SINGULAR INTEGRALS ON BESOV SPACES

TUOMAS HYTONEN AND LUTZ WEIS

AsstrACT. The boundedness of singular convolution operators f — k* f is
studied on Besov spaces of vector-valued functions, the kernel k taking values
in £(X,Y). The main result is a Hormander-type theorem giving sufficient
conditions for the boundedness of such an operator on these spaces.

1. INTRODUCTION

Translation-invariant operators between spaces of vector-valued functions have
been studied extensively in recent years, especially because many problems in
the theory of evolution equations give rise to such operators. The attention has
been concentrated, in particular, on the Lebesgue-Béchner spaces, where a break-
through was made in the turn of the millennium, opening the way for theorems
concerning operator-valued multipliers between these spaces [2, 12].

However, before the right line of attack to the multiplier theorems on L? spaces
was found, the setting of the Besov spaces Bj? was found to be more fertile.
Whereas in the X-valued LP spaces the analogues of the classical multiplier theo-
rems required special geometry of the underlying Banach space X it was observed
(independently) by H. Amann [1] and one of us [11] (see also [5]) in the second half
of the 90’s that the situation was quite different for the Besov spaces. In fact, even
operator-valued multiplier theorems were obtained on B;*?(X) (the Besov space
of X-valued functions) with no geometric restrictions on the underlying Banach
space X. Moreover, norm boundedness conditions on the derivatives of the multi-
plier function (imitating the classical ones due to Mihlin and Hérmander, and some
generalizations) were found to be sufficient to give the boundedness of the associ-
ated operator on B;?(X), whereas the recent studies [2, 3, 12] of operator-valued
L?(X)-multipliers have revealed the necessity of a strengthened notion of uniform
boundedness, the so-called R-boundedness, in this connection.

Now that the situation is better understood on both scales of spaces, the results
on LP(X) and By?(X) are seen to complement each other: Although it is perhaps
desirable to work with the more concrete and familiar Bochner spaces when this
is possible, it is not always possible, and one is therefore forced to use substitute
results when X is non-reflexive, or more generally, non-UMD. On the other hand,
the results on the Besov spaces remain to hold invariant, to a large extent at least,
under the geometry of the underlying Banach space X. Continuity results on more
classical function spaces can then be derived using sharp embedding theorems by
which spaces such as LP(X) and BUC are related to the Besov scale. Moreover,
the Besov spaces include as subscales several “semi-classical” function spaces such
as BUC® (= B3>®) and W*P (= By?, p € [1,00) for non-integral values of s > 0.
The reader is refered to [1] for details on these points.
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The philosophy of the present paper is to adopt the convolution-integral point
of view to the translation-invariant operators on B;?(X), i.e., instead of thinking

f— Flm f] (the Fourier multiplier point of view), we write this directly as
f +— kx f, where k = F~'m, and the goal is to find sufficient conditions for the
boundedness on B;P(X) in terms of the (singular) convolution kernel &.

This approach has several advantages: First of all, operators appear in applica-
tions which are naturally given in the convolution form, so that it is desirable to
be able to determine the boundedness from the structure of the convolution kernel,
without the need to first transform everything to the frequency domain. Second,
such an approach helps to decouple the boundedness conditions in the theorems
from certain properties of the underlying Banach space X. In fact, when the condi-
tions are expressed in terms of the multiplier m, the minimal order of smoothness
required for the boundedness of the associated operator depends on the Fourier-type
of the underlying Banach space X (see [5]). On the other hand, the Fourier-type
does not enter the present results in any way; yet these results are strong enough
to be used to rederive many of the multiplier theorems in [5], i.e., the Fourier-type
only enters the scene when we want to show that the conditions assumed on the
multiplier actually imply the kind of conditions we want to have on the correspond-
ing kernel. (We are not going to consider this point any further, but dedicate this
paper to the convolution point-of-view. However, the parallel question in the LP
setting is discussed in full detail in [8], and the computations in the Besov space
setting are similar but easier.)

The paper is organized as follows: Sect. 2 collects preliminary results and nota-
tion, including the definition of the vector-valued Besov spaces and the operators
to be studied. In Sect. 3, we formulate the problems we address and we study
the convolution operators kx on B;P(X) in rather general terms. The main re-
sult of this section, Theorem 3.15, gives a characterization of the convolutors (see
Def. 3.11) on B;?(X) in terms of convolutors on LP(X). In this way, the original
problem of boundedness is reduced to a sequence of subproblems on L?(X) (related
to the “dyadic pieces” of the kernel k obtained from a Littlewood—Paley decompo-
sition). Sect. 4 collects some results for the treatment of the above-mentioned
LP-subproblems, and the results so far combine to give Theorem 4.10, where the
sufficient conditions for k to be a BjP-convolutor are expressed more explicitly,
without reference to LP-convolutors. This result is used in Sect. 5 to derive our
Hormander-type Theorem 5.7, where the sufficient conditions are expressed in as
classical a style as possible. Although this is no longer an exact characterization,
partial converse results are proven along the way which show that the assumptions
cannot be essentially weakened in general. An application to evolutionary integral
equations is considered in Sect. 6. Finally, we comment on similar results for the
homogenous Besov spaces.

2. PRELIMINARIES

Spaces of functions and distributions. We are mostly concerned with functions (or
distributions) defined on all of R™, where n is arbitrary but fixed throughout the
discussion. Hence the domain R™ will not be indicated explicitly, and we write, e.g.,
LP(X) for the space of Bochner measurable X-valued functions on R", with [ ||, :=
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([1r®)% dt)l/p < 00. Here and below an integral always refers to integration over
the whole space R", unless another domain is specified explicitly.

S(X) is the Schwartz space of smooth, X-valued, rapidly decreasing functions,
and S := S§(C). S(X) is endowed with its usual topology generated by the countable
collection of seminorms ||, 5 := ||t = t?D*¢(t)|| _, a, B € N*. D(X) consists of
the compactly supported elements S(X). The space of X-valued tempered distri-
butions is §'(X) := L(S, X).

As with S, we write more generally § := F(C) for the scalar-valued version of
any function (or distribution) space § € {D,LP,S’,...}. In some rare occations
where the vector-valuedness of a fucntion space is immaterial, we may depart from
this convention and simply write § even for the vector-valued function-space, but
this is always indicated explicitly.

Rather than S(X), our most important test-function class will be the smaller
algebraic tensor product X ® S, a reason for which will appear below. We note that
this is dense in S(X) w.r.t. its usual topology. A sketch of the proof is as follows:
First, it is well known that D(X) is dense in S(X); thus it suffices to approximate
a compactly supported 1 by functions in X ® §. We take a (fine enough) finite
partition of unity (¢;)72; of the support of 9. Let 1; be the Taylor expansion of
degree N at t; (a point chosen from the support of ¢;), where N is chosen large
enough. Then 9;¢; € X®S§, and Z;nzl @;1; can be chosen as close to 1 as desired,
the closedness being measured in terms of any preassigned finite collection of the
seminorms ||, 5.

Fourier transform and convolutions. The Fourier transform is defined by f(f) =
FfE) = [ f(t)e 2™ dt for f € L'(X). It is an isomorphism on S(X), and
on §’'(X) where it is defined by duality: (Ff, ) := (f,F¢). The inverse Fourier
transform is denoted f = F~'f. We recall the identity F2f = f, where f(t) =
F(=1).

The convolution of a tempered distribution k € §’'(X) and a Schwartz function
Y € S is defined pointwise by k x ¥(t) := (k,¥(t —-)). It can be shown, and the
vector-valued situation brings no complications at this point, that k1 is a smooth,
slowly increasing function. It can be identified with a tempered distribution, and

satisfies (k * 1), ) = <k, P * <p>

Besov spaces. The Besov spaces By?(X) can be defined in various ways. For the
Fourier analytic definition which we use, we require the following Littlewood—Paley-
type decomposition: Let (goj)‘j';o be a resolution of the identity, defined (in terms
of the corresponding Fourier transforms) as follows: Let ¢ € D be radial, equal to
unity in B(0,1), and supported in B(0,2). (The definition of the Besov spaces is [up
to equivalence of norms| independent of this choice; in fact, one could allow much
more general resolutions of the identity than considered here.) Denote qﬁ = Qy —
$0(2) and ¢; = $(277.) for j = 1,2,... We can then decompose f = Z;io fc,bj,
ie, f = Z?iof * ;, where the series converges in S(X) for f € S(X) and in
S'(X) for f € §'(X). Then, for s € R, p,q € [1,00] the space B;?(X) consists of
those f € §'(X) for which

£l = | (215 5 21,)

oo

j=0 l
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is finite.

We have §(X) — ByP(X) — §'(X), where — denotes continuous embedding,
and Bj?(X) are Banach spaces for all values of the indices as above.

It is convenient to define x; := @;—1 + ©; + @j+1 (where ¢_1 := 0), so that
X; = 1 on the support of ¢;.

The operators of interest. We study convolutions f — kx f, where k € S'(L(X,Y)).
These are initially defined on the algebraic tensor product X ® S as follows: For
Y € Sand k € §(L(X,Y)), the convolution k * ¢ is defined as above; for every
t € R™, we have a well-defined pointwise value k x ¢(t) € L(X,Y). Then also
[kx(t)]z is well-defined for € X. Thus (k« f)(¢) := [kx¢(t)]z for f = 2®, and
this definition extends to f € X ®S by linearity. The transformation f +— kxf maps
X ® S into the subset of §’(Y') consisting of smooth, slowly increasing functions.

We note in passing that there is an elaborate method for defining the action of
kx on the whole of S(X) instead of only X ® S. An interested reader should consult
the paper of Amann [1] for this. However, the more modest approach adopted here
suffices for our purposes. In fact, it is shown in [1] that S(X) is dense in By?(X) iff
both p < oo and ¢ < oo, and the same argument can be used to show the density of
the smaller class X ® S in exactly the same range of Besov spaces. Actually, since
X ® S is dense in S(X) w.r.t. the usual topology of S(X), which is stronger than
the topology of Bj?(X), the B;?(X)-closures of X ® S and S(X) always coincide.
Thus, to have an a priori estimate ||k * f||, .. < C[fl, ., forall f € X®S& is just
as good as the corresponding estimate for all f € S(X): When p, ¢ < oo, either one
allows us to conclude the existence of a unique extension T € L(B;*(X), By?(Y))
s.t. T|xgs = kx. When p or ¢ is infinite, we get an extension to the same closed
subspace of B;?(X), and to have an extension to the whole space, we require an
extra argument anyway.

3. GENERAL THEORY

In this section we investigate general conditions for the boundedness of convo-
lution operators from Bg?(X) to ByP(Y). The task is essentially two-fold: For
k € S'(L(X,Y)), our operator kx is initially defined on the subspace X ® S of
By ?(X). Thus the first problem is

Problem 3.1. When do we have k* f € ByP(Y) and ||k * f|, ., < Clfl, ., for
all fe X®S, with C' < co independent of f7

Of course, this is the only problem if X ® S is dense in B;?(X), since a unique
operator T' € L(By?(X), ByP(Y')) with the property T'f = kx f for all f € X®8 is
then determined by k, as soon as k satisfies the condition searched in Problem 3.1.
However, we know that the density holds iff p,q < co. Thus, in the general case,
we are faced with another problem:

Problem 3.2. When and how can we extend kx to T € L(B;?(X), ByP(Y)) s.t.
Tf=kxfforall fe X®S?

Moreover, it is natural to ask
Problem 3.3. Is the extension T unique? If not, is it possible to choose it in some
canonical manner so as to have uniqueness by requiring some additional property?

Is the extended operator translation-invariant, like the original operator T'|xgs =
k+ was?
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By translation-invariance, we will mean not only the property T(f(- — h)) =
(TH)(-—=h) for h € R™, but also T'(¢ x f) = ¢« Tf for all ¥ € S. Formally, the
latter property is a consequence of the former, but making this precise requires
suitably continuity, and it is easier to study the validity of this condition directly.
Moreover, it appears that the property T'(¢¥* f) = ¢« T f is actually the more useful
of the two in applications. Both these properties are easily seen to be satisfied by
the operator kx acting on X ® S.

We first consider Problem 3.1. To facilitate notation related to this problem, we
denote

L2(F(X),3(Y)) = {T: X © S — §V)| |Tfll; < ClIfl; V€ X &8},

where § means either L” or By?, and [|T'|| o (3(x),3(v)) I8 the smallest possible C',
as usual. Moreover, since the vector-valuedness plays no roéle in the proof of the
next result, we make even further simplification, and only write B;* instead of
ByP(X), and L°(B;?) instead of L°(B;?(X); ByP(Y)) in the proof.

Since the membership and the norm of a distribution f in the spaces By? is
determined solely in terms of the LP norm of its dyadic pieces, it is not surprising
that the boundedness of a convolution operator k+ on Bg? depends only on the
boundedness on LP of the convolution operators induced by the dyadic pieces of k.
More precisely, the following proposition holds:

Proposition 3.4. For arbitrary Banach spaces X and Y, there is an equivalence
of norms

”k*HﬁO(B‘;"'(X),B;;"’(Y)) A~ sup ”(k * ‘Pj)*“g%u:(x)yu»(y)) ~ sup ”(k * Xj)*”coup(x)_,[‘p(y)) s
j J
and the constants of equivalence depend only on s and q.

Proof. The latter comparability is elementary, since

j+1
1k X% ooy < D 10k * 00) %[l o 1oy
i=j—1
and to the other direction we have ||(k * <pj)*||LO(Lp) = |l¢; * (k * Xj)*”go(Lp) <

llojlly 1K x5)%l go o> and sl < C.
In view of the fact that x; = 1 on supp ¢;, we have

[(kx f) * @ill, = [1(k* x5) * (F x i), < sap |(k o xi)*ll ooy 1] * @5,

and thus

1k f]

BP = H (2j5 Hk * f * (pJ”p)ij

< s 5l | (22155 4l,) | = 500 10030 a1
i £, i

which shows that ”k*HLO(BS”’) < sup; || (K Xi)*[| 2o (o)-

For the converse inequality, note first that all is clear if [|(k * ¢;)*[| co 1) = 0
for all j. Otherwise, we fix an index jo with [[(kx ¢jo)*| zo(1.) > 0, consider an
arbitrary positive M < ||(k * ©j,)*[| zo(10), and let g € S\ {0} satisfy

(3.5) [(k * @j0) * gll, = Mg, -
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(Note that such choices can be made whether ||(k * ‘Pjo)*Hzo(Lp) is finite or infinite.)

Take f := g*x,, € S. Then f=gon supp @, , and hence (kx@;,)xg = (kxp;,)*f.
This equality in combination with (3.5) shows that f is non-zero.
Moreover, we have

les * fll, < lles * X0y llgll, < Cllgll,

and in fact ¢; * f = 0 for |j — jo| > 1, again by considering the supports of the
Fourier transforms. These facts show that

S 1 )
£l gy = H (2(”“)8 [ cpj0+i\|p) 1” < 2°°C(s,q) |lgll, -
i,

1=

Finally, we have

1k f]

o | CRUCTE TR N REL PR ENR
=27 |[(k * o) * gll,, = 20" M |lgll,, = C™ (s, 0) M || f ]| gyr -

Since this holds for arbitrary jo and any M < [|(k * ©jo)*| zo(1s), With some non-
zero f € S, we conclude that [|kx||zo(ger) = C~1(s,q)sup; [|(k * @i)*ll o(rry- O

The proposition shows that the question of boundedness of the convolution op-
erator k+* in the ByP-norm reduces to the problem of LP-boundedness of the convo-
lution operators (k *¢;)*, which will be studied in detail in the subsequent section.
For the while, we turn to Problems 3.2 and 3.3. As mentioned above, these only
require consideration if either p or ¢ is infinite. The rest of this section will be con-
cerned with developing a theory applicable to these cases. Thus, a reader mainly
interested in the case p, ¢ < co might wish to move immediately to the beginning of
the next section. For those who stay, we are next going to give a preliminary result
for the solution of Problem 3.3 when p = oo; it has also some use in understanding
Problem 3.2, which is the reason for taking up this consideration at this early stage.

Lemma 3.6. Let T be a linear and o(LP(X), L' (X"))-to-0(S'(Y), Y'®S)-continu-
ous operator from LP(X) to S'(Y), such that T|xgs = kx, k € S'(L(X,Y)). Then
Y+xTg=T(xg) and (Tg)(-—h) =T[g(- — h)] for allp € S, h € R™.

Proof. Suppose g € X®S. Then FlopxTg] = Flpx(kxg)] = ¥kg, and FIT (¢px*g)] =
Flk * (¢ * g)] = kibg, so everything is clear.

For arbitrary g € LP(X), we consider functions g, € X ® S which converge to
g in o(LP(X),L” (X')). Observe that X ® S is o(LP(X), L” (X’))-dense in L?(X);
for p € [1, 00| it is even norm-dense, as is well known, and for p = oo the verification
of this assertion is an exercise in vector-valued integration.

Now Tg, — Tg in o(S'(Y),Y' ® S), ie., ¥ ({(Tgn,0)) — v'((Tg,¢)) for all
y €Y', ¢ €S. With ¥*¢ in place of ¢ this gives y' ((¢ * Tgn, ®)) — v' ({0 x Tg, d)).

From g, — ¢ in o(LP(X), L’ (X')) we easily have ¢ % g, — 1 % ¢ in the same
topology. By assumption then, ¢ ((T(¢ % gn), ¢)) — ' ((T (¢ % g), $)) for all ¥’ and
¢ as above.

Since the assertion was shown for the g, and the limit is unique, we conclude

that ' ((¥ «Tg,¢)) =y (T (Y xg),¢)) forall y € Y' g € LP(X), ¢,¢ € S, and
this implies ¥ *T'g = T'(¢ * g) as tempered distributions, thus a.e. (since both sides
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are locally integrable functions), and this is the assertion for convolutions. The
proof for the translations is similar. O

Remark 3.7. For p € [1, 00[, the same conclusion would follow from the continuity
assumption T' € L(LP(X), LP(Y)); indeed, for these p, the class X ® S is norm-
dense in LP(X), and we could have simply argued that T'(¢ x g) = limT'(¢) % g,,) =
lim % Tg, =1 xTg, and similarly for translations.

However, the same is not true for p = oo (counterexamples can be constructed
with the help of Banach limits), and this is the reason for establishing the result
for weak-to-weak-type continuity.

We are now in a position to present the extension procedure to obtain from
the original convolution operator kx € L°(ByP(X),BgP(Y)) an operator T €
L(ByP(X),ByP(Y)). The idea of the method comes from Amann [1] and Girardi
and Weis [5]. The previous Lemma 3.6 will play a role in establishing that the
equivalence of the two slightly differing extensions used by these authors do agree
under mild weak-to-weak-continuity assumptions. We note that we always obtain
an extension, as soon as kx € L°(ByP(X), ByP(Y')); however, under the additional
assumptions, as illustrated in the subsequent results, we are more justified to call
it the extension.

Proposition 3.8. Let T;|xgs = (k*x;)*. Suppose that ||T.7'HL(LP(X) Lr(yy <K<
oo for all j € N. Then, for every f € ByP(X), the formal series

Tf:=> x;*Tj(p;*f)
j=0
converges in ByP(Y) if ¢ < oo and always in S'(Y) to an element of ByP(Y) of
norm at most Ck. We have T|xgs = kx*.
If, moreover, either p < oo, or p = oo and each Tj is o(L>®(X), L'(X"))-to-
o(S'(Y),Y' ® S)-continuous, the above series agrees, term by term, with

o0

Tf:=Y Ti(p;*f),

j=0
and hence the same assertions hold for Tf.

Proof. That Tf =k« f for f € X®S§ is clear from F[x,; *T;(p;*f)] = XJ(I%)ZJ)(@J]E)
=@j(kf) = Flpj = (k= f)].

For p = oo and under the o(L>(X),L'(X’))-to-o(S'(Y),Y’ ® S)-continuity
assumption, we have x; * T;(p; * f) = T;((x; * ¢;) * f) = Tj(¢; * f) by Lemma 3.6.
When p < oo, this is clear from Remark 3.7. Thus it remains to establish the
assertions for T'f.

Convergence in ByP(Y), ¢ < oo. We have

N

N
pix Y Xi*Tilpsx [) =Y (wixxg) * Tilps * f),

j=M j=M
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and ¢; * x; = 0 for |i — j| > 1. Thus, denoting by T3 f the truncated series of Tf
above, we have

i+2AN i+2AN
leix TR fll, < D e xsly ITi(es x Nll, <Cr D ey #kll,
j=i—2vM j=i—2vM
and then, for ¢ < oo,
0o N
o2t flpix TR AL < Ont S0 2%y I — 0 as M, N — oo,
i=0 j=M

Thus T3 f is a Cauchy sequence in Bi?(Y). Once we know that the formal series
has a meaning, we can set in the above equations M = 0, N = oo, and we deduce

tha’t ||TfH5pq —_ C'k‘: Hf”s p;q‘

Convergence in S'(Y). For ¢p € S we have

106G = Tiles = £, 0)y = > UTi(p5 % £ x5 % )y <meﬁmwmwm
j=0

7=0 7=0

o0
< S k2 gy 5 £l 277 g +l < O Il g 101 g
j=0

which is finite, since p € S C B(;S’p/, and this gives the convergence. Then we
can evaluate @; x T'f just as above, and we get that Tf € B;*’(Y), with a norm
estimate of the same form as before. ]

Remark 3.9. Amann [1] uses [somewhat implicitly, with an intermediate notion of
sequence-spaces denoted Bj(LP(X))] the series T'f, whereas Girardi and Weis [5]

use T'f. The operators of the latter authors are always even o(LP(X), L¥ (X'))-

to-o(LP(Y), L' (Y'))-continuous, so that the definitions agree. The convergence of
the series T'f in §'(Y) was shown in [5] under this stronger continuity assumption.

Proposition 3.10. Under (all) the assumptions of Prop. 3.8, the operator T' also
has the following properties:
Translation-invariance: ¢ xTf = T(p x f) and (Tf)(- —h) = T(f(- — h))
forallp e S, heR", and R R
Compact-to-weak continuity: If p = oo, whenever supp fp,,supp f C K,
a compact set, and f, — [ in J(LOO(X) LY(X")), then Tf,, — Tf in
a(§'(Y),Y' ®S8).
Moreover, the T in Prop. 3.8 is the only operator in L(ByP(X), ByP(Y)) with these
properties.

Proof. Translation-invariance follows from the corresponding property of the op-
erators T; (Lemma 3.6 and Remark 3.7), and of x;* and ¢;*, from the S'(Y)-
convergence of the series defining T'f, and from the the continuity of f +— ¢ * f and
f e f(-—h) on S'(Y).

For f,, and f as in the continuity assertion, we have Zfio w; =1 on K for some
large enough M. It is then clear from the definition of the Besov norm that the
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norms || f[|, and [|f], ., are equivalent for all f € S&'(X) with suppf € K. In
particular, f,, f € By°°(X), so that T'f,,, T f make sense. Moreover,

M M
Tf'rn = ZX]' *Tj(gpj *fm) - ZX]' *Tj(ij *f) = Tfa
§=0 j=0
where the convergence is in o(S'(Y), Y’ ® S). Indeed, ¢; * fr, — ¢; * f in
o(L>(X), L' (X")) when f,, — f in the same topology, and T} is o (L>(X), L' (X))-
t0-0(S'(Y),Y ® S)-continuous by assumption.

Uniqueness of T. To establish the last assertion, let T € L(By?(X), ByP(Y))
now be any operator which extends k+* and satisfies the translation-invariance and
compact-to-weak continuity assertions of Prop. 3.10. For any f € B;*’(X ), we have
w; * Tf =T(p; * f), where p; * f € LP(X). By density, we can find a sequence
gm € X®S s.t. gm — ;i x [ in LP(X) if p < oo and in o(L>(X), L' (X)) if p = o0.
Then also x; * gm — X; * (¢, * f) = @, * f in the same topology, and it is clear that
the Fourier transforms of x; * g, and of ¢; * f are supported on a fixed compact
set K. Thus, when p = oo, the compact-to-weak continuity guarantees that

T(pj*f)= a(S'(Y), Y ®8)- lim T(xj*gm) = lm kx (x; * gm)-

When p < 0o, we have X;*g,, — @;*f in LP(X), and then also in B;"?(X), because
of the support condition on the Fourier transforms. Since T" € L(By?(X), ByP(Y)),
this guarantees that ¢; «* Tf =T (p; * f) = UmT(x; * gm) = Imk * (X; * gm), the
limit now taken in the norm-topology of By?(X).

Thus, in either case, ¢; * T'f = T'(p; * f) is uniquely determined by k. Since
Tf=S8(Y)->;2 % *Tf, the same is true of T'f. O

Prop. 3.10 at hand, the following definition seems justified:

Definition 3.11. Let k € S(L(X,Y)). We say that k is a convolutor from BJ?(X)
to ByP(Y) if there exists a T' € L(ByP(X), ByP(Y)) with the following properties:

e I'f=Fkxfforall fe X®S, and
e T is translation-invariant and compact-to-weak continuous in the sense of
Prop. 3.10.

T is called the operator associated with k.

Remark 3.12. Tt follows from Prop. 3.10 that the operator associated with k is
unique. For p = oo or ¢ = oo, this would not be the case if we only required
T € L(ByP(X),ByP(Y)) st. T|xgs = kx.

Our definition of a convolutor could be contrasted with that of a Fourier mul-
tiplier from ByP(X) to ByP(Y) used in [5]. The uniqueness question of the as-

sociated operator is there settled by requiring that 7' be o(B;?(X), B(;S’p/ (X")-

to-o(ByP(Y), B;S’p/(Y’)) continuous. This is a stronger requirement than that in
Def. 3.11. Indeed, the translation-invariance of such an operator can be derived by
continuity from the fact that it holds for the restriction of T' to X ® S, a dense
subspace of B'P(X) w.r.t. the topology o(B;?(X), B;S’p/(X’)). The compact-to-
weak continuity of T also follows; in fact, if f,, — f in o(L®(X),L*(X")) and
supp fm, f C K, then, since f,, = Z?io ©; * fm for some fixed finite M, it follows
easily that also f,, — f in o(B;*°(X), B;S’l(X’)) (see [5] for the definition of the



10 T. HYTONEN AND L. WEIS

duality pairing in this context), and then 7'f,, — T'f in o(B>(Y), B(;S’l(Y’)) and
hence in o(S'(Y), Y’ ® S). In particular, if m is a Fourier multiplier from B;?(X)
to By P(Y) in the sense of the definition in [5], then 1 is a convolutor in the sense
of Def. 3.11, and the associated operators agree.

Because of the intimate connection of convolution operators on By*(X) and
those on LP(X), which we already discovered in Prop. 3.4 and will describe in even
more detail below, we also give a parallel definition on LP(X):

Definition 3.13. Let k € S(L(X,Y)). We say that k is a convolutor from LP(X)
to LP(Y) if there exists a T € L(LP(X), LP(Y)) with the following properties:

e I'f=Fkxfforall fe X®S, and

o if p=o0, Tis o(L®(X), LY(X"))-to-0(S'(Y),Y' ® S)-continuous.

Again, T is called the operator associated with k.

Remark 3.14. Again, the operator T associated with k is unique. This follows
from the density of X ® S in the norm-topology of LP(X) when p < co and in the
o(L*(X), L' (X"))-topology when p = co. Lemma 3.6 and Remark 3.7 show that
T is translation-invariant. The compact-to-weak continuity required in the Besov
space setting holds now rather trivially.

The following theorem completes the general description of convolutors from
ByP(X) to ByP(Y).
Theorem 3.15. Let k € S'(L(X,Y)). Then k is a convolutor from ByP(X) to
BP(Y) if and only if
e xi*k is a convolutor from LP(X) to LP(Y) for all i € N, and
e sup;ey [|Till,., < o0, where T; is the operator associated with x; * k.

When this is the case, we have

Tf =3 Ti(pi* f)

i=0
for all f € B3P(X), with convergence in ByP(X) if ¢ < oo and always in S'(Y).

Proof. The implication “<” is the content of Prop.’s 3.8 and 3.10. Let us establish
“j”.

Suppose k is a convolutor, and let T" € L(B;?(X), By?(Y)) be the associated
operator. Define T;f := T(x; * f) for f € LP(X) (then x; * f € B;P(X), so this
makes sense). Now we need to observe certain properties of the operators T}:

eForfeX®S,asox;xfeX®S,andT;f =T(x;j*xf)=kx(x;*f)=
(x; * k) * f; thus Tj|xes = (xj * k)*.

e Denoting & := \\T|\£(B;,p(x)733,p(y)), we have the norm estimate
2 o0
131, < 4¥1277 37 209 oy T * ), < 4M1277547 || (2 llps « TO + DI, ) |,
i=—2 2
= ABIBYTTINT (g 5 )l g < APIBYT2T R x5 f L < Cls, 0027727 (I, 5

hence sup; ¢y [|7}| < C(s,q)k < 0.

p—p —
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e Suppose p = oo, and f, — f in o(L>(X),LY(X’)). Then xj * fm —

X; * f in the same topology, and obviously the supports of the Fourier

transforms of these functions are contained in a fixed compact set K. Thus

T(xj*fm) = T(x;*f)ino(S"(Y),Y' ®S),ie., Tjfm — T;f in the same

topology.

Thus every x; * k is a convolutor from LP(X) to LP(Y'), and the T}’s defined above
are the associated operators.

If we now define T'f := Z;’;OTj(gpj * f) for all f € ByP(X), then Prop.’s 3.8

and 3.10 show that T is the operator associated with k, and by uniqueness we have

Tf=Tf. O

4. AUXILIARY RESULTS FOR LP-CONVOLUTORS

The previous section culminated in Theorem 3.15, which completely reduced the
problem of boundedness of convolution operators on B;’”’(X ) to a related problem
in LP(X). Tt is worth observing that this related problem is not the question of
boundedness of general convolution operators on LP(X); rather, it deals with the
convolution kernels k*y; having a very special structure: they are C* and moreover
have Fourier transforms supported on dyadic annuli. Nevertheless, it is convenient
first to collect some general criteria for the LP-boundedness of convolution operators
with an operator-valued kernel. These results are mostly taken from [6] (where also
more general versions are contained), and hence stated here without proof.

Proposition 4.1 ([6]). Let k: R" — L(X,Y) be a function s.t. k(-) and k(-)" are
strongly measurable, and

(4.2) / (k(t)xly dt < k1 lo|y, / |k(t)/yl|X/ dt < koo ‘yl‘y’ .

Then kx, initially defined on X ® [L' N L*°], say, extends to a bounded mapping
from LP(X) to LP(Y") for all p € [1,00[, of norm at most fi}/pf-zj;(/;p .

In order to ensure the existence of an extension from L% (X) to L*°(Y), further
assumptions are required. For this, we introduce the following notion:

Definition 4.3. We say that an operator-valued function k() : R* — L(X,Y)
is uniformly strongly integrable, for short k € LL(L(X,Y)), if it is strongly
integrable and the following property holds: For all measurable sets E,,, £ C R™,

sup / |k(t)z|y dt — 0 whenever E,,, | E, |E| =0.
Em

Remark 4.4. It is easy to see that the condition of uniform strong integrability of
k can be separated (equivalently) into the following two parts concerning bounded
and unbounded sets:

sup / |k(t)x]y, dt — 0 whenever K (a compact set) D Fy,, | Eand |Ep,| — 0
Enm

|z x <1 m— oo

and

(4.5) sup / |k(t)x|,, dt — 0.
lz] x <1 J]t|>r e
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It is clear that the norm integrability condition & € L'(£(X,Y)) implies uniform
strong integrability k € L. (L(X,Y)); the point of introducing this notion is exactly
to avoid the rather strong notion of norm integrability.

A more reasonable condition which occurs in practise and implies both (4.2) and
ke LL(L(X,Y)) was pointed to us by the referee: k and k” be strongly measurable,
and there exist a scalar-valued w € L' such that, for all z € X, [k(t)z]y < w(t)|z|y
for a.e. t.

Now we state the result:

Proposition 4.6 ([6]). Assume the second condition in (4.2), and define the inte-
grals (which exist for all variables as below)

(4.7 K1) = [ K= 9)f(s) ds
for allt € R™ and all f € L>(X). Then Kf(t) € Y" and in fact |Kf(t)|y, <
Koo || flloo-

If moreover k(-) € LL(L(Y', X")), then Kf(t) €Y for allt € R" andt — K f(t)
is strongly measurable; thus, by the norm estimate, Kf € L>(Y) and || K f||,, <
Koo || fllo- Moreover,

Kg(t) := /k:(s — 1) g(s)ds,

initially defined on Y' ® [L' N L™], extends to a bounded operator K from L'(Y")
to LY(X")), and K = K'|1(y+), where K' is the adjoint of K.

Remark 4.8. Tt is clear that Kf =k« f for f € X ® [L' N L*™)].
It is also shown in [6] that the assertion of Prop. 4.6 remains valid even without
k(-)" € LL(L(Y’, X")) provided that the Banach space Y does not contain co.

Corollary 4.9. Suppose k satisfies the conditions (4.2), and k(-)' € LL(L(Y', X")).
Then k is a convolutor from LP(X) to LP(Y') for all p € [1, 0], and the associated
operator K, € L(L?(X),L?(Y)) has norm at most x}/”mié”'.

Conversely, suppose k € S'(L(X,Y)) coincides with a strongly locally integrable
function, and that k(-)' is also strongly locally integrable. If k is a convolutor from
LY(X) to LY(Y) [resp. from L°°(X) to L°°(Y)|, then it satisfies the first |resp.
second] condition in (4.2).

Proof. Concerning the first assertion, everything else is contained in Prop.’s 4.1
and 4.6, except for the o(L>(X), L}(X’))-to-0(S(Y),Y’ @ S)-continuity of K =
K. However, even more follows easily from Prop. 4.6: Suppose f,, — f in
o(L*(X),LY(X")), and let g € L' (Y'). Then

(9. K fm) = (K'g, fm) — (K'g, ) = (9. K ),

where the convergence follows from the assumption and the fact that K'g
LY(X') by Prop. 4.6. Thus K., is even o(L>®(X), L}(X’))-to-o(L>®(Y),
continuous.

= g =
LY(Y"))

The necessary conditions. Suppose now that ||kx|,_, = k1 < co. We fix a non-
negative ¢ € S with ¢(0) = [¢ = 1, and denote ¢ := e "p(e~-). Then |[1)e||, =
Jéll, = 1 for all € > 0, and hence [l + b (-all, < 1 |l
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It is known that k * Y. — k as € — 0 in the sense of distributions, thus in
particular (k % ¢(-)z, ®) — (k(-)z,®) for all z € X and ® € Y/ ® S. By the norm
estimate above, we conclude that

sup [(k()z, @) < ko fz]x
PEY'®S, @ <1
and this gives the estimate ||k(-)z|; < k|z|y for the L'-norm of the locally inte-
grable function k(-)x.
Finally, if ||k * f| ., < koo || f]l, for all f € X ® S, then

1B Yl axry = NBGE = )Y g x) = sup [(k(t =)'y, )
FeX@D,[Ifll <1

<y’,/k(t —s)f(s) d5>‘ = sup (', (k= £) ()] < sup 15 flloo 1]y < Foo Y]y -

= sup
f

Now all the assertions have been verified. O

The following result is now an immediate consequence of the previous ones:
Theorem 4.10. Let k € S'(L(X,Y)), and suppose that we have the estimates

(4.11) les kGl < klzly, e «kO)YIL < RlYly
and moreover that @;xk(-)" is uniformly strongly integrable. Then k is a convolutor
from ByP(X) to ByP(Y) for all s € R, p,q € [1,00].

Conversely, the estimates (4.11) are also necessary.

Proof. Cor. 4.9 shows that every ¢; * k (and then every xj xk = _ | ¢t * k)
is a convolutor from LP(X) to LP(Y), and the associated operators are uniformly
bounded. Then Theorem 3.15 shows that k is a convolutor from BJ?(X) to By?(Y).
The converse statement is obtained from the converse assertions of these same
results. (I

Remark 4.12. The uniform strong integrability can be dropped if Y does not contain
co, or else if only the exponents p < oo are considered.

5. A HORMANDER-TYPE CONDITION FOR SINGULAR INTEGRALS

We are now approaching our main goal of giving sufficient criteria for Bj?-
convolutors in terms of conditions with the flavour of L. Hérmander’s classical
theorem. In particular, we want to express our conditions more explicitly in terms
of the kernel £ itself, rather than using the auxiliary kernels ¢;*k or x;*k appearing
in Theorems 3.15 and 4.10.

In the context of the reflexive LP spaces of scalar-valued functions, it is well-
known (cf. e.g. [4]) that a sufficient condition for the boundedness of k*, where
k € 8’ coincides with a locally integrable function outside the origin, is obtained by
requiring k € L™ and, in addition, the Hérmander condition (see Def. 5.1 below).
As we will see, in the context of the Besov spaces, it is necessary to strengthen these
assumptions by imposing a stronger integrability condition in a neighbourhood of
the infinity. This arises from the inhomogeneity of the Besov spaces, more precisely,
the requirement that we should have k * ¢y € L', where $o(0) = [ o # 0.

We first formulate several conditions that will play a réle in our Hérmander-type
convolution theorem.



14 T. HYTONEN AND L. WEIS

Definition 5.1. Let k € LL°°(R™\ {0}; £(X,Y)) N S'(L(X,Y)). We define the
following conditions, which k£ may or may not satisfy:

Ho6rmander’s conditions: This holds if, for some b > 1, k < o0,
/ (k(t = 5) — K(E)aly dt < mlaly,  forallz € X, s € R\ {0},
[t]>b|s|

and we write for short (following Hérmander’s original notation from [7])
k € KYX,Y) in this case. We write k € K}(X,Y) if ko > s(b,s) — 0
as by < b — oo. (Only the bound kg, but not the rate of convergence, is
required to be uniform in s.)

Principal value conditions: We say that k satisfies the strong (resp. weak
resp. weak*) principal value condition, and write k& € PV(X,Y) (resp.
k€ w-PV(X,Y) resp. k € w*-PV(X,Y)) provided

/ |k(t)x|y dt < k|z|y for all » > 0,
r<|t|<2r

/ E(t)zdt
r<|t|[<R

and moreover the limit

(5.2) lim E(t)zdt
10 Jr<t)<1

< Klx|y forall R >r >0,
v

exists in the norm (resp. weak resp. weak™) topology of Y for every z € X.
(Tt is assumed that Y is a dual space when dealing with the condition
w*-PV(X,Y).)

Strong integrability and strong vanishing at infinity: By the first one
we mean that

[k(t)aly dt < ko]
[t]|>r

for some r € ]0,00[ and K = k(r) < oco. For the latter we even require
that x(r) — 0 as r — oo, i.e., this is the second half of uniform strong
integrability, (4.5).

Remark 5.3. If k satisfies the strong (resp. weak resp. weak™®) principal value con-
dition, then the limit

lim k(t)x o(t) dt
€l Jit|>e
= lim/ k(t)z(p(t)—¢(0)) dt-l—lim/ k(t)x dt ¢(0)+/ E(t)z ¢(t)dt
el Ject|<1 el0 Ject|<1 Jit>1
exists in the norm (resp. weak resp. weak*) topology of Y for every x € X and
¢ € S, which explains the name. (Note that integral over |t| > 1 is convergent
due to the boundedness of the integrals of k over annuli r < [¢t| < 2r, and the
rapid decrease of ¢.) The above mentioned limit defines the action of the tempered
distribution p.v.-k, or just k, on the Schwartz function ¢, and we also have the
estimate

[(k, ¢) zly < 261Vl + [6(0)] + [[Is] (5)llo) 2] x -
All this follows from the assumed principal value condition by a direct adaptation
of the scalar-valued calculations in [4], pp. 193-4.
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Remark 5.4. If the limit (5.2) exists in o(Y,Y”), then the limit

lim k(t)'y dt
10 Jr<t)<1
exists in (X', X) for every ¢y € Y'. In this way, the weak* principal value condition
arises naturally in connection with the adjoint kernel k(-)’.
Of course, whenever the sets are well-defined, PV(X,Y) C w-PV(X,Y) C
w-PV(X,Y).

Assuming conditions like those in the previous definition, we now wish to derive
good estimates for the dyadic pieces @; x k. This is naturally divided into two cases:
the inhomogeneous term ¢ = 0, and the homogeneous terms ¢ = 1,2,... For ¢ > 0,
we can exploit the fact that ¢; then has a vanishing integral. But we need a uniform
estimate for all such i, since otherwise the conditions of Theorem 4.10 will not be
fulfilled.

In the following, we examine k* ¢, where k satisfies some of the conditions above,
and ¢ € § is assumed to have a vanishing integral, so that it serves as a prototype
of the functions ;, ¢ > 0.

Lemma 5.5. Suppose that k € K'(X,Y) (with constant k) and either satisfies

any one of the principal value conditions (const. k), or k € L®(L(X,Y)) with

|klloo < k. Let ¢ € S with [ ¢ =0. Then ||k * ¢(-)z||, < C(¢)r ||y for allz € X.
If, moreover, k € K}(X,Y), then k = ¢ is uniformly strongly integrable.

Proof. Assuming one of the principal-value conditions, from Rem. 5.3 we have the
estimate

[k x p(t)zly = [(k()z, ¢t = )y <26([VO(t =)o +IE@+ It = [ S = )l
6t = lloo) [2lx < C(@)r(1+ [¢]) 2] x -

On the other hand, the Fourier condition gives
[k 9)(Baly = [F RO 1) < k()2 d| < xlalx 1]1.

Thus in either case we can say that |k * ¢(t)z|,, < kC(¢)(1+|t|) |z| . From this
it is already clear that k * ¢ satisfies the first half of the condition of uniform strong
integrability, cf. Remark 4.4.

Estimation of the L' -norm. We invoke the following decomposition lemma from [8]:
For ¢ € S with [ ¢ = 0, there exists a decomposition ¢ = 37t s.t. Supp ¢, C
B(0,2™) =: By, [¥m = 0, and finally for any fixed o, 8 € N" and M > 0, the
27mM)

sequence of Schwartz norms [|¢, ||, 5 is O( . The same is true for ||[{[|a.s

as well as for [, |tml|, for all p € [1, 00].
Outside bB,,, we estimate k * 1,,, by the Hérmander condition:

k m dt =
/ben| « Pm()ely dt /ben
< [ ashonts ((k(t — 5) — k(B)ly dt < [abmlly 5l
B

[t|>b]s|

[ (e =)0 = Kaims)as|

Bm Y
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Inside bB,, we invoke the estimate ¢y, * k(t)z|y < £C (¢ )(1 + [t]), which gives
/_ k()] dE < KO () e b 1270 +D),
bB,,

after integrating 1 + |¢| in polar coordinates and recalling that B,, has radius 2™.
The two estimates combine to give ||t * k(-)z||; < KCy p(10n)27 D 2] .
Recalling the estimates in which the size of v, entered in the constant Cn,b(wm),
as well as the properties of the sequence (1.,)5%°_, from the decomposition lemma,
it follows that Ci, (1) is O(27™M) for any preassigned M > 0 as m — oo. It
suffices to take M > n + 1 to conclude that > °_ [[thm * k(-)z||; converges, and

thus we obtain ¢ * k(-)z € L*(Y) with a norm estimate of the desired form.

Uniform integrability at oo. Concerning the strong uniform integrability of k * ¢,
only the estimate at infinity (cf. Remark 4.4) remains to be established. We estimate

/u S e t(tely di < Y / et (@aly @t 37 [ el

1> m=0 m:2m<\/r [t>r m:2m >/

—mM) ymiformly in |z|y < 1, and

In the sum with large m’s, ||k * ¢, (-)z]; is O(2
this shows that the entire sum is O(r—/2), M > 0.
The sum with small m’s will be dealt with as follows, in analogy with the estimate

of the L' norm above:

[ extnaly de< [ dson(s) (¢ = ) — k(1)) .
[t]>r B, [t|>/7]s]

Thus the sum over 2™ < /7 is dominated by [ >~ . |m(s)|£(v/7, s) ds, where
k(y/r,s) is as in the definition of the condition KJ(X,Y). Since > oo_y [thm(-)| is
integrable, and k(/r, s) converges boundedly to zero as r — oo, the convergence
of the whole integral to zero follows from Lebesgue’s theorem. This completes the
proof. O

The previous Lemma 5.5 is essentially all we need to handle the homogeneous
terms k * ¢; with ¢ > 0. However, it clearly fails to apply directly to the inhomo-
geneity k x o, since [¢o = ¢o(0) = 1 # 0. The following result shows that, in
order to get a similar estimate for this term, it is necessary and sufficient to add
the condition of strong integrability at oo.

Lemma 5.6. The following conditions are equivalent for any k € S'(L(X,Y)):

o ||[kxp()z||, < Clz|y for some p € S with [¢ # 0.

e In a neighbourhood of the origin, k coincides with some f s.t. If()zl, <

Clely.
If k(-) € KYX,Y), and k satisfies one of the principal-value conditions or ke

L>(L(X,Y)), then these are further equivalent to either of the following:

o [|kxp()xll, < Clp)|z[x forallpeS.

o k is strongly integrable at infinity.
Proof. Let us first establish the equivalence of the two properties valid for general k.
Let ¢ be as in the first condition. Since $(0) = [ ¢ # 0 and ¢ is continuous, there
are €,7 > 0 such that |§()] > e for [{] < 2r Let n € D have support in B(0,2r)
and equal to unity in B(0,r). Then ¢ :=n-¢~ ' € D, and ¢» € S C L'. Then,
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since kx(-)z € L'(Y), we also have (kx¢)(-)zx1y € LY (Y) and ||k x ¢ * ¢(-)z|, <
10l 1k * ¢()z|l; < C ¢l |z|x. But the Fourier transform of k * ¢ * ¢ is k@i,
and in B(0,r), this agrees with k.

Conversely, if k = f in B(0,r) [in the sense that <l;: — f,¢> =0fory €S
supported in B(0,7)], where |f(-)z||, < Clz|y, let ¢ € D be 1 at the origin

and supported in B(0,7). Then k¢ = f@, ie., ko = f %@, so Ik *@()xl; <

Il 17C)el, < C gl ol and [ o = 3(0) =1 £0.

To show that, with the additional conditions on k, the estimate ||k * po(-)z|; <
Co |x| x for some ¢y € S with non-vanishing integral implies the same property for
k= and any ¢ € S, it suffices to observe that any ¢ € S is [uniquely] decomposed
as ¢ = A\pg + ¢, where A € C and [¢ = 0. Then [[k* Apo(-)z||; < C A |z|y
by assumption, and the fact that ||k = ¢(-)z|; < C(¥)|z|y, whenever k has the
properties assumed and 1 € S a vanishing integral, was shown in Lemma 5.5.

Next, let us assume ||k * ¢(-)z||; < C(p)|z|y for all ¢ € S and show that k
is strongly integrable in a neighbourhood of the inifinity. To this end, fix a non-

negative ¢ € D, supported in B := B(0,r) and with [ ¢ = 1. We then have
C@) el 2 lkx el = [ bsottgaly di= [ | [ b= shos)ras| at
(bB)e (b B

Y
where bB := B(0,br). On the other hand, we have
[ [k = 9) = ket dsds
bB)e JB
< [as [t —s) = kO)ele)ely dt < x [ o) dslely = il
B |¢|>b]s] B

by Hormander’s condition. Estimating by the triangle inequality, we then obtain
dt < (C(g) + &) x|y

/(23>c ()], dt:/(QB)C /Bk:(t)@(s)dsy

but this means exactly the integrability of k in a neighbourhood of the infinity.

Finally, we show that the estimate f(b—l)B“ k(t)z|y dt < k|z|y implies the
inequality ||k * o(-)z||, < C|z|y for all ¢ € D, supported in B := B(0,r). Indeed,
we have

B)e

/ Jkx ()l di < / RC(G)(1+[t]) el dt = C(6,bB) |z
bB bB

where the estimate was shown in the first part of the proof of Lemma 5.5. Moreover,

/ /k(t—s)cp(s)xds dtg/ ds/ |k(t — s)p(s)x|y dt
(bB)e |/ B v B (bB)e
< [lelds [ fbiegely de < el el
B (b—1)Be

B
This completes the proof. (I
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Theorem 5.7. Let k € S'(L(X;Y)) satisfy the following conditions:

o k(") € KY(X,Y) and k() € K (Y, X'),

o ke L>®(L(X,Y)), or both k() and k(-)" satisfy a principal value condition,

o k() and k(-)" are strongly integrable at infinity.
Then kx is a convolutor from ByP(X) to ByP(Y) for all s € R, p € [1,00] and
q € [1,00].

The assertion remains true for p = oo under either of the following additional

assumptions:

o k() vanishes strongly at infinity, or

e Y does not contain cy.

Proof. The plan is to verify the conditions in Theorem 4.10 for the ¢; * k, i =
0,1,2,....

Case i > 0. First of all, we observe that if k satisfies Hérmander’s conditions
resp. the principal value condition resp. ||k||oc < &, then then the same holds
for 27"k (27") with the same constant k. Moreover, k * @; = k x 2i"¢(2%) =
2in (27 (27%) % ¢)(2%), and then by the dilation-invariance of the L'-norm, we
have

Ik i ()zlly = [|277k(27") * (x|, < KC(9) |2l x

by the assumptions, Lemma 5.5 and the above-mentioned invariance of the condi-
tions on k under dilation. Now this estimate is uniform in ¢ = 1,2,... The same
argument with k(-)’y" in place of k(-)x clearly yields ||k(-)" * vi()y'||; < KC(@) || -

Under the condition that k(-)" € K}(Y’, X’) (which is implied by the assumptions
that k(-)’ € K*(Y’,X’) and k(-)" vanish strongly at 0o), Lemma 5.5 shows that

@i * k(+)" is uniformly strongly integrable.

Case i = 0. According to Lemma 5.6, we have |po * k(-)z||; < C(po)|z|y and
lpo * k()Y ll, < Cleo) y'ly-

As for the uniform strong integrability of ¢g * k(-) (under the additional as-
sumption of strong vanishing of k(-) at 00), we write @o = ¢ + 9, where ¢ € D is
supported in B(0,¢) and [ = 0. Then ¢ * k() € LL(L(Y’, X)) by Lemma 5.5,
and moreover

[ leskyloars [ ar [ e syl ds< el [ Ik d
[t|>r [t]>r |s|<e [t|>r—e
Thus also ¢ * k(-) satisfies the second half of the uniform strong integrability, and
the first half (cf. Rem. 4.4) is proven just like in the first part of the proof of
Lemma 5.5. (This part of the proof did not require the vanishing integral of the
test function, as is easily seen.)

Now all the conditions required for Theorem 4.10 (and Remark 4.12) have been
verified. O

6. AN APPLICATION

We will here apply our results to kernels arising from solution formulae for certain
evolutionary integral equations considered in [9]. It is there shown (see § 7.4 of [9])
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that a related maximal regularity problem leads one to investigate the boundedness
on ByP([0,%0]; X) of the operator f — u given by

(6.1) u(t) = £(t) + / Solt — ) (r) dr,

where the resolvent or solution operator Sy € C*(]0,00[; £L(X)) is strongly continu-
ous at the origin and satisfies the estimates

: <
(6.2) HSo(t)HL(X)+HtSo(t)H£(X) <k, 0<t<t
and
: t) — So(t — <k—(141og- t < to.
(6.3) HSO() So(t —s) L(X)_Ht(t—s)< +ogs), 0<s<t<to

It is clear from (6.1) that the values of u(t) for t € [0, to] remain unchanged if we
truncate the kernel at ty, so that we are lead to consider the convolution operator
with the kernel k(t) := So(t)X]o,to[(t)- Let us check the conditions of Theorem 5.7
for this kernel.

Hérmander’s condition. For a kernel supported on the positive half-line, it is easily
seen that it suffices to consider the case s > 0. If 2s > ¢y + s, the condition is
trivial; if tg < 28 < tg+ s, i.e., to/2 < s < tg, then

. to+s
[ IO = k=9l ey = [
t>2s 2s

Finally, let 0 < 2s < tg. For 2s <t < t¢, (6.3) gives
Ik(t) — k(t — )] o) < 2st=2(1+ Log(1/5)),

and for tg <t <ty + s we have

Ik(t) = k(t = 9)llcox) = [Solt = 9)]| <=9

by (6.2). Hence

N S to+s
/ k() — k=)l zx) dt§2n/ t—2(1+10g(t/5))dt+/
t>2s 2s to

* 1 t
§2m/ — (1 +logu)du + klog 0
2 U -

dt

So(t — s) %)

fots qt t
gn/ —:ﬁlog—ognlogl
2 S

S

to K

dt

t—s

< (1+2log?2
o s_(+ 0g 2)k,

since to/(to — s) < 2. The norm version of the condition established implies in
particular the corresponding strong estimates as well as their dual versions.

Principal value condition. Using the assumption (6.2) only, we have

2r 2
/ 1Bl zx) dt < / %dt = rlog 2,

‘ / " k(t) dt /T e So(t)dt

= ISR A to) = S(r)ll o(x) < 25
L(X)

L(X)
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These norm estimates imply the first two conditions in the definition of the principal
value conditions. Finally, from the strong continuity we have

1 1Atg .
/ k(t)xdt = / So(t)xdt = So(1 Atg)x — So(e)x T So(1 Ato)x — Sp(0)z,

which shows that £ € PV(X). Then in particular k € w-PV(X), and thus k(-)’ €
w*-PV(X') (cf. Rem. 5.4).

Conclusion. Having verified all the conditions of Theorem 5.7 (those at infinity
being trivially satisfied, since k vanishes outside a compact set!), we conclude that
the solution map f ~— u defined in (6.1) is indeed bounded on B;*([0,%]; X). This
we knew, of course, from [9] already; but the ease with which the conditions of
our Theorem 5.7 were verified for this operator illustrates the applicability of this
general theorem in concrete situations.

7. ON HOMOGENEOUS BESOV SPACES

It was pointed to us by the referee that very much the same proofs as above
also yield analogous results on the homogeneous Besov spaces ByP(X). In this

connection, the relevant test function space is Z := {1) € S : D*9(0) = 0 Va € N},
which is a closed subspace of S, while the relevant distribution space is its dual
Z' = §'/P, where P is the space of polynomials. See Triebel |10], 5.1.2, for this.
In the X-valued situation we simply take Z'(X) := S'(X)/P(X), where P(X)
is the space of polynomials with X-coefficient. As in the scalar-valued case, this
definition coincides with Z/(X) = L(Z, X). To see this, one can essentially copy
the argument from [10] in the scalar case. The only non-trivial point is the fact
that a distribution v € §'(X) with supp@ C {0} is a polynomial, or equivalently,
that suppu C {0} iff u is a linear combination (with X-coefficient) of dy and its
derivatives. We give the following

Sketch of proof. Let u € S§'(X) have suppu C {0}. Then, for all 2’ € X', the
scalar-distributions a’u given by (z'u,¢) = z'({u, ¢)) satisfy the same support
condition, so by the scalar-valued result we have z'u = Z\aISN co(2') D6y, where
N is the (finite) order of the distribution u. Letting 1, € S coincide with t*/a!
in a neighbourhood of 0, we find that ¢, (2') = 2’'((u, 14)). By the Hahn—Banach
theorem we conclude that u =3, <y (u,%a) D%o. O

Our resolution of the identity now consists solely of dilates of a single function in
Z: take ¢; := ¢(277+), where ¢ = $og — Po(2-) and j = 0,+1,42,.... Then BP(X)
consists of all f € Z/(X) for which the norm

11 = | (21 % 641,)

o0
j=—

oo Zq
is finite. This is, again, a Banach space.

On these spaces, we can pose exactly the same problems that we addressed above
in the context of the inhomogeneous Besov spaces. As far as Section 3 is concerned,
analogous theory in the new setting is obtained by essentially typographical mod-
ifications: Replace BjP by BiP, S by Z, 8 by 2', 372, by 372, and x;
should of course be defined by x; := ¢j_1 + ¢; + ¢;11 now. In the definition of
compact-to-weak continuity, the set K is taken to be a compact subset of R™\ {0}.
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More interesting is the modification of Section 5. Everything works again, but in
fact even better than before! In proving an analogue of Theorem 5.7, all kx¢;, i € Z,
can now be handled like the case i > 0 in the inhomogeneous situation. As a result,
the integrablility conditions at co, which were forced upon us by the inhomogeneity
of ¢g, are no longer required. These observations lead to the following result, the
proof of which is essentially a subset of the proof of Theorem 5.7:

Theorem 7.1. Let k € S'(L(X,Y)) satisfy the conditions
o k() e KMX,Y), k() € K}(Y', X'), and
e at least one of the following: k € L>(L(X,Y)), or both k(-) and k(-)' satisfy
a principal value condition.
Then kx is a convolutor from B;?p(X) to Bg’p(Y) forall s € R, p € [1,00[ and
q € [1,00]. The assertion remains true for p = oo if in addition k() € K} (Y', X"),
or else Y does not contain cg.
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