, using Theorem 5.6, we have

Theorem 5.18. For an inverse semigroup S,

(1) ps I
(2) if p C L, then p is idempotent separating.
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