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� (xy) = (� x)y = x(� y):
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A
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(ab)c = a(bc)
')(*�9MFL4L
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N (ab) = N (a)N (b)
')(*�7MFLRL
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�7X/3R2 X -��& ��& 0�A�* ��

$&X� 5MFL�&* ����&M (*-J #�[MC$&3R(*"��0H�3 \  C\ ')(*�7MFLRL

c;d 2 K
H

x; y 2 A

� (cx + dy) = c� (x) + d� (y);

� (xy) = � (x)� (y);

� (1A ) = 1B :
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K
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A
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A
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� (a); a 2 A
�734$&X 3 $ ��,�MC$[��3�C ')(*�&, 3 \  C\4H

� (a) 2 K [dim(V)]
H

�7X� #�&  �! ��'�& 

S[n]
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n � n
, MW$[�&3420 �� �73 $[X  0"%$&�&34 ��73R"�$[X�  �& t$

S
\

'

F � 	'���

$ '%$\�&$

3 �� 0-��� ��& #"%$[MC$[34(*" (F'!M &*�&(F��-

G
3$��M &*��(*��- MF2t$[3R(F" (F'

G
(F" M

�* 02t$[(*� ��-nMF2# 

V
�,��34",�* #��$&3$��L4 GL43R"� 0MF�~, MF-��€3 \_ F\ H Mw�& #-��& ��& #"%$ MW$[34(*" (F' $&X� U&*��(*��-

G
3$�7MU&F�&(*��- X�(*,.(*,.(*�&-/X�3��&,

� : G !
Z X

(V):

��� 	^�

�

( F

'�$\�&$

�9X/  0L4 0,. 0"E$ � (F' $[X� !%�nMC$& 0��"�3R(F"�MFL�&* ��/�[M �734$[X

R
?���M
�&3��

f 1; i; j ; kg
20MF" �J �& #-��& ��& #"%$[ #O 3R" M �* 0�<�*�&34,�-/LR �')(*�&, M
�G')(*LRL4(��@�0\ 3 !���MC$[ #�A?

"�34(*" 3$�7MF" (���U� 02#$+(C'<$[X/ �')(F�&,

q = a + bi + cj + dk;

�7X� #�& G$[X/ G20(�(*��O�3R"nMW$[ ��

a; b; c
MF"�O

d
MF�& i�& �MCLK"%��,;�J 0���#\��9X� MFO�O�3 $[3R(F" (F' $��!(

!%�nMC$& 0�&"/3R(*"'�v3$�!O�(*"� 820(*,.-J(*"� #"%$��73$�� FHnMC"�Ow$&X� €,G��L $[34-�L 342�MW$[34(F" 3$�!O� #^n"/ 0OB�,��$[X/ 

�& #LNMC$&3R(F"'�

i 2 = j 2 = k2 = � 1;
MF"�O

ij = k; j k = i; ki = j :
�9X� €20(*"|U��'&EMC$& 4!%�nMC$& 0�&"/3R(*"w(F' $[X/ �M
�J(
�* € #"%$&34$�� 3$�

q� = a � bi � cj � dk
\�:n��(*,

$[X/ 8�& #LNMC$&3R(*"

qq� = a2 + b2 + c2 + d2 �! 0�& 0 ~$[XnMW$9Mi"�(*"r? -0 0��(�!%�nMW$[ 0��"�3R(F"wX�M
�9MF"

3R"I�* 0�<�& FH�X/ 0"�2# €$&X� 0!%�nMC$[ #�&"�34(*"'�!')(*��,ŽMGO�3���3$�&34(*"�MFL�&* ��/�[M/\ Xx #$

H
O� #"�(F$[ ~$[X� 0�� #$

(F'�!���MC$[ #�&"�34(*"'�#\/X  t$

q
�J pMC",� !%�nMW$[ 0��"�3R(F"I\��9X/ 5,�MF-

� (q) : H ! H; x 7! qx

3$�7M

R
?QLR34"� 0MF�v,�MF- MC"�O

� (qq0) = � (q) � � (q0)
')(*�7MFL4L

q; q0 2 H;

�&(

q 7! � (q)
3$�7M �& 0-/�& ��� 0"E$ MC$&3R(*" (F'�$[X� 

R
?>MCL$&* ����[M

H
\ Xx #$+�'�@��$&��O��

� (x1 + x2i + x3j + x4k) : H ! H :

1 7! (x1 + x2i + x3j + x4k)1 = x1 + x2i + x3j + x4k
i 7! (x1 + x2i + x3j + x4k)i = � x2 + x1i � x4j + x3k
j 7! (x1 + x2i + x3j + x4k)j = � x3 + x4i + x1j � x2k
k 7! (x1 + x2i + x3j + x4k)k = � x4 � x3i + x2j + x1k;
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��(m$[X� �,�MC$[��3�C (F'

� (x1 + x2i + x3j + x4k)
�73 $[X �& ��&-J 02t$�$&(m$&X� �"nMC$&���[MFLK�nM
��3$�93$�

� (x1 + x2i + x3j + x4k) =

0

B
B
@

x1 � x2 � x3 � x4

x2 x1 x4 � x3

x3 � x4 x1 x2

x4 x3 � x2 x1

1

C
C
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H
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XnM=�* ')��L4L%�&MF"��V\7> (F�& #(
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')(F�

q� 3��

� (q� ) = � (q) � = � (q)T :
'
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N
O/ #^n"� #O2�I�

N (q) = qq� ;
')(F�+MCLRL

q 2 H:
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(
F

'%$ ��$

3"� �  8XnM=�* 0�� 0 #" 34"�$[X� ~ DC/MF,.-�L4 ~M
�J(
�* �$[X/ 0�� #$v(F' !���MC$[ #�&"�34(*"'�

H = R + Ri + Rj + Rk
3��9M

4
? O�3R,. 0"��&3R(F"nMFL �* #2#$&(*�3�&-nMF2# �(��* 0�

R
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H
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�* #�

C
�J €$[X/ �')(FLRL4(
�734"�&mMF2t$[34(*"IS

z � q = qz
')(F�7MFLRL

z 2 C; q 2 H:
=�(�� ')(*��MC",�

z = z1 + z2i 2 C
�! mXnM=�* 

zj = j z� MC"�O��! m 0M
�&34L��2�� 0 $[XnMC$

HC
XnM
�+M

C
? �nM
��3$�

f 1; j g
\

Xx #$

x
�J pMC",� !%�nMW$[ 0��"�3R(F"I\��9X/ 5, MC-

� (x) : H ! H; q 7! xq
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C
MC2#$ �9')��(*,Ž$[X� ���3$&*XE$ �!MF"�OY�  5XnM=�* �$&X� ��& #LNMC$&3R(*"

� (x) � � (y) = � (xy)
')(F�+MCLRL

x; y 2 C;
��(

x 7! � (x)
3$�7Mm�� 0-��� ��� 0"%$[MC$[34(*" (F'

H
�,�w20(F,�-/LR DC�LR34"� �MF�!, MF-��

HC ! HC
\

Xx #$

z1
MC"�O

z2
�J MC����3 $[�[MF�A� 2#(*,.-�LR C "���,;�J 0�<�0\ Xx t$€���0��$[�/O��

� (z1 + z2j ) :
HC ! HC :

1 7! z1 + z2j = z1 � 1 + z�
2 � j

j 7! z1j � z2 = � z2 � 1 + z�
1 � j ;
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3"� ��MF,�34L $[(F"p"�(F$& 0OIHF$&X� v2#(*,.-�LR Cp"���,;�J #�

a+ bi
20MF";�  $[X/(*�'&*XE$ (F'JM
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(a;b)
(F'<�& �MCLx"���,;�J #���0\S39O�O�3 $[3R(F" 3��7O�(*"/ 52#(*,�-J(F"� 0"E$�? �73��& CHVMF"�O ,G��L4$&34-�L43 2�MC$&34(F"

&*(� ��+L43R�F ~$[X�3��0S

(a;b)(c;d) = (ac� db;ad � cb):
�  520MF" MFL��&(mO� t^n"� �$[X/ �20(*"WU���&EMC$[ €(F' M 20(*,.-�L4 DCw"%��,;�J 0�3�,�

(a;b) � = (a; � b):
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; $83��~ 0M
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c = x1 + x2i
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x2 x1
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(a;b)(c;d) = (ac� db� ; a� d + cb)
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20MF" MFL$��(mO� t^n"� �$[X/ 52#(*"WU���&EMC$[ €(F' M�!%�nMC$[ #�&"�34(*"B�I�

(a;b) � = (a� ; � b):
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Xx3R�F !%�nMW$[ 0��"�3R(F"'��$&X� �(�2t$[(*"/3R(*"'� 2�MF" �J �7�&3 $&$[ #" 3R" M �* 0�A�

��3R,.-�LR �')(*�&, M.�9')(*LRL4(��@�0\ 3 (�2t$[(*"�34(*" 3��7MF" (���U� 02t$+(F'<$&X� €')(*�&,

o = a1 + a2e1 + a3e2 + � � � + a8e7;

�7X/ 0�& €$&X� �2#(�(*�&O/3R"nMW$[ ��
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MF�� €�& 0MFLI"%��,;�J 0�<�0\��9X� 5MCO�O�34$&3R(*" (F'�$��!(m(�2#$&(*"�3R(F"'�v3$�

O/(*"� �20(*,.-J(*"/ 0"%$��73$�� FHVMF"/O $[X� �,G��L $[34-�L43 2�MC$&34(F"w3��7O/ #^n"� #O2�I��$[X� ��� 0LNMW$[3R(F"'�

e1 e2 e3 e4 e5 e6 e7

e1 � 1 e4 e7 � e2 e6 � e5 � e3

e2 � e4 � 1 e5 e1 � e3 e7 � e6

e3 � e7 � e5 � 1 e6 e2 � e4 e1

e4 e2 � e1 � e6 � 1 e7 e3 � e5

e5 � e6 e3 � e2 � e7 � 1 e1 e4

e6 e5 � e7 e4 � e3 � e1 � 1 e2

e7 e3 e6 � e1 e5 � e4 � e2 � 1

; $ 20MF" �J %�& # 0" $[XnMW$

e1; e2; :::; e7
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i 6= j
S

ei ej = � ej ei
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o� = a1 � a2e1 � � � � � a8e7
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oo� = a2
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2 + � � � + a2
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o = x1 + x2e1 + x3e2 + � � � + x8e7
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� (o) =

0

B
B
B
B
B
B
B
B
B
B
@

x1 � x2 � x3 � x4 � x5 � x6 � x7 � x8
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&*3 "nMF�A� �/"�34$
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\

'

F � 	'���

$ E%$ B $

�  34,�,. #O�3RMC$& 0L��B�� 0 G$[XnMC$0�  �&* #$

2k � 2k ? �&-nMC20 G$&3R,. i2#(�O� 34'

�! ��& 0-/LNMF2# 

! = e
2� i
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�,�

e
2� i

2k +2
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��(Y����,., MF��3$-# FS+(*���8LNMW$&$[3420 p20(*"��&3$�A$ �€(F'�$[X/ , MW$[�&3420 ��

� (a)
HK�7X/ 0�& 

a
�[MF"'&F ��

(
�* #�v$&X� €��3R"'&

O
(F'�MFL$&* ����[MC3R2�3R"E$[ �&* 0�<�v3R" $[X� ~^n 0L4O

F
H�(F�v �!%��3��CMFL4 0"E$[L����7X� #" $&X� 

20(�(F�&O�34"nMC$[ ��

ci
�[MF"�&* �(
�* #� $[X� ��&3R"�&

Z[i ]
(C'�Z�MF�'�<�&3RMF" 34"%$[ �&* 0�<�0\ 3 �vMF"I�."�(*"r? -0 0��(

 0L4 0,. 0"E$+MmXnM
�+MF" 3R",�* #���� 53R"
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O
�PH�$&X� �, MW$[�&3 C

� (a)
3$�

3R"I�* 0�A$[3$�/LR CHIX/ 0"�2# .(C' ')��L4LK�&MF"��VHK�7X� 0"� D�* 0�pMC$€LR 0M
��$€(F"� (F' $&X� 20(�(F�&O�34"nMC$[ ��
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Xx #$��'����$[�/O�� $[X/ -���(�O���2t$ O�3���$[MF"�20 ��8�J #$��! # 0" -J(*34"%$ �m(F'~$&X�  DC/MF,.-�LR LRMC$&$[342# 

20(F"'��$&�&��2t$[ 0O 3R"  DC/MF,.-�L4 �Dr\#6/\>3 �p$&X� LRMC$&$&3R2# .3$�520LR(
�& 0O ��"�O� #�;���'�/$&�[MF2t$[3R(F"IH��! 

,�M�� �&34,�-�L�����$[�/O�� $[X� pO/ #$[ #�&,.3R"nMC"%$ �7(F'K$[X� 5, MW$[�&3420 ��@�73 $[X�34" (*���+LNMW$&$[342# F\v=�(��

$[X/ 5,.3R"/34,G��, -���(�O���2#$+O�3���$ MC"�20 �20MF"B�J 520MFL420��LRMC$[ €M
�9')(*L4L4(
�@�

pdmin = min
a2O nf 0g

det (� (a)� (a) � )
1
4 :

�!(*"'��3RO� #��$[X/ �MFL�&* ����&MF3R2v34"%$[ �&* 0�

a = c1 + c2! + c3! 2 + c4! 3 3R"m(*�����&34"'&

O
�7X� 0�� 

$[X/ 20(� ��2#3R #"%$ �

ci 2 Z[i ]
MC�& UZ5MF�����&3RMF"�34"%$[ �&* 0�<�0\p�9X/3$�€"%��,;�J 0�€M�20(*���& ���-J(*"�O'�

$[( $[X� €')(FLRL4(
�734"�& ,�MC$[��3�C 3R" (F���72#(*"'�A$[ 0L4LNMC$&3R(F"

� (a) =

0

B
B
@

c1 ic4 ic3 ic2

c2 c1 ic4 ic3

c3 c2 c1 ic4

c4 c3 c2 c1

1

C
C
A ;

MF"�O4�! � (*��L4O5L43R�F K$[(720(F,�-��r$[ $[X� �O� t$[ #�&,.3R"nMC"%$ (C'r$&X�3$�x,�MC$&�&3�C \x;Q$ 3$�K�  0L4L ?Q�%"�(��7"
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�

�|@ � �~$&XnMC$€$[X/ mO� t$[ 0��,�34"nMF"E$�(C' $&X�3$�8, MC$&�&3 C 3$�€ �!���MFL $[(w$[X/ m�& #LNMC$&3��* G"�(F�&,

N Q(! )
Q(i ) (a)

(F'€$[X/ � 0LR #,� #"%$

a
\ 3 � $[X� ^� 0LRO  DC�$[ #"'�&34(*"

Q(! )=Q(i )
3$��M*Z5MFL4(*3��

 DC�$& 0"'��3R(*"IH6�! 20MF" 20(F,�-��r$[ w$[X� "/(*�&, M
� $[X� -��&(�O��/2#$�(F'�$[X/ 3R,�M
&F �� (F'�$[X/ 

 0L4 0,. 0"E$

a
��"�O� #�m$&X� �CMF��3R(*��� , MF-/-�3R"'&
� 34" $&X� 20(F�&�& ��&-J(*"�O/3R"'& Z�MFL4(*3��M&*�&(*�/-I\

�9X�3��MZ5MCLR(*3��4&*��(*��- 20(*"��&3$�A$ �5(F' ')(*���5MF�r$[(*,.(*�&-/X�3$��,��

f 1; f 2; f 3
MF"�O

f 4
\15�MC2PX

6<9



MC�/$[(*,.(*��-�X�3$��, 3$�!2#(*,�-/LR t$[ 0L��.O� #$& 0�&,.3R"/ 0OIH/(F"�20 �! €�%"�(���H�X�(
� 34$6�73RL4LJ, MC- $[X� 

&F 0"� #�[MC$&3R"'&i 0L4 0,. 0"%$

!
H���(;�! 8,�M����&34,�-/L��U�& t$

f 1(! ) = ! ; f 2(! ) = i! ; f 3(! ) =
� !

MC"�O

f 4(! ) = � i!
\ �  520MF" $[X� #" 2#(*,.-��/$[ 8$[X� �"�(F�&, M.�9')(*LRL4(��@�

N Q(! )
Q(i ) (a) = f 1(a)f 2(a)f 3(a)f 4(a)

= (c1 + c2! + c3! 2 + c4! 3)(c1 + ic2! � c3! 2 � ic4! 3)

� (c1 � c2! + c3! 2 � c4! 3)(c1 � ic2! � c3! 2 + ic4! 3)
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MF"�OY�  5�%"�(
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�& # 

�

�|@ � �!$[X�MC$7$&X� ��& ��&��L $+3��7M8Z�MF�'����3NMF" 34"%$[ �&* #�+MC"�O

pdmin = min
a2O nf 0g

det (� (a)� (a) � )
1
4

= min
a2O nf 0g

(det(� (a)) det(� (a)) � )
1
4

= min
a2O nf 0g

q
jN Q(! )

Q(i ) (a)j:

�9X%�'�7$[X� �,.3R"/3R,i��, -���(�O���2#$+O�3���$ MC"�20 �3��9 �!%�nMFLI$[(m(*"� C\

=���,;�J #� $[X� #(*�& t$[3R27$[(�(*L�� 2�MC"wMFL��&(+�J 8MF-/-�LR34 0O�34"�O� ���3$&*"�34"'&iM+!%��3R2 �mO� 02#(�O�3R"�&

MCL$&*(*��3 $[X/, \ 3 �<�&��,. G$&XnMC$8$&X� M
�J(
�* G, MW$[�&3 C

� (a)
3��~$&�[MF"��&,.34$&$& 0O�MC"�O�$[XnMC$~$[X� 

2 XnMF"/"� 0LV20(� ��2#3R #"%$�� ')�&(*, $[X� 9')(*��� MF"E$[ #"�"nM
� MF�� ��(*,� 7�%"�(��7" �[MC"�O�(*,‰2#(*,.-�LR C

"%��,;�J 0�<�

h = (h1; h2; h3; h4)($ h1 + h2! + h3! 2 + h4! 3)
\��9X/ 5�& #20 #3��* #� �& # ��

r = (h1; h2; h3; h4)

0

B
B
@

c1 ic4 ic3 ic2

c2 c1 ic4 ic3

c3 c2 c1 ic4

c4 c3 c2 c1

1

C
C
A + (n1; n2; n3; n4)

= (c1; c2; c3; c4)

0

B
B
@

h1 ih 4 ih 3 ih 2

h2 h1 ih 4 ih 3

h3 h2 h1 ih 4

h4 h3 h2 h1

1

C
C
A + (n1; n2; n3; n4)

= (c1; c2; c3; c4)� (h) + (n1; n2; n3; n4);

�7X/ 0�& 0�! €���& 0Ow$[X/ €"�(C$ MC$&3R(*"

� (h)
$&(  0,.-�XnM.�&3$-# ~$[XnMW$v$[X/ €�� 0LRMC$[34(*"1�J #$��! # 0" $[X� 

2#(*,.-J(*"� 0"E$ �+MF"�O $[X� �, MC$&�&3 C�3$�93RO� #"%$&3R2�MCL H/ D�* 0" $[X/(*�'&*X $[X/ 520(F,�-J(F"� 0"E$ �+(C'<$[X� 

�* #2#$&(*�

h
MF�� �"�(F$73R"GZ�MF�'�<�&3RMF" 3R"%$& �&F 0���93R"Y&* #"� 0�&MFL \�=+(
� �! �O� 0"�(C$[ 

f 1(h) = h1 + h2! + h3! 2 + h4! 3;

f 2(h) = h1 + ih 2! � h3! 2 � ih 4! 3;

f 3(h) = h1 � h2! + h3! 2 � h4! 3;

f 4(h) = h1 � ih 2! � h3! 2 + ih 4! 3;

6ED



3 \_ F\ �! 8�'�& ~$[X� 82#(*,.-J(*"� 0"E$ �v(F'x$[X/ �* 02#$&(*�

h
M.�v34'I$[X� D�1�  0�� 8$[X� 82#(�(*�&O/3R"nMC$& ��!(F'

MF"  #LR #,� #"%$73R"

O
\

�9X/ 5-��&(�O/��2#$+(F'�$[X� �2#(*"WU��'&EMW$[ ��73$�

� (f 1(h)) � (f 2(h)) � (f 3(h)) � (f 4(h)) = h4
1 � ih 4

2 � h4
3 + 4h2h2

3h4 � 2h2
2h2

4 + ih 4
4

� 2ih 2
1(h2

3 + 2h2h4) + 4ih 1h3(h2
2 + ih 2

4)

= N (h)I 4:
�  !2�MC"i$[X%�'� �&(*L��* $[X� ! ���$&3R,�MC$[ ���')(*� $[X� 20(*,.-J(*"� #"%$��

ci
�I�iMF-�-/L���3R"'&�M"�& �!%�� #"�20 

(F'<LR34"� �MF�!(*-J 0�&MC$[34(*"'�7M
�9')(FLRL4(
�@�

er = ( er1; er2; er3; er4)

= r � (f 2(h)) � (f 3(h)) � (f 4(h))

= N (h)(c1; c2; c3; c4) + (n1; n2; n3; n4)� (f 2(h)) � (f 3(h)) � (f 4(h)):
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ĉi = argmin
c2A

j er i � N (h)cj; i = 1; 2; 3; 4:

'

F
� 	'���

$�E�$ E%$

�9X/ pO/ 020(�O/3R"'&�MFL�&*(*��3 $[X�,ŽM
�J(
�* �LR(�(*�,� �* 0�<� "/3R20 CH����/$+��"/')(F��$[�r?

"nMC$& 0L�� 34$p�%34LRL��€$[X� �O�3��* 0�<�&34$�� MFO��WMF"%$[M
&* F\ �9X/ , MF34" -���(���LR #, 3$��$[X�MC$i,�MC$&�&3R2# ��

� (f i (h)); i = 1; :::; 4
MC�& "�(C$G��"�3 $ MF�A� ,�MC$[��3R2# ��0H MC"�O $[XnMC$p$[X� D� ,�M��  ��* #"(�J 

�&34"'&*��LRMF�0\ �9X�3��5,. �MC"'�€$[XnMW$�$[X� m20(*,.-J(*"� #"%$ ��(F' $[X/ m$[�&MF"'��')(F�&,. 0O "/(*3$�� ��* 02t$[(*�

MF�� �"�(.L4(*"'&* #�934"�O� 0-J #"�O� #"%$0Z�MF�'����3NMF" �&MF"�O�(F, �WMF�&3RM
��LR ��0\
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�
F

�

C
Xx #$

R � O (� C)
�J G�&34"'&��~(F' MFL$&F ����&MF3R2p34"%$& �&* #��� �73 $[X�34" $&X� 034� !��/(F$[34 0"%$~^n 0L4O'�

�&�/2PX $[X�MC$

[Q(O) : Q(R)] < 1
MF"�O $[XnMW$

O
3��M��$[M
��L4 ��"�O� #�i$[X� ����&�nMFL!2#(*,.-�LR C 2#(*"WU��'&*MC$[34(*"
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z 2 O )
z� 2 O)
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�9X/ ;�nM
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�& # 

�

�|@ � �7$& 0LRL �'��$[XnMC$

O
3$�7MG^n"�3 $[ €O�3R,. 0"��&3R(F"nMFL ')�� 0 �,.(�O���LR 8(��* 0�

R
\��9X%�'��MFL$��( $[X� �,.(�O���L4 

HO =
�����

O � 1 + O � j = f � 1 + j � 2 2 H j � 1; � 2 2 Og

3$�7MG')�& # 5,.(�O���L4 8(
�* #�

R
\ ;Q'

f � 1; :::; � ng
3$�7MF"

R
? �nM
�&3��9(F'

O
H/$[X� #"

B = f � 1 � 1; :::; � n � 1; � 1 � j ; :::; � n � j g
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3��7MF"

R
?��nM.�&3$�v(F'

HO
\

;Q" $[X� � DC/MF,.-�L4 ?"/\ @M�!  ��$[�/O�3R #O $[X� �,�MF-

� (x) : H ! H; q 7! xq;
')(F�7MFLRL

x 2 H:

� (x)
�vM
�+M

C
?QL434"� �MC�v,�MF-




C
MF2t$ �9')�&(*,Ž$&X� ��&3�&*X%$ �!MF"�OY�! �XnMFO $&X� ��& 0LRMC$&3R(*"

� (x) � � (y) = � (xy)
')(F�+MCLRL

x; y 2 C;

MC"�OB�&(

x 7! � (x)
�vM.��M �& 0-/�& ��� 0"E$ MC$&3R(*" (F'

H
\

; $ 3$�� �M
�A�m$[(52PX/ 02 �m$[X�MC$

HO
3�� M �&�'����3R"'&p(C'

H
MF"�O.$[X%�'� $[X/ ��� ���$&�&342#$[34(*".,�MF-

� jHO

&F3��* ��7�'�7$&X� �,�MF-

� (x) : HO ! HO ; q 7! xq;
')(*�7MFL4L

x 2 HO :

> (*�& #(
�* #�7$[X� 

2n � 2n
?Q,�MC$[��3420 ��v(F'<$&X� 

Q(R)
?QL434"� �MF�!, MC-�-�3R"�&

� (r1� 1 � 1 + � � � + r n � n � 1 + r 0
1� 1 � j + � � � + r 0

n � n � j ) : HO ! HO

�73 $[X �& ��&-J 02t$�$&(m$&X�  �nM
�&3��

B
3��93R"I�* 0��$&3$��L4 ~')(*�7MFL4L

(r1; :::; r n ; r 0
1; :::; r 0

n ) 2 R 2n n f (0; :::; 0)g:

� �
	-�

�

(
F

E�$ �1$

; '

R = Z[i ]
MF"/O

O = Z[! ] = Z[i ] + Z[i ]!
H,�7X� #�& 

! = 1+ ip
2

$[X� #"

HO
XnM
�+MC"

R
? �nM
��3$�

B = f 1 � 1(= 1); ! � 1(= ! ); 1 � j (= j ); ! � j (= j ! )g:

=� Cr$M�! 1�A$[��O�� $&X� ,�MC$[��3�C%�7X�342PX 20(*���& ���-J(*"�O'�i$&X� 

Q(R)
? LR34"� �MC�5,�MF-/-�3R"'&

� (z1 � (1 � 1) + z2 � (! � 1) + z3 � (1 � j ) + z4 � (! � j ))
\

� (z1 � (1 � 1)) = � (z1) :
1 � 1 7! z1(1 � 1) = z1 � (1 � 1)
! � 1 = ! 7! z1! = z1 � (! � 1)
1 � j = j 7! z1j = j z�

1 = z�
1 � (1 � j )

! � j = j ! 7! z1j ! = j z�
1! = z�

1 � (! � j )

� (z1 � (1 � 1)) =

0

B
B
@

z1 0 0 0
0 z1 0 0
0 0 z�

1 0
0 0 0 z�

1

1

C
C
A :




"<& �
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� (z2 � (! � 1)) = � (z2! ) :
1 � 1 7! z2 � (! � 1)
! � 1 = ! 7! z2! 2 = z2i = iz2 � (1 � 1)
1 � j = j 7! z2! j = j (z�

2! � ) = � j (z�
2 i! ) = (� iz �

2) � (! � j )
! � j = j ! 7! z2! j ! = j z�

2! � ! = z�
2 � (1 � j )

� (z2 � (! � 1)) =

0

B
B
@

0 iz2 0 0
z2 0 0 0
0 0 0 z�

2
0 0 � iz �

2 0

1

C
C
A :




9EB �

� (z3 � (1 � j )) = � (j z3) :
1 � 1 7! j z3 = z3 � (1 � j )
! � 1 = ! 7! j z3! = z3 � (! � j )
1 � j = j 7! j z3j = � z�

3 = � z�
3 � (1 � 1)

! � j = j ! 7! j z3j ! = � z�
3! = � z�

3 � (! � 1)

� (z3 � (1 � j )) =

0

B
B
@

0 0 � z�
3 0

0 0 0 � z�
3

z3 0 0 0
0 z3 0 0

1

C
C
A :




9^� �

� (z4 � (! � j )) = � (j z4! ) :
1 � 1 7! j z4 � ! = z4 � (! � j )
! � 1 = ! 7! j z4! 2 = j z4i = iz4 � (1 � j )
1 � j = j 7! j z4! j = � z�

4! � = iz �
4(! � 1)

! � j = j ! 7! j z4! j ! = � z�
4! � ! = � z�

4 � (1 � 1)

� (z4 � (! � j )) =

0

B
B
@

0 0 0 � z�
4

0 0 iz �
4 0

0 iz4 0 0
z4 0 0 0

1

C
C
A :
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J/�O"�&/H:9EB/H:9^��MF"�O>9%@M�!  &* #$9$[XnMC$

� (c1 � (1 � 1) + c2 � (! � 1) + c3 � (1 � j ) + c4 � (! � j )) = � (c1; c2; c3; c4)

=

0

B
B
@

c1 ic2 � c�
3 � c�

4
c2 c1 ic�

4 � c�
3

c3 ic4 c�
1 c�

2
c4 c3 � ic�

2 c�
1

1

C
C
A :
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6�A



; '

C1 =
�

c1 ic2

c2 c1

�
MF"�O

C2 =
�

c3 ic4

c4 c3

�

$&X� 0"

� (c1; c2; c3; c4) =
�

C1 � C �
2

C2 C �
1

�

3 \  C\ �!  &* #$ 3�LNMC,�(*�r$[3 , MC$&�&3 C \
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���%� F � (	� F ( N
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�
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	������ � F
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ĉ(1)
1 = ĉ(0)
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ĉ4
S

�D�
F

�

1
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