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1. INTRODUCTION

It was a long-standing problem to generalize S. G. Mihlin’s classical theorem on Fourier-
multipliers on LP(R"™) to the setting of £ (X)-valued multiplier functions acting on the Bochner
spaces LP(R", X), where X is a Banach space not isomorphic to a Hilbert space. A solution was
first obtained by L. Weis [11], whose work exploited decisively the notion of R-boundedness, which
had been studied in detail by Ph. Clément, B. de Pagter, F. A. Sukochev and H. Witvliet [3].
Once this breakthrough was achieved, there has been some activity towards obtaining sharper, and
even optimal (in a certain sense, cf. [4]), smoothness assumptions for operator-valued multipliers
on LP(R™ X) [4, 6, 8 10]. Perhaps surprisingly, the methods developed in this connection have
been able to relax the assumptions from what was known before even for the classical multipliers
on L?(R™) [6].

While the sharpest known multiplier conditions are rather technical, the essence of the matter
(i-e., the order of required smoothness as a function of the Fourier-type of the underlying Banach
spaces) is contained in the following statement: (Recall that every UMD space indeed has some
Fourier-type ¢t € ]1,2].)

1.1. Theorem ([6]). Let X and Y by UMD spaces with Fourier-type t € |1,2]. Let the function
m € L>®(R", Z(X,Y)) satisfy the R-boundedness condition

My == Z[¢]* Dom(&) : € e R*\ {0} <00 forall ac{0,1}", st |a| <|n/t] +1
Then m is an (LP(R™, X), LP(R™,Y)) Fourier multiplier for 1 < p < oco.

Here Z(.7) designates the R-bound of a set .7 C Z(X,Y); see |3, 11] for more on this notion.

The same conclusion, but assuming M, < oo for all a € {0,1}" had been obtained earlier by
F. Zimmermann [12] for scalar-valued and by Z. Strkalj and L. Weis [10] for operator-multipliers,
and assuming M, < oo for all |a| < [n/t] +1 by M. Girardi and Weis [4]. They also show that
the smoothness order [n/t|+1 cannot be essentially relaxed. (A slight improvement is possible by
considering appropriate fractional order smoothness.) The observation from [6] that one actually
only needs the intersection of these two different sets of assumptions was new even in LP(R"),
where it simultaneously improved the classical multiplier theorems of Mihlin (o« € {0,1}") and
L. Hérmander (o] < [n/2] 4+ 1).

Whereas the Fourier-type controls the required order of smoothness of multipliers, another
geometric notion is known to be related to the order of required decay and admissible blow-up of
the derivatives of m. This is the property («) of G. Pisier, which allows the following form of the
multiplier theorem, obtained be Straklj and Weis:

1.2. Theorem ([10]). Let X andY be UMD spaces with property (). Let m € L°(R", Z(X,Y))
satisfy the R-boundedness condition
Ny :i=Z[ED*“m(§) : £ € (R\{0})"] < o0 for all a € {0,1}".
Then m is an (LP(R™, X), LP(R™,Y)) Fourier multiplier for 1 < p < oco.
In LP(R™), this improvement of Mihlin’s theorem is due to P. I. Lizorkin, and for scalar multi-
pliers on LP(R™, X) due to Zimmermann [12]. It has also been extended to the mixed-norm spaces

LP(R™, X), p = (p1,-..,pn) € ]1,00[" by the author [7]. Zimmermann showed that already for
1
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scalar-multipliers, Theorem 1.2 fails to extend to all UMD spaces. Recently Weis and the author
observed that its validity actually characterizes UMD spaces with property («) [9].

If X and Y are UMD spaces with Fourier-type ¢ € ]1,2] and property («), then one could try
to check the boundedness of a multiplier m € L*(R", Z(X,Y)) by either Theorem 1.1 or 1.2:
the latter one requires in general more derivatives but imposes weaker size conditions on them.
A natural question is whether the intersection of these assumptions would suffice. Note that this
problem arises already on LP(R™), and an affirmative answer would be an improvement of the
classical multiplier theorems by means of intersecting Hérmander’s and Lizorkin’s conditions. And
indeed we are able to provide such an answer:

1.3. Theorem. Let X and Y be UMD-spaces with property () and Fourier-type t € |1,2]. Let
m € L>®(R", £(X,Y)) satisfy the R-boundedness condition

No =Z[“D*m(&) : £ € (R\{0})"] < for all o€ {0,1}" s.t. |a| < |n/t] +1.
Then m is an (LP(R™, X), LP(R™,Y)) Fourier-multiplier for 1 < p < oco.

In fact, Theorem 1.3 will be proved in a slightly more general form than here stated, which also
covers some of the mixed-norm spaces LP(R", X). There are certain limitations on our techniques
in this setting, however, so that we are unable to cover all multi-exponents p € |1, 00[", but only
a certain subset &2; thereof. Nevertheless, it is strictly larger than the subset of pure exponents
p € ]1, 00[ appearing in the statement of Theorem 1.3 above.

The method of proof relies mainly on ideas of Girardi, Weis and the author from [4, 6, §],
appropriately modified to exploit the additional hypothesis of property (o). In particular, the
proof consists of roughly the following two parts:

e obtain a criterion for the boundedness of operator-valued convolutions f +— kx* f, and then

e use a “Fourier embedding theorem” to check that the multiplier functions m appearing in
Theorem 1.3 are mapped by the Fourier transform into the class of convolution kernels &k
for which the mentioned criterion is verified.

Just like in [6], we find that the “qualitative” UMD and («) properties are mainly used in the first
step, whereas the “quantitative” Fourier-type condition only plays a role in the second.

A part of Theorem 1.3, namely the multiplier property of m for ¢t < p < t/, can also be
obtained by a simpler approach introduced in [7], which essentially consists of an induction on the
dimension n, starting from a one-dimensional result from [4]. We indicate this in more detail in the
appendix. Note that while the multiplier condition of Theorem 1.1 implies the Héormander integral
condition for the associated kernel k (so that the boundedness of the multiplier on LP(R", X) for
one p € ]1,00[ already gives the boundedness for all p), the condition of Theorem 1.3 does not,
and thus the simpler approach, unfortunately, appears insufficient to recover the full result. The
failure of Hormander’s integral condition underlines the more delicate nature of the Lizorkin-type
multipliers compared to the Mihlin or Héormander-type ones.

2. PRELIMINARIES, AND A CRITERION FOR CONVOLUTION OPERATORS

Let us begin by making some conventions. If o = («;)7, and 8 = (8;), are two vectors of
same length, we define their product componentwise by af := (a;5;),. A vector to the power
of another vector is defined as the scalar o := []I_, af *, whereas a scalar ¢ to the power of a
vector « is the vector t¢ := (t*)"_;. A combination which often appears is 27#x, where u € Z"
and € R™. By our conventions, this is the vector (27#iz;)" ; € R™. We also record the formula
(t)P =t*P where - 3 := Y i, ;3; is the usual scalar product.

By €4, p € Z", we denote a sequence of independent random variables on some probability
space €2, with distribution P(e, = +1) = P(e, = —1). These are called Rademacher variables.
We denote the mathematical expectation on (€2, P) by E.

The mixed-norm spaces LP(R™, X) are defined inductively as follows: Forn = 1, LR, X) =
LP*(R, X) is the usual Bochner space. For p = (G, pn), where § = (p1,...,Pn—1) and n > 1, we

set LP(R”, X) := LP» (R, LI(R""!, X)).
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This recursive definition is often handy in proving n-dimensional results with a 1-dimensional
version as a starting point. In this connection it is useful to note that when X is a UMD space,
then so is L?(R, X) for p € ]1,00[ and by induction also L?(R", X) for p € ]1,00[". The same
applies to property ().

We next give a version for the mixed norm spaces of a useful lemma of J. Bourgain [2], which
also lies at the heart of the multiplier theorems in [4, 6, 8]. The assumption that X be UMD is
used via the validity of the n = 1 case of the lemma.

2.1. Lemma. Let X be a UMD space and p € ]1,00[". For a finite set of indices u € Z", let
fu € LP(R™, X) with f,, € 2*-[~1,1] and h,y = (), ..., hii)) € R with [n\"] < K279, where
Ki,....,K, >2. Then

EH quf,t B )’ LP(R™,X) =C- HlogK EH ZE”f“

Proof. The case n = 1 is proved in [2] for T in place of R; this is transferred to R in [4]. (A
generalization to R™ is also given there, but of a slightly different kind than what we want here.)
Let us assume the lemma true for some n, and consider the case n + 1. We write p = (7, pnt1)-
Note that both sides of the estimate to be proved remain invariant if we multiply e, by 7,,.,,
where (1;)jez is an independent Rademacher sequence. For p = (v,j) € Z™ x Z, let us write
h(u,j) = (il(l,),h§-n+1)) e R"” xR.

For each j € Z, consider the function

rzeR" — F;(x) = Z 5(u,j)f(u,j)<' — il(l,),x) € LQ(R",X).
veZn

LF(R",X)

Then supp FJ-E C 27 - [-1,1], and so we have (applying the n = 1 case on the UMD Banach space
LYR", X))

EH (- hy ’ <EH FE(-— R ’
Zgufu ) Lp(Rn+1 X) Zn ) LP,L+1(R Lq(Rn X))
< Clog K, EH Fe
(2.2) =08 Bt Zj:nj Tl Lpa+r (R L3 (R7, X))
- P41 1/png1
< Clog Kn+1(/R [EH zy:nu zj:f?(u,.nf(u,j)(' - h(u)vx)) Lq(R,,L7XJ )

where we used Kahane’s inequality and the invariance of the distribution of ¢(, ;) under multipli-
cation by an independent Rademacher sequence 7, .
Observe that the functions

Go" =Y cupfwy(z) € LR, X)

satisfy supp GS* C 2¥ - [=1,1], while the vectors iz(l,) = (h(y1 . h(un ) satisfy \h )| < K279,
Thus, by the induction assumption,

£ oz

Li(R",X) =¢- HK EH an,GE ’

Applying this estimate in (2.2), and using Kahane’s inequality one more time, we arrive at the
assertion of the lemma. O

LI(R"™,X)

For the next result, we introduce a partltlon of unity on R". Let first ¢ A(l) € 2(R) be symmetric
about the origin, have support in [—2,2], be constantly 1 on [—1,1] and decreasing on [1,2]. Let

657() = oV () — 5 (26). We then define a function do € Z(R™) by o(&) = [T, 8" (&).

Finally, for p € Z™, let gzﬁﬂ(é“) = $o(271¢). Then > ezn QSM(E) =1forall £ € (R\{0})" =: R.
Naturally, ¢,(z) = 27""*¢o(27*x), where ¢ := (1,...,1), will be the function whose Fourier
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transform is éu- It is useful to introduce x, := ¢,—1 + ¢, + Put1, so that X, is constantly 1 on
SUpp @

The assumption that a certain space X is UMD with property («) will mainly be used through
the following Littlewood-Paley-type theorem on LP(R", X ), and the similar result on LP(R", X'),
which follows from the known fact that X', too, is a UMD space with property («) when X is.
(Note that unlike the UMD condition, the property («) alone is not self-dual; nevertheless, the
joint property “UMD and (a)” is.)

2.3. Proposition. Let X be a UMD space with property («). Then
EH %:%Xu * fHLﬁ(Rn’X) < OISl e me,x)

for all f € LP(R™, X) and p € ]1,00[", with C' depending only on X and p.

For p = p-, this follows from the results of Zimmermann [12], while the general case can easily
be obtained from [7].

The n =1 case holds in every UMD space, and there are also variants of the Littlewood—Paley
decomposition which remain bounded in the multi-dimensional setting for arbitrary UMD spaces.
Results analogous to the following have been proved in that setting in [4, 8]. The proof given
below is not very different from that in [8], but it is hoped that we have managed to make the
argument a little more transparent.

2.4. Proposition. Let X and Y be UMD spaces with property (a), and let p € ]1,00[". Let the
distribution k € ' (R™, Z(X,Y)) satisfy

(2.5) / i EH Z&t/LQ*#-L(% x k) (27 y) £, H log(2 4+ |y;|) dy < CEH Z eufu
p I

LP(R"Y) o
1=

LP(R™,X)

for all finitely non-zero sequences of g, € LP(R", X). Then f — k* f is a bounded map from
LP(R™, X) to LP(R™,Y).

Proof. For f € X ® [Z5(R)]", g € Y’ ® [Zo(R)]", we have

<g,k‘*f>= Z <Xu*g7(¢u*k)*(>(u*f)>: Z <(¢u*l~f)/*(xu*9)7xu*f>

HEZ™ HEZ™
where only finitely many of the x, * g and x, * f are zero, and k denotes the reflection of k about

the origin. A change of variables gives

n

(6% B % (x % 9) () = / 3 (%K) (27 ) (xe % ) (2 + 27y) d,
and then

z <(¢/t * ];1)/ * (Xp % 9), Xp * f>

m

= Z/ 2 (b ) 27MY) (G )+ 27 y) X ) dy

[k <Zsu<xﬂ wg)(+27), 30 227 by R) (2 ) (o # f)> dy.
N v
By Holder’s and Kahane’s inequalities, the absolute value of this is bounded by

dy.
LF(R")Y) Y

2 DI R Ca ()]

Lo (R™,Y”

¢ RnEngu<xu*g><-+wy>\
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By the previous lemma and the Littlewood—Paley theorem on L (R™ Y"), we have

EH > el g+ 2’”.@)‘

n
<C||log(2 il) - H € * ’
L7 (Rn,Y7) — };[1 B2+ [uil) ZV: X I Lo gy

n
< CTJos + [vil) llgll o (g vy
i=1
By the assumption and the Littlewood—Paley theorem on LP(R", X),

1082 + lv:]) dy

i=1

/ EH 25“2_#%((% « k)(27"y) (Xu *f)‘

LP(R™,Y)

O S ]y =Wl
; ,

Everything combined, we have shown that

(g, k= f)l<C ||g||Lﬁ’(R")Y’) Hf”Lﬁ(Rn’X) )

which obviously gives the assertion. g

3. MULTIPLIER THEOREMS VIA EMBEDDINGCS

The next step on the road to multiplier theorems is to find efficient conditions for checking
the assumption of Prop. 2.4 in terms of smoothness and size of the multiplier m = k. Note
that the mentioned assumption is the requirement of membership of a certain function in the
logarithmically weighted L' space. Thus the following result about an embedding into such a
space is not completely unrelated. The proof is similar to that of Lemma 8.1 in [6], but we give
the details for the convenience of the reader.

Below, the assumption that X have Fourier-type ¢ € ]1,2] enters the scene. Recall that this
means the boundedness of the Fourier transform from L*(R", X) to L' (R", X).

We also employ the product symbol in connection with multiple integrals in a rather formal
way, which is best understood by thinking of “Hi:aizl &7 simply as “write the expressions &, for
all ¢ such that o; = 1, in a row, and then interpret what you have in the usual way”; cf. [6].

3.1. Proposition. Let X be a Banach space with Fourier-type t € |1,2]. Let w(z) = [/, wi(z;),
where each w; is even, positive and non-decreasing on Ro. Then

. V4 qn, B
[@hear<e 3 T [ e 00 1

ae{0,1}" i:a;=1

The a = 0 term on the right means simply |||, g&» x)-

Proof. We make use of the decomposition of R™ introduced in [6]. For p € ]0,00[", a € {0,1}"
and j e N*:={pu e N": u; =0if a; =0}, let

E(a,p):={z e R":|z;| < p; if a; =0, |x;| > p; if a; =1}
E(a,p,j) :={x € E(a, p) : 2 p; < |w;| < 29 p; if oy = 1}.

The two key observations are the the facts that

[1-— ei2”z'ei/2‘7i+2pi| >c for x € Ela,p,j), a; =1,
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and that (1 — €i27=") f(z) is the Fourier transform of f — f(- — h) =: f — 7n.f =: Anf at 2. Then

f@ls w@de= 3 [ |f@lx- v
/E(a p) Jg\;a E(am)
<C Z/

JEN> E(o,p.5) i (17_1

J . 1/t
B N R
J'EZNCx i-z!jlzl Lt (Rn’X)( E(a,p,j) )

< 3 0 T Sumnt |y T Con L w2ttt

JEN™ oy =1 ;=1

1_6127TI67/2]7+2 ) f( )‘ ( )dx

We integrate with respect to dp;/p; from r to 2r for every i:

2r
dpi
H/ Pi / x)|x - w(z)dx
E(ayp)
d i
<crelab/e T wian) S I / CPh (2 ) (29 1/1‘H T Ao fH

i:a; =0 JEN® j:q;=1"" ;=1
e/ S dh /
(n—|al)/t 1/t s
w; (4r) / 1/2h; on f
wlzj[—o JGZN:‘M;!_I_l 1/29it5y (1/2hs) 2he) ™ Pl x)
1/4r dh 1
<or0 T wan < I [ i) 165 L
i:a;=0 iro;=1
where we have adopted the notation 65 := Hml:l Ape;-
Summing over all « € {0,1}"™ and taking r = 1, we get the assertion. (]

Again, we introduce some more notation. Since in the interpolation of LP spaces a key role
is played by the fact that the reciprocal of a certain multi-exponent can be expressed as a linear
combination of others, we define

N N
conv_; & = (conve/ )t ={p:1/p= ZC’J‘/@(‘])’ ) e o, o; >0, Zaj =1}
j=1 j=1
Let us denote ¢, := (1,...,1) € R*, and define

n
= conv_y | J [t x {tnk}.
k=0

We also recall that Rad X is the completion of all finitely non-zero sums »_ , £,z in L*(Q, X).
By Kahane’s inequality it follows that we could equally well define this as a completion in L"(£2, X)
for any r € [1,00[, and then by Fubini’s theorem Rad(LP(R, X)) ~ L?(R,Rad X), and by induc-
tion Rad(L?(R", X)) ~ LP(R",Rad X) for all p € [1,00], resp. p € [1,00[". See e.g. [4] for more
on this space and its use in the present kind of connection.

3.2. Lemma. Let Y have Fourier-type t € ]1,2], and let k € '(R™, Z(X,Y)) with m := k €
L>®(R", Z(X,Y)). Let

(3.3) Z IT [ S tonth [#057 Golm ) e e N2,

aef{0,1}" ;=1
be finite. Then (2.5) holds with C' = ¢(p, X)M < oo for all f,, € LP(R™, X) and p € .
Proof. Let first f, € LY(RF, X), where g € [t,#']* and k € {0,1,...,n}; for k = 0, we understand

this simply as f,, € X. For afixed y, we have 2/ (¢, xk)(27#y) € Z(X,Y), and this operator has a
canonical extension to .Z(LI(R*, X), LY(R*,Y). For ¢in the described range, the space LI(R¥,Y")
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has Fourier-type ¢, and the same is still true of the space Rad(LI(R*,Y)) ~ LI(R*,RadY). It
follows from Prop. 3.1 that

JRDEERECRY LA

Hlog2+\yz|>
1/4 dh 1
<C 2 og(2 4 by (b ,
- ae{zo:l}nfylA hi o8(2+ Zf; ¢l el

<0 S T S oun) [ £ Gt m e e

a€e{0,1}m ita; =1

—cM| Y eufs
"

Li(R* RadY) ;

Lt(R",L1(R*F,Rad Y))

Izl

LI(R*,Rad X)

L7(R* Rad X)

Next, consider a multi-exponent p = (g, tn—k), where § is as above. Let F, € LF(R", X) =
Lin=x(R"* LI(R* X)). Then the partial point-evaluations F,(-,z), = € R"* belong to
Li(R*, X), so the estimate just established applies to fu = Fu(-, ). If we integrate the resulting
inequality with respect to dz on R™*_ we obtain

Js

Hlog 24 y|)dy < C’MHZQLF ‘

9= (¢, 5 k) (2" F’

LP(R™,RadY) LF(R" Rad X)

Thus we have established the desired boundedness
LP(R",Rad X) — L*(R", [ ] log(2 + |y:]) dy; L”(R", Rad )
i=1
for all p e U,_,[t, ¢ 1# x {tn_r}. It suffices to apply, say, the complex interpolation method (more

precisely, see [1], 5.1.2) to extend this to all the exponents in the assertion. O

Now we are ready for a multiplier theorem. The version given below is the most general of this
paper, and just like the most general versions in [4, 6] has rather technical assumptions. Hopefully
more attractive versions are given as Corollaries below, where it is shown, in particular, that
Theorem 1.3 follows from this abstract version.

3.4. Theorem. Let X and Y be UMD spaces with property (&), each of Fourier-type t € ]1,2].
Let m € L=®(R", Z(X,Y)) be such that the quantity M in (3.3) is finite. Let us denote
By = N1, 00[", By :={p :p€E B}, Py = conv_1 (% U B,).
Then m is an (LP(R™, X), LP(R")Y)) Fourier-multiplier for all p € 24, in particular for all
p=p-i,p€]l, o0l
Proof. The assertion for p € %, is an immediate consequence of Prop. 2.4 and Lemma 3.2. On the
other hand, the assumptions of the Proposition remain invariant on replacing X by Y’, Y by X’
and m by £ — m(§) € Z(Y’, X’). Hence it also follows that m(-)’ is an (LP(R",Y”), LP(R", X"))
Fourier-multiplier for p € %;, and this implies by duality that m is an (LP(R", X), LP(R",Y))
for p € #;. The full assertion now follows by interpolation. O
3.5. Corollary. Let X and Y be UMD spaces with property () and Fourier-type t € ]1,2]. Let
t71 <y <1, and let m € L®(R", L (X,Y)) satisfy the following R-boundedness condition:
Lo :=2Z[E 0~ 6ym(£) : o € {0,1}", [&] > 2|mi| > 0] < o0
for all o € {0,1}™. Then m is an (LP(R™, X), LP(R™,Y)) Fourier-multiplier for all p € Z;.
The case n = 1, which holds even without property («), is due to Girardi and Weis [4].
Proof. Obviously, it suffices to show that the quantity M in (3.3) is bounded by the sum of L,’s.
It is readily verified that
S(f-9)=> tondy " f -0}

<
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Thus, for h € ]0,1/4]",

R165 (G0(E)m(24€)) 1 € NI <> |7ondy ™ do(€)] - Z[(65,,m)(24€) : p € N,
<«
Note that the condition that Tgﬁ,?‘eg?)o(f) # 0 forces |&] ~ 1 for all ¢« = 1,...,n. The R-
bound above is dominated by Lgh®Y. On the other hand, since qgo is a smooth function, we have

|(5Z‘_9¢§0(§)| < Cho=?% < Chle=97_ Taking moreover into account the finite support of ¢o, we find
that

|55 Gom@ ) e N| < Cnr Y L,

<
and then
1/4
e Y L [ S o < YL
hS n i g\, 05
ac{0,1}n i:a;=1"0 ¢ 0<a
and all the integrals are convergent, since v > 1/t. O

The specialization of the following Corollary to the case of a pure exponent p = p-¢, p € ]1, 00|,
is Theorem 1.3, which was stated in the introduction.

3.6. Corollary. Let X and Y be a UMD space with property (o) and Fourier-type t € ]1,2]. If
m € L*®(R", Z(X,Y)) satisfies

FEDm(E) €€ RY, ae {0,1)", Ja] < [n/t] +1] < oo,
then m is an (LP(R"™, X), LP(R™,Y)) Fourier multiplier for all p € 2.

Proof. Tt suffices to pick 1/t < v < 1 and show that the R-bounds assumed in the previous
Proposition can be estimated by the one assumed now. Note that n/t < [n/t] +1 < n, so that
we may choose 7 in such a way that n/t < ny < [n/t| + 1.

Let a € {0,1}". If |oo| < [n/t] 4 1, then we obtain at once that

™6 m(§) = é“”n“”/{ | n*D*m(§ — un) du
0,1]«

o a(l—y) ea(vy—1) 57& _ apa _ d
g0 [ €D (e ),

so that
AE |6 > 2|ni| > 0] < 2N Z[E* D m(€) : € € R,
If « > [n/t] + 1, then a somewhat more careful argument is required. Consider a splitting

a=p+6; 3,0 >0, where |5] = [n/t] +1 > n/t, and then || < n/t’. For each of the finite
number of such splittings, we consider

RET D 65mAE) : 2 < |&/mi| < & /nj| for B =1, 0; = 1],

Note that the sets {2 < |&;/m:] < |€;/n;] for B; =1, §; = 1}, when (8, §) ranges over all splittings
of a as above, cover the set {|&;| > 2|n;| > 0}, for among the |«| indices ¢ with a; = 1, there
always exists a collection of |n/t] 4+ 1 indices j for which the ratio |£;/n;| is at least as large as
for the remaining indices.

Then we have

£ m(E) = £y / ?DPm(€ — wn) du

[0,1]%

_ v, 07 B(r—1) B(1—7) N (1) I+l ¢’ _ BB, (¢
AR DY L T € D m(e — (ki
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so that

R(E T oym(E) 2 2 < |&/mil < |€5/ny| for By =1, 0; =1]
< sup (€7 [P0 O 12 < ey ] < 16 /gl for B =1, 0 =1]
x ZE°Dm(€) : € € RY].
In the set under consideration, we have

Rat/malk ‘55(’7*1)”5(1*7)‘ < |£anfﬁv|l9\/\ﬁ\ . |£B(vfl)nﬁ(1*7)| - |§anﬂ|v(|0l/\ﬁl+1)*l.
Since [£#n~P| > 2181 it remains to show that v(|0] /8] + 1) — 1 < 0. But

V(0] +16]) = vlal <yn < [n/t] +1=18],

which is equivalent to this claim. O

One more corollary is in order: it says that if a family of multipliers satisfies the assumptions
of the previous Corollaries in a uniform way, not only are the individual operators bounded,
but in fact the whole family is again R-bounded. The proof is omitted, since it is an immediate
consequence of the previous results by using the general bootstrapping method for operator-valued
multiplier theorems on spaces with property («), which was invented by Girardi and Weis in [5].

3.7. Corollary. Let X andY be UMD spaces with property () and Fourier-type t € ]1,2]. Let
M C LR, L (X,Y)) be a collection of multipliers which satisfies

REDm(E) r a € {0,117, |a| < [n/t] +1, m € ] < oo,
or more generally, with 1/t <~y <1,
Z[E T oym(€) s a € {0,117, &) > 2|ni| > 0, m € A] < .

Then the collection T of all (LP(R", X), LP(R™,Y)) Fourier-multipliers associated with m € A
is an R-bounded set for all p € Py, and X (T) is estimated in terms of the R-bounds in the
assumplions.

4. APPENDIX: ANOTHER APPROACH TO A SPECIAL CASE OF THE MAIN THEOREM

In [7] it was shown that certain multiplier theorems in UMD spaces with property () admit a
relatively simple proof by induction on the dimension n, starting from the one-dimensional result.
In particular, a new proof of Theorem 1.2 was given by this method. It is natural to ask whether
this inductive approach could also yield the improved Theorem 1.3.

The answer is in part “yes”, but with certain limitations. This approach has the problem that
while LP(R, X) (and then LP(R", X)) inherits the UMD and («) properties of X for all p € |1, oo|
(resp. p € |1,00["), this is only true for the Fourier-type t property for p € [t, ] (resp. p € [t,t']").
This restricts the multi-exponents we are able to cover with such approach.

But to see what can be done, we give the following proposition, whose statement is just a
specialization of Cor. 3.7 but for which we can give a simpler proof. (Of course, simplicity is
a conditional property depending on our prior knowledge, and in the present case our “simpler
proof” relies essentially on the n = 1 case from [4], whose proof is not in any substantial way easier
than that of the general result above.)

4.1. Proposition. Let X and Y be UMD spaces with property () and Fourier-type t € |1,2].
For an (LP(R™, X), LP(R™,Y)) Fourier-multiplier m, denote by T,, the corresponding operator
between these spaces. Then for .#4 C L= (R", Z(X,Y)),

BT - m € M) < CRE TN *oym(E) : v € {0,117, |&] > 2| >0, m € A

for all p € |1,00[ x [t,¥']"! and 1/t <y < 1, where C depends only on X, p and 7.
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Proof. For n =1 and .# = {m}, this was proved by Girardi and Weis [4] (without property («)),
and for a general ./ (and assuming («)) this follows from their bootstrapping method [5].
If we assume the theorem valid for some n, we can use the induction method from [7] to prove

it for n+ 1. In fact, the (n + 1)-dimensional multiplier operator T,,, with m € L*(R", Z(X,Y))
acting on L@P)(R"! X) = LP(R, LI(R", X)) is naturally identified (at least on a suitable test
function class) with the one-dimensional multiplier operator Ty,, where m(x) := Ty, (. 5y. Thus

BTy - m € M| L (LT (R X), LOP) (R Y))]

=RT7:me HZL(LP(R,LYR", X)), LP(R,LI(R",Y)))]

< CZ[xy~6pm(x) - a € {0,1}, |z| > 2[y[ >0, m € 4| L (LY(R", X), LY(R",Y))]

= C%[Twa'yy—avAa (,ZE) Lo E {0, 1}, |x‘ > 2 |y‘ > 07 m € <%]

yen+1m
< CRE ™ opym(E) » a € {0, 1 1g > 2 ] > 0,m € 4| L (X, Y],

where the first inequality was an application of Girardi and Weis’ n = 1 case on the spaces
LI(R™, X) and LI(R™,Y), both of which are UMD with («) and Fourier-type ¢, and the second
used the induction assumption. |

n—1
3

By repeating the reasoning in the proof of Cor. 3.6, one sees that for p € |1, 00[ X [¢,t']
the mentioned Corollary also follows from the previous Proposition, and in particular we get
Theorem 1.3 for p € [t,t'], as we claimed.

REFERENCES

[1] J. BercH, J. LorsTrOM. Interpolation Spaces. Grundlehren der math. Wissenschaften 223, Springer, Berlin—
Heidelberg—New York, 1976.

[2] J. BourGaIn. Vector-valued singular integrals and the H1-BMO duality. In: J.-A. Cuao, W. A. WovczyNsK1
(eds.), Probability theory and harmonic analysis, Marcel Dekker, New York, 1986, 1-19.

[3] P. CLEmENT, B. DE PaAGTER, F. A. SukocreEv, H. WriTvLIET. Schauder decomposition and multiplier theo-
rems. Studia Math. 138 # 2 (2000), 135-163.

[4] M. Girarpi, L. WErs. Operator-valued Fourier multiplier theorems on L, (X) and geometry of Banach spaces.
J. Funct. Anal. 204 # 2 (2003), 320-354.

[6] ——, . Criteria for R-boundedness of operator families. In: Ewvolution equations, Lecture Notes in
Pure and Appl. Math. 234, Dekker, New York, 2003, 203—221.

6] T. HyroNEeN. Fourier embeddings and Mihlin-type multiplier theorems. Math. Nachr. 274/275 (2004), 74-103.

[

[7] —— . On operator-multipliers for mixed-norm LP spaces. Arch. Math. (Basel), to appear.

[8] ——, L. Wes. Singular convolution integrals with operator-valued kernel. Math. Z., to appear.

[9] ——, . On the necessity of property («) for some vector-valued multiplier theorems. Manuscript in
preparation.

[10] 7. STrKALJ, L. WEIs. On operator-valued multiplier theorems. Trans. Amer. Math. Soc., to appear.

[11] L. Wers. Operator-valued Fourier multiplier theorems and maximal Ly-regularity. Math. Ann. 319 # 4 (2001),
735-758.

[12] F. ZimmerMANN. On vector-valued Fourier-multiplier theorems. Studia Math. 98 (1989), 201-222.

INsTITUTE OF MaTHEMATICS, HELsSINKI UNIVERSITY oF TEcHNOLOGY, P.O.B. 1100, FIN-02015 TKK,
FiNLAND
E-mail address: tuomas.hytonen@tkk.fi



