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Abstract. We consider generalized Calderón�Zygmund operators whose ker-
nel K(x, y) takes values in L (X) (continuous linear operators on the Banach
space X) and satis�es variants of the classical standard estimates involving R-
boundedness, which has recently become a crucial notion in connection with
operator-valued singular integrals. Boundedness criteria in the spirit of the T1
theorem of David and Journé are proved for such operators on the Bôchner
spaces Lp(Rn, X), where 1 < p < ∞ and X is a UMD-space. For some results,
X is also required to have Pisier's property (α).

In the special case T1 = T ′1 = 0, we obtain an essentially complete ana-
logue of the scalar-valued theorem. We also provide su�cient conditions
for the general case, but they are stronger in general than the necessary
�T1, T ′1 ∈ BMO�-type conditions, although they reduce to them in the clas-
sical situation. A counterexample is given to show that the natural necessary
conditions are not su�cient in general.

1. Introduction
Historical background. The classical Calderón�Zygmund theory of singular in-
tegrals was substantially generalized into various directions during the 80's. On the
one hand, J. Bourgain [2] and D. L. Burkholder [4] identi�ed the class of those Ba-
nach spaces X for which the classical Lp continuity results for the Hilbert transform
(and many other singular convolution operators [3]) remain valid on the Bôchner
space Lp(R, X) of X-valued functions:
Theorem 1.1 ([2, 4]). The Hilbert transform Hf(x) := p.v.- 1

π

∫∞
−∞(x−y)−1f(y) dy

de�nes a bounded operator on Lp(R, X) if [4] and only if [2] X is a UMD-space
(see [4] for de�nition).

On the other hand, there was the celebrated T1 theorem of G. David and J.-
L. Journé [6] which settled the boundedness question (on the scalar-valued Lp

spaces) of a wide class of generalized Calderón�Zygmund operators:
Theorem 1.2 (The T1 theorem, [6]). Denote R2n

x 6=y := Rn×Rn\{(x, x) : x ∈ Rn}.
Let K : R2n

x6=y → C verify the standard estimates
(1.3) sup{|x− y|n |K(x, y)| : x 6= y} < ∞

(1.4) sup{|x− y|n+γ |K(x, y)−K(x, y0)|
|y − y0|γ : |x− y| > 2 |y − y0| > 0} < ∞

(1.5) sup{|x− y|n+γ |K(x, y)−K(x0, y)|
|x− x0|γ : |x− y| > 2 |x− x0| > 0} < ∞

for some γ ∈ ]0, 1].
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Let T : S (Rn) → S ′(Rn) be an operator such that, for all f ∈ D(Rn) and a.e.
x /∈ supp f ,

(1.6) Tf(x) =
∫

Rn

K(x, y)f(y) dy.

Then T ∈ L (L2(Rn)) if and only if the following conditions hold:

(1.7)
{

T satis�es the weak boundedness property (Def. 1.8);
T1, T ′1 ∈ BMO(Rn).

In this case, one also has T ∈ L (Lp(Rn)) for all p ∈ ]1,∞[, and moreover
T ∈ L (H1(Rn), L1(Rn)) and T ∈ L (L∞(Rn), BMO(Rn)). The inclusions T ∈
L (H1(Rn)) and T ∈ L (BMO(Rn)) are valid if and only if T1 = T ′1 = 0.

The adjoint operator T ′ is de�ned, as usual, by 〈ψ, T ′φ〉 := 〈φ, Tψ〉, where
φ, ψ ∈ S (Rn), and 〈·, ·〉 is the duality pairing between S (Rn) and S ′(Rn). For
the precise de�nition of T1 and T ′1, see the beginning of Sec. 2 below.

The following notion also appeared in the conditions of the T1 theorem:

De�nition 1.8 (Weak boundedness property, [6]). The operator T is said to have
the weak boundedness property provided that, for every pair of normalized bump
functions (Def. 1.9) ϕ, φ associated with any ball B̄(x, r), we have |〈φ, Tϕ〉| ≤ Cr−n.

Such estimate follows, provided that |〈φ, Tϕ〉| ≤ C ‖φ‖p ‖ϕ‖p′ for all bump func-
tions φ, ϕ and some p ∈ ]1,∞[.

De�nition 1.9 (Bump functions, [26]). We say that ϕ is a normalized bump func-
tion associated with the unit ball if ϕ ∈ D(Rn) := C∞c (Rn) with supp ϕ ⊂ B̄(0, 1)
and ‖Dαϕ‖∞ ≤ 1 for all |α| ≤ N , where N is a large �xed number. φ is a normal-
ized bump function associated with the ball B̄(x0, r) if φ(·) = r−nϕ(r−1(· − x0)),
where ϕ is a normalized bump function associated with the unit ball.

Finally, the work of Bourgain and Burkholder towards more general spaces,
and that of David and Journé towards more general kernels, were combined in
the results of T. Figiel [10] (see also [11] for the proof of an intermediate estimate
omitted in [10]) who showed that not only the boundedness of the Hilbert transform
(and wide classes of other convolution transformations [3]), but in fact all of the
T1 theorem remains valid in the setting of the UMD-spaces: (Figiel in fact proved
a �dyadic� version of this theorem, covering a class of kernels slightly larger than
those verifying (1.3) through (1.5), but we here restrict the considerations to the
standard kernels.)

Theorem 1.10 ([10, 11]). Let K : R2n
x 6=y → C verify the standard estimates, and T

be as in (1.6). Then, for any UMD-space X and any p ∈ ]1,∞[, the conditions (1.7)
are equivalent to T ∈ L (Lp(Rn, X)).

Operator-valued kernels, and R-boundedness. In the vector-valued situation,
one also encounters (e.g., in the theory of abstract evolution equations) integral
transformations whose kernel is operator-valued, and the description of their conti-
nuity presents some new phenomena in comparison to the scalar-valued kernels. In
fact, the new notion of R-boundedness (see Def. 1.12 below) of operator families has
proved to be crucial in this setting, as is evident from the following result, which is
due to one of us:

Theorem 1.11 ([28]). Let X,Y be UMD spaces, and m ∈ C1(R \ {0}, L (X, Y ))
satisfy

R({m(x), xm′(x) : x ∈ R \ {0}}) < ∞.
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Then f 7→ F−1(mf̂) (where f̂ = Ff is the Fourier transform of f) is bounded
from Lp(R, X) to Lp(R, Y ) for all p ∈ ]1,∞[.

It is also known that R-boundedness assumptions on the multiplier function
cannot be avoided in this theorem. In fact, it was shown by Ph. Clément and
J. Prüss [5] that if m ∈ L1

loc(R
n, L (X, Y )) and f 7→ F−1(mf̂) is bounded from

Lp(Rn, X) to Lp(Rn, Y ) for some p ∈ ]1,∞[, then {m(x) : x Lebesgue-point of m}
is R-bounded.

Note that the su�cient condition of Theorem 1.11 for the Lp-continuity of f 7→
F−1(mf̂) simply replaces the uniform boundedness of m(x) and xm′(x) as in (the
one-dimensional case of) the classical multiplier theorem of S. G. Mihlin by R-
boundedness, de�ned as follows:
De�nition 1.12 (R-boundedness). A set T ⊂ L (X, Y ) is called R-bounded, with
R-bound R(T ) ≤ C, provided that

E
∣∣∣

N∑

i=1

εiTiξi

∣∣∣
Y
≤ CE

∣∣∣
N∑

i=1

εiξi

∣∣∣
X

for all N ∈ Z+, all ξi ∈ X and all Ti ∈ T , where εi denote independent random
variables on some probability space Ω with distribution P(εi = +1) = P(εi =
−1) = 1

2 , and E is the corresponding expectation.
An often useful way of thinking of R-boundedness (exploited in [12, 13]) is in

terms of the following notion well known from Banach space theory:
De�nition 1.13 (The space RadX). For a Banach space X, the Rademacher
space RadX is the closure in Lp(Ω, X) (equipped with its norm) of the subspace
of all �nite linear combinations

∑
εjxj , where xj ∈ X and εj are as in Def. 1.12.

(Any p ∈ [1,∞[ yields an equivalent de�nition, by a well-known inequality of J.-P.
Kahane.)
Remark 1.14. T ⊂ L (X,Y ) is R-bounded if and only if the operators

T : Rad X → RadY,
∑

εjxj 7→
N∑

j=1

εjTjxj

are uniformly bounded for all (Tj)N
j=1 ⊂ T .

We also recall that the notion of R-boundedness is genuinely stronger than that
of uniform boundedness, as shown by the following folklore result due to G. Pisier,
written up in [1]:
Proposition 1.15. Let X, Y be Banach spaces. Then every bounded subset of
L (X, Y ) is R-bounded if and only if X has cotype 2 and Y has type 2. In particular,
every bounded subset of L (X) is R-bounded if and only if X is isomorphic to a
Hilbert space.

On the other hand, it is well known by now that large classes of classical operators
� such as Fourier multiplier operators, singular integrals, semigroups, and resolvents
of many partial di�erential operators � do form R-bounded sets (see [7, 13, 16, 18]),
and R-boundedness has become a useful tool in the theory of evolution equations.
Several continuity results, exploiting R-boundedness, have recently been proved for
translation-invariant integral transformations with an operator-valued kernel, both
in the convolution and multiplier representations (see [1, 5, 12, 13, 16, 27, 28], and
the references in these papers). All these developments suggest a rather general
principle: The generalization of the classical results on singular integrals to the
operator-valued setting requires R-boundedness in place of boundedness. Although



4 HYTÖNEN AND WEIS

this principle often leads to the right statement of the general result, it is usually
not possible to �generalize� the proof in a similar straightforward manner; often a
new approach based on the techniques of J. Bourgain [3] has to be developed. This
is also the case in the present paper which, in its second part, also relies on the
methods of T. Figiel [10].
Motivation of assumptions for the operator T1 theorem. The purpose of
the present paper is to go beyond the translation-invariant case and to extend the
T1 Theorem 1.2 to Calderón�Zygmund operators with operator-valued kernels. We
start from a continuous linear operator

T : S (Rn) 7→ S ′(Rn, L (X, Y )),

where the vector-valued distributions are de�ned by S ′(Rn, Z) := L (S (Rn), Z)
for any Banach space Z (now Z = L (X, Y )). Note that such an operator T can
be identi�ed with the continuous bilinear form

t : S (Rn)×S (Rn) → L (X, Y ), t(φ, ψ) = (Tφ)(ψ).

We also use the more suggestive notation 〈ψ, Tφ〉 in place of (Tφ)(ψ).
To such a T we assign an �adjoint� operator

T ′ : S (Rn) → S ′(Rn, L (Y ′, X ′)), 〈ψ, T ′φ〉 := 〈φ, Tψ〉′ ,
where the latter ′ designates the usual Banach adjoint of an operator in L (X, Y ).

From T we derive a linear mapping T̃ : X ⊗S (Rn) → S ′(Rn, Y ): For ξ ∈ X

and φ, ψ ∈ S (Rn), we let
〈
ψ, T̃ [φ(·)ξ]

〉
:= 〈ψ, Tφ〉 ξ ∈ Y. This makes sense, since

〈ψ, Tφ〉 ∈ L (X,Y ). In this way, T̃ [φ(·)ξ] de�nes a Y -valued tempered distribution.
This action of T̃ on X × S (Rn) is extended to X ⊗ S (Rn) by linearity. The
target space S ′(Rn, Y ) can be paired with Y ′ ⊗S (Rn) in a natural way so that
T̃ ′ : Y ′ ⊗ S (Rn) → S ′(Rn, X ′) is in duality with T̃ . The operator T̃ is the
one for which, under the assumptions of the T1 Theorem, we seek an extension
T̃ : Lp(Rn, X) → Lp(Rn, Y ). By a slight abuse of notation, we will usually denote
T̃ and T̃ ′ again by just T and T ′.

The sense in which a kernel K : R2n
x 6=y → L (X,Y ) is now assumed to be associ-

ated to the operator T , is to require that (1.6) hold for all f ∈ X ⊗D(Rn) and a.e.
x /∈ supp f . By pairing this equation with a g ∈ Y ′⊗D(Rn) having disjoint support
with f , we readily �nd that the kernel K ′ associated to the adjoint operator T ′ is
given by K ′(x, y) = K(y, x)′, where the last ′, again, is the Banach adjoint.

From our �principle� it is quite plain what the right substitute of the condi-
tions (1.3) through (1.5) in the T1 theorem should be, and in place of the weak
boundedness condition 1.8 one might expect the R-boundedness of the sets

{rn 〈ψ, Tφ〉 : φ, ψ normalized bump functions on B̄(x0, r)} ⊂ L (X, Y ).

Actually, a somewhat weaker (but for us su�cient) condition can be expressed
in terms of the translated and dilated operators T r

x (where r > 0, x ∈ Rn), which
we will �nd very useful. They are de�ned by

〈φ, T r
xϕ〉 := r−n

〈
φ(r−1(· − x)), T (ϕ(r−1(· − x))

〉
, ∀ φ, ϕ ∈ S (Rn).

An equivalent de�nition without reference to duality is
T r

xϕ(u) := (T [ϕ(r−1(· − x))])(ru + x).

It is straightforward to see that T r
x has an associated kernel

Kr
x(u, v) = rnK(x + ru, x + rv)

in the same sense as T has the associated kernel K. Moreover, the kernels Kr
x satisfy

uniformly (in fact, with the same constant) any of the conditions (1.3) through (1.5)
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provided that K satis�es them, and similarly the asumptions (1.7) for T imply the
same conditions uniformly for all T r

x . It then follows from the T1 theorem, or
also directly, that the operators T r

x are in fact uniformly bounded on L2(Rn), and
this being a Hilbert space, the family {T r

x : r > 0, x ∈ Rn} ⊂ L (L2(Rn)) is
R-bounded.

Motivated by this observation, it turns out to be fruitful not just to consider the
boundedness of the single operator T but the R-boundedness of a whole family of
operators T r

x , where we allow arbitrary translations x ∈ Rn and dyadic dilations
r = 2j with j ∈ Z.

Recall that the �scalar-valued� weak boundedness property in Def. 1.8 can be
understood as follows: The Lq-norm of a normalized bump function associated
with B̄(x0, r) is ≤ Cr−n/q′ ; thus, should the operator T be bounded on Lq(Rn) for
some q ∈ ]1,∞[, then

|〈φ, Tψ〉| ≤ ‖φ‖Lq′ ‖Tψ‖Lq ≤ C ‖φ‖Lq′ ‖ψ‖Lq ≤ Cr−n/qr−n/q′ = Cr−n.

Similarly, assuming the R-boundedness of the family T 2j

x , we get the following:
De�nition 1.16 (Weak R-boundedness property). The operator T : S (Rn) →
S ′(Rn, L (X,Y )) is said to have the weak R-boundedness property provided there
is a constant C < ∞ so that, for every pair of normalized bump functions φ, ϕ
associated with the unit ball, we have

(1.17) R(
〈
φ, T 2j

x ϕ
〉

: (x, j) ∈ Rn × Z} ≤ C.

In fact, if φ and ϕ are some normalized bump functions associated with the unit
ball and if F is some �nite subset of Rn×Z and ξx,j ∈ X for every (x, j) ∈ F , then

E
∣∣∣

∑

(x,j)∈F

εx,j

〈
φ, T 2j

x ϕ
〉

ξx,j

∣∣∣
Y

= E
∣∣∣
〈

φ,
∑

(x,j)∈F

εx,jT
2j

x (ϕ(·)ξx,j)

〉∣∣∣
Y

≤ ‖φ‖Lp′ (Rn) E
∥∥∥

∑

(x,j)∈F

εx,jT
2j

x (ϕ(·)ξx,j)
∥∥∥

Lp(Rn,Y )

≤ ‖φ‖p′ R({T 2j

x : (x, j) ∈ F})E
∥∥∥

∑

(x,j)∈F

εx,jϕ(·)ξx,j

∥∥∥
Lp(Rn,X)

= ‖φ‖p′ R({T 2j

x : (x, j) ∈ F}) ‖ϕ‖p E
∣∣∣

∑

(x,j)∈F

εx,jξx,j

∣∣∣
X

.

(In the weak R-boundedness property, there is no need to require the condi-
tion for general bump functions, since the translations and dilations are already
incorporated into the operators T 2j

x .)

A special T1 theorem. With the above de�nitions at hand, we are ready to for-
mulate the following special case of the T1 theorem, in which we have an essentially
complete analogy to the classical situation:
Theorem 1.18. Let X, Y be UMD-spaces, and suppose that K : R2n

x 6=y → L (X, Y )
is a kernel which satis�es the standard R-estimates:
(1.19) R(|u− v|n K(u, v) : u 6= v) < ∞,

(1.20) R(|u− v|n+γ K(u, v)−K(u, v0)
|v − v0|γ : |u− v| > 2 |v − v0| > 0) < ∞,

(1.21) R(|u− v|n+γ K(u, v)−K(u0, v)
|u− u0|γ : |u− v| > 2 |u− u0| > 0) < ∞.
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Let K be associated to T ∈ L (S (Rn),S ′(Rn,L (X, Y ))).
Then the following implications hold:
• If T satis�es the weak R-boundedness property and T1 = T ′1 = 0 (see
below), then

T ∈ L (Lp(Rn, X), Lp(Rn, Y ))

for all p ∈ ]1,∞[, and also

(1.22) T ∈ L (H1(Rn, X),H1(Rn, Y )) ∩L (BMO(Rn, X),BMO(Rn, Y )).

• If, in addition, the spaces X and Y have property (α) (Def. 1.27), then

(1.23) {T 2j

x : j ∈ Z, x ∈ Rn} ⊂ L (Lp(Rn, X), Lp(Rn, Y )) is R-bounded.

for all p ∈ ]1,∞[.
• Conversely, (1.22) implies that T1 = T ′1 = 0, and (1.23) for some p ∈

]1,∞[ implies the weak R-boundedness property for T .

Remark 1.24. If X = Y is a Hilbert space, the estimates (1.17), (1.19), (1.20) and
(1.21) turn into simple boundedness conditions. Hence, assuming the kernel con-
ditions (1.19), (1.20) and (1.21), the boundedness of T on H1(Rn, X), Lp(Rn, X)
(1 < p < ∞) and BMO(Rn, X) is simply equivalent to T1 = T ′1 = 0 and the
simpli�ed weak boundedness property (1.17).

We also note that, because of E |∑ εjxj |X ≈
(∑ |xj |2X

)1/2

, the proof of Theo-
rem 1.18 greatly simpli�es in the Hilbert space case. Moreover, since we do not use
the Cotlar�Stein lemma, we obtain an alternative proof for the special T1 theorem
in Hilbert spaces, which seems to be new even in the scalar case.

Remark 1.25. We are going to give a general de�nition of T1 and T ′1 in Sec. 2,
but for the purposes of the above Theorem it is possible to give a meaning to the
condition �T1 = T ′1 = 0� as follows: For any φ ∈ D(Rn) with vanishing integral
and any ψ ∈ D(Rn) which equals 1 in a neighbourhood of supp φ, we require that

〈ψ, Tφ〉+ 〈(1− ψ), Tφ〉 = 0,

with a similar condition for T ′ in place of T . The latter pairing has a meaning as a
usual integral, since Tφ coincides with an integrable function outside the support
of φ as a result of the standard estimates, see Sec. 2.

Remark 1.26. Once we prove the Lp estimate for T , the assertion (1.22) follows
from this and the standard estimates for the kernel of T , together with the condi-
tions T1 = T ′1 = 0 by a similar argument as in the scalar-valued situation which is
explained in [20], Ch. 7. Similarly, the necessity of T1 = T ′1 = 0 for the bounded-
ness (1.22) can be seen as in [20], the vector-valued situation playing a completely
unimportant rôle in the reasoning.

The following notion also appeared above:

De�nition 1.27 (Pisier's property (α)). We say that the Banach space X has
property (α) provided that there exists a constant α(X) < ∞ such that

EE′
∣∣∣

N∑

i,j=1

εiε
′
jλijξij

∣∣∣
X
≤ α(X)EE′

∣∣∣
N∑

i,j=1

εiε
′
jξij

∣∣∣
X

for all N ∈ Z+, ξij ∈ X and scalars |λij | ≤ 1, where the ε′j are independent copies
of the εi on another probability space Ω′, and E′ is the corresponding expectation.
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Recall that every q-concave Banach function space with q < ∞, in particular the
spaces Lq(µ) with 1 ≤ q < ∞, do have property (α).

In addition to providing a partial converse to the T1 theorem, property (α)
also allows to �bootstrap� Theorem 1.18 to obtain R-bounded classes of Calderón�
Zygmund operators. The following corollary is easily deduced from the Theorem
by using a trick from [13]; we indicate the details at the end of Sec. 2.
Corollary 1.28. Let X,Y be UMD-spaces with property (α) and T be an R-
bounded set in L (X, Y ). Assume that K is a set of kernels K : R2n

x 6=y → L (X, Y )
such that all the operator families appearing in (1.19), (1.20) and (1.21) are subsets
of this �xed set T . Assume further that each K ∈ K is associated to an operator
TK ∈ L (S (Rn),S ′(Rn,L (X, Y ))) such that TK1 = T ′K1 = 0, and whenever φ, ψ

are normalized bump functions associated with the unit ball, we have
〈
φ, (TK)2

j

x

〉
∈

T for all (x, j) ∈ Rn × Z and K ∈ K .
Then the set {TK : K ∈ K } is R-bounded in L (Lp(Rn, X), Lp(Rn, X)) for

1 < p < ∞ and in L (H1(Rn, X),H1(Rn, Y )).
In particular, the Corollary implies R-boundedness � or, what is equivalent for

the scalar-valued Lp-spaces, square-function estimates � for operators verifying uni-
formly the conditions of the original (special) T1 theorem. This result could of
course be proved by more elementary means.

Counterexamples for paraproduct operators. The general case of the T1
theorem (i.e., T1, T ′1 ∈ BMO instead of T1 = T ′1 = 0) turns out to be far
more subtle in the in�nite-dimensional setting. In fact, counterexamples due to
F. Nazarov, G. Pisier, S. Treil and A. Volberg [21, 22] show that the so-called
paraproducts, which provide prototype examples of operators failing the condition
T1 = 0, are not bounded in general on L2(R, `2(N)) if only the natural (neces-
sary) BMO-condition is assumed. These authors consider the dyadic paraproduct
operator f 7→ P∆(g, f), for which the following results are shown:
Theorem 1.29 ([21, 22]). There is a constant c > 0 such that for every n = 1, 2, . . .,
there exists a non-zero g ∈ BMO∆

s (R,L (`2(n))) such that
‖P∆(g, ·)‖L (L2(R,`2(n)))

‖g‖BMO∆
s (R,L (`2(n)))

≥ c

{
log1/2 n [21]
log n [22]

Consequently, if X is an in�nite dimensional Hilbert space, then there exists a
g ∈ BMO∆

s (R, L (X)) for which P∆(g, ·) /∈ L (L2(R, X)).
For the de�nition of the dyadic paraproduct P∆ and the strong dyadic BMO-

space BMO∆
s , we refer to the articles just mentioned. The estimate log n is in fact

sharp; the converse inequality also holds for all g ∈ BMO∆
s (R,L (`2(n))) as shown

in [21, 22]. Paper [21], where the weaker log1/2 n estimate is shown, has the virtue
of providing an explicit example of a critical function g.

Although Theorem 1.29 suggests some di�culties for the∞-dimensional general
T1 theorem, it is not, stricly speaking, a counterexample to the boundedness of
the Calderón�Zygmund operators of our interest, since the kernel of the dyadic
paraproduct does not verify the standard estimates (although �dyadic analogues�
of these conditions do hold). Nevertheless, using a smooth modi�cation of the
counterexample in [21], we can show that an analogue of Theorem 1.29 does hold
for the smooth paraproduct

(1.30) P (g, f) :=
∞∑

j=−∞
(Ψj+3 ∗ g)(Φj ∗ f),
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where the Ψj constitute a dyadic (smooth) resolution of unity in the frequency
domain and the Φj are the corresponding �partial sum� functions, as explained in
detail in Section 3.

As we shall see, the P (g, ·) so de�ned is, for appropriate g, a Calderón�Zygmund
operator with a standard kernel, and one which veri�es the weak R-boundedness
property but fails to be bounded in general. We in fact show the same dimensional
lower bound log1/2 n as in [21], and to get this we observe that it actually su�ces
that the domain of our operators is L2(R, `2(n)) but the target space may just as
well be the usual L2(R) space of scalar-valued functions:
Theorem 1.31. There is a constant c > 0 such that for every n = 1, 2, . . ., there
is a non-zero g ∈ BMOw(R, `2(n)) such that

‖P (g, ·)‖L (L2(R,`2(n)),L2(R)) ≥ c ‖g‖BMOw(R,`2(n)) log1/2 n.

Thus, if X is an in�nite-dimensional Hilbert space, there exists g ∈ BMOw(R, X)
for which P (g, ·) /∈ L (L2(R, X), L2(R)).

[Here we identify X ≈ X ′ = L (X,C), and the subscript w of BMOw refers to
the weak Hilbert space topology of X which coincides, of course, with the strong
operator topology of L (X,C); thus
(1.32) ‖g‖BMOw(R,X) := sup

‖e‖X=1

‖(g(·), e)X‖BMO(R) = ‖g‖BMOs(R,L (X,C)) .]

Positive results for paraproducts, and a general T1 theorem. We also
consider paraproducts in the general UMD-valued situation, and provide some suf-
�cient conditions for their boundedness which do recover the classical results in
the case of scalar-valued kernels, although their formulation becomes somewhat
more cumbersome in the general operator-valued situation. Still, they allow us to
give a T1 theorem for operator-valued kernels k, which has the �right T1 ∈ BMO
-condition� if k takes its values in a space of operators with the UMD-property,
such as Hilbert�Schmidt operators and some of their generalizations.

To �nd the �right� formulation of the assumptions outside the Hilbert space
framework, note that the (L∞(Rn, X), BMO(Rn, Y )) boundedness, which we want
to establish for T and T ′, would imply that T (x⊗1) ∈ BMO(Rn, Y ) and T ′(y′⊗1) ∈
BMO(Rn, X ′), uniformly in x ∈ BX (the unit ball of X) and y′ ∈ BY ′ . That is,
T1 ∈ BMOs(Rn,L (X,Y )) and T ′1 ∈ BMOs(Rn, L (Y ′, X ′)), where the subscript
s refers to the strong operator topology, is a necessary condition for the sought
boundedness of T .

Since we shall also need the R-boundedness of the operators T 2j

x discussed earlier,
Remark 1.14 leads us to the conditions
(1.33) (T 2j

x 1)(x,j)∈F ∈ BMOs(Rn,L (Rad(X), Rad(Y )))

for all �nite subsets F ⊂ Rn × Z. Since formally (T 2j

x 1)(u) = (T1)(2ju + x), we
use the notation g2j

x (u) = g(2ju + x) and introduce the following space, which we
use to formalize the requirement that (1.33) should hold uniformly in F ⊂ Rn×X
by requiring that T1 ∈ BMOR(Rn, L (X, Y )):
De�nition 1.34 (The space BMOR(Rn,L (X,Y ))). Let g be an L (X,Y )-valued
distribution on Rn, such that each g(·)ξ, ξ ∈ X, is locally integrable. We say that
g ∈ BMOR(Rn, L (X,Y )) if (g2j

x (·)ξxj) ∈ BMO(Rn, RadY ) for all �nitely non-zero
(ξxj) ∈ Rad(X), with the norm estimate

(1.35)
( 1∣∣B̄∣∣

∫

B̄

E
∣∣∣
∑

x,j

εxj

(
g(2ju + x)− g2jB̄+x

)
ξxj

∣∣∣
q

Y
du

)1/q

≤ C ‖ξ‖Rad X

for all balls B̄ ⊂ Rn and summations over �nite sets of pairs (x, j) ∈ Rn × Z.
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As usual, gB̄ denotes the average of g on B̄, now taken in the strong sense.
It follows from a well-known result of F. John and L. Nirenberg [17] (which also

works, with the same proof, in the vector-valued setting) that any q ∈ [1,∞[ above
yields an equivalent de�nition.

The membership of g in the space BMOR(Rn, L (X, Y )) will provide a su�cient
condition for the weak boundedness of the paraproduct P (g, ·). In order to be able
to prove weak R-boundedness, we need the following subspace de�ned with double
random series:
De�nition 1.36 (The space BMO2

R(Rn, L (X,Y )).). For g as in the previous
de�nition, we say that g ∈ BMO2

R(Rn,L (X,Y )) if
( 1∣∣B̄

∣∣
∫

B̄

EE′
∣∣∣

∑

x,j,y,i

εxjε
′
yi

(
g(2j(2iu + y) + x)− g2j(2iB̄+y)+x

)
λyiξxj

∣∣∣
q

Y
du

)1/q

≤ C ‖λ‖RadC ‖ξ‖Rad X

for all �nitely non-zero ξ = (ξxj) ∈ Rad X and λ = (λyi) ∈ RadC.
A couple of remarks concerning the relation of these spaces are in order. First,

BMO2
R(Rn,L (X,Y )) is a subspace of BMOR(Rn, L (X, Y )), which is seen by

taken λ0,1 := 1 and other components of λ equal to zero. If X and Y are Hilbert
spaces, taking q = 2 in the de�nitions shows that both BMOR(Rn, L (X, Y ))
and BMO2

R(Rn, L (X, Y )) reduce to the strong operator topology BMO space
BMOs(Rn, L (X, Y )).

If the space Y has property (α) and X has �nite cotype (as every UMD-space
does), then the two new BMO spaces coincide:
Lemma 1.37. If Y has property (α) and X has �nite cotype, then

BMO2
R(Rn, L (X,Y )) = BMOR(Rn, L (X, Y )).

Let us also point out that our treatment does cover the scalar-valued BMO-
functions (interpreted as operator-valued functions taking values in the linear span
of the identity operator):
Lemma 1.38. If X has �nite cotype, then BMO(Rn) ↪→ BMO2

R(Rn, L (X)).
The proofs of these two lemmata will be given at the end of Sec. 3.
For the study of the paraproduct, we also need a slightly weaker version of the

standard estimates, which we formulate in
De�nition 1.39. We say that a kernel K : R2n

x 6=y → L (X, Y ) satis�es the reduced
standard R-estimates if the following sets are R-bounded, with R-bounds uniformly
bounded as u, v, u0, v0 range over |u− v| > 2 |u− u0| , 2 |v − v0| > 0:{

2jn |u− v|n K(x + 2ju, x + 2jv) : x ∈ Rn, j ∈ Z
}

,
{

2jn |u− v|n+γ

|v − v0|γ
[
K(x + 2ju, x + 2jv)−K(x + 2ju, x + 2jv0)

]
: x ∈ Rn, j ∈ Z

}
,

and the set with the rôles of the �rst and second variable reversed.
Of course, 2jnK(x+2ju, x+2jv) is simply the kernel of T 2j

x evaluated at (u, v).
The proof of Theorem 1.18 will show that we could have replaced the standard
R-estimates by their reduced versions in the statement of that result.

We can now state the following:
Theorem 1.40. Let X, Y be UMD-spaces, and g ∈ BMOR(Rn, L (X,Y )). Then

• For every p ∈ ]1,∞[, the series (1.30) converges, for every f ∈ X⊗Lp(Rn),
weakly in Lp(Rn, Y ) = (Lp′(Rn, Y ′))′.
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• The limit satis�es
(1.41) ‖P (g, f(·)ξ)‖Lp(Rn,Y ) ≤ Cp ‖g‖BMOR(Rn,L (X,Y )) ‖f‖Lp(Rn) |ξ|X

for all p ∈ ]1,∞[. In particular, if we de�ne

〈ψ, Pφ〉x :=
∫

Rn

ψ(u)P (g, φ(·)x)(u) du

for φ, ψ ∈ S (Rn) and x ∈ X, we have P ∈ L (S (Rn), S ′(Rn, L (X, Y ))),
and P possesses the weak boundedness property.

• P has an associated kernel which satis�es the reduced standard R-estimates.
• P1 = g, P ′1 = 0.

If, moreover, g ∈ BMO2
R(Rn,L (X, Y )), then

• P satis�es the weak R-boundedness property.

As pointed out already, for Hilbert spaces X and Y we have
BMO2

R(Rn, L (X,Y )) = BMOs(Rn, L (X, Y )),

with equivalence of norms. Thus Theorem 1.31 shows that the assumptions of The-
orem 1.40 are insu�cient, in general, to imply P (g, ·) ∈ L (Lp(Rn, X), Lp(Rn, Y )).

A possible su�cient condition is obtained by requiring, in addition, the �niteness
of the following BMO-type norm:

De�nition 1.42 (The space BMOΨ,q(Rn,L (X, Y ))). Let g be an L (X,Y )-valued
distribution on Rn which is strongly locally integrable, and let q ∈ ]1,∞[. We say
that g ∈ BMOΨ,q(Rn, L (X, Y )), the �Littlewood�Paley-BMO� space, provided
that the following quantity is �nite:

(1.43) ‖g‖BMOΨ,q(Rn,L (X,Y ))

:= sup
B̄

∣∣B̄
∣∣−1/q

E
∥∥∥
∑

εjΨj ∗ (g − gB̄)1B̄

∥∥∥
Lq(Rn,L (X,Y ))

,

where the supremum is taken over all balls B̄ ⊂ Rn.

Observe that if the Littlewood�Paley decomposition were valid on the space
Lq(Rn, L (X,Y )), then the randomized norm appearing in (1.43) would be equiva-
lent to the Lq norm of

∣∣B̄
∣∣−1/q (g− gB̄)1B̄ , and then the supremum in (1.43) would

simply be the BMO norm of g. This motivates the notation BMOΨ,q.
Now we can formulate the following result for paraproducts:

Theorem 1.44. Let X, Y be UMD-spaces, and
g ∈ (BMOR ∩BMOΨ,q)(Rn,L (X,Y ))

for some q ∈ ]1,∞[. Then P (g, ·) ∈ L (Lp(Rn, X), Lp(Rn, Y )) for all p ∈ ]1,∞[.

By combining Theorems 1.18, 1.40 and 1.44, we obtain the following operator-
valued �general T1 theorem� which, however, only provides su�cient conditions
without the converse implication.

Corollary 1.45. Let X, Y be UMD-spaces. Let
T ∈ L (S (Rn),S ′(Rn, L (X, Y )))

have an associated kernel K which satis�es the standard R-estimates. Suppose
further that

• T satis�es the weak R-boundedness property ; and
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• For some q1, q2 ∈ ]1,∞[, we have

T1 ∈ (BMO2
R ∩BMOΨ,q1)(R

n,L (X, Y )),

T ′1 ∈ (BMO2
R ∩BMOΨ,q2)(R

n,L (Y ′, X ′)).
(1.46)

Then T ∈ L (Lp(Rn, X), Lp(Rn, Y )) for all p ∈ ]1,∞[.

Proof. By Theorems 1.40 and 1.44, the paraproducts P (T1, ·) and P (T ′1, ·)′ de�ne
operators in L (Lp(Rn, X), Lp(Rn, Y )). They also induce, in the canonical way
described in Theorem 1.40, operators in L (S (Rn), S ′(Rn, L (X,Y ))) (which we
denote by the same symbols) satisfying the weak R-boundedness property, and
which have associated kernels verifying the reduced standard R-estimates. (As for
P (T ′1, ·)′, note that both the [reduced] standard R-estimates for the associated
kernel and the weak R-boundedness are self-dual conditions, i.e., hold for T ′ if and
only if for T ; for details, see the discussion following Eq. (2.5) below.)

We de�ne the new operator T0 := T − P (T1, ·) − P (T ′1, ·)′. It satis�es T01 =
T ′01 = 0. Its kernel veri�es the reduced standard R-estimates, since the kernels of
T , P (T1, ·) and P (T ′1, ·)′ verify them. The weak R-boundedness property holds
for the same reason. Thus theorem 1.18 shows that T0 is in the desired space
L (Lp(Rn, X), Lp(Rn, Y )). Since P (T1, ·) and P (T ′1, ·)′ are also, as already noted,
the same conclusion holds for T . ¤

Remark 1.47. There are some prominent special cases in which the somewhat
subtle BMOΨ,q norms can be estimated by a usual BMO norm:

• If g is �nite-dimensionally valued, we can use an equivalent Hilbert space
norm, and the Littlewood�Paley decomposition is valid, reducing the norm
(1.43) to the usual norm topology BMO-norm ‖g‖BMO(Rn,L (X,Y )). This of
course contains the special case that Y = X and g is scalar-valued.

• If X = C (resp. Y = C), then L (X, Y ) = Y (resp. X ′) is a UMD-space,
and the Littlewood-Paley decomposition is valid. The same conclusion
holds more generally if X or Y is �nite-dimensional.

• If Y = X is a Hilbert space, and g takes values not only in L (X), but more
speci�cally in one of the Schatten ideals Sp := {A ∈ L (X) : ‖A‖Sp :=
[trace(A∗A)p/2]1/p < ∞} for p ∈ ]1,∞[, we have

‖g‖BMOΨ,q(Rn,L (X)) ≤ ‖g‖BMOΨ,q(Rn,Sp) ≈ ‖g‖BMO(Rn,Sp) ,

where the �rst estimate follows from the domination ‖A‖L (X) ≤ ‖A‖Sq ,
and the second from the fact that Sp is a UMD-space. Thus the con-
dition g ∈ BMOΨ,q(Rn, L (X)) holds, for all q ∈ ]1,∞[, provided that
g ∈ BMO(Rn, Sp) for some p ∈ ]1,∞[.

• If X = Y = Lq(M, µ), 1 < q < ∞, the space HT q(X) of Hille�Tamarkin
operators consists of integral operators

Tf(x) =
∫

M

k(x, y)f(y) dµ(y),

where k ∈ Lq(M,Lq′(M)). The mixed-norm space Lq(M, Lq′(M)) is UMD,
and the norm of the kernel in this space dominates the norm of the associ-
ated operator, so that HT q(X) is a UMD subspace embedded in L (X).

• For a separable Hilbert space H and a Banach space X, the space γ(H,X)
of γ-radonifying operators consists of those T ∈ L (H, X) for which, given
an orthonormal basis (en)∞n=1 of H and a sequence (γn)∞n=1 of independent
standard Gaussian random variables on some probability space (Ω,P), the
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series
∑∞

n=1 γnTen converges in L2(Ω, X). Equipped with the norm

‖T‖2γ(H,X) = E
∣∣∣
∞∑

n=1

εnTen

∣∣∣
2

X
,

which dominates the usual operator norm, γ(H, X) is identi�ed with a
closed subspace of L2(Ω, X); thus it is UMD whenever X itself is. This
space plays a decisive rôle in the theory of stochastic integration of vector-
valued functions, as recently developed in [23, 24].

Remark 1.48. It is also possible to obtain an operator-valued version in UMD
spaces of the Tb theorem of David, Journé and S. Semmes [8]. Such a program has
been carried out by one of us in [15].

Organization of the paper. In the body of the paper, we establish the theorems
stated in this Introduction. We �rst deal with the special case T1 = T ′1 = 0,
i.e., Theorem 1.18. In the treatment of the paraproduct operators, we depart
from the order of presentation of the Introduction, and �rst prove the positive
boundedness results, Theorems 1.40 and 1.44. The counterexample of Theorem 1.31
is constructed in the last section of the paper.

2. The special T1 theorem
The operators T1 and T ′1. The action of T is not a priori de�ned on the constant
function 1 /∈ S (Rn), but we can make sense of the notion T1 by essentially the
same procedure as in the scalar-valued situation: We de�ne T1 as a linear operator
acting on D0(Rn) := {φ ∈ D(Rn) :

∫
φ(x) dx = 0}, and with values in L (X,Y ).

First, let us consider a (possibly vector-valued) distribution u which agrees with
an integrable function in the complement of a compact set C. Then we de�ne
〈1, u〉 := 〈υ0, u〉 + 〈υ1, u〉, where υ0 + υ1 ≡ 1, υ0 ∈ D(Rn), and υ1 vanishes in a
neighbourhood of C. Then 〈υ0, u〉 has a sense as the usual duality pairing between
test functions and distributions, and 〈υ1, u〉 can be evaluated as the (vector-valued)
integral

∫
υ1(x)u(x) dx. It is easily seen that the value of 〈1, u〉 is independent of

the decomposition 1 = υ0 + υ1.
Now, if φ ∈ D0(Rn) and x /∈ supp φ, then

Tφ(x) =
∫

Rn

[K(x, y)−K(x, y0)] φ(y) dy, y0 ∈ supp φ.

It follows from the standard estimates that this is an integrable function in the
exterior of any neighbourhood of suppφ. Thus 〈1, Tφ〉 is de�ned by the procedure
above for φ ∈ D0(Rn), and it remains to make the natural de�nition 〈φ, T ′1〉 :=
〈1, Tφ〉′ for such φ. In an analogous way, we de�ne 〈T1, φ〉 ≡ 〈1, T ′φ〉′.

We obtain the representation

〈T1, φ〉 = 〈Tυ0, φ〉+
∫∫

Rn×Rn

[K(x, y)−K(x, y0)] φ(y)υ1(x) dx dy,

where φ ∈ D0(Rn), 1 = υ0 + υ1, υ0 ∈ D(Rn), υ1 has disjoint support with φ, and
y0 ∈ supp φ.

A possibly more intuitively appealing de�nition of T1 is as follows: Given ϕ ∈
D(Rn) with ϕ(0) = 0, we consider the distributions T (ϕ(ε·)). Then there exist
constants cε ∈ L (X,Y ) such that the limit limε↓0(T (ϕ(ε·)) − cε) exists in the
distributional sense, and it can be shown to coincide with T1 as de�ned before. We
refer the interested reader to [20], Lemma 2 of Ch. 8 for details (in the scalar case,
but one can easily see that the argument goes through in our setting). We shall
not make use of this alternative approach in this paper, however.
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Decomposition of operators. The key ingredient in the original proof of the
T1 theorem is the Cotlar�Stein lemma which gives su�cient conditions for the
boundedness of a Hilbert space operator which is given as an �almost orthogonal�
sum T =

∑
Tj . While the Cotlar�Stein lemma is strictly a Hilbert space device,

there are other methods of almost orthogonality, some of which carry over to a
more general framework. We now turn to our decomposition of the operator.

Lemma 2.1. There exist a radial real-valued Φ ∈ D(Rn) such that suppΦ ⊂
B̄(0, 1),

∫
Φ(x) dx = 0 and Φ̂ is everywhere non-negative, and moreover Φ̂(x) ≥ 1

for 0 < a ≤ |x| ≤ 4a.

Proof. Take any real, radial ϕ ∈ D(Rn) satisfying the vanishing integral condition.
Since ϕ is even, its Fourier transform is real. Then also φ := ϕ ∗ ϕ is such a
function, and moreover F [ϕ ∗ ϕ] = ϕ̂2 ≥ 0. Since φ̂ is radial and not identically
vanishing, it is strictly positive on some annulus a1 ≤ |x| ≤ a2. Taking as Φ a
suitable linear combination, with positive coe�cients, of dilates of φ, we ensure the
condition Φ̂(x) ≥ 1 for 0 < a ≤ |x| ≤ 4a for some a > 0; moreover, taking the
dilations appropriately we also ensure the support condition. ¤

Corollary 2.2. There exists a Φ as in Lemma 2.1, and a Ψ ∈ S (Rn) with positive
Fourier transform supported in the annulus {a ≤ |x| ≤ 4a}, and such that

(2.3)
∞∑
−∞

Φ̂(2jx)Ψ̂(2jx) = 1 ∀ x ∈ Rn \ {0}.

Proof. Let ψ̂ ∈ S (Rn) be constructed as in the usual dyadic resolution of the unity
such that it is non-negative, supported in the annulus {a ≤ |x| ≤ 4a}, and satis�es∑

ψ̂(2jx) = 1 for x 6= 0. Then set Ψ̂(x) := ψ̂(x)/Φ̂(x). ¤

De�nition 2.4 (Resolution operators). With Φ and Ψ as above, we denote Φj(x) :=
2−njΦ(2−jx), Ψj(x) := 2−njΨ(2−jx). Then let Pjf = Φj ∗ f , Qjf = Ψj ∗ f for all
tempered distributions f .

Observe that Pj and Qj are commuting and self-adjoint operators. The equa-
tion (2.3) for the functions Φ and Ψ now transforms to the operator equality

∞∑
−∞

PjQj = I.

When applied to an f whose Fourier transform has a compact support not contain-
ing the origin, there is even no question of convergence, since only �nitely many of
the terms PjQjf are non-zero.

We can then decompose

〈g, Tf〉 =
∑

j

∑

k

〈Pj+kQj+kg, TPjQjf〉

=
∑

k≥0

∑

j

〈Qj+kg, Pj+kTPjQjf〉+
∑

k<0

∑

j

〈PjT
′Pj+kQj+kg,Qjf〉 ,

(2.5)

and we are lead to investigate the partial operators Pj+kTPj and PjT
′Pj+k. In fact,

it su�ces to consider the �rst case, since T ′ satis�es exactly the same assumptions
as T : This is an easy consequence of the fact that (Rad X)′ ≈ Rad(X ′), with the
natural duality pairing of L2(Ω, X) and L2(Ω, X ′), for a UMD-space X. Concerning
the standard R-estimates on the kernel, we only need to note that
‖T′η′‖Rad X′ . sup

‖ξ‖Rad X≤1

|〈T′η′, ξ〉| = sup |〈η′, Tξ〉| . ‖η′‖Rad Y ′ ‖T‖L (Rad X,Rad Y ) ,
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from which it follows that R(T ′) ≤ CR(T ), where T ′ := {T ′ : T ∈ T } and C
is a geometric constant. Similarly, the weak R-boundedness property is seen to be
self-dual by writing

‖〈φ, Tϕ〉 ξ‖Rad Y ≈ sup
η′∈Rad Y ′

|〈η′, 〈φ, Tϕ〉 ξ〉|

for T = (T 2j

x )(j,x)∈F , where F ⊂ Z×R.
To �nd a more explicit representation for the operators Pj+kTPj , we recall that,

in general, the combined action of T with two smooth convolution operators on
both sides is given by

φ ∗ T (ϕ ∗ f)(x) =
〈

φ(x− ·), T
(∫

ϕ(· − y)f(y) dy

)〉

=
∫
〈φ(x− ·), T (ϕ(· − y))〉 f(y) dy =

∫ 〈
φ̃(· − x), T (ϕ(· − y))

〉
f(y) dy.

In particular, we have the kernel representation

Φj+k ∗ T (Φj ∗ f)(x) ≡
∫

Kj+k,j(x, y)f(y) dy,

where the kernel is explicitly given by

Kj+k,j(x, y) := 〈Φj+k(· − x), T (Φj(· − y))〉
=

〈
2−jnΦk(2−j(· − x)), T [2−jnΦ(2−j(· − x) + 2−j(x− y)))]

〉

= 2−jn
〈
Φk, T 2j

x [Φ(·+ 2−j(x− y))]
〉

.

The form

(2.6) 2jnKj+k,j(x, x + 2jy) =
〈
Φk, T 2j

x [Φ(· − y)]
〉

will be particularly useful.
Notice that we have decomposed the operator T into a two-parameter family

Tj+k,j of partial operators, as opposed to the one-parameter decomposition in the
original proof.

Formal implications of the kernel conditions. We now establish estimates
for the partial operators Tj+k,j that follow from the assumptions on T and K.
We �rst deal with such properties which are rather formal consequences of these
assumptions. In order to simplify the notation, we therefore omit all the reference
to the vector-valued situation here, and simply write absolute value signs instead
of the various norms.

For many purposes, slightly weaker forms of the standard estimates will be suf-
�cient. We note in particular that (1.4) implies

(2.7)
(

1
rn

∫

r<|x−y|<2r

|K(x, y)−K(x, y0)|q dx

)1/q

≤ C
|y − y0|γ

rn+γ

∀x, x0 ∈ Rn, r > 2 |y − y0| .
for any q ∈ [1,∞[, and this is the assumption we will be using for establishing the
following estimates. It will turn out that we need to require the exponent q to be
su�ciently large, but a �nite value will always be su�cient.

Lemma 2.8. Let T be an operator with an associated kernel K satisfying (2.7).
Let ϕ be a normalized bump function associated with B̄(0, r) and having vanishing
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total integral. Then

ky(x) := T [ϕ(· − y)](x) =
∫

Rn

K(x, v)ϕ(v − y) dv, x /∈ B̄(y, r),

satis�es, for j = 1, 2, . . .,

(2.9)
(

1
(2jr)n

∫

2jr<|x−y|<2j+1r

|ky(x)|q dx

)1/q

≤ C2−j(n+γ)r−n.

Proof. Let 2jr < |x− y| < 2j+1r, where j = 1, 2, . . ., and write

ky(x) =
∫

|v−y|<r

(K(x, v)−K(x, y))ϕ(v − y) dv.

Then it follows that the quantity on the LHS of (2.9) is estimated by

∫

|v−y|<r

(
1

(2jr)n

∫

2jr<|x−y|<2j+1r

|K(x, v)−K(x, y)|q dx

)1/q

|ϕ(v − y)| dv

≤
∫

|v−y|<r

C
|v − y|γ
(2jr)n+γ

|ϕ(v − y)| dv ≤ C2−j(n+γ)r−n ‖ϕ‖L1 ≤ C2−j(n+γ)r−n;

the �rst inequality follows from (2.7), and the last from the de�nition of a normal-
ized bump function. ¤

Lemma 2.10. Let ϕ and φ be normalized bump functions associated with B̄(0, r)
and B̄(0, R), respectively, where R ≥ r and

∫
ϕ = 0. Let T verify the weak bound-

edness property and the condition T ′1 = 0, and be associated with a kernel K which
satis�es the estimate (2.7). Then

|〈φ(x− ·), T [ϕ(· − y)]〉| ≤ C
( r

R

)γ

(1 + log
R

r
)δγ,1R−n(1 + R−1 |x− y|)−(γ+n/q′),

where the Kronecker symbol δγ,1 is 1 if γ = 1 and 0 otherwise.

Proof. Since T ′1 = 0 and ϕ(· − y) ∈ D0(Rn), we have 〈φ(x− y), T [ϕ(· − y)]〉 =
φ(x− y) 〈T ′1, ϕ(· − y)〉 = 0. Let us �x a function υ0 which equals 1 in B̄(0, 2) and
vanishes outside B̄(0, 4), and let υ := υ0(·) − υ0(2·), so that supp υ ⊂ B̄(0, 4) \
B(0, 1). Then we write

〈φ(x− ·), T [ϕ(· − y)]〉 = 〈(φ(x− ·)− φ(x− y))υ0((· − y)/r), T [ϕ(· − y)]〉

+
∞∑

j=1

〈
(φ(x− ·)− φ(x− y))υ((· − y)/2jr), T [ϕ(· − y)]

〉
=: I0 +

∞∑

j=1

Ij .

To estimate I0, we are going to use the weak boundedness property. Obviously
both ϕ(· − y) and (φ(x − ·) − φ(x − y))υ0((· − y)/r) are supported in B̄(y, 4r),
and ϕ(· − y) is, upto a numerical multiplicative constant, a normalized bump
function associated to this ball. Concerning the other function, we note that
|(φ(x− ·)− φ(x− y))| ≤ |· − y| ‖∇φ‖∞ ≤ 4rR−(n+1) on B̄(y, 4r), and then from
Leibniz' rule

|Dα[(φ(x− ·)− φ(x− y))υ0((· − y)/r)]|

≤ 4rR−(n+1)r−|α| +
∑

0 6=θ≤α

(
α

θ

)
R−n−|θ|r−|α−θ| ≤ C(r/R)n+1r−n−|α|,

so that this other function is C(r/R)n+1 times a normalized bump function associ-
ated with B̄(y, 4r). The weak boundedness property then gives |I0| ≤ CrR−n−1.
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Concerning the Ij , j = 1, 2, . . ., it is immediate in view of the support property
of υ((· − y)/2jr) and Lemma 2.8 that

|Ij | ≤
{

C2jr ‖∇φ‖∞ 2−jγ = C2j(1−γ)rR−n−1

C ‖φ‖∞ 2−jγ = C2−jγR−n,

where the two di�erent estimates arise from the two obvious possibilities of esti-
mating the di�erence |φ(x− ·)− φ(x− y)|.

Using the established estimates, we �nd that

∞∑

j=0

|Ij | ≤
∑

j:2jr≤R

CrR−n−12j(1−γ) +
∑

j:2jr>R

CR−n2−jγ

≤ C
( r

R

)γ

(1 + log
R

r
)δγ,1R−n.

Estimate for |x− y| > 9R. To get the appropriate decay as a function of |x− y|,
we need to take into account the support properties of our bump functions more
carefully. We note that a necessary condition for the function φ(x−·)υ((·−y)/2jr)
to be non-vanishing is R + 2j+2r ≥ |x− y|, i.e., 2j+2r ≥ |x− y| −R > 8/9 · |x− y|.
Thus we now have

〈φ(x− ·), T [ϕ(· − y)]〉 =
∑

j:2jr>2/9·|x−y|

〈
φ(x− ·)υ((· − y)/2jr), T [ϕ(· − y)]

〉
,

where 2/9 · |x− y| > 2R ≥ 2r, so that j ≥ 1.
From Lemma 2.8, the Lq-norm of υ((· − y)/2jr)T [ϕ(· − y)] has the upper bound

C2−j(n/q′+γ)r−n/q′ , and the Lq′ -norm of φ(x−·) is estimated by CR−nRn/q′ . Thus

|〈φ(x− ·), T [ϕ(· − y)]〉| ≤ CR−n ·Rn/q′r−n/q′
∑

j:2jr>8−1|x−y|
2−j(n/q′+γ)

≤ CR−n
( r

R

)γ
( |x− y|

R

)−(n/q′+γ)

.

These estimates prove the Lemma. ¤

Corollary 2.11. For the kernels Kj+k,j (j ∈ Z, k = 0, 1, 2, . . .) de�ned in (2.6),
the following estimate holds provided that T has the weak boundedness property,
T ′1 = 0, and K satis�es (2.7):

2jn
∣∣Kj+k,j(x, x + 2jy)

∣∣ ≤ C(1 + k)δγ,12−kγ · 2−kn(1 + 2−k |y|)−(n/q′+γ).

Proof. This is immediate by applying Lemma 2.10 to ϕ = Φ, which is associated
to B̄(0, 1), and φ = Φk, which is associated to B̄(0, 2k). ¤

Vector-valued estimates. We now move from the formal estimates to ones where
the analytic properties of the function spaces in question become crucial. Let
f ∈ X ⊗ D̂0(Rn) and g ∈ Y ′ ⊗ D̂0(Rn), where

D̂0(Rn) :=
{

φ ∈ S (Rn) : supp φ̂ is a compact subset of Rn \ {0}
}

;

we are interested in obtaining an estimate |〈g, Tf〉| ≤ C ‖g‖Lp′ (Y ′) ‖f‖Lp(X), which
would imply the boundedness of T from Lp(Rn, X) to Lp(Rn, Y ). To this end, we
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estimate the �rst part in the decomposition (2.5) as follows:
∣∣∣
∑

j

〈Qj+kg, Pj+kTPjQjf〉
∣∣∣ =

∣∣∣E
〈∑

i

εiQi+kg,
∑

j

εjPj+kTPjQjf

〉∣∣∣

≤
(
E

∥∥∥
∑

εiQi+kg
∥∥∥

p′

Lp′ (Y ′)

)1/p′(
E

∥∥∥
∑

εjPj+kTPjQjf
∥∥∥

p

Lp(Y )

)1/p

,

and the �rst factor is bounded by C ‖g‖Lp′ (Y ′).
In an analogous fashion one shows that

∣∣∣
∑

j

〈PjT
′Pj+kQj+kg, Qjf〉

∣∣∣ ≤ C
(
E

∥∥∥
∑

εjPjT
′Pj+kQj+kg

∥∥∥
p′

Lp′ (X′)

)1/p′

‖f‖Lp(X) .

Thus, showing the boundedness of T from Lp(X) to Lp(Y ) amounts to proving
that

(2.12)
∞∑

k=0

[
E

∥∥∥
∑

j∈Z

εjPj+kTPjQjf
∥∥∥

p

Lp(Y )

]1/p

≤ C ‖f‖Lp(X) ,

as well as the dual inequality with T , f , p, X and Y replaced by T ′, g, p′, Y ′ and
X ′, respectively.

Lemma 2.13. The k-th term in the series on the LHS of (2.12) is bounded by

(2.14) C

∫

Rn

sup
x∈Rn

R(2njKj+k,j(x, x + 2jy) : j ∈ Z) log(2 + |y|) dy · ‖f‖Lp(X) .

Proof. Changing the integration variable from y to x + 2jy

(
E

∥∥∥∥
∑ ∫

εjKj+k,j(x, x + 2jy)Qjf(x + 2jy)2jn dy

∥∥∥∥
p

Lp(dx,Y )

)1/p

≤
∫

dy

(∫
E

∣∣∣
∑

εj2jnKj+k,j(x, x + 2jy)Qjf(x + 2jy)
∣∣∣
p

Y
dx

)1/p

≤
∫

dy sup
x∈Rn

R(2njKj+k,j(x, x + 2jy) : j ∈ Z)

×
[
E

∫ ∣∣∣
∑

εjQjf(x + 2jy)
∣∣∣
p

X
dx

]1/p

.

The last factor above is bounded by

C log(2 + |y|)
[
E

∫ ∣∣∣
∑

εjQjf(x)
∣∣∣
p

X
dx

]1/p

≤ C log(2 + |y|) ‖f‖Lp(X)

by the lemma of Bourgain cited below, and the vector-valued Littlewood-Paley
decomposition. ¤

We used above the following result, which is shown by Bourgain [3] in the case
of T in place of Rn. The version below can by obtained from that by standard
transference techniques; see [12] for details.

Lemma 2.15 ([3]). Let p ∈ ]1,∞[, and X be a UMD-space. Then there is a
constant C < ∞ such that every y ∈ Rn and every �nitely non-zero sequence
(fj)∞−∞ ⊂ Lp(Rn, X) which has the property that supp f̂j ⊂ {x : |x| ≤ 2−j}, satisfy

E
∥∥∥
∑

εjfj(·+ 2jy)
∥∥∥

Lp(Rn,X)
≤ C log(2 + |y|)E

∥∥∥
∑

εjfj

∥∥∥
Lp(Rn,X)

.
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Scalar-valued kernels. If the kernel K is scalar-valued, or else X has cotype 2
and Y has type 2 (in particular, if both X and Y are Hilbert spaces), then the
R-bound appearing in (2.14) is simply

sup
x∈Rn,j∈Z

2nj
∣∣Kj+k,j(x, x + 2jy)

∣∣ ≤ C(1 + k)δγ,12−kγ · 2−kn(1 + 2−k |y|)−n/q+γ

according to Cor. 2.11, provided that the assumptions of that Corollary are satis�ed,
of course. Then, after the change-of-variable v = 2−ky, the integral in (2.14) is
readily seen to be bounded by C(1+k)1+δγ,12−kγ ‖f‖Lp(X), provided that γ > n/q.
Then it is clear that the inequality (2.12) is satis�ed. Moreover, it is plain that the
same assumptions for the dual operator T ′ yield the estimate �dual� to (2.12).

Thus the same assumptions as in the original scalar-valued case of the special T1
theorem su�ce to give the boundedness of the operator T with a scalar-valued kernel
K on Lp(X), where X is an arbitrary UMD-space X; we also get the boundedness
of T from Lp(X) to Lp(Y ) for operator-valued kernels provided that X has cotype
2 and Y had type 2.

It is worth pointing out that the main analytic tools employed in obtaining
this result were the Littlewood�Paley inequality and Bourgain's translation lemma.
In the case when p = 2 and X and Y are Hilbert spaces, both these reduce to
trivialities about orthogonal expansions. Thus our general approach, specialized to
the classical situation, provides a new proof of the scalar-valued special T1 theorem
which is no harder than the original one, and, perhaps depending on personal taste,
could even be considered simpler.

General kernels. In general, we need to cope with the presence of R-boundedness
in (2.14). Let ξ := (ξj)∞−∞ be a �nitely non-zero sequence of elements of X. Then

∑
εj2njKj+k,j(x, x + 2jy)ξj =

∑
εj

〈
Φk, T 2j

x [Φ(· − y)]
〉

ξj

=
〈
Φk,

( ∑
εjT

2j

x ξj

)
(Φ(· − y))

〉
=: 〈Φk, Txξ(Φ(· − y))〉 .

Now the RHS is of the same form as (2.6); we have introduced the new operator
Txξ which has an associated kernel

Kxξ(u, v) =
∑

εj2jnK(x + 2ju, x + 2jv)ξj .

Thus it is clear that we can reach our desired conclusion provided only that we
replace the original assumptions on T and K by the corresponding conditions for
Txξ and Kxξ, the underlying space now being RadX. One readily �nds that the
analogues of the standard estimates (1.3) through (1.5) obtained by this procedure
will be nothing else but the standard R-estimates as formulated in Remark 1.39, and
so those conditions on K are exactly what we need to get the desired R-boundedness
of the kernels Kj+k,j .

Similarly, substituting Txξ in place of T in the weak boundedness condition
and using appropriate norms, we end up with the requirement of the weak R-
boundedness property (1.17).

Conclusion of the proof of Theorem 1.18. We have just seen above how the natu-
ral R-boundedness analogues of the classical conditions of the special T1 theorem
give the estimates required to prove the boundedness of T in the operator-valued
setting. We also observe that the weak R-boundedness property follows from the
R-boundedness of the translates and dilates T 2j

x , in just the same way as the weak
boundedness follows from the boundedness of T in the scalar-valued case. What
remains to be shown is the second assertion of Theorem 1.18 under the additional
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assumption that the spaces X and Y have the property (α). This follows easily by
a trick recently found by M. Girardi and one of us [13]:

The asserted R-boundedness means the uniform boundedness of the operators
T = (T 2j

x )(x,j)∈F :
∑

εx,jfx,j 7→
∑

(x,j)∈F εx.jT
2j

x fx,j (where F ⊂ Z×Rn is �nite)
from Rad(Lp(Rn, X)) ≈ Lp(Rn,Rad X) to Rad(Lp(Rn, Y )) ≈ Lp(Rn, RadY )
(where the isomorphisms ≈ are consequences of the equivalence of the de�nitions
of Rad X in terms of the various Lp-norms, and of Fubini's theorem). The kernel
of T [which is L (Rad X, Rad Y )-valued] is K(u, v) = (2jnK(x + 2ju, x + 2jv))(x,j),
for which
(2inK(y+2iu, y+2iv))(y,i) = ((2(i+j)nK((x+2jy)+2i+ju, (x+2jy)+2i+jv))(x,j))(y,i).

Now the standard R-estimates for K follow from those of K, and the fact that
R({(Ti)i∈F ∈ L (Rad X, RadY ) : F �nite, Ti ∈ T }) ≤ CR(T ),

with C < ∞ geometric, whenever T ⊂ L (X, Y ) and X,Y have property (α). The
weak R-boundedness property of T follows from that of T by a similar consideration,
and it is also not di�cult to see that T1 = 0 implies T1 = 0, and the same for the
adjoints. Thus the second assertion of Theorem 1.18 is actually a formal corollary
of the �rst one, and the Theorem is now fully proved. ¤

We conclude this section with
Proof of Cor. 1.28. The proof is based on the same technique as the proof of the
R-boundedness assertion just above. We now need to establish the uniform bound-
edness of the operators T = (Ti)i∈F :

∑
εifi 7→

∑
εiTifi, where Ti = TKi . The

kernel of T is K(u, v) = (Ki(u, v))i∈F . Thus the standard R-estimates, the weak
R-boundedness property, and the conditions T1 = 0 = T′1 are inherited by T just
like in the previous proof, and Cor. 1.28 is indeed seen to follow from Theorem 1.18.

The same reasoning can be repeated with H1 in place of Lp. The indenti�cation
of Rad(H1(Rn, X)) and H1(Rn, Rad(X)) when X is a UMD-space follows easily
from a �square function� characterization of H1(Rn, X) from [14]. ¤

3. Boundedness of paraproducts: sufficient conditions
The general set-up. The operators we consider here are de�ned by the formal
series (1.30), where g ∈ BMOR(Rn,L (X, Y )) is �xed, and our aim is to give
a meaning to and prove the properties of P (g, ·) asserted in Theorems 1.40 and
1.44. We will initially consider P (g, f) for f ∈ X ⊗S (Rn) and resort to density
arguments once appropriate bounds are shown.

The meaning of Ψj and Φj is now slightly di�erent compared to the previous
section: the Ψj consist of a resolution of the identity in the frequency representation,
whereas the Φj are the corresponding �partial sum functions�. In this connection
it is convenient to assume that the function Φ0 gives rise to this resolution by
Φj := 2njΦ(2j ·) (note that we have changed j and −j compared to the previous
section) and Ψj := Φj −Φj−1. Moreover, we assume that Φ0 is a product of n one-
dimensional functions, Φ0(x) = φ0(x1) · · ·φ0(xn), where φ̂0(x) = 1 for |x| ≤ 1 and
φ̂0(x) = 0 for |x| > 2. We assume that φ̂ is even, non-negative, and non-increasing
on [0,∞[. Then Φ̂0(x) = 1 for |x|∞ ≤ 1 and Φ̂0(x) = 0 for |x|∞ > 2. Now

supp Φ̂j ⊂ {x : |x|∞ ≤ 2j+1}, supp Ψ̂j ⊂ {x : 2j−1 ≤ |x|∞ ≤ 2j+1},
and thus, using supp h ∗ φ ⊂ supp h + supp φ, we have
(3.1) suppF [(Ψj+3 ∗ g)(Φj ∗ f)] = supp(Ψ̂j+3ĝ) ∗ (Φ̂j f̂) ⊂ {2j+1 ≤ |x|∞ ≤ 2j+5}.
Hence the terms labelled j and j′ in (1.30) overlap only if |j − j′| ≤ 4, and each of
them is compactly supported away from the origin.
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We initially give a meaning to the formal series (1.30) as a functional acting on
D̂0(Rn)⊗ Y ′ ⊂ Lp′(Rn, Y ′), which is a norming for Lp(Rn, Y ). Since only �nitely
many non-zero terms appear in the series de�ning 〈P (g, f), h〉 for h ∈ D̂0(Rn)⊗Y ′,
we �nd that it is su�cient to prove uniform bounds for the Lp(Rn, Y )-norms of∑

j∈F (Ψj+3 ∗ g)(Φj ∗ f) for all �nite F ⊂ Z.
We then turn to the proofs of Theorems 1.40 and 1.44. They will be partially

overlapping, and consist of several steps which are divided into the following sub-
sections.

Preliminary estimates. By the support properties of the di�erent terms appear-
ing in (1.30), the Littlewood�Paley decomposition (valid on UMD-spaces) can be
exploited, and we �nd that

∥∥∥
∑

(Ψj+3 ∗ g)(Φj ∗ f)
∥∥∥

Lp(Rn,Y )
. E

∥∥∥
∑

εj(Ψj+3 ∗ g)(Φj ∗ f)
∥∥∥

Lp(Rn,Y )
.

We then write

(3.2)
∑

εj(Ψj+3 ∗ g)(Φj ∗ f) =
∑

εj(Ψj+3 ∗ g) ([Φj − Φj+5] ∗ f)

+
∑

εj [(Ψj+3 ∗ g)(Φj+5 ∗ f)− Φj+5 ∗ (Ψj+3 ∗ g)f ]

+
∑

εjΦj+5 ∗ (Ψj+3 ∗ g)f.

(Note that we are using the convention that the pointwise product has a higher
precedence than the convolution product ∗.) For the �rst series appearing on the
left-hand side above, we have

E
∥∥∥
∑

εj(Ψj+3 ∗ g) ([Φj − Φj+5] ∗ f)
∥∥∥

Lp(Rn,Y )

≈
(∫

E
∣∣∣
∑

εj(Ψj+3 ∗ g)(x)([Φj − Φj+5] ∗ f)(x)
∣∣∣
p

Y
dx

)1/p

.
(∫

R (Ψj ∗ g(x) : j ∈ Z)E
∣∣∣
∑

εj([Φj − Φj+5] ∗ f)(x)
∣∣∣
p

X
dx

)1/p

. R (Ψj ∗ g(x) : j ∈ Z, x ∈ Rn) ‖f‖Lp(Rn,X) ,

(3.3)

where the last estimate follows again from the Littlewood�Paley decomposition,
since the functions Φj −Φj+5 make up a resolution of the unity (or more precisely,
a �resolution of −5�).

Observe that
∑

x,j

εxjΨj ∗ g(x)ξxj =
∫

Ψ0(−y)
( ∑

x,j

εx,−jg(2jy + x)ξx,−j

)
dy

by simple manipulation. By the assumption that g ∈ BMOR(Rn, L (X, Y )), the
expression in (· · · ) belongs to BMO(Rn, Rad(Y )), with the norm estimated by
‖g‖BMOR(Rn,L (X,Y )) ‖ξ‖Rad X . Thus one can merely copy the classical argument
(see e.g. [26]) which shows that ‖ψ ∗ g‖L∞(Rn) ≤ C(ψ) ‖g‖BMO(Rn), where C(ψ) <

∞ for ψ ∈ S (Rn) with vanishing integral, to prove that

R (Ψj ∗ g(x) : j ∈ Z, x ∈ Rn) . ‖g‖BMOR(Rn,L (X,Y )) .

Thus the �rst series on the right of (3.2) has been estimated from above by

(3.4) ‖g‖BMOR(Rn,L (X,Y )) ‖f‖Lp(Rn,X) .
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We then come to the second series on the right of (3.2). The Fourier transform
of the jth term is

(3.5) (Ψ̂j+3ĝ) ∗ (Φ̂j+5f̂)(x)− Φ̂j+5(x)(Ψ̂j+3ĝ ∗ f̂)(x)

=
〈
Ψ̂j+3ĝ,

(
Φ̂j+5(x− ·)− Φ̂j+5(x)

)
f̂(x− ·)

〉
.

Recall that Ψ̂j+3 is supported in the set 2j+2 ≤ |y| ≤ 2j+4 (where we, for the
moment, denote the `∞ norm of Rn by |·|). For y in this range, we have

• if |x− y| ≤ 2j+4, then |x| ≤ 2j+5, and so Φ̂j+5(x− y) = Φ̂j+5(x) = 1;
• if |x− y| ≥ 2j+7, then |x| ≥ 2j+6, and so Φ̂j+5(x− y) = Φ̂j+5(x) = 0.

Hence, for y in the given range, Φ̂j+5(x− y)− Φ̂j+5(x) can only be non-vanishing
when 2j+4 < |x− y| < 2j+7. Let η̂0 ∈ D(Rn) be 1 for 24 ≤ |y| ≤ 27 and vanish
outside 23 ≤ |y| ≤ 28. Let η̂j := η̂0(2−j ·). Then η̂j(x− y) = 1 for 2j+4 ≤ |x− y| ≤
2j+7, and we can add it to the right-hand side of (3.5) without a�ecting anything:

(3.5) =
〈
Ψ̂j+3ĝ,

(
Φ̂j+5(x− ·)− Φ̂j+5(x)

)
η̂j(x− ·)f̂(x− ·)

〉
.

Now the second series in (3.2) can be estimated by

≤ E
∥∥∥
∑

εj(Ψj+3 ∗ g)(Φj+5 ∗ ηj ∗ f)
∥∥∥

Lp(Rn,X)

+ E
∥∥∥
∑

εjΦj+5 ∗ (Ψj+3 ∗ g)(ηj ∗ f)
∥∥∥

Lp(Rn,X)
.

For the �rst term above we immediately get the same bound (3.4), even by exactly
the same reasoning as for the �rst series in (3.2), since the functions Φj+5 ∗ ηj now
serve as our resolution of unity. To estimate the second term, we need the following:
Lemma 3.6. Let Φ(x) = φ(x1) . . . φ(xn) where φ̂ is a bounded, non-negative, even
function which is non-increasing on [0,∞[. Denote Φr := rnΦ(r·). Then the set of
convolution operators {Φr∗ : r > 0} is R-bounded on Lp(Rn, X) whenever X is a
UMD-space and p ∈ ]1,∞[.

Proof. Assume �rst that φ̂ =
∑m

i=1 ai1Ii , where the Ii are intervals centred at the
origin and ai > 0. Then

Φ̂ =
∑

1≤i1,...,in≤m

ai1 · · · ain1Ii1×···×Iin
=:

∑
κ

ακ1Rκ ,

where the Rκ are rectangles with sides parallel to the coordinate axes, and ακ > 0.
Observe that

∑
κ ακ = Φ̂(0).

We further have
Φ ∗ f =

∑
ακPRκf, Φr ∗ f =

∑
ακPrRκf,

where PR is the spectral projection de�ned by PRf := F−1(1Rf̂). F. Zimmer-
mann [29] has shown that the set P := {PR : R ∈ R} is R-bounded on Lp(Rn, X)
(for X UMD and p ∈ ]1,∞[), where R denotes the collection of all rectangles in
Rn with sides parallel to the axes. Thus we have

E
∥∥∥

∑
r

εrΦr ∗ fr

∥∥∥
Lp(Rn,X)

= E
∥∥∥

∑
r

εr

∑
κ

ακPrQκfr

∥∥∥
Lp(Rn,X)

≤
∑

κ

ακE
∥∥∥

∑
r

εrPrQκfr

∥∥∥
Lp(Rn,X)

≤ Φ̂(0) R(P)E
∥∥∥

∑
r

εrfr

∥∥∥
Lp(Rn,X)

.

This completes the proof for φ̂ of the special form. For general φ̂, we simply
approximate by functions of the special form, and make a standard limiting argu-
ment. ¤
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Remark 3.7. If X is a UMD-space with property (α), the conclusion of the above
lemma holds for other kinds of Φ's, too. In fact, if the multipliers mλ, λ ∈ Λ,
satisfy the conditions of the n-dimensional Mihlin theorem uniformly, then the cor-
responding family of Fourier multiplier transformations is R-bounded on Lp(Rn, X)
for such spaces [13], and this clearly applies to the dilations of a single multiplier
(provided, of course, that this single multiplier satis�es Mihlin's conditions). How-
ever, it is important to us that the statement of Lemma 3.6 is valid for arbitrary
UMD-spaces. In fact, this Lemma can be thought of as a �harmonic analysis ana-
logue� of a probabilistic lemma due to Bourgain [3], which is used by Figiel in the
proof of Theorem 1.10 (see [11]).

Using Lemma 3.6, we obtain the bound

E
∥∥∥
∑

εjΦj+5 ∗ (Ψj+3 ∗ g)(ηj ∗ f)
∥∥∥

Lp(Rn,X)

. E
∥∥∥
∑

εj(Ψj+3 ∗ g)(ηj ∗ f)
∥∥∥

Lp(Rn,X)
,

and this can be estimated exactly as before by (3.4).
Having estimated the �rst two sums on the right of (3.2), all together we have

shown that

(3.8)
∥∥∥
∑

(Ψj+3 ∗ g)(Φj ∗ f)
∥∥∥

Lp(Rn,Y )

. ‖g‖BMOR(Rn,L (X,Y )) ‖f‖Lp(Rn,X) + E
∥∥∥
∑

εjΦj+2 ∗ (Ψj ∗ g)f
∥∥∥

Lp(Rn,Rad Y )
,

where a change of variable j + 3 → j was made.
The key estimate for paraproducts. We still need to estimate the second term
on the right of (3.8), and �nding appropriate estimates for this constitutes the
key step in the boundedness proof of operator-valued paraproducts. The proof
follows the ideas of Figiel [10] for scalar kernels in the dyadic case: We proceed via
establishing (L∞, BMO) and (H1, L1) boundedness and then interpolating. More
precisely, we are going to show the following:
Lemma 3.9. Suppose that g ∈ (BMOs ∩BMOΨ,q)(Rn, L (X,Y )) for some q ∈
]1,∞[. Then the mapping f 7→ ∑

εjΦj+2 ∗ (Ψj ∗ g)f is bounded
• from L∞(Rn, X) to BMO(Rn, RadY ), and
• from H1(Rn, X) to L1(Rn,Rad Y ); thus, by interpolation,
• from Lp(Rn, X) to Lp(Rn, RadY ) for all p ∈ ]1,∞[,

and in fact its norm is estimated by
‖g‖BMOs(Rn,L (X,Y )) + ‖g‖BMOΨ,q(Rn,L (X,Y )) .

Proof of the (L∞, BMO)-boundedness. To show the desired boundedness, we need
to estimate the mean oscillations on an arbitrary ball B̄ = B̄(x0, r) as in the
de�nition of the space BMO. For this purpose, we �rst write

(3.10)
∑

j

εjΦj+2 ∗ (Ψj ∗ g)f =
∑

j:2jr≥1

εjΦj+2 ∗ (Ψj ∗ (g − g2B̄)1(2B̄)c)f

+
∑

j:2jr<1

εj

[
Φj+2 ∗ (Ψj ∗ (g − g2B̄)1(2B̄)c)f − (Φj+2 ∗ (Ψj ∗ (g − g2B̄)1(2B̄)c)f)(x0)

]

+ cB̄ +
∑

j

εjΦj+2 ∗ (Ψj ∗ (g − g2B̄)12B̄)f,

where 2B̄ := B̄(x0, 2r), and cB̄ is just the same constant (the sum of point eval-
uations at x0) that was subtracted one line earlier. (When saying that cB̄ is a
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constant, we mean that it is a �xed element of the space Rad Y ; it is still a function
of the εj 's.) Note also that there is no harm of the �extra� terms −Ψj ∗ g2B̄1(2B̄)c

and −Ψj ∗ g2B̄12B̄ , since their sum is just −Ψj ∗ g2B̄ = 0 as
∫

Ψj = 0 and g2B̄ is a
constant.

Now we need to estimate the Lq(B̄, Rad Y ) norms of the various terms in (3.10):

Case 2jr < 1. For x ∈ B̄(x0, r), we have

∣∣Φj+2 ∗ (Ψj ∗ (g − g2B̄)1(2B̄)cf(x)− Φj+2 ∗ (Ψj ∗ (g − g2B̄)1(2B̄)cf(x0)
∣∣
Y

≤ |x− x0|
∥∥∇Φj+2 ∗ (Ψj ∗ (g − g2B̄)1(2B̄)c)f

∥∥
L∞(Rn,Y )n

≤ r ‖∇Φj+2‖L1(Rn)n ‖(Ψj ∗ (g − g2B̄))f − (Ψj ∗ (g − g2B̄)12B̄)f‖L∞(Rn,Y )

. r2j
[
‖Ψj ∗ g‖L∞(Rn,L (X,Y )) + ‖Ψj ∗ (g − g2B̄)12B̄‖L∞(Rn,L (X,Y ))

]
‖f‖L∞(Rn,X)

. r2j
[
‖g‖BMOs(Rn,L (X,Y )) + ‖Ψj‖L∞(Rn) ‖(g − g2B̄)12B̄‖L1

s(Rn,L (X,Y ))

]
‖f‖L∞

. r2j
[
1 + 2jnrn

] ‖g‖BMOs(Rn,L (X,Y )) ‖f‖L∞(Rn,X) .

By summing the geometric series, we �nd that the second term on the right of (3.10)
is dominated by

(3.11) ‖g‖BMOs(Rn,L (X,Y )) ‖f‖L∞(Rn,X) .

Since this is uniform in x ∈ B̄ and independent of the εj 's, a bound for the
Lq(B̄, RadY ) norm is simply the quantity in (3.11) times

∣∣B̄
∣∣1/q.

Case 2jr ≥ 1. We start by estimating the quantity Ψj ∗ (g − g2B̄)1(2B̄)c(x). Let
ξ ∈ X, and let �rst x ∈ B̄(x0, r). Then

∣∣(Ψj ∗ (g − g2B̄)1(2B̄)c)(x)ξ
∣∣
Y
≤

∫

|y−x0|≥2r

|Ψj(x− y)| |(g(y)− g2B̄)ξ|Y dy

.
∞∑

i=1

∫

2ir≤|y−x0|≤2i+1r

2jn(2j2ir)−N |(g(y)− g2B̄)ξ|Y dy

. (2jr)(n−N)
∞∑

i=1

2i(n−N)(2ir)−n

∫

B̄(x0,2i+1r)

∣∣(g(y)− gB̄(x0,2r))ξ
∣∣
Y

dy

. (2jr)(n−N)
∞∑

i=1

2i(n−N)i · ‖g(·)ξ‖BMO(Rn,Y ) . (2jr)−δ ‖g(·)ξ‖BMO(Rn,Y ) ,

provided we take δ := N − n > 0.
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We next consider x /∈ B̄(x0, r), i.e., ∆ := |x− x0| > r. Then∣∣(Ψj ∗ (g − g2B̄)1(2B̄)c)(x)ξ
∣∣
Y

≤
∫

2r≤|y−x0|≤2∆

2jn(2jr)−N |(g(y)− g2B̄)ξ|Y dy

+
∞∑

i=1

∫

2i∆≤|y−x0|≤2i+1∆

2jn(2j2i∆)−N |(g(y)− g2B̄)ξ|Y dy

. 2j(n−N)r−N∆n(1 + log
∆
r

) ‖g(·)ξ‖BMO(Rn,Y )

+
∞∑

i=1

(2j2i∆)n−N (i + log
∆
r

) ‖g(·)ξ‖BMO(Rn,Y )

= (2j∆)n−N

[
∆N

rN
(1 + log

∆
r

) +
∞∑

i=1

2i(n−N)(i + log
∆
r

)

]
‖g(·)ξ‖BMO

. (2j |x− x0|)−δ

[
1 +

( |x− x0|
r

)n+δ

log
|x− x0|

r

]
‖g(·)ξ‖BMO(Rn,Y ) .

Finally, we estimate (Φj+2 ∗ (Ψj ∗ (g − g2B̄)1(2B̄)c)f)(x) for x ∈ B̄:
∣∣(Φj+2 ∗ (Ψj ∗ (g − g2B̄)1(2B̄)c)f)(x)

∣∣
Y

≤
∫
|Φj+2(y)| ∣∣Ψj ∗ (g − g2B̄)1(2B̄)c(x− y)

∣∣
L (X,Y )

‖f‖L∞(Rn,X) dy

.
∫

|y|≤2r

2jn · (2jr)−δ ‖g‖BMOs(Rn,L (X,Y )) ‖f‖L∞(Rn,X) dy

+
∫

|y|>2r

2jn(2j |y|)−M · (2j |y|)−δ

[
1 +

( |y|
r

)n+δ

log
|y|
r

]
‖g‖BMOs

‖f‖L∞dy

.
[
(2jr)n−δ + 2j(n−M−δ)

∫

|y|>2r

(
1 +

( |y|
r

)n+δ

log
|y|
r

)
dy

|y|M+δ

]
‖g‖BMOs

‖f‖L∞

.
[
(2jr)n−δ + (2jr)n−M−δ

] ‖g‖BMOs
‖f‖L∞

provided we take M > 2n. We also choose δ > n. Then, again, we can sum the
geometric series, now over j : 2jr ≥ 1, to get the bound (3.11) also for the �rst
term on the right of (3.10).
The last term in (3.10). For this one deduces immediately from Lemma 3.6 the
estimates ∥∥∥

∑
εjΦj+2 ∗ (Ψj ∗ (g − g2B̄)12B̄)f

∥∥∥
Lq(Rn,Rad Y )

. E
∥∥∥
∑

εj(Ψj ∗ (g − g2B̄)12B̄)f
∥∥∥

Lq(Rn,Y )

≤ E
∥∥∥
∑

εjΨj ∗ (g − g2B̄)12B̄

∥∥∥
Lq(Rn,L (X,Y ))

‖f‖L∞(Rn,X)

≤ ∣∣B̄∣∣1/q ‖g‖BMOΨ,q(Rn,L (X,Y )) ‖f‖L∞(Rn,X) .

Now we have estimated all the terms in (3.10), and shown that

(3.12)
∥∥∥(

∑
εjΦj+2 ∗ (Ψj ∗ g)f − cB̄)1B̄

∥∥∥
Lq(Rn,Rad Y )

.
∣∣B̄∣∣1/q

(
‖g‖BMOs(Rn,L (X,Y )) + ‖g‖BMOΨ,q(Rn,L (X,Y ))

)
‖f‖L∞(Rn,X) ,

and this is exactly the boundedness that we wanted to prove. ¤
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Proof of the (H1, L1)-boundedness. Let now f be an atom of H1(Rn, X), i.e., f ∈
L∞(Rn, X) with supp f ⊂ 1

2 B̄ := B̄(x0, r/2),
∫

f(x) dx = 0, and ‖f‖L∞(Rn,X) ≤∣∣B̄
∣∣−1. We need to estimate the norm of

∑
εjΦj+2 ∗ (Ψj ∗ g)f in L1(Rn,Rad Y ).

Inside the ball B̄, we can exploit the estimate (3.12) which we already have, but
we still need an estimate for the renormalization constant (denoted by cB̄ above),
and for the integral of our function outside the ball B̄.

The renormalization constant. Recall that the constant to be estimated is

cB̄ =
∑

j:2jr<1

εj(Φj+2 ∗ (Ψj ∗ (g − g2B̄)1(2B̄)c)f)(x0).

Using the support and moment properties of f , we have
∣∣(Φj+2 ∗ (Ψj ∗ (g − g2B̄)1(2B̄)c)f)(x0)

∣∣
Y

≤
∫

B̄

∣∣[Φj+2(x0 − y)(Ψj ∗ (g − g2B̄)1(2B̄)c)(y)

− Φj+2(0)(Ψj ∗ (g − g2B̄)1(2B̄)c)(x0)
]
f(y)

∣∣
Y

dy

≤
∫

B̄

|Φj+2(x0 − y)− Φj+2(0)|
∣∣Ψj ∗ (g − g2B̄)1(2B̄)c)(y)f(y)

∣∣
Y

dy

+
∫

B̄

|Φj+2(0)|
∣∣[Ψj ∗ (g − g2B̄)1(2B̄)c(y)−Ψj ∗ (g − g2B̄)1(2B̄)c(x0)

]
f(y)

∣∣
Y

dy

.
∫

B̄

2j(n+1)r
(
‖Ψj ∗ g‖L∞ + ‖Ψj‖L∞ ‖(g − g2B̄)12B̄‖L1

s(Rn,L (X,Y ))

)
|f(y)|X dy

+
∫

B̄

2jn ‖∇Ψj ∗ (g − g2B̄)12B̄‖L∞(Rn,L (X,Y )n) r |f(y)|X dy

. 2j(n+1)r
(
1 + 2jnrn

) ‖g‖BMOs
‖f‖L1(Rn,X) + 2jn2j(n+1)rnr ‖f‖L1(Rn,X)

. 2jn(2jr)
(
1 + (2jr)n

) ‖g‖BMOs(Rn,L (X,Y )) ,

where �nally the size condition on f was taken into account.
Summing over j : 2jr < 1, it is plain that cB̄ is estimated by r−n ‖g‖BMOs

, and
hence its integral over B̄ by ‖g‖BMOs

.

The integral over B̄c. Let x ∈ B̄c, i.e., |x− x0| > r. Then we can estimate

|Φj+2 ∗ (Ψj ∗ g)f(x)|Y ≤
∫

B̄/2

|Φj+2(x− y)| |(Ψj ∗ g)(y)f(y)|Y dy

.
∫

B̄/2

2jn(2j |x− y|)−N ‖g‖BMOs
|f(y)|X dy . 2jn(2j |x− x0|)−N ‖g‖BMOs

,

and thus

(3.13)
∫

B̄c

|Φj+2 ∗ (Ψj ∗ g)f(x)|Y dx . (2jr)−δ ‖g‖BMOs(Rn,L (X,Y ))

provided we take δ := N − n > 0.
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On the other hand, we also have the bounds

|Φj+2 ∗ (Ψj ∗ g)f(x)|Y
≤

∫

B̄/2

|[Φj+2(x− y)(Ψj ∗ g)(y)− Φj+2(x− x0)(Ψj ∗ g)(x0)] f(y)|Y dy

≤
∫

B̄/2

|Φj+2(x− y)− Φj+2(x− x0)| ‖Ψj ∗ g‖L∞ |f(y)|X dy

+
∫

B̄/2

|Φj+2(x− x0)| ‖Ψj ∗ g(y)−Ψj ∗ g(x0)‖L (X,Y ) |f(y)|X dy

.
∫

B̄/2

2j(n+1)r
∥∥∇Φ0(2j ·)

∥∥
L∞([x−y,x−x0])

‖g‖BMOs
|f(y)|X dy

+
∫

B̄/2

2jn(2j |x− x0|)−N2jr ‖g‖BMOs
|f(y)|X dy

. 2j(n+1)r(2j |x− x0|)−N ,

and integrating we get

(3.14)
∫

B̄c

|Φj+2 ∗ (Ψj ∗ g)f(x)|Y dx . (2jr)1−δ ‖g‖BMOs(Rn,L (X,Y )) ,

provided, again, that δ := N − n > 0.
Choosing δ ∈ ]0, 1[, and using (3.13) for 2jr ≥ 1 and (3.14) for 2jr < 1, we can

sum the geometric series to the conclusion that
∑

j

‖[Φj+2 ∗ (Ψj ∗ g)f ] 1B̄c‖L1(Rn,Y ) . ‖g‖BMOs(Rn,L (X,Y )) .

This completes the proof of the asserted (H1, L1)-boundedness, and then interpo-
lation completes the proof of Lemma 3.9. ¤

A summary of results obtained so far. Now we have shown that

(3.15) ‖P (g, f)‖Lp(Rn,Y )

≤ C
(
‖g‖BMOR(Rn,L (X,Y )) + ‖g‖BMOΨ,q(Rn,L (X,Y ))

)
‖f‖Lp(Rn,X) ,

which is the assertion of Theorem 1.44.
Note that the estimate (1.41) in Theorem 1.40 also follows from this: In fact,

P (g, f(·)ξ) = P (g(·)ξ, f),

and to bound this, we just need to estimate

‖g(·)ξ‖BMOΨ,q(Rn,L (C,Y )) . ‖g(·)ξ‖BMO(Rn,Y ) ≤ ‖g‖BMOs(Rn,L (X,Y )) |ξ|X
(where the crucial �rst estimate follows from the fact that L (C, Y ) = Y is a
UMD-space), and

‖g(·)ξ‖BMOR(Rn,L (C,Y )) ≤ ‖g(·)‖BMOR(Rn,L (X,Y )) |ξ|X
(which follows at once from the de�nitions of the various norms).

From the norm estimate (1.41) now shown, the �rst assertion of Theorem 1.40
follows by routine arguments, using the density of D̂0(Rn) in Lp(Rn) for p ∈ ]1,∞[.
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The kernel of the paraproduct operator. Let f ∈ D(Rn)⊗X, and x /∈ supp f .
Then

(Ψj+3 ∗ g)(Φj ∗ f)(x) =
∫

(Ψj+3 ∗ g)(x)Φj(x− y)f(y) dy,

and
∑

j

(Ψj+3∗g)(Φj ∗f)(x) =
∫ ∑

j

(Ψj+3∗g)(x)Φj(x−y)f(y) dy =:
∫

K(x, y)f(y) dy,

where the series de�ning K(x, y) is absolutely convergent for x 6= y. In fact,
‖Ψj+3 ∗ g(x)‖L (X,Y ) . ‖g‖BMOs(Rn,L (X,Y )), and for |Φj(x− y)| we have the es-
timates 2jn and 2jn(2j |x− y|)−N , so that using one or the other depending on
whether 2j |x− y| ≥ 1 or 2j |x− y| < 1, we deduce

∑
j |Φj(x− y)| . |x− y|−n,

and thus ‖K(x, y)‖L (X,Y ) . ‖g‖BMOs
|x− y|−n.

Using similar estimates, one also readily shows that

‖K(u, v)−K(u,w)‖L (X,Y ) + ‖K(v, u)−K(w, u)‖L (X,Y ) . ‖g‖BMOs

|v − w|
|u− w|n+1 ,

so that the standard estimated are satis�ed by K.
However, we need the R-versions of these bounds, and to this end, we consider

the randomized kernel

Kξ(u, v) =
∑

x,i

εx,i2inK(x + 2iu, x + 2iv)ξx,i

=
∑

x,i

εx,i2in
∑

j

(Ψj+3 ∗ g)(x + 2iu)Φj(2i(u− v))ξx,i

=
∑

x,i

εx,i

∑

j

(Ψj+i+3 ∗ g(2i ·+x))(u)Φj+i(u− v)ξx,i

=
∑

j

Ψj+3 ∗

∑

x,i

εx,ig(2i ·+x)ξx,i


 (u)Φj(u− v)

=:
∑

j

(Ψj+3 ∗ gξ)(u)Φj(u− v).

This is of the same form as K, but with gξ :=
∑

x,i εx,ig(2i ·+x)ξx,i in place of g.
Thus, by repeating the same steps that lead to the standard estimates for K, we
deduce

‖Kξ(u, v)‖Rad Y . ‖gξ‖BMO(Rn,Rad Y ) |u− v|−n

≤ ‖g‖BMOR(Rn,L (X,Y )) ‖ξ‖Rad X |u− v|−n
,

and

‖Kξ(u, v)− Kξ(u, v0)‖Rad Y . ‖g‖BMOR(Rn,L (X,Y )) ‖ξ‖Rad X

|v − v0|
|u− v|n+1 ,

‖Kξ(u, v)− Kξ(u0, v)‖Rad Y . ‖g‖BMOR(Rn,L (X,Y )) ‖ξ‖Rad X

|u− u0|
|u− v|n+1 ,

which are the standard R-estimates for K.
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The operators P (g, 1) and P (g, ·)′1. Let ϕ ∈ Y ′ ⊗ D0(Rn), and υ0, υ1 be as in
the de�nition of 〈T1, ϕ〉, where ξ ∈ X.

〈P (g, 1), ϕ〉 ξ = 〈P (g(·)ξ, υ0), ϕ〉+
∫∫

Rn×Rn

[K(x, y)−K(x0, y)]ξυ1(y)ϕ(x) dy dx

=
∞∑

j=−∞
〈(Ψj+3 ∗ g(·)ξ)(Φj ∗ υ0), ϕ〉

+
∫∫

Rn×Rn

∞∑

j=−∞
[(Ψj+3 ∗ g)(x)Φj(x− y)

−(Ψj+3 ∗ g)(x0)Φj(x0 − y)] ξυ1(y)ϕ(x) dy dx

(?)
= lim

N→∞

N∑

−N

{∫∫
(Ψj+3 ∗ g(·)ξ)(x)Φj(x− y)(υ0(y) + υ1(y))ϕ(x) dy dx

−
∫∫

(Ψj+3 ∗ g(·)ξ)(x0)Φj(x0 − y)υ1(y)ϕ(x) dy dx

}

(∗)
= lim

N→∞

N∑

−N

{∫
(Ψj+3 ∗ g(·)ξ)(x)ϕ(x) dx + 0

}

= lim
N→∞

〈
g(·)ξ,

N+3∑

−N+3

Ψj ∗ ϕ

〉
= 〈g(·)ξ, ϕ〉 .

In (?), the absolute convergence of
∫∫ ∑

permitted the change of the order of
summation and integration, and in (∗) we used the facts that υ0 + υ1 ≡ 1, Φj ∗ 1 =
1, and

∫
ϕ(x) dx = 0. The last equality follows from the continuity of g(·)ξ ∈

BMO(Rn, Y ) as a functional on H1(Rn, Y ′), and from the convergence of
∑

Ψj ∗ϕ
to ϕ in H1(Rn, Y ′). This shows that P (g, 1) = g.

As for the assertion P (g, ·)′1 = 0, we need to show that 〈1, P (g, ϕ)〉 = 0 for all
ϕ ∈ D0(Rn). Note that P (g(·)ξ, ·), for ξ ∈ X, is a bounded operator from Lp(Rn)
to Lp(Rn, Y ) for p ∈ ]1,∞[, and its kernel veri�es the standard estimates. Hence it
is also bounded from H1(Rn) to L1(Rn, Y ) by the classical Calderón�Zygmund the-
ory. Since D0(Rn) ⊂ H1(Rn), we know that P (g(·)ξ, ϕ) is an integrable function,
and so

〈1, P (g, ϕ)〉 ξ = 〈1, P (g(·)ξ, ϕ)〉 =
∫

P (g(·)ξ, ϕ)(x) dx = F [P (g(·)ξ, ϕ)](0).

Let �rst ϕ ∈ D̂0(Rn). Then Φj ∗ ϕ = 0 for all j < j0, say, and from (3.1)
we conclude that supp F [(Ψj ∗ g(·)ξ)(Φj ∗ ϕ)] ⊂ {x : |x|∞ ≥ 2j0+1} for all j. In
particular, F [P (g(·)ξ, ϕ)] vanishes even in a neighbourhood of the origin in this
case. For a general ϕ ∈ D0(Rn) [or even ϕ ∈ H1(Rn)], we use the continuity of

P (g(·)ξ, ·) : H1(Rn) → L1(Rn, Y ) and of f 7→ f̂(0) : L1(Rn, Y ) → Y

to get the full assertion.

Weak R-boundedness of the paraproduct operators. Note that the condi-
tion (1.17) for T = P (g, ·) requires that ‖〈φ, Tξϕ〉‖Rad Y ≤ C ‖ξ‖Rad X , for φ, ϕ
normalized bump functions associated with the unit ball, where the operator Tξ
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(which acts on C-valued functions) looks as follows:

Tξf(u) =
∑

x,i

εx,iT [f(2−i(· − x))ξx,i](2iu + x)

=
∑

x,i

εx,i

∑

j

(Ψj+3 ∗ g)(2iu + x)
[
Φj ∗ f(2−i(· − x))

]
(2iu + x)ξx,i

=
∑

x,i

εx,i

∑

j

(Ψj+i+3 ∗ g(2i ·+x))(u)(Φj+i ∗ f)(u)ξx,i

=
∑

j

(
Ψj+3 ∗

[∑

x,i

εx,ig(2i ·+x)ξx,i

])
(u)(Φj ∗ f)(u)

= P (gξ, f)(u);

gξ has the same meaning as in the previous subsection.
Now we can apply the boundedness result (3.15) which we have already proved.

Note that in place of X we now have C and in place of Y we have RadY . We also
have the obvious identi�cation L (C,Rad Y ) = Rad Y . Thus we get

‖P (gξ, f)‖Lp(Rn,Rad Y ) .
[
‖gξ‖BMOR(Rn,Rad Y ) + ‖gξ‖BMOΨ,q(Rn,Rad Y )

]
‖f‖Lp(Rn)

for p, q ∈ ]1,∞[.
For the �rst term, the estimate

(3.16) ‖gξ‖BMOR(Rn,Rad Y ) ≤ ‖g‖BMO2
R(Rn,Rad Y ) ‖ξ‖Rad X

follows more or less directly from the de�nitions of the various norms.
The other BMO-norm is also readily estimated under the standing assumption

of the UMD property:

Lemma 3.17. If Y has UMD and q ∈ ]1,∞[, then

‖gξ‖BMOΨ,q(Rn,Rad Y ) . ‖g‖BMOR(Rn,L (X,Y )) ‖ξ‖Rad X .

Proof. Since RadY has UMD when Y has, we get

E
∥∥∥
∑

εjΨj ∗ (gξ − (gξ)B̄)1B̄

∥∥∥
Lq(Rn,Rad Y )

≈ ‖(gξ − (gξ)B̄)1B̄‖Lq(Rn,Rad Y )

≤ ∣∣B̄∣∣1/q ‖gξ‖BMO(Rn,Rad Y ) ,

and moreover the estimate

‖gξ‖BMO(Rn,Rad Y ) ≤ ‖g‖BMOR(Rn,L (X,Y )) ‖ξ‖Rad X .

is a matter of de�nition. ¤

Conclusion of the proof of Theorem 1.40. Combining (3.16) and Lemma 3.17 with
our estimate for P (gξ, f) above, we have shown that

‖P (gξ, f)‖Lp(Rn,Rad Y ) . ‖g‖BMOR(Rn,L (X,Y )) ‖ξ‖Rad X ‖f‖Lp(Rn)

provided that p ∈ ]1,∞[, the spaces X and Y have property (α), and Y also has
UMD. Since the Lp norms of all normalized bump functions associated with the unit
ball are uniformly bounded, this implies the desired weak R-boundedness property
of P (g, ·), and �nishes the proof of Theorem 1.40. ¤
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Lemmata on BMO-spaces. We conclude this section by giving the proofs of
Lemmata 1.37 and 1.38 from the Introduction.
Proof of Lemma 1.37. We need only show �⊃�. Since Y has (α), the double random
series in the de�nition of BMO2

R can be estimated by a random series with a single
independent family εxyij in place of εxjε

′
yi, and then we can use the estimate coming

from g ∈ BMOR(Rn, L (X, Y )). Thus all we need to show is (after an application
of Khinchin�Kahane)

(
E

∣∣∣
∑

x,j

∑

y,i

εxyijλyiξxj

∣∣∣
2

X

)1/2

≤ C ‖λ‖`2 ‖ξ‖Rad X .

We consider the sequence of random variables γxj :=
∑

y,i εxyijλyi. This sequence
is sign-invariant and the Ls norm of γxj is bounded by Cs ‖λ‖`2 with Cs < ∞ for
every �nite s by Khinchin's inequality. Thus Theorem 12.27 of [9] applies to give
(
E

∣∣∣
∑

x,j

γx,jξx,j

∣∣∣
2

X

)1/2

≤ Cs,r(X) sup
x,j

‖γx,j‖Ls ‖ξ‖Rad X ≤ Cs,r(X) ‖λ‖`2 ‖ξ‖Rad X

whenever r < s < ∞ and X has cotype r. (The cited theorem in [9] is stated for
Gaussian random variables γxj , but an inspection of the proof reveals that only
the sign invariance of the sequence and the �niteness of the sth moment [for some
s > r, where X has cotype r] is really required.) ¤

Proof of Lemma 1.38. We again consider some sign invariant random variables, this
time the following:

γyi(ω, ω′, u) := ε′yi(ω
′)

∑

x,j

εxj(ω)(g(2i(2ju + x) + y)− g2i(2jB̄+x)+y)λxj

on (Ω×Ω′× B̄, dP× dP′× du/
∣∣B̄

∣∣). Let r < ∞ be a cotype for X, let r < s < ∞,
and denote by ms the supremum of the Ls norms of the γyi. Then we have, by the
same variant of Theorem 12.27 of [9] as in the proof of Lemma 1.37,

( 1∣∣B̄
∣∣
∫

B̄

EE′
∣∣∣
∑

y,i

γyiξyi

∣∣∣
2

X
du

)1/2

≤ Cs,r(X)ms ‖ξ‖Rad(X) ,

where, by the John�Nirenberg and the Khinchin-Kahane inequalities combined,

ms ≤ sup
y,i,B̄

( 1∣∣B̄∣∣
∫

B̄

E
∣∣∣
∑

x,j

εx,j(g(2j+iu + 2ix + y)− g2j+iB̄+2ix+y)λxj

∣∣∣
s

du
)1/s

. sup
y,i,B̄

( 1∣∣B̄
∣∣
∫

B̄

E
∣∣∣
∑

x,j

εx,j(g(2j+iu + 2ix + y)− g2j+iB̄+2ix+y)λxj

∣∣∣
2

du
)1/2

= sup
y,i,B̄

( 1∣∣B̄
∣∣
∫

B̄

∑

x,j

λ2
xj

∣∣g(2j+iu + 2ix + y)− g2j+iB̄+2ix+y

∣∣2
)1/2

.
( ∑

x,j

λ2
xj ‖g‖2BMO(Rn)

)1/2

= ‖g‖BMO(Rn) ‖λ‖Rad(C) .

¤

4. Boundedness of paraproducts: a counterexample
In this section we construct a counterexample to show that the assumption g ∈

BMOR(Rn,L (X,Y )) fails, in general, to imply the boundedness of the paraproduct
operator P (g, ·) from Lp(Rn, X) to Lp(Rn, Y ). We do this in the case where n = 1,
X is a(n in�nite dimensional) Hilbert space and Y is the �eld of scalars (which of
course provides a counterexample for the case where X is Hilbert and Y is any
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Banach space). Recall that in this situation L (X, Y ) = X ′ ≈ X, and the BMO-
norm of interest is the one in (1.32).

Our counterexample is a modi�cation of one due to F. Nazarov, S. Treil and
A. Volberg [21] for the vector-valued dyadic Carleson embedding theorem. (In
the dyadic setting, there is an isomorphic correspondence between [Hilbert space]
operator-valued Carleson measures and paraproducts, as explained in [22], 0.5.)
A similar result is also proved in [22], with the sharp dimensional estimate as in
the dyadic case, for the harmonic Carleson embedding theorem; however, this is
no longer in a direct correspondence to the boundedness of paraproducts as it was
in the dyadic case. Here, we consider the smooth paraproduct, and neglect the
search for a sharp estimate but content ourselves by giving a constructive proof of
Theorem 1.31.

Let us brie�y describe the heuristic idea behind the construction in the dyadic
setting of Nazarov et al.: It is based on a delicate interplay between two orthogonal
systems of functions, the Haar functions hI(x) := (1[0,1/2[−1[1/2,1[)(|I|−1 (x−inf I))
related to the dyadic intervals I ⊂ [0, 1[, and the Rademacher functions ri :=∑
|I|=2−i hI , which are even independent as random variables on [0, 1[ with Lebesgue

measure. While the hI and the ri have equal positive and negative mass, the
products hIri = |hI | for |I| = 2−i are positive functions, and this �cancellation
of cancellation� is exploited in [21] to build �small� f ∈ L2 and g ∈ BMO with a
�large� paraproduct P (g, f).

In order to imitate this counterexample in our smooth situation, we want to
rede�ne the systems hI and ri so as to preserve the essence of the algebraic structure
in the dyadic setting (in particular: the orthogonality of the hI , the independence
of the ri, and a restricted version of the positivity of the appropriate products
hIri), but also to have the hI appropriately localized in frequency to ensure neat
behaviour of the smooth paraproduct P (·, ·) on these functions. We start from the
construction of these auxiliary function systems.

A smooth Haar-like system of functions. We want to construct a function h0

of the following kind, which will serve the rôle of the basic Haar function 1[0,2−1[ −
1[2−1,1[:

Lemma 4.1. For every su�ciently large j0 ∈ Z+, there exists a real-valued h0 ∈
S (R) with the following properties:

• h0(x) ≥ c2j0/2 for x ∈ Î0, where |Î0| = c2−j0 ;
• h0(x) ≤ 0 for x ∈ Ĩ0, where |Ĩ0| = |Î0|;
• ‖h0‖L∞(R) ≤ C2j0/2;
• |h0(x + 1/2)| ≤ Cm2j0(1/2−m) |x|−m for |x| ≥ 1/2 and m = 0, 1, . . .;
• supp ĥ0 = ∪ ± [1/3, 4/3] · 2j0 ;
• the functions 2j/2h0(2jx− k) (j = 0, 1, . . . ; k ∈ Z) are orthonormal

Here Î0 and Ĩ0 are subintervals of I0 := [0, 1[ with dyadic endpoints, and c, C and
Cm are constants independent of j0.

Proof. Our starting point is Y. Meyer's Littlewood�Paley-type wavelet (see [19])

ψ(x +
1
2
) =

∫ ∞

−∞
θ(ξ)ei2πxξ dξ = 2

∫ ∞

0

θ(ξ) cos(2πxξ) dξ,

where θ ∈ D(R) is even, non-negative, and supported on ∪ ± [1/3, 4/3].
Since cos t ≥ 2−1/2 for |t| ≤ π/4, and |2πxξ| ≤ π/4 for |x| ≤ 3/32 and |ξ| ≤ 4/3,

we deduce at once that ψ(x + 1/2) ≥ 2−1/2 ‖θ‖L1 for x ∈ [−3, 3] · 2−5, i.e., ψ(x) ≥



32 HYTÖNEN AND WEIS

2−1/2 ‖θ‖L1 for x ∈ [13, 19] · 2−5. Also,

|xmψ(x + 1/2)| =
∣∣∣∣(−2πi)−m

∫
Dmθ(ξ)ei2πxξ dξ

∣∣∣∣ ≤ (2π)−m ‖Dmθ‖L1 .

Now we consider the function h0(x) := ψj0,2j0−1(x) ≡ 2j0/2ψ(2j0x − 2j0−1) =
2j0/2ψ(2j0(x− 1/2)), where j0 ∈ Z+.

Clearly h0(x+1/2) = 2j0/2ψ(2j0x) ≥ 2(j0−1)/2 ‖θ‖L1 for x ∈ 2−j0−5 · [13, 19], and
‖h0‖L∞ ≤ 2j0/2 ‖θ‖L1 . Since

∫
ψ(x) dx = θ(0) = 0, the wavelet ψ, and so also h0,

must attains some negative values, and we can now �x the intervals Î0 and Ĩ0 with
the required properties, provided that j0 is large enough for some negative values
of ψ to fall inside 2j0−1 · [−1, 1].

For |x| ≥ 2−1, we have |h0(x + 1/2)| = 2j0/2
∣∣ψ(2j0x)

∣∣ ≤ 2j0/2Cm

∣∣2j0x− 1/2
∣∣−m,

and
∣∣2j0x− 1/2

∣∣ ≥ 2j0 |x| − 1/2 ≥ (2j0 − 1) |x| ≥ 2j0−1 |x|, so that |h0(x + 1/2)| ≤
Cm2j0(1/2−m) |x|−m as required.

The support property of ĥ0 follows at once by scaling from that of ψ̂0. The
asserted orthonormality is a consequence of the orthonormality of the wavelets
ψj,k = 2j/2ψ(2j ·−k) (j, k ∈ Z), since 2j/2h0(2jx−k) = 2(j+j0)/2ψ(2j+j0x− (2j0k+
2j0−1)). ¤

Next, we want to construct a suitable set of translates and dilates of h0, indexed
by a subset of the dyadic intervals. The following Haar-like properties should hold:
If I and J are dyadic intervals and I ( J , then hJ should not change sign on the
set where hI di�ers substantially from zero; if I and J are disjoint, then hI and hJ

should be essentially non-overlapping.
Take some m0 ∈ Z+, to be �xed later. For I = 2−m0(I0 + k) (k ∈ Z), we

denote hI(x) ≡ h1,k(x) := h0(2m0x − k). If I is of the above form for some
k = 0, 1, . . . , 2m0 − 1, we say that I is a rank one interval, and denote this by
rk(I) = 1. We also de�ne rk(I0) := 0. Let Z = Z(j0) be the set of zeros of h0

on I0, and N(j0) := #Z. This number is �nite, by the �niteness of the zero set
of a holomorphic function on a compact set, since ψ can be extended to an entire
function by the substitution x ← z in the de�ning equation. Actually, applying
Jensen's formula (e.g. [25], 15.18), one can readily estimate the number of zeros of
ψ(z + 1/2) in D(0, R) by CR, from which N(j0) ≤ C2j0 ; however, this precision is
not needed here.

Let ε0 > 0 � again, to be �xed later. We then choose m0 = m0(N(j0), ε0) large
enough so that, on the one hand N(j0) ≤ ε0(2m0 − 1), and on the other hand the
endpoints of the intervals Î0 and Ĩ0 have the form p2−m0 for some integers p.

Now let B1 (for bad) be the set of those rank one intervals I which intersect with
Z; thus #B1 ≤ N(j0). Then the set G1 of good rank one intervals (de�ned in an
obvious way) satis�es #G1 ≥ 2m0 −N(j0) > (1− ε0)2m0 .

We proceed inductively:
For I = 2−im0(I0 + k) (k = 0, 1, . . . , 2im0 − 1), let hI(x) ≡ hi,k(x) := h0(2im0x−

k), and call these I the rank i intervals. Let Bi be the set of those I, rk(I) = i,
which contain a zero of some hJ with J ) I. Since hJ has N(j0) zeros on J , the
total number of zeros appearing in the de�nition of Bi is at most

i−1∑

j=0

2jm0N(j0) =
2im0 − 1
2m0 − 1

N(j0) ≤ ε0(2im0 − 1)

thus #Bi < ε02im0 , and #Gi > (1− ε0)2im0 , where the de�nition of Gi is clear.
When I = 2−jm0(I0 + k), we let Î := 2−jm0(Î0 + k), and Ĩ is de�ned similarly.

We �nally denote B := ∪n
i=0Bi and G := ∪n

i=0Gi, and I := B ∪G, where G0 := {I0},
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B0 := ∅. The important properties of the function system we constructed are
summarized in the following:

Lemma 4.2. For every su�ciently large j0 ∈ Z+ and every ε0 > 0, there exists
an orthogonal system of functions hI(x) = h0(|I|−1 (x − inf I)), I ∈ I, with the
following additional properties:

• hI(x) ≥ c2j0/2 for x ∈ Î, where |Î| = c2−j0 |I|;
• hI(x) ≤ 0 for x ∈ Ĩ, where |Ĩ| = |Î|.
• ‖hI‖L∞(R) ≤ C2j0/2, ‖hI‖2L2(R) = |I|;
• |hI(x + cI)| ≤ Cm2j0(1/2−m) |I|m |x|−m for |x| ≥ |I| /2 and m = 0, 1, . . .,
where cI := 2−1(inf I + sup I);

• supp ĥI = ∪ ± [1/3, 4/3] · 2j0 · |I|−1;
• the functions |I|−1/2

hI are Meyer's Littlewood�Paley-type wavelets.
The set I consists of the 2m0-adic subintervals of [0, 1[ of rank ≤ n. Î and Ĩ are
subintervals of I, and they are exact unions of certain J ∈ I such that rk(J) =
rk(I) + 1 (if rk(I) < n).

Moreover, we have a disjoint decomposition I = G ∪ B, so that if I ∈ G and
I ( J ∈ I, then sgnhJ is constant on I. Denoting by Gi the set of those I ∈ G with
rk(I) = i, we have #Gi > (1− ε0)2im0 or every i = 0, 1, . . . , n.

The functions f and g of the counterexample. Our Rademacher-like system
of functions is de�ned as follows:

ri :=
∑

I∈I:rk(I)=i

(1Î − 1Ĩ), i = 0, 1, . . . , n.

It follows easily that
∫

K

ri(x)rj(x) dx = 2|Î0| · |K| δi,j ,

∫

K

ri(x) dx = 0, K ∈ I, i, j ≥ rk(K),

and the ri are independent random variables on [0, 1[. Moreover, we have

(4.3) rihI1I = |hI | 1Î∪Ĩ for rk(I) = i,

which is the �restricted positivity� of the products.
Let us denote by (ej)n

j=0 an orthonormal basis of `2(n + 1), and by (aj)n
j=1 a

sequence of positive numbers to be �xed later.
Then we are ready to de�ne the BMO-function of our counterexample:

g(·) :=
∑

I∈G
ϕIhI(·), where ϕI :=

∑

J)I

ark(I:J)rrk(J)(I)erk(J) =
i−1∑

j=0

ai−jrj(I)ej ,

where i = rk(I), rk(I : J) := |rk(I)− rk(J)|, and we denote by rj(I) the constant
value of rj on the interval I with rk(I) > j.

When estimating the operator norm of P (g, ·) from below, we are going to eval-
uate the paraproduct of g with the L2-function

f =
∑

I∈I
hIerk(I) =

n∑

i=0

ei

∑

I:rk(I)=i

hI .

By the properties of the functions hI from Lemma 4.2, we see that ‖f‖2L2(R,`2(n+1)) =
n + 1.
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The BMO-norm of (g(·), e)`2 . Let e =
∑n

j=0 bjej ∈ `2. Now

(g(·), e)`2 =
∑

I∈G
(ϕI , e)`2 |I|1/2 · |I|−1/2

hI(·)

is a scalar-valued function, and the above series is its expansion in the wavelet basis
(ψJ), since |I|−1/2

hI are Littlewood�Paley-type wavelets. Then Meyer's wavelet
characterization of BMO(R) ([19], Theorem 5.4) shows that

(4.4) ‖(g(·), e)`2‖2BMO(R)
≈ sup

K
|K|−1

∑

I⊂K

|(ϕI , e)`2 |2 · |I| ,

where the supremum is taken over all intervals K ⊂ R.
A further equivalent norm is obtained by restricting the supremum to all 2m0-

adic intervals: If K ⊂ R is an arbitrary interval, let k ∈ Z be chosen so that
2m0(k−1) < |K| ≤ 2m0k. Then K ⊂ J1 ∪ J2, where the Ji are two consecutive
2m0-adic intervals of length 2m0k, and

1
|K|

∑

I⊂K

(·) ≤ 1
|K|

∑

I⊂J1∪J2

(·) =
2∑

i=1

|Ji|
|K|

1
|Ji|

∑

I⊂Ji

(·) ≤ 2m0

2∑

i=1

1
|Ji|

∑

I⊂Ji

(·).

For our particular g which has non-zero wavelet coe�cient only for I ⊂ G ⊂ I, one
easily sees that we can still further restrict just to K ∈ I.

We also note that

(ϕI , e)`2 =
i−1∑

j=0

ai−jrj(I)bj , |(ϕI , e)`2 |2 ≤
n∑

j=1

a2
j · |e|2`2 .

We now �x a K ∈ I and search a bound for
∑

I(K |(ϕI , e)`2 | |I|. Let us denote
k := rk(K).

We �rst note that, for I ⊂ K ( J , we have rrk(J)(I) = rrk(J)(K), and so,
denoting i := rk(I),

∑

J)K

ark(I:J)rrk(J)(I)erk(J) =
k−1∑

j=0

ai−jrj(K)ej =: fi,

i.e., this expression depends on I only through i = rk(I).
We then investigate the following function, whose L2 norm is related to the

expression needed on the right of (4.4):

φi(x) :=
∑

I⊂K, rk(I)=i

(ϕI , e)`2 1I(x)

=
∑

I⊂K, rk(I)=i

i−1∑

j=0

ai−jrj(I)bj1I(x)

=
( i−1∑

j=k

+
k−1∑

j=0

)
ai−jbjrj(x)

∑

I⊂K, rk(I)=i

1I(x)

=
i−1∑

j=k

ai−jbjrj(x)1K(x) + (fi, e)`2 1K(x).

Evaluating the L2-norm of φi by the �rst and last expressions above (using the
orthogonality properties of the rj 's for the latter), we get

∑

I⊂K, rk(I)=i

|(ϕI , e)`2 |2 |I| =
(
2|Î0|

i−1∑

j=k

a2
i−j |bj |2 + |(fi, e)`2 |2

)
|K| .
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Thus
∑

I(K

|(ϕI , e)`2 |2 |I| ≤ |K|
( n∑

i=k+1

i−1∑

j=k

a2
i−j |bj |2 + |e|2`2

n∑

i=k+1

|fi|2`2
)
.

The double sum equals
∑n

j=k |bj |2
∑n

i=j+1 a2
i−j ≤

∑n
j=k |bj |2

∑n
1 a2

i ≤ |e|2`2
∑n

1 a2
i .

Using the de�nition of the fi's, we get
n∑

i=k+1

|fi|2`2 =
k−1∑

j=0

n−j∑

i=k−j+1

a2
i =

n∑

i=2

a2
i

(i−1)∧k∑

j=(i+k−n)∨1

1 ≤
n∑

i=2

a2
i (i− 1).

We conclude the following:

Lemma 4.5. For the g de�ned above, we have the norm estimate

‖g‖BMOw(R,`2(n+1)) ≤ C
( n∑

i=1

ia2
i

)1/2

.

Lower estimate for the paraproduct P (g, f). Recall from Lemma 4.2 that
ĥI is supported on an annulus whose outer and inner radii have ratio 4. Also
note that in our standard dyadic partition of unity,

∑2
j=0 Ψ̂j is constantly = 1 on

such an annulus, namely, the support of Ψ̂1. Of course we can choose the scale in
such a way that these annuli coincide. Then we may readily evaluate the modi�ed
paraproduct-like expression

(4.6)
∑

j

5∑

`=3

(Ψ3j+` ∗ g)(Φ3j ∗ f) =
n∑

i=1

∑

I∈Gi

hI

(
ϕI ,

∑

J:rk(J)<i

hIerk(I)

)
`2

=
n∑

i=1

∑

I∈Gi

hI

∑

J:j=rk(J)<i

ai−jrj(I)hJ ,

and the summands with di�erent i index have disjoint frequencies, and are therefore
orthogonal in L2(R).

On the other hand, we should note that (4.6) is not too far away from the actual
paraproduct, as

(4.7)
∑

j

5∑

`=3

(Ψ3j+` ∗ g)(Φ3j ∗ f) =
∑

j

(Ψj ∗ g)(Φj−`(j) ∗ f)

= P (g, f) +
∑

j

(Ψj ∗ g)((Φj−`(j) − Φj−3) ∗ f),

where `(j) := 3, 4, 5, respectively, depending on whether j ≡ 0, 1, 2 mod 3. For the
last sum, we can essentially imitate the estimate (3.3) to bound its L2 norm by
C ‖g‖BMOw(R,`2) ‖f‖L2(R,`2) (cf. (3.4)). Thus proving our desired lower estimate
for P (g, f) is equivalent to �nding one for the expression in (4.6).

To estimate this quantity, we start by decomposing the summation as follows:

(4.8)
∑

I∈Gi

hI

∑

J:j=rk(J)<i

rj(I)hJai−j =
∑

I∈Gi

hI1I

∑

J)I

rj(I)hJai−j

+
∑

I∈Gi

hI1I

∑

J:j=rk(J)<i
J 6⊃I

rj(I)hJai−j +
∑

I∈Gi

hI1Ic

∑

J:j=rk(J)<i

rj(I)hJai−j .
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Consider the �rst of the three terms above. Note that there 1Irj(I) = 1I1Jrj ,
and then 1JrjhJ = |hJ | 1Ĵ∪J̃ by (4.3). Thus the �rst sum can further be written as

(4.9)
∑

I:rk(I)=i

hI1I

∑

J)I

|hJ | 1Ĵ∪J̃ai−j −
∑

I∈Bi

hI1I

∑

J)I

|hJ | 1Ĵ∪J̃ai−j .

Now we start estimating the various terms in the decomposition:

The �rst term in (4.9). If rk(J) < rk(I) and J 6⊃ I, then 1I1Ĵ∪J̃ = 0, and thus the
double sum considered is equal to

A :=
∑

I:rk(I)=i

hI1I

∑

J:j=rk(J)<i

|hJ | 1Ĵ∪J̃ai−j

We observe the lower bounds
∣∣∣

∑

I:rk(I)=i

hI1I

∣∣∣ ≥
∑

I:rk(I)=i

c2j0/21Î ,

∑

J:j=rk(J)<i

|hJ | 1Ĵ∪J̃ai−j ≥
∑

J:j=rk(J)<i

c2j0/21Ĵai−j .

Thus

‖A‖L2(R) ≥ c2j0
( ∫ [ ∑

I:rk(I)=i

1Î(x)
i−1∑

j=0

ai−j

∑

J:rk(J)=j

1Ĵ (x)
]2

dx
)1/2

.

We denote Xj :=
∑

J:rk(J)=j 1Ĵ . Then the Xj 's are independent, {0, 1}-valued
random variables on [0, 1], and we continue the estimate with

= c2j0
(
E

[
X2

i

{ i−1∑

j=0

ai−jXj

}2])1/2

= c2j0
(
EX2

i

)1/2(
E

{ i−1∑

j=0

a2
i−jX

2
j + 2

∑

j<j′
ai−jai−j′XjXj′

})1/2

= c2j0(c2−j0)1/2
( i−1∑

j=0

a2
i−jc2

−j0 + 2
∑

j<j′
ai−jai−j′(c2−j0)2

)1/2

≥ c2j0(c2−j0)1/2(c2−j0)
( i−1∑

j=0

ai−j

)
= c2−j0/2

i∑

j=1

aj .

This is the lower bound we wanted. For the rest of the terms to be estimated,
we are looking for upper norm bounds.

The second term in (4.9). We know that |hJ | ≤ C2j0/2, and hence

∑

J)I

|hJ | 1Ĵ∪J̃ai−j ≤ C2j0/2
i−1∑

j=0

ai−j .
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Thus
∥∥∥

∑

I∈Bi

hI1I

∑

J)I

|hJ | 1Ĵ∪J̃ai−j

∥∥∥
L2(R)

≤ C2j0/2
i∑

j=1

aj

∥∥∥
∑

I∈Bi

hI1I

∥∥∥
L2(R)

= C2j0/2
i∑

j=1

aj

( ∑

I∈Bi

‖hI1I‖2L2(R)

)1/2

≤ C2j0/2
i∑

j=1

aj

( ∑

I∈Bi

|I|
)1/2

= C2j0/2
i∑

j=1

aj(#Bi/2im0)1/2 ≤ C2j0/2ε
1/2
0

i∑

j=1

aj .

The second term in (4.8). To bound this sum, we �rst want to estimate the quantity∑
J:rk(J)=j,J 6⊃I |hJ(x)| for x ∈ I. For any J appearing in the sum, we have x /∈ J ,

and hence |x− cJ | ≥ |J | /2, and moreover this distance increases by increments of
|J | as we move to intervals further away from I. Using Lemma 4.2, we then get the
upper bound

(4.10)
∞∑

p=0

Cm2j0(1/2−m)(1/2 + p)−m ≤ C̃m2j0(1/2−m)

provided that m ≥ 2. Now we get
∥∥∥

∑

I∈Gi

hI1I

∑

J:j=rk(J)<i
J 6⊃I

rj(I)hJai−j

∥∥∥
L2(R)

≤ Cm2j0(1/2−m)
i−1∑

j=0

aj

∥∥∥
∑

I∈Gi

hI1I

∥∥∥
L2(R)

≤ Cm2j0(1/2−m)
i−1∑

j=0

aj .

The third term in (4.8). By applying the bound |hJ(x)| ≤ C2j0/2, to the J for
which J 3 x, and the the estimate (4.10) to the rest of the J with rk(J) = j, we
�nd that ∑

J:rk(J)=j

|hJ(x)| ≤ C2j0/2 + Cm2j0(1/2−m) ≤ C̃2j0/2.

Thus

(4.11)
∥∥∥

∑

J:j=rk(J)<i

rj(I)hJai−j

∥∥∥
L∞(R)

≤ C2j0/2
i∑

j=1

aj .

We then concentrate on
∑

I∈Gi

∣∣hI(x)1Ic(x)

∣∣. By a similar reasoning as that
leading to (4.10), we �nd the same upper bound Cm2j0(1/2−m), valid for all x ∈
R. For x well outside [0, 1[, we need a sharper estimate, which is obtained by
observing that the distance of x to the centre of the nearest I ∈ Gi is at least
d := d(x, [0, 1]) + |I| /2 for x /∈ [0, 1]. Thus
∑

I∈Gi

|hI(x)1Ic(x)| ≤
∞∑

p=0

Cm2j0(1/2−m)(d/ |I|+ p)−m ≤ Cm2j0(1/2−m) |I|m−1
d1−m.

Using one or the other of the above estimates for x ∈ [−1/2, 3/2] and x /∈ [−1/2, 3/2],
say, we get

∥∥∑
I∈Gi

hI1Ic

∥∥
L2(Rn)

≤ C2j0(1/2−m). Combining this with (4.11), we
have obtained the upper bound Cm2j0(1−m)

∑i
j=1 aj for the L2-norm of the third

term in (4.8).
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Conclusion of the proof of Theorem 1.31. Combining the estimates obtained above
for the various terms appearing in (4.8) and (4.9), we have shown that

∥∥∥
∑

I∈Gi

hI

∑

J:j=rk(J)<i

rj(I)hJai−j

∥∥∥
L2(R)

≥
(
c2−j0/2 − C2j0/2ε

1/2
0 − Cm2j0(1/2−m) − Cm2j0(1−m)

) i∑

j=1

aj ,

where some m ≥ 2 is �xed. We now �nally exploit our freedom to choose the
constants j0 and ε0 as desired. First, we take j0 large enough so that c2−j0/2 −
Cm2j0(1/2−m) − Cm2j0(1−m) > 0. Once j0 is �xed like this, we choose ε0 small
enough so that the whole (· · · ) above is strictly positive. Now that j0 and ε0 are
�xed once and for all, we can drop the references to them from the constants, and
simply denote the positive constant in (· · · ) above by c.

From orthogonality we conclude that the L2-norm of the quantity in (4.6) is

bounded from below by c

(∑n
i=1

[∑i
j=1 aj

]2
)1/2

. From (4.7) and the observations
following it, and from the estimate in Lemma 4.5, we conclude that

‖P (g, f)‖L2(R)

‖g‖BMOw(R,`2(n+1)) ‖f‖L2(R,`2(n+1))

≥ c




∑n
i=1

(∑i
j=1 aj

)2

(n + 1)
∑n

i=1 ia2
i




1/2

− C

Now the �nal step is to choose aj := j−1, so that
∑n

i=1

(∑i
j=1 aj

)2

≈ n log2 n,
whereas (n + 1)

∑n
i=1 ia2

i ≈ n log n. This completes the proof of Theorem 1.31. ¤
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