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γ(1− t) 	>;>56D t ∈ I
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←−γ (t) = γ(1− t1, t2, ..., tn)
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f(1, . . .) =

g(0, . . .)
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t = (t1, t2, . . . , tn) ∈ In
_ � ?�,/;>=H8<W1W4D

(f ∗ g)(t) =







f(2t1, t2, t3, . . . , tn)
;>56D

0 ≤ t1 ≤ 1
2

g(2t1 − 1, t2, t3, . . . , tn)
;>56D 1
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≤ t1 ≤ 1.
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[f ], [g] ∈ πn(X, x0)
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[f ] · [g] = [f ∗ g].
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	aB 5:8K8[2 ;4.1JK;M2�JK=H8[W ?�= 8[W4JKJ<W 8[24,f;d= 8[2 	dJ/?!J/=3;G565:8<?�8[212OD _

� -��
�!��-Y�%-�&oN�� +Y.4A@;>5:EGVT8<?�D6W4=@JZ8<?�D 2#;O24,K5656;>J/=H?�D ;4.4V63a24AHAN2 ;4.1=@362124D ;M24DT8<24I6=@JZ8<? \/WM8/8[W4W
B�?�,K;>=H8<JK?�B�WO8/8<W \/2 ;OWXE>8/8<W1W�AHEGV6?�D:D>EGJKB�?�,/;>=@DT8[W4W

πn(X) = πn(X, x0)
_

� �W-�&T�n���<1 �
Z ∼= π1(S

1) ∼= π2(S
2) ∼= π3(S

3) ∼= π3(S
2)
_

� ��� 
 � � 
 ���ce$245:J/?�?�D 8<.G36=@JZ8[24B�=@D6?�D�;O212M8<=@=$56JK?�=H36?�D 24AH01?T56,/24A@AH=@JK?�D�8<.1I .1AH.101=N2ODF8/56A@.1JZ8<?�D�\/2
;MW4JK=H8K8<?�=H36?�D�8/56DT8<?�B�=HJK8[2�?�=@;MW�8<W4J/J/W .1A@?cJKE>E>8[W JKE,;1?�DT8 ETW�D6=H=@V6=HD _>C 2O, ;G=H8K8[2#;O2O8
;O.1V63a2O8
AJI ET7
8 E,;OWO8 ;>=@,Q\/24D �DC R �&A@5�;G56=HJK8<2o2 \/2 C6_

�
	 � � �	� �
� ��
 "$�����!����������� �
"&�Y�X���

G-D6D:?�D ;O?�DT8/8<WO8<?�.1,/=@2124D JK?�;MW�dd;TEG,/B�?�D \/2�L 24363:?�?/;G=HDd7fdd;TEG,/B�?�D B�2OA@A@?�=@V6=HD�56I6I .15:8/56B�=@JZ7
8<2 .1D JKE>E>8[W 8<5d8<56JZ8<5a2 B EeI1J�24JZ8<?�;>5�;O245:;GJK?�?�D \/2 D6=H=@D ;>5:8/J/5:8K8<5656D bc.4I�AaD =@DB;O24,K=N24DT8K7
8/=@=HD _�4 JZ8<?�;G5";42O56;>J/?�AHAN2 ;1.1=H3a2124DFA@5:.1;>=H8<?�A@A@2 dd;TEG,/B�?�D B�24AHA@=HD�;4?�D>8<WO8-\/2�b .1I�AaD =@DB;O24,/=@24Dd7
8/=@AHAN2�L 24363:?�?/;G=HDd7fdd;TEG,/B�?�D B�24A@AH=@D ;O?�DT8[WO8�_$CY56AHAN212OD .1J/.1= 8/8<24B�2424D 	 ?�8/8<WF2OJK8<?�;>5�;O2456J AH=@= 8K7
8<W1W \K.4;O2O=@J/?�?�D ;G5";42O56;>J/?�?�D

f : Xn → Yn ;O.1;4.4Da24=@JKA@5�;G56D deg f
	:\/2 b .1I�AaD =@DB;O24,/=@24DT8/8<=

AH=@= 8/8[W4W \K.4;O2O=@J/?�?�D ;G5";42O56;>J/?�?�D
f : S2n−1 → Sn ;O.1;4.1D624=@JKA@5�;G56D H(f)

_ � .1A@?�B�B�2O8�.�;O2O8
V:.1B�.O8<.1I6=@24=@DB;O24,K=N24DT8/8/?`\/2 	d\K.O8<?�D DaWOB�W AH5�;G5:8�.�;42M8�J<24B�2O8c\K.1;M24=HJ/?�A@A@?�V6.1B�.48<.4I6=N24AH56.1;M24D
[f ]
24AH;G=H.1AHA@?4_ K WO=@36?�D .1B�=@Da2O=@J/5:56;>J/=@?�D I�?�,/56JZ8<?�?�A@A@2FD6?H;1.4=@3a212OD6;>=@D B�=H?�AH8<W1W�;>5�;O2456;>J/=H;>J/=

deg : πn(Y
n)→ Z

\/2
H : π2n−1(S

n)→ Z
_ bc.1I�A6DF=HDB;42O,/=N2OD>8/=@AHA@? ;1.1= 8[24=HJ/=H=@D�?�J/= 8/8[W4W B�.1DG7

8<24;>=@DF?�;B;G=<;O24AH?�DT8/8/=N2 B�W1W4,/= 8<?�A@B�W1W 	>B 5:8K8[2�;OWXE>8<?�8[W1WODF8<W4J/J/W�JK56.1,<2#;G=@=3;O24=@JZ8[2 36=38 ?�,/?�DT8/=N212M7
AH=@01?�.1B�?�8<,K=@JZ8[W B�W1W4,K=H8<?�A@B�W1W 	M;4.1JK;M2�J/=H=@V6?�D�,K=@= 8/8[W4W J<24B�2!I�.1V]\/2O8<=H?�8<.!;>56=HD�24JZ8<?�;G5";42O56;>J/?�D
B�W1W4,K=H8/?�A@B�W1W4D _ �)=@= 8/8/?�?�JKJ<W � CB? 	 J/=<;G5:8 R1R =M7 R ?eC � .1D ?�JK=H8/?�AH8 E B 565d8<;>=@D 8<2�;O2O8 B�W1WO,/=H8/?�AHANW
b .1I�AaDF=@DB;O24,K=N24DT8/8/= _
C#56A@A@2124DFDaW4;4?�B�W4W4D 	 ?�8/8<W�EGA@ANW�?�JK=H8<?�8 E>8(;>5�;O2456;>J/?�8

deg
\/2
H
.%;O2O8 =H8/J/? 2OJ/=N2OJ/J<2(\K.1Ia2

=HJ/.1B�.1,fAa.1=H8<2 	X\K.48<?�D D6?!AH56.1;>=H8K8<?�AH?/;O2O8 ;42OJK8[242�;G=H?�DF;4?�DT8K8<=@?�D ?�,/= 8<=HAN2O8 V6.1B�.48<.4I6=N24AH56.1;>;>=@=HD _
�F56=@36?�D PQEdJK=@=H;O2OD B�2OA@A@=H?�D 8[2OIa2124D ;O?�DT8/8/=@?�D .1AH?�8/?�8[2424D .1AH?/;O24D

C∞
79A@56.1;M24D ;G5";42O56;>J/=N2 	

B 5:8/8<2 ;4.4J/;M2 36=38 ?�,/?�DT8/=@.1= 8<5�;O2O8�;>5�;O2456;>J/?�8�,/=H=H8K8[W#;OWO8�B�W4W4,/= 8/8[WOB�W1WOD V6.1B�.48<.1I:=N24AH56.1;M2O8

���
�������������������� �! #"%$ &�&��(')�)*����������	+,���.-�'!/0+��1�2�

+
-�*!3��4�	��56�.-����7��/8��9890�2:<;>=?=@/A��/8/0B!/8+��.+����.-�'!/0+��1�C��+

98
���+�+���9890/8+?��+D'!
�+
n ≥ 2

�@�E
@�F�1��*�90��/G&��.&�&��H���25?�	
�'@&��.&�&��H-�*!3��4�I��/<B)�29A�����2���	�F�1�E��98�J�2K6�.98/0+���+<:
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� CB? 	 JK=<;G5 R 2#C�� 	 ;MW4J/= 8<?�A@ANW4W4D ;O24=@D D6=@= 8[W D6=@=HD ;M245624D ;>56=HD B�2OV636.1AHA@=@JZ8[2:_:e&=@J<WO;GJK=$B E>I1V:?�B 7
B�=@D�8/56A@A@2124D�DaWO;4?�B�W1W4D
	a?�8/8<W�B�.1AH?�B�B�=HJ/J<2�B�24AHA@?�=@J/J/2�\K.1;M24=HJ/?�D�V6.4B�.48/.1I6=@24A@56.4;O2OD�;4?�D>8Z7
8/=@?�D ?�D6?�,/01=@2O8�.%;O2O8 24A@V62124AH8<2�,<2]\K.1= 8<?�8/8<5]\/2 \/2 D:.1A@A@2OP 56D6;T8<=H.1D V6.1B�.48<.4I6=N24AH56.1;>;M212�A@56;>565G7
D:.48/8<24B�2M8/8[2 8<W4B�W ,/2]\/2 .1D D:.1A@A@212 J/565:,/?�B�I6= _ Fc.1JK;O2 ;4?�DT8[W4D B 565:8<.4J�2 \/24D P 5:D6;T8<=@.4Da2
.4A@?�8/?�8<2124D PQEdJK=@=H;O2OJ/J<2 \/2O8/;G5";42O;GJK= 	&8[2O,/;4.4=H8/8<212�8[W4B�W�J/= 8[W 	&?�8/8<?�= 8/=@A@2 ;1.1= J/=H=@,Z8 ETW�V6.1B�.48<.O7
I:=N24AH56.1;M24JK8<2 8/.1=@JK?�?�D
	'\K.48/?�D \K.1;M24=HJ/?�J/J<2)V:.1B�.O8<.1I6=@24A@5:.1;M24J/J/2 .1D .1A@?�B�24JKJ<2 \K.4;G=HD�7&B�24V63:.1A 7
AH=@JK?�JK8/=636?�01?�D6?�,/.1= 8<56D>5:8-7$8/=@AN2 	'\K.1AHAN2 .1D�JK?�D�AH56.1;M24D�24AH=@D ?�D6?�,K01=N2:_ � =@;MW4AH=:B 56=HJ/J/2!;>56=HD�D6.1A 7
A@2OP 56D6;T8/=@.1D�V6.1B�.48<.4I6=N24AH56.1;>=@JKJ<2�.1D .4A@?�B�24JKJ<2 G-56AH?�,K=@Dd7 e#2O01,<24D:01?�D!EGV>8<W4AJI4=@36?�D ,<2M8<;M24=@JK5M\/2 	
.4D�JK=@=HJ�B E>I4J-D6=@=HJK8[W-\K.1;>=@D�?�D6?�,/01?�?�8K8<=@JK?�JZ8<=aJK8<2e56=H=@A@= _ K W4=H36?�D�,/2O8<;M24=HJ/5M\K?�D AJI E>8[W4B�=@JK?�;>J/=G8[24,`7
;G= 8[2124D ;>56=H8/?�D6;>=@D�\K.1;>=@D J/24B�24D V6.4B�.48/.1I6=@24A@56.4;O2OD 8<=@A@2 	d\K.1JZ8[2 D>56B�?�?�,/=HJ/=@D B�?�D6?�8/?�A@B�=@D
;4.1=@362124D AJI E>8[W1W J/24B�2124D A@5:.1;>;O2424D ;>5656A@5";42 ,/2O8<;M24=HJ/5 _ Fc.1JK;O2S;O24,KJ/=@D624=@JK?�Da2 8/5:8<;>=@B 56;17
JK?�D�;O.1VT8<?�?�Da2 .4D�L 24363:?�?/;G=HDd7fdd;TEG,/B�?�D�B�2OA@A@= 	M8/5:8<;>= 8[2124D�DTE>8 	>B�= 8<?�DH;4.1=@362124D�A@56.G3a2(8<=@A@2 	
\K.4A@AN2 .4D B�=@?�AH=<;O24A 8[24=HD6?�D�bc.1I�A6D =@DB;O24,K=N24DT8/8/= _�F�WXE�=HA@B�= 	G?�8/8<W�.1DF.1AH?�B�24J/J/2�?�,/=H8 EG=HD6?�DF;>5d7
;O245:J 	 bc.4I�AaD ;G5";42O56J 	 \K.1AHAN2�;4.1=@362124D �`;O.1I6=@.4=@3a2	��;O?�DT8/8<W 	 \K.1A@AH?

deg(f) = n
	-;4?�DT8<W4;>J/= 	

\K.4A@A@?
H(f) = n

_ K W4=HD .1AHA@?�D ,/=H=H8/8<W1W 	 ;>56D .1J<2M8[2124D ;4.1D6JZ8<,K56.1=@362odd;TEd,KB�?�D B�24AHA@=HD ;O?�DT8K7
8<W 	X\K.1A@A@2�.1D�Va24A@5d8/8<5

deg
\/2�\K.1JK8<2�8[2O,/I ?�?�D�B 56;M2124D�J/21243a2424D�B EeI1J�L 243636?�?/;G=@DG7fdd;TEG,/B�?�D

B�24AHA@=@D);O24JZ8[212#;O2 ;4?�D>8K8[W:_ C�W4B�WF.1D B 56;M2#;O212 	#J/=HA@ANW�;>5�;O2456;>J/?�D 2OJK8<?�?�D AN2OJ/;4?�B�=HD6?�D .1D
JK56.1,/2�;G=H=<;O24=@JZ8[2
\/2 .1D�V6?�AHI6I . ;4.1D6JZ8<,K56.1=@362 24JK8/?�?�D

n
;>5�;O245:J 	6;>56D�8[2424J�bc.4I�AaD�=@DB;O24,/=@24Dd7

8/=@D A@24J/;O?�B�=@D6?�D .1D B�24V:36.1A@AH=@JK?�JK8/= V>E,;G=@D:;G=HD Va24D6;M24A@212 ?�=H;OW B�=H?�A@=3;O24AH8<24=@JK?�D =@DB;O24,/=@24DT8<=@D
;>5�;O245:JK8[2�.1A@? V6?�AHI6I�.�A<I]E>8<W1W J/56.1,/2124D _
C�W4JKJ<W ;M24I6Ia24AH?�?�J/J<2 ;MWXE>8<?�8[W1W4D G-=@D:JK8<?�=@D6=HD J/5:B�B�2456JKJ<W1W4DT8 ITW VTE ;G=HD ;O24I62124JK8/= ?�=@;MW

=HD636?�;GJK=@?�D 24,f;1.M\K.456;>;4.M\/2 B�24=HD6=H8<2 ?�,K=@;>J/?�?�D 	 ;O.1J/;M2 D:?FJK?�A3;d=@W#;4WM8�24=@Da2 2#;O24,K565636?�JK8[2 8[24=
B 56.d3:.1JK8<2:_ae&=@J/W4;>J/=&=@JK.1=@AHAN2�;G=H, \/24=HB�=HA@A@2!B�?�,K;>=H8 E>8�=@D63:?�;>J/= 8�.%;O2O8�\/W4,Q\K?�JZ8<?�8K8 EX\/W:^

Ij < Ij+1
_

dd?�D J/= \/2424D ?�36?�AHA@=@JK?�JZ8[W�AH5�;G56JK8<2�I�.4=@;4?�8<?�D B�?�,/;>=@D:DaW4A@A@W
Xn ?�=Y8<24,/;O.1=H8/?�8[2�;M24,K8/?�?�JK=@JZ8[2

8/56A@.12:_ e&56;>5
n
.4D ?�36?�AHA@?�?�D ;>EGJK?�=@JK?�D 2�;O24,K565636?�D 3:=@B�?�D6JK=@. 	�B 5:8/8<2�;>EGJK?�?�JKJ<W ?�= ;OW4AH8K8[WM7

B�WO8K8[W .1A@?(B�=@D:;OW4W4DF2�;O24,K5656;>J/=H?�DF;M24,K8/?�?�JK=@D6?�D 8/56A@.6_�G 3:?�A@AH?�?�D I6=H?�D6=HA@AH?);>=@, \/2O=@B�=@A@AH?�IaWO8<?�?
x ∈ Xn 	 ?�AHA@?�=$8/.1=@JK=@D B�24=HD6=H8<2:_ � 56=HAH8[2�.1J/=HD B�?�,/;>=HD6D�I1=HJ/J<W�I>EG,K=H8[W4W4D J/?�56,<212OB�212OD ;>=@, \/242
� C>C � _

��������� ���
	���
������
�����������

��a�a�+ $^��� ]'�!a ��� � ��� �k(*�
]'���
$[�Y� �
n
q �!�
��$[&b����� � � =@;MW4AH= 8/.1I .1A@.104=@D6?�D 2#;O24,/565:J

X
.1D

bc2456JK36.1, 8(\/2�J/?�D�\K.1;M24=@JK?�A@A@2�I6=@JZ8<?�?�A@A@W�.4D�EGB�I6W4,/=HJK8 I 	K\K.1;M2 .1D�V6.1B�?�.1B�.1,fAaD6?�D 2#;42O,/56563:?�D
Rn ;M24D6JKJ<2 	aJ/24D6.48<2124D 	6?�8/8<W X .1D ���! ��	� ��� 

� # �

n
� � �	��
 � � �M_

� =H;OWOA@=GB�.1D:=@JK8/.1D 36=HB�?�D6J/=H.1JK8<2 ?�=a.1AH?
?�I6W4J/?�A<;>E>EG8K8[W 	>;4.1=@362124D�J/?Y\/WO8K8[W1W)B�?�,K;>=H8<JK?�B�WO8K7
8<Wc\/2�I65:VG562H;O24=HD�8<.1I .1A@.401=@JK?�JK8<2 B�.4D6=@JZ8<.1JZ8[2:_

=



��a�a�+ $^��� ]'�!a ���^c ��� ��+��#�#��� � �)A@;4.G.1D
X
8<.1I .1A@.401=@D6?�D

n
7 B�.1D6=HJK8<. 	

U ⊂X
\/2
V ⊂Rn

2#;4.1=@B�=N2 J/?�;MW
φ : U → V

V6.1B�?�.1B�.1,fA 2:_ dd=HA@AH.1=@D Ia2O,/=N2
(U, φ)

J/24D6.48<2124D B�.1D:=@JK8/.1D
X


 ��� � � 
�� 
Q_
��a�a�+ $^��� ]'�!aH����� ������+����W&/�#� ��� �(AH;4.G.48

(Ui, φi)
B�.1D:=@JK8/.1D

X
;M24,K8K8<.M\/2 	Z\K.1=@AHA@? ⋃

i∈I Ui =

X
_ � =@;MW4AH= ;>5�;O2456;>JK?�8

φi1 ◦ φ−1
i2

: φi1
(

Ui1 ∪ Ui2
)

→ φi2
(

Ui1 ∪ Ui2
)

.�;O2O8�2#;4.1=@DT8<?�D
Rn ^ D�.1J/2]\K.156;>;O.M\K?�DF;>5�;O2456;>J/=@2 Rn ^ AHA@? 	GJ<2OD6.48[2424D 	:?�8/8<W \K.156;>;4. {(Ui, φi)}.4D B�.1D6=@JZ8<.1D
X


 ��� � � � ���M_ � =@;MW4AH=);>5�;O2456;>J/?�8 φi1 ◦ φ−1
i2

.�;O2O8FA@5:.1;>;O242
Cp 	�J<2OD6.48[2424D

;M24,Z8[24JZ8<.1DF.1AH?/;O24D�B EeI1J�A@56.1;>;M212
Cp _

��a�a�+ $^��� ]'�!a ����� ����$�� �,+%�"�
�%$'�
$^�%-�Z��n�!�
�X$'&/����� � �)A@;O.d.1D
X
B�.1D6=@JZ8<.)\/2

A
J/?�D ;M24,`7

8<24JK8/.6_ � =@;MW4AH=#;M24,Z8[24JZ8<.�.1D A@5:.1;>;O242
Cp 	 J/24D6.48<2124D 	 ?�8/8[W�Ia24,/= M ≡ (X, A)

.4D
p
;O?�,K8<212

3:=<8�?�,/?�DT8<=@.4=H8<5";42�B�.1D6=@JZ8<.6_ �)A@?�?�D6J<W);MWXE>8/8 I"I1D�8<56AH?/;O2O8Y8[24Ia2O56;>J/?�8
p = 1

\/2
p =∞ 	[\K.1AHA@.1=HDI624,/=@2 M ;G5d8<J/5d8[2124D ;O24JK8<212#;42OJK8<= � 
 � # � # ��� 
 �	

� 
	� � 
�� 
 � �	��
 � � ��
�� 
X\/2 � 

� #���
�� 
 � �	��
 � � ��
�� 
Q_

��a�a�+ $^��� ]'�!a ���'
�
 ��� �"-��Y�W][]'$'��� ���!�
��$[&/�#� ��� �)A@;O.d.1D {(Ui, φi)} n 7 B�.1D6=HJK8<.4D M ;M24,`7
8<24JK8/.6_ � ?�,K;>=H8[W4W4D JZEdB 5�.1AH=@AHAN2

Rn+ 2�;O24,K565636?�D Rn .1J<2]\K.456;>;4.T2 	1\K.1AHA@? xn ≥ 0
_�U4.1=@JKJ<24;>=@D

;M24,Z8<.1=HJ/J/2
φi
(

Ui
)

∈ Rn \/2�\K.1=@JKJ<24;>=@D φi
(

Ui
)

∈ Rn+ _ � .1D6=HJK8<.4D M ,/?�56Da2
∂M .1D�D:=@=@3:?�D

I:=@JK8/?�=H36?�D \K.156;>;4. 	O\K.48<;M2
φi
;>5�;O212#;O2O8c2#;42O,/565:8/?�?�D

Rn−1 ∈ Rn+ _
��a�a�+ $^��� ]'�!ao���'


 � �)AH;4.G.1D

X n
79B�.1D:=@JK8/. 	

φi
J/?�D�;M24,K8K8[24;>5�;O2456;>JK?�8 \/2

uj ∈ X
_ �(AH;4.G.1D

xi : =φi(u)
\/2 8<.48/?�5:8K8[24;O.d.48

dx1, . . . , dxn
J/?�;OW�.1I ?�,/212O8/8/.1,/= ∧ ?�V:36.1D

dxi ∧ dxj = −dxj ∧ dxi
_ � R _<2 �

K W4=@3:?�D�01?�D:?�,/.4=@B�212 24A@04?T56,/212 B�?�,/;>=H8<W1W4D�JKEGB 5 .1AH=@A@A@2
Λ
_ e&=@J/W4;>J/= ;>56;>=HD \K.15:;G;O.

{ k
∧

j=0

dxIj

∣

∣

∣

∣

0
∧

j=0

dxIj = 1

}

,
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k ∈ [0, n]
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X
J/=HA@?�W 	-36=<8�?�,K?�DT8<=@2124AH=@D6?�D

n
7

B�.1D6=HJK8/. \/2
ij ∈ [1, n]

_ �)A@;O.d.4D�A@=HJ<W4;>J/=
p ∈ [1, n]

\/2
αi1...ip

;O.�;42O,/=N2OD>8K8<= 	G8<W EGJK=@DF24DT8<=HJKEGB�7
B�?�8/,/=HD6?�D�A@5:.1;M24D

Cq
(

R
n,R

)

p
798/?�D6JK.1,/= _ � ?�,K;>=H8[W4W4D

Λp
(

X
)

: =

{

α

∣

∣

∣

∣

{

α =
1

p!
αi1...ip

p
∧

j=1

dxij
} \/2 � R _ ?��

Λ
(

X
)

: =
n
⊕

k=0
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X
)

.
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p = 0

8/56.48/8<212-\/WOA@A@?�?�D(8<,K=<;G=N2424A@=HD(24A@04?T56,/24D
Λ0
(

X
)

: ={0} _�4 AH01?T5:,/.M\K?�D Λp
(

X
) 24A 7

;>=H.1=H8<2);G5d8<J/5d8[2124D�D6=@B�?�AHANW
Cp � 
 � # � # ��� 
 ��� ��

� # � p � � 
��	� �#\/2�2OA@01?/56,<24D Λ(X) ;O24JK8<212#;O24JK8/=D:=@B�?�A@A@W

Cp � 
 � # � # ��� 
 ��� ��
 � 
��	���M_
4 AH01?T5:,<212

Λ
B 56.G36.1JZ8<?�8/8[2O?�J/J/2�;MWXE>8<?�8K8 EF.1I�?�,<212M8/8<.4,/= ∧ ;1.4=@3a212ODFEGA@?�=@JZ8[W1W�36=<8�?�,K?�DT8<= 7

2424A@=HB 56.G36.1=@AHA@?�JK?�56,/212#;42OA@AN2 8<2#;42OA@AN2d_
��a�a�+ $^��� ]'�!a ���[
 N ��� $'$[]0���%-�]0� ��� �)A@;O.d.48

α ∈ Λp
(

X
) \/2

β ∈ Λq
(

X
) _ � W1WO,/=H8/?�AHANW1W4D

;>5�;O245:J

∧ :
(

Λp
(

X
)

,Λq
(

X
))

→ Λp+q
(

X
)

,
(

α, β
)

7→ α∧ β � R _ 6��

2OJ/?�8K8[24B�24AHAN2

α∧ β : =
1

p!q!
αi1...ipβip+1...ip+q

p+q
∧

j=1

dxij.
� R _ g��

F(5�;O245:JK8[2 ∧ ;>5:8/J/5:8<2124D 
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� .1=H3a2124D .4J/.1= 8/8[242 	Y?�8/8<W ;G=H=@A@2O8<56AH. .4D 24J/JK.1J/=@2O8<=H=<;G=@D6?�DF\/2S56= 7 A@=HD6?X2424,/=HD6?�D _�dG?�?�=
;>56= 7
8/?�D6;M212OD .1A@? ;4.1B�B 5:8<2O8<=H=<;G=@D6?�D 	 J/=HA@ANW�\K.1J

α ∈ Λp
(

X
) \/2

β ∈ Λq
(

X
) 	 D6=@=HD

α∧ β =

(−1)pqβ ∧α _ �)=H=@B�?�;>J/=HB�2O=@D6= 8<56D .1B�=@Da2O=@J/5:5636?�D 8<24;>=N2 JK=H8<W ;G5d8<J/5d8[2124D 56JK?�=@D B EeI1J
� � � � ��� � � ��� 
 � ��
�� 
Q_

��a�a�+ $^��� ]'�!a � �'
Bi ���o]0Pk�����,+.$^Z������T����� � �)A@;O.d.1D
λ ∈ R

	
α, β ∈ Λp

(

X
) A@56.1;M24D

Ck

B 56.48<.]\/2 \/2
d: Λ

(

X
)

→ Λ
(

X
) ;>5�;O2456J 	4\K.1AHAN2 .4D JK?�56,/212#;42M8c.4B�=HDa24=@JK565636?�8

2��
d
.1DFA@=HD6?X212O,/=@D:?�D ^

d
(

α + β
)

= dα + dβ
\/2

d
(

λα
)

= λdα
_

5 �
d
(

α∧ β
)

= dα∧ β + (−1)pα∧ dβ _

M �
d2 ≡ 0

_

3 � U4.1J
f(x)

.1D S 7 B 56.48<. 	
df = ∂f

∂xa
dxa

?�A@=�8[2#;O24A@AH=@D6?�D�36=<8�?�,K?�DT8<=@2124AH=@B 56.O8<.6_
� .4=@3a212OD .1J/.1= 8/8<212 	M?�8/8<W)DaW4B�W).1B�=@Da24=HJ/565:36?�8 B�W1WO,<W1W#;OWO8�;>5�;O245:;GJK?�D

d
Ed;>JK=@;MW4J/= 8/8/?�=@JK?�JZ8<= 	

\K.O8<?�DF.1D \/W4,K;4?/;OW1W�24DT8[242�JK=@AHA@?)D6=HB�?�;>J/= 
 ��
 ��� # � 
�� ��� � � � ���! # � ��� � ��� � 
��M_
� -��
�!��-Y�%-�&!i � �)AH;4.G.1D

α ∈ Λp
(

X
) A@5:.1;>;O242

Ck _ Fc.1JK;M2 Λ0
(

X
)

= R
	 ;4.1=@3a2424D S 7

B 56.d3:.1A@AH?
f
;G=H, \K.1= 8/8<212

f ∧α = fα
_ K WO=@D�J<212O3a2124D�B EeI1J�;G=H, \K.1= 8<?�8/8<562

α =
1

p!
αi1...ip

p
∧

j=1

dxij =
1

p!
αi1...ip ∧ xi1

p
∧

j=2

dxij
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dα =
1

p!
(dαi1...ip)∧ dxi1

p
∧

j=2

dxij =
1

p!

∂αi1...ip
∂xa

dxa ∧ dxi1
p
∧

j=2

dxij

=
1

p!

∂αi1 ...ip
∂xi1

p+1
∧

j=1

dxij .
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dα ∈ Λp+1

(

X
) .1D�A@5:.1;M24D
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f : Xn → Yq 3:=<8�?�,/?�DT8<=@.4=H8<5";42 \/2 ω ∈
Λp
(

Yq
) _Wdd=@AHA@.1=HD

f ∗ω : =ω ◦ f ∈ Λp
(

Xn
) \/2

f ∗ω : =
1

p!

(

f ∗ω
)

i1...ip

p
∧

k=1

dxik ik ∈
[

1, n
] � R _ 9 �

(

f ∗ω
)

i1...ip

(

x
)

: =ωa1...ap

(

f(x)
)

Πp
k=1

∂f ak

∂xik
ak ∈

[

1, q
] _ � R _ =��

� �W-�&T�o���'
 � � �)A@;4.G.1D
α, β ∈ Λ

(

X
) _ � .1=H3a2124D .4J/.1= 8/8[242 	4?�8/8[W(JK?�56,/212#;42M8*;4WO=H8/8/?�?�8 I6=H8<W�;OWO8
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2��

f ∗(dα) = d(f ∗α)

5 �
f ∗(α∧ β) = (f ∗α)∧(f ∗β) _

� ��� 
 � � 
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(U, φ)
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X
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ω ∈ Λn
(
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) _YF!W4JK=H8/?�A@A@W1W4D 8<W4J/J/Wo;O24=HD

JK?�AHAN24=HJK8<?�D�B 56.48/.M\K?�D
ω
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U
^ D .4J<2]\K.15:;4.1D

V
56A@;O.1I656.4A@?�AHAN2 	 ?�A@=

ω(v) = 0 ∀v /∈ V
_#C�WOA@AN2O=@JK8<2�B 56.48/.T2

ω
J<24D:.48[212OD 
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X
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(U, φ)
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X
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ω
.1D =HD>8/?�01,K.1=H8/5�;O2 	aB�=@;MW4A@=

ω1...n
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X
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∫

U
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∫ ∞
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· · ·
∫ ∞
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n
i=1dx
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i : ∂M →
M
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ω ∈ Λn−1
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∫

M
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∂M

i∗ω
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∂M = ∅ 	a24J/?�8<?�8[2124D ∫

∂M
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Yn
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deg(f)

;M212#;42OA@AN2
∫

Xn

f ∗ω = deg
(

f
)

∫

Yn

ω
_ � R _<2>2 �

�)VT8[W4A<I1D ;O24J/?�D�I65:.1A@=d.1D ;O24,/B�24JK8/=:.1AH?�B�24J/J/2 	4JK=@AHANW
ω
^ A@AH?$\/2

f
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ω
.1D
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 � � W1W4,K=H8<?�A@B�W4D R _ R4S .1AH?�8<5:;GJK=@D
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deg(f)
.1DF,/=@=HI6I656B�2O8/.1D�B 56.G36.1D

ω
;O24A@=HD6Da24JZ8[2:_

5 �
f ' g ⇒ deg(f) = deg(g)

_

M � U4.1J
f
J<WO=@AHE>8K8[W1W JK5656D6D6=HJK8/56;>J/?�D 	 D6=@=HD

deg(f) ∈ Z
_

3 �
deg : πn(S

n)→ Z
.1D�=@JK.1B�.1, A 2d_
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f : S2n−1 → Sn 3:=<8�?�,/?�DT8<=@.4=H8<5";42

\/2
α ∈ Λn

(

Sn
) JK=H8<?�D 	 ?�8/8[W ∫

S2n−1 α = 1
_�� �)AH;4.G.1D A@=HJ<W4;>J/=

ω ∈ Λn−1
(

S2n−1
) JK?�A@A@24=@D:?�D 	

?�8/8<W
dω = f ∗α

_ � W4W4,/= 8<?�AHANW1WOD�;>5�;O2456J
H : C1

(

S2n−1, Sn
)

→ R
;O242�;O24AHAN2

H(f) : =

∫

S2n−1

ω ∧ dω _

F(5�;O245:;GJK?�D
H
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H(f)
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α
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dα = 0
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f ∗(dα) =

d(f ∗α) = 0
	 \K.48/?�D

f ∗α
.4D J/56A \K?�8/8/5 B 56.48/. B�.4D6=@JZ8<.1AHAN2
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S2n−1 n
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.4J/.1= 8/8[242 	1?�8K8[W!;M24=@;>;>=
S2n−1 ^ D�J/56A \K?�8/5:8 n 7 B 56.d3:.48 .�;42M8 ?�;>J<24;T8/?`\/2 	G?�AH=6.1D�.1A@?�B�24JKJ<2 n−1B 56.48<.

ω
J/= 8<?�D
	6?�8K8[W

dω = f ∗α
_

� �W-�&T� � �<�kN�� �)AH;4.G.1D
H
\/2
f
;>5:8<?�D B�W1WO,/=H8/?�AHB�W4JKJ<W R _ R1R J/?�;MW)B E>I1J

g ∈ C1
(

S2n−1, Sn
) _

dG=@A@AH.1=@D
2��

H(f)
?�=&,/=H=@I65�B 5:.d36.4D

ω
;O24A@=HD6Da24JZ8[2:_

5 �
f ' g ⇒ H(f) = H(g)

_

M � ∀f 	 H(f) ∈ Z
_

3 �
H : π3

(

S2
)

→ Z
.1DF=@J/.4B�.1,fA 2:_

� ��� 
 � � 
 ��� dG=<;G565:8/?�8[2424D 	a;M2O8<JK.��DCB?	�d\/2#�DC R � _
	 &#$[�V� +%P`P`$ 
 � �(AH;4.G.1D

Φ: Sn → Sn
36=38 ?�,/?�D>8/=@.1= 8<5�;O2 	

ak ∈ [1, n]
	
ik, jk ∈ [1, n + 1]

	
A(n) n

79Ia24AHA@.1D�I6=@DT8[2]7`24A@2-\/2
u
2#;42O,/56563:?�D

Sn A@5:.1D6D6.1AHA@=HJ/?�8#;O.d.1,K36=@D6212O8<= 8 	/\K.1=HA@A@? JK=@=@J ‖u‖ =
1
\/2
θi
J/?�D

n
7956A@.O8/8<?�=@JK?�8�Ia24AHA@.1;O.d.4,/36=HDa212O8/=H8 	�\K.O8<;M2 B�W1WO,/=H8/?�AHANW1W4D�EGVT8[W4A<I1=@AHANW



















u1 = cos(θ1)

u1<i≤n = cos(θi)
∏i−1

j=1 sin(θj)

un+1 =
∏n

j=1 sin(θj)
_

� R _<2 R �


��>�	9090�2/8+��.+ �H
��2��� B7�2-��4�2&F��/ �2+ ��98�.�4�2&�&���
F� +��2-��4�	
?&�'2�.-�-��2/0+���� B)�2/89090� &�� �2+ �H
��2�����
εi1...in

xi1dxi2 ∧ . . .∧ dxin
:�� &�/0�I�.-�'!/0'@&F/ �1�	5?�2
�'@&F�#&�&��

n = 2
�
α = 1

8π
εijkx

idxj ∧ dxk
:�� ��3��2���290����/0���J��
�+������

B�/09098� �1�	�4�I�2+ ��
@����

H2

DR
(S2)

$ +��2�.+���-1�2�	�F����-�/0+?�?:

2�?



dG=@A@AH.1=@D

deg(Φ) =
1

A(n)

1

n!

∫

Sn
εi1i2...in+1

φi1
n+1
∧

j=2

dφij
� R _<2�?��

=
1

A(n)

1

n!

∫

Sn
εi1...in+1

φi1
n+1
∧

k=2

∂jk−1
φikdujk−1

� R _<2#C �

=
1

A(n)

1

n!

∫

Sn
εi1i2...in+1

φi1
n+1
∧

k=2

∂φik

∂θak−1

dθak−1
_ � R _<2%6 �

� ��� 
 � � 
 ��� 4cJK8/?�?�D B�W1WO,<W1W4B�=@JK?�;>J/= ,/=@= 8/8<W4=@JK= B�=@D6;MW 8[24V624D6J<2�B 56.G36.1D
ω
?�8<J/=HB�=HD6?�D
	M\K.1;M2

2OD>8<212�EdVT8<W4AJI1D � R _<2>2 � .1=@;O?X24D I656.1AH?�D =@DT8<?�01,<2424A@=HA@A@?�D6.1AHAN24JZ8[2�I .1=@;>;O?X2#;O24D 24,f;1.1D
	&B 5:8/8<2
;O.1J/;M2�B E>I4V6?�B�B�=HD bc.4I�AaD =@DB;O24,/=@24DT8<=HD EGVT8<?�EG36?�J/J/W ;TEdJK?�=HD6?�D =@DT8<?�01,<2424A@=#I6=H8<W1W�;>56= 8<?�DG7
;>=HD D6.1,/B�2O8<2�EG;>J/=@; I1;>J/= 	 D6.1,KB�2O8<2124D J/?c\K.�DTE>8X_ C�WM8[W ;O24,K8/?�D A@24J/;O?�8[2424D ?�D6JK=@D

n
7 Ia24AHA@.1D

I:=@DT8[2M7 24AN2d_>+ =HDT8[2M7 24AN2(J<24243a2124D�J/?�AHAN24=HJ/?�JK8[2
n
79B 56.G36.1JK8<2

ω ∈ Λn
(

Sn
) 	X\K.1A@AH? ∫

Dn+1 dω = 1
_

�)AH;4.G.1D�J/=@=HJ

ω =
1

n!
εi1...in+1

ui1
n+1
∧

k=2

duik
	 � R _<2�g��

\K.4A@A@.4=@D�J/21243a212OD

dω =
1

n!
εi1...in+1

n+1
∧

k=1

duik
	 � R _<2%9 �

\K.4;O2�.1D�8<56D6D:?�8<5:JK8<=
Dn+1 ^ D�8<=@A@2#;d5:56J/B 5:.48<.6_]+Y24A@AH.1;4.G.1,K36=@Da242O8/8/=@?�D)2�;G56AHAN2�J<24243a2124D�A@=HJ<W4;>J/=

∫

Sn
ω =

∫

Sn
uI1

n+1
∧

k=2

duIk
� R _<2�=��

= (n + 1)

∫

Sn
u1

n+1
∧

k=2

duk
� Ia24AHA@.1JZEGB�B�?�8/,/=N2OD�D6.M\/2OA@AN2�� � R _<2�E��

= (n + 1)

∫ 2π

0

sin2(θ1)dθ1

n+1
∏

i=3

∫ π

0

sini(θi−1)dθi−1

� R _ R4S �

= (n + 1)
π
n+1

2

Γ
(

n+3
2

)

� R _ R 2 �

= A(n)
_ � R _ R1R �

U4.4J JK=@=HJ ;42OA@=H8<2124D�2OJK8<?�?�DFAN24JK;4?�B�=HJ/?�;>JK=
ν : =ω/A(n)

	dJ<2124362124D
∫

Sn
Φ∗ν = deg

(

Φ
)

∫

Sn
ν = deg

(

Φ
) _ � R _ R ?��

2#C



K E>8�I6=H8<W1W�JK=@=HJ ;O24=@D�AN24JK;4?�2
Φ∗ν
	]\K.48K8[2 J/21243a2424D�Va24AH5:8<5d8 8<5:A@.1;>J/?�8X_ � ?�8/.4P 56D6;T8<=H.1D�B�W1W4,K= 7

8/?�AHB�W4D�D:.M\/24A@A@2 J<212O3a2124D

(

Φ∗ν
)

= ν
(

Φ
)

=
1

A(n)

1

n!
εi1i2...in+1

φi1
n+1
∧

j=2

dφij
� R _ R C �

=
1

A(n)

1

n!
εi1i2...in+1

φi1
n+1
∧

k=2

∂φik

∂ujk−1

dujk−1
� R _ R 6 �

=
Γ
(

n+3
2

)

(n+ 1)!
√
π
n+1 εi1i2...in+1

φi1
n+1
∧

k=2

∂φik

∂ujk−1

dujk−1
_ � R _ R g��

C�WOJK8[W�J<212M8<=@=HD6;>=@D�\K.�?�D6JK=@B�B�WO=@J/?�8�;M24;>J/=�;OW4=H8/?�8K8[W:_ � =@=HB�?�=@D6?�D�J<2124362124DFJ/=@=H,K8 EGB�W4A@A@W�8[212OJ
I624A@AH.1;4.G.1,/3:=@Da212M8/8<?�=@V6=HD�JK?�56,/212#;O24JK8/=

Φ∗ω =
1

A(n)

1

n!
εi1i2...in+1

φi1
n+1
∧

l=2

∂φil

∂ujl−1

∂ujl−1

∂θkl−1

dθkl−1
� R _ R 9 �

=
1

A(n)

1

n!
εi1i2...in+1

φi1
n+1
∧

k=2

∂φik

∂θjk−1

dθjk−1
	 � R _ R =��

\K.4JK8[2 J/21243a212OD�;G=@=HB�?�=@D6?�D ;OW4=H8/?(=@DT8<?�01,/.4=@B�24A@A@2�I65:.1A@= 8/8[2O=@D
S3 ^ D�EGA@= _

G-= .1AH? = 8<J/?�JK8<W1W4D J/?�A<;OW1W 	 ?�8K8[W .1D .4A@?�B�24JKJ<2 ;>5�;O2456J
f
J/=H8/?�D 	 ?�8K8[W

H(f) 6= 0
8<24=

deg f 6= 0
^TB�=@;MW4AH=:b .1I�AaD�=@DB;O24,/=@24DT8<=@D B�W1WO,/=H8/?�AHB�W4JKJ<W R _ R1R ;O24AH=H8[2424D Ia24,K=H8<.4D

n
	
H(f) =

0 ∀f _��98/J/?
2OJ/=N2OJ/J<2 ;1.4=@3a212OD�\K.1Ia2�.1JK.1=H8K8[212 �DCB6�� 	O?�8/8[W�;>5�;O2456J 	'\K.1AHA@?
H(f) = 1

.1D�.1A@?�B�24JKJ<2
;O24=HD ;>56D

n ∈ {2, 4, 8} � C�W4J/J/W!EGVT8<?�Ed3:?�J/J/W ;>=@=HD6D6.1JZ8[2#;O2c8[24I62456J-.1D n = 2
	[\K.48<?�D�;4?�JK;>=H8 ET7

8<W1W4D(\/2O8<;O.1J/J/2 ;42O=@D�J/=@=HV6?�D _ 4cJK8/?�;>5�;O2456;>J/?�DF8<24Ia245:J .1D�V6?�AHI�.1B�I6= 	T;4.1JK;O2�B�W1WO,/=H8/?�AHB�W4JZ8[W
D6W4V63aW1WOD V6?�8/= 	 ?�8/8<W�=@36?�D>8/=H8/?�?�8K8<=H;G5";42O56J

f ≡ idXn

24DT8<212
deg(f) = 1

_ � 5:.48<.1=HA@A@2124D�8[WM7
B�W ;G=@?�ANW�AN2456JK?�?�;GJK=G\/2 .1JK.1=H8/?�8<2124D�JK=H8K8<?�D
	:?�8K8[W�8<24Ia245:;GJK?�JKJ<2

n = 2
.1D�.4A@?�B�24JKJ<2�;>5�;O245:J 	

\K.4A@A@?
H(f) = 1

_

� �W-�&T�n���<�Wi � F!5";42O56;>J/?�D
id : Sn → Sn

2OJK8<?!.1D�EG;>J/= 	
deg(id) = 1

_

� ��� 
 � � 
 ��� C�WOB�W .1=H;4?�24JK8<2124D AN2OJ/;4?�8/8/=@=@D�\K. ?�J/=HB�?�,/;>=@D\2�8/.d3:=@JK8/56;>J/?�D EGVT8<?�Ed3:?�J/J/W 	 J/=HA@ANW
JK=@=HDaW ;MW E>8/?�8 EG=@D B�?�,/;>=@D6D�I1=@D

A(n) deg(id) =
1

n!

∫

Sn
εi1...in+1

ui1
n+1
∧

k=2

duik
� R _ R E��

= A(n)
_ � R _@? S �
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��a�a�+ $^��� ]'�!an���J�k1�� � �k( � � P�-�Z���-X&���� �)A@;4.G.1D
u
\/WOA@A@?�?�D�2#;O24,/5:5636?�D

S3 A@56.4D6D6.1AHA@=@JK?�8
;O.d.4,/36=HDa212O8/=H8 	

Z =
(

u1+iu2

u3+iu4

) \/2
σ =

( σ1
σ2
σ3

) 	 B�=HJ/J/W
σi
.�;O2O8#+ 2O56A@=HD(B�2O8/,/=H=@J/= 8X_ � W1WO,/=H8/?�AHANW1W4D

;>5�;O245:J
h : S3 → S2 	M\K.4A@A@?

h(u) : =Z†σZ =







2(u1u3 + u2u4)

2(u1u4 − u2u3)

u2
1 + u2

2 − u2
3 − u2

4







_

C�WOB�W .1D � �! �� � 
�
 � � 
 ��_ �)D V:?�A@I:I�.T2 .1JK.1=H8K8[212 	:?�8K8[W 8<.G36?�A@AN2O;G=HD ‖h‖ = 1
_

� �W-�&T� ���<� ��� �)A@;O.d.1D
h
b .1I�AaD�;G5";42O56J \/2

H
b .1I�AaD�=@DB;O24,/=@24DT8<=HD�2OD>8<2#;42�;>5�;O2456J�_>dd=HA@AH.1=@D

H(h) = 1
_

� ��� 
 � � 
 ���ce�I E>8 E>E Ed;>JK=H8 EG=@JK;4.1VT8<=HD6?�?�D ;>=@,Q\/24JK8<2 �DC>?�� _ U12M8<;4.4J/J<2 8[2O, ;G=H8<2124D 8<.G36=HJK8<5:;GJK?�JZ8[2
;>56= 8<?�D6;>=@D�J/=@=HDaW(;MW E>8/?�8/8 E�2�79B 56.48/.

ω = 1
2π

(

u1du2−u2du1+u3du4−u4du3

)

∈ Λ1
(

S3
) 	

B�=@JKJ<W
ui
.�;O2O8 \/W4AHA@?�?�D 2#;O24,/5:5636?�D

S3 AH56.1D6D6.4A@A@=HJ/?�8 ;O.d.1,K36=@D6212O8<= 8X_ K E>8 dω .1D�\K5:56,/=#8[24,`7;G= 8/8[2#;O2
S3 ^ DFD:.1,/B�2O8/8/5�8<=@A@2#;d5:56J/B 5:.48<.6^ ∫

S3 dω = 1
_

C�=@?�36?�8<W1W4D JK=@=HJ 	#?�8/8<W .1D .1AH?�B�24J/J/2 24=HDa24;>=@D EdVT8/?�?�D ?�IaWO8<,K=<;G=N2424A@=H=@D V6.1B�.48<.4I6=N24AH56.1;17
;M212OD ;>5656AH5�;O2 ;>5�;O2456J

S3 → S3 \/2 J/24B�.1=@D ;>5�;O2456;>J/=HA@AH? S3 → S2 _ �)D J/=@=HJ!B�=H?�A@?�;MW4JK8<W
A@W4VT8<?�W�?�8/J/=HB�W1WOD ;>5�;O2456;>JK=N2(\K.O8<;M2�;>5656AH5�;O2O8cB�=H?�A@=3;O24AH8<24=@JK?�?�D�V6.1B�.48<.1I:=N24AH56.1;>;M2124D _�F!5G7
8/?�D)\K.�24A@56JKJ<2 8/.d36?�8/8/=@=@D
	 ;1.4=@3a212OD�b .1I�AaD�;>5�;O2456JZ8[2!;MW E>8K8[W1W!24I65:Da2 �`;4.4I6=@.1=HB�2424D � 8<=H?�8 EGD
2OJK8<?�?�D ;4?�DT8K8[W 8<=@?�8 EGD b .1I�AaDF=@DB;O24,/=@24DT8<=HD�;4?�DT8<W4;>J/= _
dG?�56,/212#;42�AN2O56J/?!;4?�,K8/.d. 	:B�= 8<?�D _
� �W-�&T� ���<��c � �)A@;O.d.O8

h
bc.4I�AaD ;>5�;O2456J 	

Φ: S3 → S3 \/2 f ≡ h ◦ Φ J/?�;OW
H
\/2

deg;>5:8/?�D B�W1WO,/=H8/?�AHB�=HJ/J<W R _ R4S \/2 R _ R1R _kdd=@AHA@.1=HD

H(f) = deg Φ
_ � R _ ?�2 �

� ��� 
 � � 
 ��� �)AH;4.G.1D
ω
AN245:J/?�?�D R _ R g 8<.G36=@JZ8<56;>JK?�J/J/2 ?�J/=H=@DT8 E,;OW

1
7 B 56.48<.SG 3:?�A@AH?�?�D J<24B�24D

A@2456JK?�?�D�D:.M\/24A@A@2 ∫
S3 ω ∧ dω ≡ H(h) = 1

_ � 24AH=H8<2124D�J/=H8K8<?�D�bc.1I"AaD�=@DB;O24,/=@24DT8<=HD�B�W1W4,/= 8<?�A 7
B�W4JKJ<W R _ R1R 8[24Ia2O56J

n = 2
\/2 .1A@;O.d.4D

α
\/2
ω′
J/=H=@DaW!?�JK=@=HD>8 E,;OWO8 ?�J/=H=@DT8 E,;OW

2
7 \/2

1
79B 56.G36.48 	

B�=@JKJ<W
α
.1D!;O24AH=H8/8/5 J/24B�2O;GJK= ;>56=HD AN245:J/?�?�D R _ R gF8/.d36=HJK8/56;>J/?�JKJ<2:_�e#2O56J/?�?�D R _ R 2�D6.M\/2OA@AN2

J/21243a2424D

dω′ = f ∗α =
(

h ◦ Φ
)∗
α = α ◦ h ◦ Φ = Φ∗

(

α ◦ h
)

= Φ∗
(

h∗α
) � R _ ? R �

= Φ∗
(

dω
)

= d
(

Φ∗ω
) 	 � R _ ?>?��

\K.O8<?�DFDaW4V:3aW1W4D 	:?�8/8<W

ω′ = Φ∗ω =
1

2π

(

φ1dφ2 − φ2dφ1 + φ3dφ4 − φ4dφ3

) � R _ ?eC �

2�g



;O?�AHIa212�Va24A@5d8<56;>J/=*2�7 B 56.G36.1;>JK= _�F!WXE>8/8<W4B�WOA@ANW�AN245:J/?�= 8[2 R _ R 2 \/2 R _ R g 	6J/21243a212OD

H(f) =

∫

S3

Φ∗ω ∧ d
(

Φ∗ω
)

=

∫

S3

Φ∗
(

ω ∧ dω
) � R _ ?B6 �

= deg(Φ)

∫

S3

ω ∧ dω = deg(Φ)
_ � R _ ?>g��

C�W4B�W4D \/W4A@;O?�?�D I6=H8<W1W�?�DaW1W�A<I EG8<W1W�J/?�AHAN24=HD6?�DF;>5�;O2456J
Φ
	T\K.4;O2 EG;>J/=@D:;4?�,Z8[24=HJK8<212�=@DT8/?�7

04,<2124AH=@D � R _@?�2 �!J/?�AHAN24=HJ/?�?�D B 5:.48<.G.1D 	:\K.1JKJ<2 bc.1I"AaD =@DB;O24,/=@24DT8/8/= J/21243a2424D 8<?�;G= \/W4;>J/= =@DT8<?'7
04,<2124AH=@D�56AH;4.1I65:.1A@?�A@A@? \/2 \/W4A \K?�A@AH? \/W1W#;OW�=HD>8/?�01,/2124AH= .1D A@24J/;O?�8K8[2#;G=@J/J/2:_ C�W4A@A@24=@JK=N2 ;>5�;O2456;>JK=N2
;4.1=@362124D�;4?�;>JK=NW�B�.1D6=@2 	'\K.4=@JK8<2(;4.1VT8[2�?�JK=H8<?�8[W1WOD�;M24;>J/= _,F(?�DT8/8<WO8<?�.1,/=@24D�;M24D:Da24AH8<2)8[W4B�W(.1D
B 56;M2�;O212 	&J/=@AHANW�JK?�2OD>8<212�B�?�=@AHA@? ;O.1;4.4Da24=@JK?�D DG5:B�?�,/.1= 8<5�;O24JZ8<= W1W4,K?�8K8 I1B�W4D J/I ?�;T8/,/=@D 8<.M7
I .1AH.101=@JK?�JZ8<=�?�IaW4?�;B;G=<;O24AH?�DT8/8/?`\/2�;>5�;O2456;>J/=@2:_#e$=HJ<W4;>JK=-B E>I1V:?�B�B�=HD ;MWXE =HA@B�= 	 ?�8/8<WFD6W4=@36?�D
;O?�DT8/8/=@?�D ?�D6?�,K01=@.1=H36?�D 2OAN24,/2]\/2O8 .�;O2O8�B�.1D6.48/.1D6=HJ/=N2FA@5�;G56D

deg
8[24=

H
P 5:D6;T8<=@.4=H8[2 	 \K.48/?�D

,/2O8<;M24=HJ/5:8c.�;O2O8 ?�D6?�,K01?�?�8/8/=@J/?�JK8/=@;>=@D ?�IaW4?�;,;G=3;42OA@?�DT8K8<?`\/2d_�C�W4B�W4D \/W4A@;O?�?�D .1D6;>=@D V6?�AHI�.1B�I6=
2OA@;M212 ?�8<J/=@W PQEGJ/=@;M212OA@=@JZ8[2 ;42OJK8<=HD6?�8K8[2 8/?�.1,K=N24AHA@?�\/2Hdd;TEd,KB�?(?�V636.48K8<=H;G=HD�B�24A@AH=@D6J/2�?�,/= V6.4B�.O7
8/.1I6=@24A@56.4;G;>=H=@D�;>5656AH5�;G=@?�D ,/2O8<;M24=HJ/5M\K?�DF;>5�;O212#;O24DF?�,K=`5a24,ZE1.1D6=HA@5�;G56D�5a24,ZE1.1D:?`\/2:_
	 &#$[�V� +%P`P`$ ��� �)A@;4.G.1D

H
\/2
f
;>5:8/?�DFAN245:J/?�?�J/J/2 R _ R 9 	

h
b .1I�AaD�;>5�;O2456J \/2

n ∈ Z
J/?�;MW

u
2#;O24,/5:5636?�D

S3 AH56.1D6D:.1A@AH=@J/?�8 ;4.G.1,/36=HDa212O8/=H8�_"F!WXE>8<?�8[W1W4D�8<2124J 2�;O24,K565636?�A@AH? S3 Ia2OA@A@.4;4.G.1,Z7
3:=@Da212M8/8<? \/2 (

θ1, θ2, θ3
)

u1 = cos(θ1) u2 = sin(θ1) cos(θ2)
� R _ ?B9 �

u3 = sin(θ1) sin(θ2) cos(θ3) u4 = sin(θ1) sin(θ2) sin(θ3)
� R _ ?>=��

\/2 B�W1W4,K=H8<?�A@A@W1W4D�;>5�;O245:J ;>5�;O245:J
Φ: S3 → S3 J/?�56,<212#;O24JZ8<=

Φ
(

u
)

=













sin(θ1) sin(θ2) cos(nθ3)

sin(θ1) sin(θ2) sin(nθ3)

sin(θ1) cos(θ2)

cos(θ1)













	 � R _ ?>E��

2%9



B�=@JZ8[W J/21243a212OD V6?�A@I .1JK8/= AN2OJ/;4?�8/8/5a2
H(f)

^

H(f) = deg(Φ)

=
1

2π2

∫

S3

(

φ1dφ2dφ3dφ4 − φ2dφ1dφ3dφ4

+ φ3dφ1dφ2dφ4 − φ4dφ1dφ2dφ3
)

=
n

2π2

∫

S3

(

u1du2du3du4 − u2du1du3du4

+ u3du1du2du4 − u4du1du2du3
)

= n
2

π2

∫

S3

u1du2du3du4

= n deg(id)

= n
_

� R _@C S �

	 &#$[�V� +%P`P`$ N�� �)AH;4.G.1D
H
\/2
f
;>5:8/?�D AN2O56J/?�?�J/J/2 R _ R 9 	

h
bc.4I�AaD ;>5�;O2456J 	

g : [0,∞
)

→
[−1, 1] B�=@?�A@=<;O24A 8[24=HD6?�D ;>5�;O2456J�JK?�;MW n,m ∈ Z

_ �)A@;4.G.1D
x
2#;42O,/56563:?�D

R3 AH56.1D6D6.4A@A@= 7
JK?�8 ;O.d.4,/36=HDa212O8/=H8X_ � 8/?�8[2424D J/?�56,<242�;O24JKJ<2 ;MWXEG8K8 I I1D 2#;O24,/5:5636?�D

R
3 8/.1,/56JK;4.G.1,/3:=@Da212M8<=H8

(

η, ξ, ϕ
)

x1 =
sinh(η) cos(ϕ)

q
x2 =

sinh(η) sin(ϕ)

q

� R _@C�2 �

x3 =
sin(ξ)

q
q = cosh(η)− cos(ξ)

\/2 B�W1W4,K=H8<?�A@A@W1W4D�;>5�;O245:J
Φ: R3 ∪ {∞} → S3 JK?�56,/212#;O24JK8/=

Φ
(

x
)

≡













φ1

φ2

φ3

φ4













: =















g
(

η
)

cos
(

mξ
)

g
(

η
)

sin
(

mξ
)

√

1− g
(

η
)2

cos
(

nϕ
)

√

1− g
(

η
)2

sin
(

−nϕ
)















_ � R _@C R �

K E>8cB�W1W4,K=H8/?�A@B�W4D R _ R 6 D:.M\/24A@A@2 ;>5�;O2456J
f
J<212�B 56.G36.1D

f
(

x
)

=







2
(

φ1φ3 + φ2φ4

)

2
(

φ1φ4 − φ2φ3

)

φ2
1 + φ2

2 − φ2
3 − φ2

4







� R _@CB?��

=







2g
√

1− g2
(

cos(mξ) cos(nϕ)− sin(mξ) sin(nϕ)
)

−2g
√

1− g2
(

cos(mξ) sin(nϕ) + sin(mξ) cos(nϕ)
)

2g2 − 1







_ � R _@C>C �

b ?�AHI�.1JZ8<= D6W4V63aW1WODF8<W4B�WOD�;G5";42O56;>J/?�D .1A@?b;42OD
R3 ∪ {∞} → S2 _

2�=



�)D ;d=H?�A@W!JK?�A3;d= 8<?�8/8[W#;OW)8[W4B�W4D ;>5�;O2456;>JK?�D�b .1I�AaD�=@DB;O24,/=@24DT8/8/= _4C�WOB�W)8[2OIa2456J .1D�B�=@?�7
AH?�D6;>=H=@DT8<.1=HD6?�D JK=@;MW4AH= 	#?�8/8<W b .1I�AaD =@DB;O24,K=N24DT8/8/= .1D V6?�A@I6I . AN24JK;4?X2 JK56.1,<2424D 	-B 5:8K8[2S;O24= 7
;O?X24B�I6=YAN2456JK?�?�D R _ R 9�2#;G56A@A@2:_�dd= \K.1= 8/8<24B�2OA@AN2�8<.1,K56J/;O.d.1,K36=@D6212O8/8/=@?�D EGVT8[W4A<I48)JZ8<?�,K?�.104,<212 Ad7
JK?�D I6,/.M\K?�;T8<=@.4D

p : S3 → R3 ∪ {∞} 	 p(u) = 1
1+u4

(

u1, u2, u3

) ;MW1W4DT8<?�=@J/;>5�;O245:;GJK?�?�D

p−1
(

x1, x2, x3
)

=
1

s2

(

2x1, 2x2, 2x3, 1− r2
) � R _@C,6 �

B�=@JKJ<W
r2 = xix

i \/2 s2 = 1 + r2 	 J<24243a2124D =@AHB�24=HJK8/5a2 8[24,f;G=H8/8<2#;42 1 79B 56.48/. ω 8<.1,K56J/;O.d.1,`73:=@Da212M8<?�=HD ^

ω ≡ 1

2π

(

u1du2 − u2du1 + u3du4 − u4du3

) � R _@CBg��

=
−q
2π

(

m(φ2
1 + φ2

2)dξ −
n(φ3

1 + φ2
4)

sinh(η)
dϕ
) � R _@C,9 �

=
−q
2π

(

mg2dξ +
n(g2 − 1)

sinh(η)
dϕ
) � R _@CB=��

\/2

dω =
gg′

π

( n

sinh(η)
dξ +mdϕ

) � R _@CBE��

JK?�;MW

H(f) =

∫

S3

ω ∧ dω � R _ 6 S �

= −mn
2π2

∫

dη

∫

dξ

∫

dϕg(η)g′(η)
� R _ 6"2 �

= −mn
(

lim
η→∞

g2(η)− lim
η→0

g2(η)
)

.
� R _ 6 R �

�F=@;MW4A@=`;4.1=@362124D A<I]E>8<W1W�;>5�;O245:J
g
J/= 8<?�D
	�?�8/8[W�J/? .4D B�.4D6.48<.4D6=@D6?�D \/2�J<242�,<2]\K.4=@A@A@2 24, ;4.48

0
	a;>56D

η →∞ \/2
1
	6;>56D

η → 0
	aJ/21243a212OD

H(f) = mn
_ � R _ 6e? �

C�WOA@AN2O=@D6?�D�;>5�;O2456J�.1D�V6?�AHI6I . AJI E>8[W1W 	d?�,/W4J�J/?�AHAN24=HD6?�D�.1D − tanh(1/η)
	 \K.1;M2 .1D�36=<8�?�,K?�Dd7

8/=@.1= 8<5�;O2 \/2 � \K.4Ia2�24=@36.4JK8<= � B�.1D6.48/.1D6=HD6?�D _

��������� � ��
 � � ��� � � � ������� ��� ���
	 � 	 � ����� � � ��� 	�� ��� � � � 	 � � �

e&5�;G56D R _ R 24AH56J/J/2�B�24=@D:=H8/8/=@=HD 	]?�8/8<W�b .1I�AaD�=@DB;O24,/=@24DT8<=HA@A@? .1D�B�.1DT8<2 ;O24=HVT8<.G?�VT8<.1=HJK8<2!B�W1WM7
,K=H8/?�A@B�W1W:_ �(AHANW)?�J/=H8/?�8K8 E�36=<8�?�,K?�DT8<=@2124A@=H01?�.4B�?�8<,/=HD6?�D�8[24I62�.1D�JK56.1,<2#;G=@=3;O24=@JK565636?�JK8[2424D�V>56.M7
AH=@B�2O8/8<2 ;>56=H8/?�D6;>=@D VTE ;G=HD Va24D:;O2OAN2 	aJK=@A@A@W B 56.G36.1D

ω
AJI E>8[WOB�=HD6?�D�.1D 56J/?�=@D VTE,;G=@D ;O24=H;4?'7

242:_ C�W4B�W4D 8<24;>=N2�\/2M8<;4.4J/J<2 ;MWXE>8<?�8<W1W4D ;>5�;O2456;>JK?�D
f
bc.1I"AaD =@DB;O24,/=@24DT8<=HD AN2OJ/;4?�B�=HJ/?�;GJK=

2�E



2#;O24,K565636?�D
S2 I6=@JZ8<?�=@36?�D 24A@;>56;>5�;G=H?�D f−1(x ∈ S2)

;>=@=HD6D6=H8 EGJKA@56;>5656D I�?�,/56JZ8<5�;O212 B�W1WM7
,K=H8/?�A@B�W1W:_�C�W4B�W�;1.4=@3a212OD .1JK.1=H8K8[212�?�;,;G=3;42OA@?�DT8/=@;>J/= 36=<8�?�,K?�DT8<=@2124AH=@01?�.1B�?�8<,K=@J/?�D B�W1W4,/= 8<?�A 7
B�W4D�;O2OD6J/J/2 �DC>?	� _"4cA@.1= 8<?�8<2124D�B�W1W4,/= 8/8/?�A@?�B�WOA@ANW�;>=@=HD6D6=H8 EGJKA@56;>5 _"dd= 8[W ;42O,K8<?�D�8<W E>8 E>E�?�D6JK=@D
B�W1W4,K=H8/?�A@A@W(24A@;>56;>5�;G=H?�D � 
 � � # � � \/2�;>=@?�,Z8<.1JK5656DT8[2d_�F(=@?�,K8/.1J/565:D>8<2 ;4.1=@3a2424D ;O24AH=H8[2(B�=@?�A@=<;O24A 7
8<24=@JK?�JZ8<= 	 ;>56D6V624D ;M24=@;>=HA@A@?)24A@;>56;>5�;G=@AHA@? ;O24A@= 8[212ODFJK? J/24B�2OA@AN2 8<2�;O24AHAN2 	:B 5:8/8<2�24AHAN2 ?�JK=H8/?�8/8 E
;O24AH=@DT8[2�.1D�J/=H;OWOA@= ?�,/= 8 EG=@D6?�D 	:?�8/8[W JK?(.1D�24=HD6.T2 	X\K.1;M2 24DT8[242 EdVT8<W4J/565:,/56563:?�D b .1I�AaD�=HD,;O2M7
,K=N24DT8/=@D�\/2�24A@;>56;>5�;G=@?�D ;>=H=@D6D6= 8 EGJ/A@5";d5:D ;>=@,Q\/24A@AH=@JK565636?�J/J<2�;MWXE>8<?�8 EdD B�W1WO,/=H8/?�AHB�W4D�;OW4A@=HA@A@?O_
�F=@;MW4A@=W;O24AH=H8[2424D 8<.1=HD6?�D�;G=H?�,Z8<.1JK5656DT8[2 	dI6=H8<W1W�AH=@J/W4;>J/= B 565:8K8[212�bc.1I"AaD�=@DB;O24,K=N24DT8<=HD�B�?�,K;17
;>=&8[2O=#B 565:8/8<212�;G=H=@D6D:=H8 EGJ/AH5�;G56D B�W1W4,K=H8/?�A@B�W4JKJ<W ?�J/=@=HDT8 E ;OWO8cA@5";d5d8

ε(i) → −ε(i) _ e$=HJ<W4;>JK=2OA@AN2�?�J/= 8<?�8 EdAHANW 8[2#;O24AHAN2 J/21243a212ODo;G=H=H8/8/?�=HJ/J<W#� CBg	�:\/2#� C�2 �$B�24=HD6=H8/5:8 ;O24,/2456;>J/?�8X_
� W1WO,/=H8/?�AHANW1W4D 24A@;>56;>5�;G=H?�D

f−1(xi)
;G=H?�,Z8<.1JK5656DT8[2�J/?�5:,<212#;O24JK8/= _ � 2OA@=H8<2124D ;M24;>J/=aI:=@JK8/?�8Z7

8<W
x1, x2 ∈ S2 	G\K.1=HA@A@? x1

3 = x2
3 = x0

\/2
f : S3 → S2 36=38 ?�,/?�DT8/=@.1= 8<5�;O2:_�+-=@JK8/?�=H36?�D x1 \/2

x2 24AH;>56;>5�;O2O8 f−1(xi)
.�;O2O8(;M24=H;G;>=H?�D I6=HJK8<?�=@36?�D

y ∈ S2 	>\K.4=@A@AH? f(y3) = x0

	 24A@;>56;>5�;G=H?�D
f−1(y)

B 56.G36.1JK8<24B�24D � � � � � ��� � �! 

��� � �cJK56A \K?�8/8<5]\/2 I�.4A@;>5M\/2:_ � 24AH=H8[2424D!J/=H8K8<?�D 8<.1=HJ/?�AH8[2 24A 7
;>56;>5�;O24A 8[2 B�=@?�A@=3;42OAH8[2O=@D6?�D)I6=@JZ8<?O_ �)A@;O.d.4D

n
8[W4JKJ<W I:=@JK8/?�?�J/J<W)B�W1W4,K=H8/?�AH8 Ec8[24J/2M7`2O, ;1.4I6=@D6D624D

5:A@.1JKIaW4=@D .4J/.1= 8/8[2#;O2(D6.1,KB�212OA@=GJ/?�;MW
t
8[2OJ<2M7 24, ;4.1I6=@D:Da24D 8[W4B�W4D I6=HJK8/?�?�D�J/?�8<24D601?�D>8K8<= 	�\K.1;M2

.4J/.1= 8/8[242 8<.1=HJ/?�DF24AH;>56;>5�;O24D�ANW4V6=HB�I6W1W4D�I:=@JK8/?�?�J/?�?�D _
F(=@?�,Z8<.1JK5656D6D624;>J/=`;O24A@= 8[212OD�DTEG8 ;4?�;17
8/.1,/=HD

n× t
I�.4A@56D

f−1(x1)
JK5656DT8[24=HJ/?�D�;4.1B�I�.4D6?�DT8<=HD�J/5:56DT8[2:_�F!5";42OJ/J<2 R _<2).4D�?�JK=H8<?�8/8 E 	

B�=H8/?�D�B�W1W4,/= 8<?�8[W1W4D�24A@;>56;>5�;G=@?�D ;>=H?�,K8/.1J/5:56DT8[2:_
dd?�56,<212#;O24;>J/= B�W1W4,/= 8<?�A@ANW4W4D � 
 � � # � � \/2 A@=HD6;>=H8 EGJ/AH56;>5 � A@=@D:;G=HD60 D>56B 5 ?�, �'_ �)AH;4.G.1D

x1 	
x2 ∈ S2 \/2 f : S3 → S2 36=<8�?�,K?�DT8<=H.1=H8/5�;O2�JK?�;MW γ ∈ R

2 \K.156;>;4. 	]\K.1;M2 J/21243a212OD 	d;>56D�I6,K.M\K= 7
JK.1=@362124D�24A@;>56;>5�;O2O8

f−1(xi)
� A@W4V6?�J B�=@?�A@=3;42OAH8[2O=@J/?�A@AH? ��8[2OJ/.1AHA@?4_ � 24A@= 8[2124D JK=H8K8<?�D)\K.156;O.1JK8<2

γD:? I:=@JK8/?�?�8 	�\K.1=HJ/J<2
f−1(x1)

^ D�I6,/.M\K?�;T8<=@.!AH?�=@;>;M212
f−1(x2)

^ D�I6,/.M\K?�;T8<=@.4D(\/2(A@=HJ<WO8<W1W4D 8<W4B�WOD
\K.456;4.1D�24A@;>=@.4=@V6=HD 8<=@?�8<.�J/=@= 8[W 	T;>56B�I6=�24A@;>56;>5�;O2�.1A@= 24AH56D6I ?�,/=HD�I:,/.M\K?�;>8/=@.1JK5656D6D624J/J/2 24A@?�B�7
I624Da2:_�� ?�,K;G= 8[W1WOD J<212M8<5a2 \K.15:;G;O.T2)JKEGB 5 .1AH=@A@A@2

C
\/2)D:=@B�=H8<?�8[W1WOD�JK?�D�24AH;G=H.1=H8<2 � 
 � � # � 
�� 
 
�� 
Q_

e&=H=H8<?�8[W1WOD ;G=@?�A@W \K.1;M24=@JK?�?�DF,K=@JZ8<?�EG;>J/?�?�D
i ∈ C

AH56;>5
ε(i)

;>5�;O24D R _<2!.1JK.1=H8K8[24B�24AHAN2(8[2#;O24A@A@2:_
��a�a�+ $^��� ]'�!a�� �<� � � � $'��P`$0� QY&#]'-YP�- ��� 4 AH;>56;>5�;G=@?�D

f−1(x1)
\/2

f−1(x2)
��

��
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�
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B�W1W4,K=H8/?�A@A@W1W4D�J/=H8K8<?�DF;M212#;O24AHAN2

lk : =
1

2

∑

i∈C

ε(i)
_ � R _ 6 C �

C�W4AHAJI1=HD�JKEGJZ8<?�?�B�=HD b .1I�AaD�=HD,;O24,K=N24DT8K8<=�EGVT8 E>E�J/?�D AH=@D6;>=H8 EGJKA@56;>5656D _�F(5:8<JK5:8[2424DF8<W4JK8<W
A@W4VT8<=H?�DFbc.1I"AaD =HDB;42O,/=N2OD>8K8<=@2�AHEGVTE1?�JK8/= � bc.1I�A6D � ;O24,<245:;GJK?�;>J/= _

R4S



� ���
ε = +1

� K��
ε = −1

��� ��� �	-1�	
?& 
F�I'!/8�.-F����&�
�
�+�+?�	�

F(5�;O2 R _<21^ � 24V636.4A@A@=HJ/?�8�24A@;>56;>5�;G=H?�DF,/=@JZ8<?�Ed;>JK?�8-\/2�AH=@D6;>= 8 EdJKA@56;>5
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		� 
 ����%$%$��% "#� ����
�"&"��("$���!� �����

C�WOJ/J<W ;M24I:Ia24A@?�?�JKJ<2�?�J/= 8<?�8<W1W4D�;>A@24J/JK=@J/?�D�;O?�DT8/8<WO8<?�.1,/=@24D�8[WO,/;4?�=@B�B�WM8-8<56AH.1;>J/?�8 AHEGVTE1?�JK8<=T\/2
=HA@B�24D JK?�D JK5656,K?�B�I6=N2 I�?�,/56JZ8<?�A@56= 8[2:_ U12M8<;>5�;O24D 24=@D6?�?�D 8<?�.1,/=@24D I�?�,/56JZ8<=@?�36.48�.1AH?�8/?�8[2424D
8/56D6D6?�8<56=H;>J/=$\/2�8<56D:D6?�8/56=@B�B�2M8(8<56AH.1;>J/?�8�8<.G36=@JZ8<56;>JK=@D6?�?�D A<I EG8 E,;OWO8�\K.1;M24=@JK?�JK8<2 \/2M8<;>5�;O24D
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( x1
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��a�a�+ $^��� ]'�!a ���<� � � �(AH;4.G.48
ηa : R4 → R

AH56.1;M24D
C2 P 5:D6;T8<=@.4=H8[2 \/2 x ∈ R4 _ � W1W4,K=H8<?�A 7

A@W1W4D�A@=HJ<W4;>JK=

L : =

∫

d3xL (ηa(xµ), ηa,ν(xµ), xµ)
	 � R _ 6>6 �
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∂L
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= 0
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2�;G56AHAN2 	
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F .d.4JK8<5:;4.G.48!8<?�D:J/.1,K=H8
X
\/2
Y
B�=@?�A@=<;O24A 8[24=HJ/=HJK8[2 	6A@56.4;O2OD

C∞
;G5";42O56;>J/=@JZ8[2 	d\K.O8<;M2 ;1.1=3;42M8

,K=@=HI6I65a2FB�=HJK8[W�8[24V624D6J<2 ;4?�DT8<W4JK8<W
ηa
8<24= ;O.d.4,/36=HDa212O8/=@JK8<2

xµ
J/= 8<?�D 	 ?�8/8[W D6?�B�W1W4,<W4W�;OWO8

JK?�56,/212#;O2O8�\/2O8<;>5�;O2O8 B 565:D6D6.1;>J/?�8






xµ → x′µ : =xµ + εaX
a
µ

ηb → η′b : = ηb + εaY
a
b

_
� R _ 6eg��

� W1WO,/=H8/?�AHANW1W4D ��
 � � �

jaµ : =

(

∂L
∂ηb,µ

ηb,ν − Lδνµ
)

Xaν − ∂L
∂ηb,µ

Y ab � R _ 6>9 �

JK?�;MW � ����� 
 �

Qa : =

∫

d3xja0 .
� R _ 6e=��

�)VT8[W4A<I1D � R _ 6eg � B�W1W4,K=H8/8/?�AH?�B�W�B 565:D6D6.1J 24=HV6?�5:8K8[212 AH56.1D6D:.1A@AH=@J/?�JK8/= B EeI1J�B 5656D6D:.1;>J/?�D

L → L′
(

η′b(x
′
µ), η

′
b,ν(x

′
µ), x

′
µ

) 	 � R _ 6eE��
B 5:8/8<2 K I48<V:?�,/=HD�AN2456JK?�?�J/J<2�8[WO8<W B 5656D:D6.1JK8<2�.4D V6=H?�B�24D�,<2 \K.1=H8/?�8/8/5 _
� �W-�&T�V���JNkN ����mW�%���,+ � � �)A@;4.G.1D

L
;O24;>=@.)\/2 L B 56.48/.1=@DB;O24,K=N24DT8/8/= =@D"AaD6=H8/?�JK=@B�2124A@=HJ/?�J/J<2B 5656D6D6.4;GJK?�JKJ<2 � R _ 6 g � 	a?�A@=

L =

∫

d4xL′
(

η′b(x
′
µ), η

′
b,ν(x

′
µ), x

′
µ

)

=

∫

d4xL (ηb(xµ), ηb,ν(xµ), xµ) +O(ε2)
\/2

L′
(

η′b(x
′
µ), η

′
b,ν(x

′
µ), x

′
µ

)

= L
(

η′b(x
′
µ), η

′
b,ν(x

′
µ), x

′
µ

) _

dG=@A@AH.1=@D ;G=@,/,/2O8
jaµ
\/2 ;O24,<245:;GJK?�8

Qa J<W4=HAHE,;OWO8 	dJ/=@AHANW ∀a ^

∂µjaµ = 0

d

dt
Qa = 0.
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 ��� dG=<;G565:8/?�8[2424D 	aAJI E>8 E>E�;>=@,Q\/24JK8<2�� C,9�� _
��a�a�+ $^��� ]'�!a ���<N�i � U4.4J L,µ = 0 ∀µ \/2�B 5656D6D:.1J�.4Dn;O24=HD ;O.d.4,/36=HDa212O8K8<=@?�D

xµ
J/=H=@,Z8<. 	

Xa
µ = δaµ

\/2
Y a
µ = 0

	 JK=@AHA@.1=HD�J/?�A3;OW4JK8/= K I48<V:?�,/=HD A@2456J/?�?�D ?�V636.O8 8<.O8<?�5d8<5�;O2O8-\/2�J/W4=@A E ;OW4;>JK=
;G=H,/,<2O;GJK=&J<212O3a2124D

T α
β : =

(

∂L
∂ηb,β

ηb
,α − Lδαβ

)

= jαβ
� R _ g S �

R ?



\/2 J/W4=@A E ;OW4;>JK=`;42O,<2456;>JK?�;>J/=
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∫

d3xjα0
_ � R _ g�2 �
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β
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JK5:8[2424D�J/= 8[W ;42OJK8[242�;O212�J<W4=HAHE,;OW1W ;42O,<2456JZ8[2

Q0 
"# ��� � � # � # � � 
 � 
�� 
dJ/?�;MW ;G=H,K8[242 j00 ;4?�DT8[W4D
# � # � � 
 � � 
 � # � � # 
�� 
Q_ G-36?�AHA@?�?�D ;>A@24J/JK=@J/?�D B�?�;M24D:=@=@;M24D ;O2OD6J/J/2 EGVT8<?�D6?/;OW4JZ8<=�DaW4=H8<W ;>5:8<JK5d7
8<2124DF56J/?�=@D B E>I1J ;4?�DT8[W4D � � � 

�����	��

����
 ��
	� 
 ��
�� 
 	

E = Q0 J/?�;MW � � � 
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;>5�;O245:JK8[2 	1\K.O8[2 B�?�,/;>= 8[W1W4D�JZEdB 5�.1AH=@AHAN2
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E
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8/=@B�2124D 	 B�=HA@A@.4=@D JK?�EGA@=HIaW1WO8<W1W4D .1D .1A@?�B�24JKJ<2:_�4c=@Da2�;1.4=@3a212OD ;>=@,Q\K.1=H8K8[212 E = Ekinetic +
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E
^ D .4A@?�B�24JKJ<24.O7

AH.1A@AH?�.1D
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∑

i∈I Ei(ηa, ηa,µ)
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.1D � ��
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 	6B�=@;MW4AH= ∀i ∈ I : |∫ d3xEi| <∞

_
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d3xEi

;4.1=@JK=�.1A@A@2 .4A@?�B�24JKJ<2 	
.4D 	a?�8K8[W ∀t ∈ R : lim|x|→∞ Ei = 0
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σ
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fπ

(

σ1̂ + iπ · τ
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fπ
−2
) �'?:_<2 �

Lµ(x) : = U(x)†∂µU(x)
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4
f 2
π tr
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∂µU(x)∂
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∂µσ
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∂µπ
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a(x), bi(x) ∈ R
	
A : = 1

c

(

a(x)1̂ + ibi(x)σ
i
) \/2

0 < a(x)2 +

bi(x)b
i(x) ≡ c2 ∈ R

_
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A−1 = A†
\/2

A†∂µAA
† = −∂µA†

_
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AA† =
1

c

(

a(x)1̂ + ibi(x)σ
i
)1

c

(

a(x)1̂− ibi(x)σi
)

=
1̂

c2
(

a(x)2 + |b(x)|2
)

= 1̂
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0 = ∂µ
(

AA†
)

=
(

∂µA
)

A† + A∂µA
†

⇒ A†
(

∂µA
)

A† = −∂µA†
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U ≡ U(x)
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0 6= e ∈ R
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LSpot : =
1

2e2
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(

[

(

∂µU
)

U †,
(

∂νU
)

U †
]2
)

LSkyrme : = LSkin + LSpot
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φ0 : = σ
\/2
φi : =πi

_ U1WOA@A@?�?�D AN2O56J/?�8/8[2�?:_32
\/2 \/W4A \K?�D JZEd;>AH=@JKE>E>8/8<W ;MWXEG8K8[W4?�D B�W4W4,/= 8<?�AHB�WOD R _ ? C B 56;M24=HD6?�D ?�D6?�,/01=@2OP 56D6;T8/=@.1Da2424A@=-J/212
B 56.d3:.1D
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=
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φa,0 +
∂LSpot
∂φa,0
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∂0U∂µU
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∀a : ∂0φa = 0 ⇔ ∂0U = 0
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∫

d3x
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1

4
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∂iU(x)∂iU(x)
†
)

− 1

2e2
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[

(

∂iU
)
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(

∂jU
)
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]2
)

)
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√
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nlijk
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x1, x2, x3
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∑
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)2
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(

nlij+1k − nlijk
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nlijk+1 − nlijk
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7`24;>JK?�A@=HD�J/5656DT8<24=@JK=N2�JKEGA@=HD>8/?�,K?�=H8<W 	aJ/= 8<?�D 	 ?�8/8<W�JZEGA@=@DT8/?�,/=HD
JZEGB�B�?�8/,/=N2]7`24;>J/?�A@=�EGV>8 E>E

x3

7 24;>J/?�A@=@=HD _ �)A@;4.G.1D JK? A@=@J/W4;>J/=�\/24;>J/.1AHA@=HD6?�D ^ ∃c ∈ R : ∀n ∈
Z,n(x1, x2, x3) = n(x1, x2, x3 + nc)

_ F!5d8<J/5d8[2124D 8<WO8[W 8/=@AN242 ;1.1,Z8<?�;GJK=@;>J/= _ � .1,K8/?�;>J/=H?�D
AH56.1D6D:=@J/J/2 .1D�;OWXE>8<?�8/8 E�JK?�56,/212#;4242�;M212#;O212

r0 =
√

x2
1 + x2

2

�[6d_ R �

n3 = 1− 2a

a− 1 + ebr
2
0

�[6d_ ?��

n(x1, x2, x3) =











√
1−n2

3

r0

(

x1 sin
(

2πntx3

)

− x2 cos
(

2πntx3

)

)

√
1−n2

3

r0

(

x1 cos
(

2πntx3

)

+ x2 sin
(

2πntx3

)

)

n3










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IaWO8/;OWd_�C�W4A@A<I1=@D I6=H8<W1W V>56.1B�2O8<2 	 ?�8/8[W ;O24,/2456J 8/56A@?�?�AN24JK;4?X2S;O24=HD 24A@;>56I ?�,/W4=@JK?�D .1J/24D
B�2O8/;O2OAH8[2 	 ;O24=H;G;M2 ;>5�;O24J/J/2�?�J/=H8/?�8K8[W4=HJ/=@=HD6;>=@D�JK5656,K?�B�I6=&.1J<2 ;4.1,K8/?�;>J/=@2:_
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U4. ;42O,/Va24=HJ/?�J/J<2 ;O24=@V6?�?�JKJ<2 ;MW#;G=d=HA@B�= 	�?�8/8<W \K.48<;>=HD ;4.1,K8/?�;>J/= 8<=@A@2O8#B 565:8K8<5�;O2O8Y?�D:?�,/04=N24D�B�=HD6= 7
B�.1=HD6D6=@JKJ<2 8/=@A@.4=@;>J/= 	X\K.O8<;M2 B 56.G36.1JK8/5�;O2O8�V6=H?�B�24D�36?�P .4,/B�.1=H8/56D6?�=HJK8<2 ;1.1,Z8<?�;GJK?�=HJK8[2)\/2 ,/?�DG7
;M24=HJK8<2 JK?�D EGB�IaW4,/=HA@A@W:_�C�WOB�W4D!8[2O;G=@2 .4D�8/5:8<;>=H8K8<5�B E>I4J J/?�A@A@24=@JK=N2 8/=@A@.]\/2 	Z\K.48/;O2�.1D�B 56.G36.1J`7
8/?�8K8<5 AH=@J<W4W4B�WOA@ANW ,/?�D:;O2424D JKEGB�B�?�8<,K=N2M7 24;>J/?�AH=@AHA@?X;4.1,K8/?�;>J/=dJ/= 8<?�D
	O?�8/8[Wc,/?�D:;O2424D JKEGB�B�?�8<,K=N2M7
2O;GJK?�AH= EGVT8 E>EV;4.1,K8/?�;>J/=HD JKEGB�B�?�8<,K=N2M7 24;>J/?�AH=@=HD�\/2FD:=@=@3:?�D ;4WOA@=@=HD�\/W1W�I6=@?�D6= IaWO8<;MW�8 EGVM\K=JI48<W
(

n = (0, 0, 1)
) _�CY?�;GD:=@J/?�JK8/=�8[W4B�W�8<24,/;O.1=H8K8[212 	 ?�8K8[W�,K?�D6;M2124D ;M212#;O2124D .4D 8<?�VT8 E JK= \K.1= 8<56J

r → r′ = r − 1
\/2�;MWXE>8<?�8/8 E�;42O=@D 2OA@56?

r′ ≥ 0
_�F!?�J/;O?�A@AH?�\/W4W4D6?�?�D 8 EGVM\/W4D 2OA@56?�?�D ;4?�;T8<.O7

,K?�=HA@A@?�8[212OJ�.4D 2OD6D6?�8K8<5 24, ;4.48 ;1.4,K8<?�;>J/=@D ;M212#;O24D B 56;M2124D J/= 8<?�D 	 ?�8K8[W�;1.1,Z8<?�;GJK=@D�\/2�,/?�DG7
;M212ODH;OW4AH=@JKJ<W ;O?�DT8/8<W ;O24,KB�24JZ8<=dJ<212 ;O24;>5656B�=N24,f;1.1D:J<2:_BF(5:8/J/5:8<2124D 8[WOA@AN2O=@JK8<2�8/=@A@212 \/2O8/;4.1JKJ<2
� # � � � � � � � � # 
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AN24JK;4?�8[2124DF24AH;>56;>5�;G=@?�D�AH=@Dd7
;>= 8 EdJKA@5�;G56JZ8[2 J/24B�24A@A@2 8<2#;42OA@AN2 ;>56=HD I�?�A@;MW4Dj;1.1,Z8<?�;GJK=@D 8<24=�,/?�D:;O2424D6;>=@D 	 B 5:8K8[2 DTEG8�.1D
JZE>EG8<W V>56.1B�2O8<2 	�?�8K8[W ;G5:D6;>=@D ;4?�;T8<.4,/=@D

n
24AH;G5:;G5";42 .1D 8 E>EdI:=@A@AH=@JK?�JK8/=)?�I6W EGVT8<?�DaW4=HD6?�D

?�=@;MW J/?�D AH=@D6;>= 8 EdJZ8[W = 8<J/?�D6J<W ;M24D6JKJ<2 I6=H3aW .48/8<212 V>56.1B�=@.G.1D _ F(5�;O24J/J/2 6d_32 .1D ?�JK=H8/?�8/8 E
?�,<W1WOD ,/?�D:0T24J ;4.1,K8/?�;>J/=HD�?�8<?�ANW4Da2#;O24D (

n = (0, 0,−1)
) \/2);M24V636?�D�I6W4=<;OW4DT8[2OJ<212]\/2OD I6=@JZ8<?�?�D

(

n = (x1, x2, 0)
	
x2

1 + x2
2 = 1

) 24AH;G5:;G5";42M8X_#e&=@J<WO;GJK= ;G5";42424D .1D B�?�,/;>=H8K8 E ,/?�D60T24JK.1J<24J`7
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_
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.4J/=@?�D 24AH;G5:;G5";d=H?�D ;>56AH;>56J/565:D6Da2O8�.4D ;O24A@= 8/8<5 _ F�2OI6Ia24AH?�?�D R _ R _@C B 56;M24=HJ/?�AHAN2S;O24A@=HD6Da24AHAN2
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mr → −mr

8[2O=
nr → −nr
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mt

;O24=@VT8<212)?�8/56B�?�,/;>;>=@D6J/W�JK=@AHANW
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JK=@J/W4I6=@D:Da24A@AH?�;G5:D 8[212OJ�8<.4=@J/?�D
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^ D!;O24=@VT8<.�;O24=@VT8[242F;>56AH;G5:J/5656DT8<212 .1J/.4=H8/8<2#;42ODV;1?�;T8<.1,K=@D

JK5656D6D624D 	d\K.1AHA@.1=HD \K.1;M24=HD6?�D ,/=@JZ8<?�EdJ)8/.1=@JK?�D 24AH;>56;>5�;O24D .1J<2OD ;M24D:J/J<2 ;O24=HVT8[212�B�?�,K;>;G=HD6J<Wd_
C�WOB�W!DaW4V636W1W4DH;1?�,Z8[212OB�24AHAN2);>5�;O212 6d_32c;>5�;G=@=HD 6G_ ? 	�\K.4J/J<2�.1D�?�J/= 8<?�8/8 E�?�3:?�A@AH=@JK?�JK8<W)EdV:36?�D
AH5�;G56D

nr, mr, nt
8<24=

mt

?�8<56B�?�,K;>;G=@W B 565:8K8[24B�24A@A@2�J/212O8[2#;O2O8�8/=@AN2M8X_
F!W4J/= 8<?�A@ANW4W4D ?�36?�AHA@?�?�Dl;O24=HD J/?�AHAN24=HJ/=@2 8<=HA@.M\/2 	6\K.1=HJ/J<2 |mt| = 1

_ F!212#;O24JZ8[2 � 6d_@g � DaWOVd7
36W1W4D B EeI1J 	-?�8/8[W B�=@;MW4AH=

mr > 1
	Y;O2OJ ;O212 J/?�;OW ,K?�D6;M2124D ?�8/8<W AH=@= 8<.1;>J/?�D 8/56.48/8<24B�2 ;O2M7

,/2456J�_YC�WO8<W .1D ;G5:=H8<?�D6;>=@D B�24V63:.48<.1D DaW4V:3aW ;1?�;T8<.1,K=@D
(0, 0,−1) 24A@;>56;>5�;O24JZ8[2 	#J/=HA@A@W�JK?.4D

mr
7 ;O?�,Z8[24=HJ/?�JZ8<= 36?�04?�D6?�,/.1= 8<56D>5:8 EGB�ITEd,/W:_ C�WOB�WFDaW4V63aW4W4D ;M212#;O24JK8<2 � R _DCB? �!J/?�56,<212]7

;O24JZ8<= _ �(AH;4.G.1D�Ed;>JK=@D6;O?�,K8<24=@JK565636?�D ;G56.1;>J/=
nr = 1

\/2
f : R→ R

JK?�AHAN24=HD6?�D�P 56D6;T8/=@. 	a?�8/8[W
f

η→∞−−−→ 0
?�=@;MW�B�=HA@AH.1=@D6;M212ODFB 5656A@AH.1=@D�\/2

f > 0
B 565:8<.4=@D ��AN24JK;G5 .1D .1AH?�?�A@A@=HJ/?�JK8<=#J<2OB�2 	

;O24=H;>;O2 |nr| > 1
_$CY5:8/;>=H8[2424D 	#B�=H;OW�.1Dn;1?�;T8/.1,/=HD

(0, 0,−1) 2OA@;>56;>5�;O2 n−1{(0, 0,−1)} _F!212#;O24JZ8[2 � R _DCB? � J/21243a2424D

n(η, ξ, φ) =

(

2f

f 2 + 1
cos(mrξ + φ),

2f

f 2 + 1
sin(mrξ + φ),

f 2 − 1

f 2 + 1

)

�[6d_ 9 �

= (0, 0,−1)⇔ f = 0⇔ η =∞. � 6d_@= �

�)AH;4.G.1D
0 < ε < 1

\/2
n ∈ Z

_ CY5d8<;>=@B�24A@A@2 ;O24JZ8[212#;O24JK8/= ;1?�;>8/.1,/=HD
(
√
2ε− ε2, 0,−1 + ε)2OA@;>56;>5�;O212 8<.1,K56J/;O.d.4,/36=HDa212O8/?�=@D
	6V>56.1B�2O8[212OD 	:?�8/8[W

n−1{
(
√
2ε− ε2, 0,−1 + ε

)

} = {
(

f−1
(

√

ε

2− ε
)

, ξ, φ
)

|mrξ + φ = nπ} �[6d_ E��

� 2OA@=H8<2124D�J/=H=@J V:?�A@I .1=HD�8[2OIa2456J 	4?�AH=
n = 0

	'\K.1AHA@.1=HD!J<2124362124D EGVT8[W4A<I
φ = −mrξ

_>dd= \K.1=H8/?�8<2124D
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f ' g

_

≈ b .1B�?�.1B�.1, Aa212 =HA@B�24=@JK?/;O2n5:=@DaW1WO,/=@,K?�A@212O8<=H. ��B�=@;MW4AH= .4D .1A@?�B�24JKJ<2
V6.1B�?�.1B�.1,fA 2

A→ B
	aB�?�,/;>=H8<W1W4D

A ≈ B
_

∼= � J/.1B�.1,fA 212 =@AHB�24=HJ/?b;42 56=@DaW4W4,/=H,/?�A@212O8/=@. �&B�=@;MW4AH= .1D .1AH?�B�24J/J/2 =HJ/.O7
B�.4, A 2

A→ B
	aB�?�,/;>=H8<W1W4D
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