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1. Introduction
It was a long-standing problem to generalize S. G. Mihlin's classical theorem on Fourier-

multipliers on Lp(Rn) to the setting of L (X)-valued multiplier functions acting on the Bôchner
spaces Lp(Rn, X), where X is a Banach space not isomorphic to a Hilbert space. A solution was
�rst obtained by L. Weis [11], whose work exploited decisively the notion of R-boundedness, which
had been studied in detail by Ph. Clément, B. de Pagter, F. A. Sukochev and H. Witvliet [3].
Once this breakthrough was achieved, there has been some activity towards obtaining sharper, and
even optimal (in a certain sense, cf. [4]), smoothness assumptions for operator-valued multipliers
on Lp(Rn, X) [4, 6, 8, 10]. Perhaps surprisingly, the methods developed in this connection have
been able to relax the assumptions from what was known before even for the classical multipliers
on Lp(Rn) [6].

While the sharpest known multiplier conditions are rather technical, the essence of the matter
(i.e., the order of required smoothness as a function of the Fourier-type of the underlying Banach
spaces) is contained in the following statement: (Recall that every UMD space indeed has some
Fourier-type t ∈ ]1, 2].)
1.1. Theorem ([6]). Let X and Y by UMD spaces with Fourier-type t ∈ ]1, 2]. Let the function
m ∈ L∞(Rn, L (X, Y )) satisfy the R-boundedness condition

Mα := R[|ξ||α|Dαm(ξ) : ξ ∈ Rn \ {0}] < ∞ for all α ∈ {0, 1}n, s.t. |α| ≤ bn/tc+ 1.

Then m is an (Lp(Rn, X), Lp(Rn, Y )) Fourier multiplier for 1 < p < ∞.
Here R(T ) designates the R-bound of a set T ⊂ L (X, Y ); see [3, 11] for more on this notion.
The same conclusion, but assuming Mα < ∞ for all α ∈ {0, 1}n had been obtained earlier by

F. Zimmermann [12] for scalar-valued and by �. �trkalj and L. Weis [10] for operator-multipliers,
and assuming Mα < ∞ for all |α| ≤ bn/tc + 1 by M. Girardi and Weis [4]. They also show that
the smoothness order bn/tc+1 cannot be essentially relaxed. (A slight improvement is possible by
considering appropriate fractional order smoothness.) The observation from [6] that one actually
only needs the intersection of these two di�erent sets of assumptions was new even in Lp(Rn),
where it simultaneously improved the classical multiplier theorems of Mihlin (α ∈ {0, 1}n) and
L. Hörmander (|α| ≤ bn/2c+ 1).

Whereas the Fourier-type controls the required order of smoothness of multipliers, another
geometric notion is known to be related to the order of required decay and admissible blow-up of
the derivatives of m. This is the property (α) of G. Pisier, which allows the following form of the
multiplier theorem, obtained be �traklj and Weis:
1.2. Theorem ([10]). Let X and Y be UMD spaces with property (α). Let m ∈ L∞(Rn,L (X, Y ))
satisfy the R-boundedness condition

Nα := R[ξαDαm(ξ) : ξ ∈ (R \ {0})n] < ∞ for all α ∈ {0, 1}n.

Then m is an (Lp(Rn, X), Lp(Rn, Y )) Fourier multiplier for 1 < p < ∞.
In Lp(Rn), this improvement of Mihlin's theorem is due to P. I. Lizorkin, and for scalar multi-

pliers on Lp(Rn, X) due to Zimmermann [12]. It has also been extended to the mixed-norm spaces
Lp̄(Rn, X), p̄ = (p1, . . . , pn) ∈ ]1,∞[n by the author [7]. Zimmermann showed that already for
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scalar-multipliers, Theorem 1.2 fails to extend to all UMD spaces. Recently Weis and the author
observed that its validity actually characterizes UMD spaces with property (α) [9].

If X and Y are UMD spaces with Fourier-type t ∈ ]1, 2] and property (α), then one could try
to check the boundedness of a multiplier m ∈ L∞(Rn, L (X, Y )) by either Theorem 1.1 or 1.2:
the latter one requires in general more derivatives but imposes weaker size conditions on them.
A natural question is whether the intersection of these assumptions would su�ce. Note that this
problem arises already on Lp(Rn), and an a�rmative answer would be an improvement of the
classical multiplier theorems by means of intersecting Hörmander's and Lizorkin's conditions. And
indeed we are able to provide such an answer:

1.3. Theorem. Let X and Y be UMD-spaces with property (α) and Fourier-type t ∈ ]1, 2]. Let
m ∈ L∞(Rn, L (X, Y )) satisfy the R-boundedness condition

Nα = R[ξαDαm(ξ) : ξ ∈ (R \ {0})n] < ∞ for all α ∈ {0, 1}n s.t. |α| ≤ bn/tc+ 1.

Then m is an (Lp(Rn, X), Lp(Rn, Y )) Fourier-multiplier for 1 < p < ∞.

In fact, Theorem 1.3 will be proved in a slightly more general form than here stated, which also
covers some of the mixed-norm spaces Lp̄(Rn, X). There are certain limitations on our techniques
in this setting, however, so that we are unable to cover all multi-exponents p̄ ∈ ]1,∞[n, but only
a certain subset Pt thereof. Nevertheless, it is strictly larger than the subset of pure exponents
p ∈ ]1,∞[ appearing in the statement of Theorem 1.3 above.

The method of proof relies mainly on ideas of Girardi, Weis and the author from [4, 6, 8],
appropriately modi�ed to exploit the additional hypothesis of property (α). In particular, the
proof consists of roughly the following two parts:

• obtain a criterion for the boundedness of operator-valued convolutions f 7→ k∗f , and then
• use a �Fourier embedding theorem� to check that the multiplier functions m appearing in

Theorem 1.3 are mapped by the Fourier transform into the class of convolution kernels k
for which the mentioned criterion is veri�ed.

Just like in [6], we �nd that the �qualitative� UMD and (α) properties are mainly used in the �rst
step, whereas the �quantitative� Fourier-type condition only plays a rôle in the second.

A part of Theorem 1.3, namely the multiplier property of m for t ≤ p ≤ t′, can also be
obtained by a simpler approach introduced in [7], which essentially consists of an induction on the
dimension n, starting from a one-dimensional result from [4]. We indicate this in more detail in the
appendix. Note that while the multiplier condition of Theorem 1.1 implies the Hörmander integral
condition for the associated kernel k (so that the boundedness of the multiplier on Lp(Rn, X) for
one p ∈ ]1,∞[ already gives the boundedness for all p), the condition of Theorem 1.3 does not,
and thus the simpler approach, unfortunately, appears insu�cient to recover the full result. The
failure of Hörmander's integral condition underlines the more delicate nature of the Lizorkin-type
multipliers compared to the Mihlin or Hörmander-type ones.

2. Preliminaries, and a criterion for convolution operators
Let us begin by making some conventions. If α = (αi)n

i=1 and β = (βi)n
i=1 are two vectors of

same length, we de�ne their product componentwise by αβ := (αiβi)n
i=1. A vector to the power

of another vector is de�ned as the scalar αβ :=
∏n

i=1 αβi

i , whereas a scalar t to the power of a
vector α is the vector tα := (tαi)n

i=1. A combination which often appears is 2−µx, where µ ∈ Zn

and x ∈ Rn. By our conventions, this is the vector (2−µixi)n
i=1 ∈ Rn. We also record the formula

(tα)β = tα·β , where α · β :=
∑n

i=1 αiβi is the usual scalar product.
By εµ, µ ∈ Zn, we denote a sequence of independent random variables on some probability

space Ω, with distribution P (εµ = +1) = P (εµ = −1). These are called Rademacher variables.
We denote the mathematical expectation on (Ω, P ) by E.

The mixed-norm spaces Lp̄(Rn, X) are de�ned inductively as follows: For n = 1, L(p1)(R, X) :=
Lp1(R, X) is the usual Bôchner space. For p̄ = (q̄, pn), where q̄ = (p1, . . . , pn−1) and n > 1, we
set Lp̄(Rn, X) := Lpn(R, Lq̄(Rn−1, X)).
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This recursive de�nition is often handy in proving n-dimensional results with a 1-dimensional
version as a starting point. In this connection it is useful to note that when X is a UMD space,
then so is Lp(R, X) for p ∈ ]1,∞[ and by induction also Lp̄(Rn, X) for p̄ ∈ ]1,∞[n. The same
applies to property (α).

We next give a version for the mixed norm spaces of a useful lemma of J. Bourgain [2], which
also lies at the heart of the multiplier theorems in [4, 6, 8]. The assumption that X be UMD is
used via the validity of the n = 1 case of the lemma.

2.1. Lemma. Let X be a UMD space and p̄ ∈ ]1,∞[n. For a �nite set of indices µ ∈ Zn, let
fµ ∈ Lp̄(Rn, X) with f̂µ ⊂ 2µ · [−1, 1] and h(µ) = (h(1)

µ1 , . . . , h
(n)
µn ) ∈ Rn with |h(i)

j | ≤ Ki2−j, where
K1, . . . , Kn ≥ 2. Then

E
∥∥∥

∑
µ

εµfµ(· − h(µ))
∥∥∥

Lp̄(Rn,X)
≤ C ·

n∏

i=1

log Ki · E
∥∥∥

∑
µ

εµfµ

∥∥∥
Lp̄(Rn,X)

.

Proof. The case n = 1 is proved in [2] for T in place of R; this is transferred to R in [4]. (A
generalization to Rn is also given there, but of a slightly di�erent kind than what we want here.)
Let us assume the lemma true for some n, and consider the case n + 1. We write p̄ = (q̄, pn+1).
Note that both sides of the estimate to be proved remain invariant if we multiply εµ by ηµn+1 ,
where (ηj)j∈Z is an independent Rademacher sequence. For µ = (ν, j) ∈ Zn × Z, let us write
h(ν,j) =: (h̃(ν), h

(n+1)
j ) ∈ Rn ×R.

For each j ∈ Z, consider the function

x ∈ Rn 7→ F ε
j (x) :=

∑

ν∈Zn

ε(ν,j)f(ν,j)(· − h̃(ν), x) ∈ Lq̄(Rn, X).

Then supp F̂ ε
j ⊂ 2j · [−1, 1], and so we have (applying the n = 1 case on the UMD Banach space

Lq̄(Rn, X))

E
∥∥∥

∑
µ

εµfµ(· − h(µ))
∥∥∥

Lp̄(Rn+1,X)
≤ E

∥∥∥
∑

j

ηjF
ε
j (· − h

(n+1)
j )

∥∥∥
Lpn+1 (R,Lq̄(Rn,X))

≤ C log Kn+1 · E
∥∥∥

∑

j

ηjF
ε
j

∥∥∥
Lpn+1 (R,Lq̄(Rn,X))

≤ C log Kn+1

( ∫

R

[
E

∥∥∥
∑

ν

ην

∑

j

ε(ν,j)f(ν,j)(· − h̃(ν), x)
∥∥∥

Lq̄(Rn,X)

]pn+1

dx
)1/pn+1

,

(2.2)

where we used Kahane's inequality and the invariance of the distribution of ε(ν,j) under multipli-
cation by an independent Rademacher sequence ην .

Observe that the functions
Gε,x

ν :=
∑

j

ε(ν,j)f(ν,j)(·, x) ∈ Lq̄(Rn, X)

satisfy supp Ĝε,x
ν ⊂ 2ν · [−1, 1], while the vectors h̃(ν) = (h(1)

ν1 , . . . , h
(n)
νn ) satisfy |h(i)

j | ≤ Ki2−j .
Thus, by the induction assumption,

E
∥∥∥

∑
ν

ηνGε,x
ν (· − h(ν))

∥∥∥
Lq̄(Rn,X)

≤ C ·
n∏

i=1

KiE
∥∥∥

∑
ν

ηνGε,x
ν

∥∥∥
Lq̄(Rn,X)

.

Applying this estimate in (2.2), and using Kahane's inequality one more time, we arrive at the
assertion of the lemma. ¤

For the next result, we introduce a partition of unity on Rn. Let �rst ϕ̂
(1)
0 ∈ D(R) be symmetric

about the origin, have support in [−2, 2], be constantly 1 on [−1, 1] and decreasing on [1, 2]. Let
φ̂

(1)
0 (ξ) := ϕ̂

(1)
0 (ξ) − ϕ̂

(1)
0 (2ξ). We then de�ne a function φ̂0 ∈ D(Rn) by φ̂0(ξ) :=

∏n
i=1 ϕ̂

(1)
0 (ξi).

Finally, for µ ∈ Zn, let φ̂µ(ξ) := φ̂0(2−µξ). Then
∑

µ∈Zn φ̂µ(ξ) = 1 for all ξ ∈ (R \ {0})n =: Rn
∗ .

Naturally, φµ(x) = 2−µ·ιφ0(2−µx), where ι := (1, . . . , 1), will be the function whose Fourier
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transform is φ̂µ. It is useful to introduce χµ := φµ−1 + φµ + φµ+1, so that χ̂µ is constantly 1 on
supp φ̂µ.

The assumption that a certain space X is UMD with property (α) will mainly be used through
the following Littlewood�Paley-type theorem on Lp̄(Rn, X), and the similar result on Lp̄(Rn, X ′),
which follows from the known fact that X ′, too, is a UMD space with property (α) when X is.
(Note that unlike the UMD condition, the property (α) alone is not self-dual; nevertheless, the
joint property �UMD and (α)� is.)

2.3. Proposition. Let X be a UMD space with property (α). Then

E
∥∥∥

∑
µ

εµχµ ∗ f
∥∥∥

Lp̄(Rn,X)
≤ C ‖f‖Lp̄(Rn,X)

for all f ∈ Lp̄(Rn, X) and p̄ ∈ ]1,∞[n, with C depending only on X and p̄.

For p̄ = p · ι, this follows from the results of Zimmermann [12], while the general case can easily
be obtained from [7].

The n = 1 case holds in every UMD space, and there are also variants of the Littlewood�Paley
decomposition which remain bounded in the multi-dimensional setting for arbitrary UMD spaces.
Results analogous to the following have been proved in that setting in [4, 8]. The proof given
below is not very di�erent from that in [8], but it is hoped that we have managed to make the
argument a little more transparent.

2.4. Proposition. Let X and Y be UMD spaces with property (α), and let p̄ ∈ ]1,∞[n. Let the
distribution k ∈ S ′(Rn, L (X,Y )) satisfy

(2.5)
∫

Rn

E
∥∥∥

∑
µ

εµ2−µ·ι(φµ ∗ k)(2−µy)fµ

∥∥∥
Lp̄(Rn,Y )

n∏

i=1

log(2 + |yi|) dy ≤ CE
∥∥∥

∑
µ

εµfµ

∥∥∥
Lp̄(Rn,X)

for all �nitely non-zero sequences of gµ ∈ Lp̄(Rn, X). Then f 7→ k ∗ f is a bounded map from
Lp̄(Rn, X) to Lp̄(Rn, Y ).

Proof. For f ∈ X ⊗ [D̂0(R)]n, g ∈ Y ′ ⊗ [D̂0(R)]n, we have

〈g, k ∗ f〉 =
∑

µ∈Zn

〈χµ ∗ g, (φµ ∗ k) ∗ (χµ ∗ f)〉 =
∑

µ∈Zn

〈
(φµ ∗ k̃)′ ∗ (χµ ∗ g), χµ ∗ f

〉

where only �nitely many of the χµ ∗ g and χµ ∗ f are zero, and k̃ denotes the re�ection of k about
the origin. A change of variables gives

(φµ ∗ k̃)′ ∗ (χµ ∗ g)(x) =
∫

Rn

2−µ·ι(φµ ∗ k)(2−µy)′(χµ ∗ g)(x + 2−µy) dy,

and then
∑

µ

〈
(φµ ∗ k̃)′ ∗ (χµ ∗ g), χµ ∗ f

〉

=
∑

µ

∫

Rn

〈
2−µ·ι(φµ ∗ k)(2−µy)′(χµ ∗ g)(·+ 2−µy), χµ ∗ f

〉
dy

=
∫

Rn

E

〈∑
µ

εµ(χµ ∗ g)(·+ 2−µy),
∑

ν

εν2−ν·ι(φν ∗ k)(2−νy)(χν ∗ f)

〉
dy.

By Hölder's and Kahane's inequalities, the absolute value of this is bounded by

C

∫

Rn

E
∥∥∥

∑
µ

εµ(χµ ∗ g)(·+ 2−µy)
∥∥∥

Lp̄′ (Rn,Y ′)
· E

∥∥∥
∑

ν

εν2−ν·ι(φν ∗ k)(2−νy)(χν ∗ f)
∥∥∥

Lp̄(Rn,Y )
dy.
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By the previous lemma and the Littlewood�Paley theorem on Lp̄′(Rn, Y ′), we have

E
∥∥∥

∑
ν

εν(χν ∗ g)(·+ 2−νy)
∥∥∥

Lp̄′ (Rn,Y ′)
≤ C

n∏

i=1

log(2 + |yi|) ·
∥∥∥

∑
ν

ενχν ∗ g
∥∥∥

Lp̄′ (Rn,Y ′)

≤ C

n∏

i=1

log(2 + |yi|) ‖g‖Lp̄′ (Rn,Y ′) .

By the assumption and the Littlewood�Paley theorem on Lp̄(Rn, X),
∫

Rn

E
∥∥∥

∑
µ

εµ2−µ·ι(φµ ∗ k)(2−µy)(χµ ∗ f)
∥∥∥

Lp̄(Rn,Y )
·

n∏

i=1

log(2 + |yi|) dy

≤ CE
∥∥∥

∑
µ

εµχµ ∗ f
∥∥∥

Lp̄(Rn,X)
≤ C ‖f‖Lp̄(Rn,X) .

Everything combined, we have shown that

|〈g, k ∗ f〉| ≤ C ‖g‖Lp̄′ (Rn,Y ′) ‖f‖Lp̄(Rn,X) ,

which obviously gives the assertion. ¤

3. Multiplier theorems via embeddings
The next step on the road to multiplier theorems is to �nd e�cient conditions for checking

the assumption of Prop. 2.4 in terms of smoothness and size of the multiplier m = k̂. Note
that the mentioned assumption is the requirement of membership of a certain function in the
logarithmically weighted L1 space. Thus the following result about an embedding into such a
space is not completely unrelated. The proof is similar to that of Lemma 8.1 in [6], but we give
the details for the convenience of the reader.

Below, the assumption that X have Fourier-type t ∈ ]1, 2] enters the scene. Recall that this
means the boundedness of the Fourier transform from Lt(Rn, X) to Lt′(Rn, X).

We also employ the product symbol in connection with multiple integrals in a rather formal
way, which is best understood by thinking of �

∏
i:αi=1 Ei� simply as �write the expressions Ei, for

all i such that αi = 1, in a row, and then interpret what you have in the usual way�; cf. [6].

3.1. Proposition. Let X be a Banach space with Fourier-type t ∈ ]1, 2]. Let w(x) =
∏n

i=1 wi(xi),
where each wi is even, positive and non-decreasing on R+. Then

∫

Rn

|f̂(x)|Xw(x) dx ≤ C
∑

α∈{0,1}n

∏

i:αi=1

∫ 1/4

0

dhi

hi
h
−1/t
i wi(h−1

i ) ‖δα
hf‖Lt(Rn,X) .

The α = 0 term on the right means simply ‖f‖Lt(Rn,X).

Proof. We make use of the decomposition of Rn introduced in [6]. For ρ ∈ ]0,∞[n, α ∈ {0, 1}n

and j ∈ Nα := {µ ∈ Nn : µi = 0 if αi = 0}, let

E(α, ρ) := {x ∈ Rn : |xi| ≤ ρi if αi = 0, |xi| > ρi if αi = 1}
E(α, ρ, j) := {x ∈ E(α, ρ) : 2jiρi < |xi| ≤ 2ji+1ρi if αi = 1}.

The two key observations are the the facts that

|1− ei2πx·ei/2ji+2ρi | ≥ c for x ∈ E(α, ρ, j), αi = 1,
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and that (1− ei2πx·h)f̂(x) is the Fourier transform of f − f(· − h) =: f − τhf =: ∆hf at x. Then∫

E(α,ρ)

|f̂(x)|X · w(x) dx =
∑

j∈Nα

∫

E(α,ρ,j)

|f̂(x)|X · w(x) dx

≤ C
∑

j∈Nα

∫

E(α,ρ,j)

∣∣∣
∏

i:αi=1

(1− ei2πx·ei/2ji+2ρi) · f̂(x)
∣∣∣
X

w(x) dx

≤ C
∑

j∈Nα

∥∥∥x 7→
∏

i:αi=1

(1− ei2πx·ei/2ji+2ρi) · f̂(x)
∥∥∥

Lt′ (Rn,X)

(∫

E(α,ρ,j)

wt(x) dx
)1/t

≤
∑

j∈Nα

C
∥∥∥

∏

i:αi=1

∆ei/2ji+2ρi
f
∥∥∥

Lt(Rn,X)

∏

i:αi=0

wi(2ρi)(2ρi)1/t ·
∏

i:αi=1

wi(2ji+1ρi)(2ji+1ρi)1/t.

We integrate with respect to dρi/ρi from r to 2r for every i:
n∏

i=1

∫ 2r

r

dρi

ρi

∫

E(α,ρ)

|f̂(x)|X · w(x) dx

≤ Cr(n−|α|)/t
∏

i:αi=0

wi(4r)
∑

j∈Nα

∏

i:αi=1

∫ 2r

r

dρi

ρi
wi(2ji+1ρi)(2ji+1ρi)1/t

∥∥∥
∏

i:αi=1

∆ei/2ji+2ρi
f
∥∥∥

Lt
X

= Cr(n−|α|)/t
∏

i:αi=0

wi(4r)
∑

j∈Nα

∏

i:αi=1

∫ 1/2ji+2r

1/2ji+3r

dhi

hi
wi(1/2hi)(2hi)−1/t

∥∥∥δα
hf

∥∥∥
Lt(Rn,X)

≤ Cr(n−|α|)/t
∏

i:αi=0

wi(4r)×
∏

i:αi=1

∫ 1/4r

0

dhi

hi
h
−1/t
i wi(h−1

i ) ‖δα
hf‖Lt(Rn,X) ,

where we have adopted the notation δα
h :=

∏
i:αi=1 ∆hiei .

Summing over all α ∈ {0, 1}n and taking r = 1, we get the assertion. ¤

Again, we introduce some more notation. Since in the interpolation of Lp̄ spaces a key rôle
is played by the fact that the reciprocal of a certain multi-exponent can be expressed as a linear
combination of others, we de�ne

conv−1 A := (conv A −1)−1 = {p̄ : 1/p̄ =
N∑

j=1

σj/p̄
(j)
i , p̄(j) ∈ A , σj ≥ 0,

N∑

j=1

σj = 1}

Let us denote ιk := (1, . . . , 1) ∈ Rk, and de�ne

At := conv−1

n⋃

k=0

[t, t′]k × {ιn−k}.

We also recall that Rad X is the completion of all �nitely non-zero sums
∑

µ εµxµ in L2(Ω, X).
By Kahane's inequality it follows that we could equally well de�ne this as a completion in Lr(Ω, X)
for any r ∈ [1,∞[, and then by Fubini's theorem Rad(Lp(R, X)) ≈ Lp(R, Rad X), and by induc-
tion Rad(Lp̄(Rn, X)) ≈ Lp̄(Rn, RadX) for all p ∈ [1,∞[, resp. p̄ ∈ [1,∞[n. See e.g. [4] for more
on this space and its use in the present kind of connection.

3.2. Lemma. Let Y have Fourier-type t ∈ ]1, 2], and let k ∈ S ′(Rn, L (X,Y )) with m := k̂ ∈
L∞(Rn,L (X, Y )). Let

(3.3) M :=
∑

α∈{0,1}n

∏

i:αi=1

∫ 1/4

0

dhi

hi
h
−1/t
i log(h−1

i )
∥∥∥R[δα

h (φ̂0(·)m(2µ·)) : µ ∈ Nn|L (X,Y )]
∥∥∥

t

be �nite. Then (2.5) holds with C = c(p̄, X)M < ∞ for all fµ ∈ Lp̄(Rn, X) and p̄ ∈ At.

Proof. Let �rst fµ ∈ Lq̄(Rk, X), where q̄ ∈ [t, t′]k and k ∈ {0, 1, . . . , n}; for k = 0, we understand
this simply as fµ ∈ X. For a �xed y, we have 2µ·ι(φµ∗k)(2−µy) ∈ L (X,Y ), and this operator has a
canonical extension to L (Lq̄(Rk, X), Lq̄(Rk, Y ). For q̄ in the described range, the space Lq̄(Rk, Y )
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has Fourier-type t, and the same is still true of the space Rad(Lq̄(Rk, Y )) ≈ Lq̄(Rk,Rad Y ). It
follows from Prop. 3.1 that
∫

Rn

∥∥∥
∑

µ

εµ2−µ·ι(φµ ∗ k)(2−µy)fµ

∥∥∥
Lq̄(Rk,Rad Y )

n∏

i=1

log(2 + |yi|) dy

≤ C
∑

α∈{0,1}n

∏

i:αi=1

∫ 1/4

0

dhi

hi
h
−1/t
i log(2 + h−1

i )
∥∥∥δα

h

∑
µ

εµ(φ̂µk̂)(2µ·)fµ

∥∥∥
Lt(Rn,Lq̄(Rk,Rad Y ))

≤ C
∑

α∈{0,1}n

∏

i:αi=1

∫ 1/4

0

dhi

hi
h
−1/t
i log(h−1

i )
∥∥∥R{δα

h (φ̂0(·)m(2µ·))}µ∈Nn

∥∥∥
t

∥∥∥
∑

µ

εµfµ

∥∥∥
Lq̄(Rk,Rad X)

= CM
∥∥∥

∑
µ

εµfµ

∥∥∥
Lq̄(Rk,Rad X)

.

Next, consider a multi-exponent p̄ = (q̄, ιn−k), where q̄ is as above. Let Fµ ∈ Lp̄(Rn, X) =
Lιn−k(Rn−k, Lq̄(Rk, X)). Then the partial point-evaluations Fµ(·, x), x ∈ Rn−k, belong to
Lq̄(Rk, X), so the estimate just established applies to fµ = Fµ(·, x). If we integrate the resulting
inequality with respect to dx on Rn−k, we obtain
∫

Rn

∥∥∥
∑

µ

εµ2−µ·ι(φµ ∗ k)(2−µy)Fµ

∥∥∥
Lp̄(Rn,Rad Y )

n∏

i=1

log(2+ |yi|) dy ≤ CM
∥∥∥

∑
µ

εµFµ

∥∥∥
Lp̄(Rn,Rad X)

.

Thus we have established the desired boundedness

Lp̄(Rn,Rad X) → L1(Rn,

n∏

i=1

log(2 + |yi|) dy;Lp̄(Rn, RadY ))

for all p̄ ∈ ⋃n
k=0[t, t

′]k ×{ιn−k}. It su�ces to apply, say, the complex interpolation method (more
precisely, see [1], 5.1.2) to extend this to all the exponents in the assertion. ¤

Now we are ready for a multiplier theorem. The version given below is the most general of this
paper, and just like the most general versions in [4, 6] has rather technical assumptions. Hopefully
more attractive versions are given as Corollaries below, where it is shown, in particular, that
Theorem 1.3 follows from this abstract version.
3.4. Theorem. Let X and Y be UMD spaces with property (α), each of Fourier-type t ∈ ]1, 2].
Let m ∈ L∞(Rn, L (X, Y )) be such that the quantity M in (3.3) is �nite. Let us denote

Bt := At ∩ ]1,∞[n , B′
t := {p̄′ : p̄ ∈ Bt}, Pt := conv−1(Bt ∪B′

t).

Then m is an (Lp̄(Rn, X), Lp̄(Rn, Y )) Fourier-multiplier for all p̄ ∈ Pt, in particular for all
p̄ = p · ι, p ∈ ]1,∞[.
Proof. The assertion for p̄ ∈ Bt is an immediate consequence of Prop. 2.4 and Lemma 3.2. On the
other hand, the assumptions of the Proposition remain invariant on replacing X by Y ′, Y by X ′

and m by ξ 7→ m(ξ)′ ∈ L (Y ′, X ′). Hence it also follows that m(·)′ is an (Lp̄(Rn, Y ′), Lp̄(Rn, X ′))
Fourier-multiplier for p̄ ∈ Bt, and this implies by duality that m is an (Lp̄(Rn, X), Lp̄(Rn, Y ))
for p̄ ∈ B′

t. The full assertion now follows by interpolation. ¤
3.5. Corollary. Let X and Y be UMD spaces with property (α) and Fourier-type t ∈ ]1, 2]. Let
t−1 < γ ≤ 1, and let m ∈ L∞(Rn,L (X, Y )) satisfy the following R-boundedness condition:

Lα := R[ξαγη−αγδα
η m(ξ) : α ∈ {0, 1}n, |ξi| > 2 |ηi| > 0] < ∞

for all α ∈ {0, 1}n. Then m is an (Lp̄(Rn, X), Lp̄(Rn, Y )) Fourier-multiplier for all p̄ ∈ Pt.
The case n = 1, which holds even without property (α), is due to Girardi and Weis [4].

Proof. Obviously, it su�ces to show that the quantity M in (3.3) is bounded by the sum of Lα's.
It is readily veri�ed that

δα
h (f · g) =

∑

θ≤α

τθhδα−θ
h f · δθ

hg.
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Thus, for h ∈ ]0, 1/4]n,

R[δα
h (φ̂0(ξ)m(2µξ)) : µ ∈ N] ≤

∑

θ≤α

|τθhδα−θ
h φ̂0(ξ)| ·R[(δθ

2µhm)(2µξ) : µ ∈ N].

Note that the condition that τθhδα−θ
h φ̂0(ξ) 6= 0 forces |ξi| ≈ 1 for all i = 1, . . . , n. The R-

bound above is dominated by Lθh
θγ . On the other hand, since φ̂0 is a smooth function, we have

|δα−θ
h φ̂0(ξ)| ≤ Chα−θ ≤ Ch(α−θ)γ . Taking moreover into account the �nite support of φ̂0, we �nd

that ∥∥∥R[δα
h (φ̂0(·)m(2µ·)) : µ ∈ N]

∥∥∥
t
≤ Chαγ

∑

θ≤α

Lθ,

and then

M ≤ C
∑

α∈{0,1}n

∏

i:αi=1

∫ 1/4

0

dhi

hi
h
−1/t+γ
i log(h−1

i )×
∑

θ≤α

Lθ,

and all the integrals are convergent, since γ > 1/t. ¤

The specialization of the following Corollary to the case of a pure exponent p̄ = p · ι, p ∈ ]1,∞[,
is Theorem 1.3, which was stated in the introduction.

3.6. Corollary. Let X and Y be a UMD space with property (α) and Fourier-type t ∈ ]1, 2]. If
m ∈ L∞(Rn, L (X, Y )) satis�es

R[ξαDαm(ξ) : ξ ∈ Rn
∗ , α ∈ {0, 1}n, |α| ≤ bn/tc+ 1] < ∞,

then m is an (Lp̄(Rn, X), Lp̄(Rn, Y )) Fourier multiplier for all p̄ ∈ Pt.

Proof. It su�ces to pick 1/t < γ ≤ 1 and show that the R-bounds assumed in the previous
Proposition can be estimated by the one assumed now. Note that n/t < bn/tc + 1 ≤ n, so that
we may choose γ in such a way that n/t < nγ ≤ bn/tc+ 1.

Let α ∈ {0, 1}n. If |α| ≤ bn/tc+ 1, then we obtain at once that

ξαγη−αγδα
η m(ξ) = ξαγη−αγ

∫

[0,1]α
ηαDαm(ξ − uη) du

= ηα(1−γ)ξα(γ−1)

∫

[0,1]α

ξα

(ξ − uη)α
(ξ − uη)αDαm(ξ − uη) du,

so that
R[ξαγη−αγ : |ξi| > 2 |ηi| > 0] ≤ 2|α|γR[ξαDαm(ξ) : ξ ∈ Rn

∗ ].

If α > bn/tc + 1, then a somewhat more careful argument is required. Consider a splitting
α = β + θ; β, θ ≥ 0, where |β| = bn/tc + 1 > n/t, and then |θ| < n/t′. For each of the �nite
number of such splittings, we consider

R[ξαγη−αγδα
η m(ξ) : 2 < |ξi/ηi| ≤ |ξj/ηj | for βj = 1, θi = 1].

Note that the sets {2 < |ξi/ηi| ≤ |ξj/ηj | for βj = 1, θi = 1}, when (β, θ) ranges over all splittings
of α as above, cover the set {|ξi| > 2 |ηi| > 0}, for among the |α| indices i with αi = 1, there
always exists a collection of bn/tc + 1 indices j for which the ratio |ξj/ηj | is at least as large as
for the remaining indices.

Then we have

ξαγη−αγδα
η m(ξ) = ξαγη−αγδθ

η

∫

[0,1]β
ηβDβm(ξ − uη) du

= ξθγη−θγξβ(γ−1)ηβ(1−γ)
∑

κ≤θ

(−1)|κ|
∫

[0,1]β

ξβ

(ξ − (u + κ)η)β
(ξ − (u + κ)η)βDβm(ξ − (u + κ)η) du,
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so that

R[ξαγη−αγδα
η m(ξ) : 2 < |ξi/ηi| ≤ |ξj/ηj | for βj = 1, θi = 1]

≤ sup
[∣∣ξθγη−θγ

∣∣ · |ξβ(γ−1)ηβ(1−γ)| : 2 < |ξi/ηi| ≤ |ξj/ηj | for βj = 1, θi = 1
]

×R[ξβDβm(ξ) : ξ ∈ Rn
∗ ].

In the set under consideration, we have

|ξθγη−θγ | · |ξβ(γ−1)ηβ(1−γ)| ≤ |ξβγη−βγ ||θ|/|β| · |ξβ(γ−1)ηβ(1−γ)| = |ξβη−β |γ(|θ|/|β|+1)−1.

Since
∣∣ξβη−β

∣∣ > 2|β|, it remains to show that γ(|θ| / |β|+ 1)− 1 ≤ 0. But

γ(|θ|+ |β|) = γ |α| ≤ γn ≤ bn/tc+ 1 = |β| ,
which is equivalent to this claim. ¤

One more corollary is in order: it says that if a family of multipliers satis�es the assumptions
of the previous Corollaries in a uniform way, not only are the individual operators bounded,
but in fact the whole family is again R-bounded. The proof is omitted, since it is an immediate
consequence of the previous results by using the general bootstrapping method for operator-valued
multiplier theorems on spaces with property (α), which was invented by Girardi and Weis in [5].

3.7. Corollary. Let X and Y be UMD spaces with property (α) and Fourier-type t ∈ ]1, 2]. Let
M ⊂ L∞(Rn,L (X,Y )) be a collection of multipliers which satis�es

R[ξαDαm(ξ) : α ∈ {0, 1}n, |α| ≤ bn/tc+ 1, m ∈ M ] < ∞,

or more generally, with 1/t < γ ≤ 1,

R[ξαγη−αγδα
η m(ξ) : α ∈ {0, 1}n, |ξi| > 2 |ηi| > 0, m ∈ M ] < ∞.

Then the collection T of all (Lp̄(Rn, X), Lp̄(Rn, Y )) Fourier-multipliers associated with m ∈ M
is an R-bounded set for all p̄ ∈ Pt, and R(T ) is estimated in terms of the R-bounds in the
assumptions.

4. Appendix: Another approach to a special case of the main theorem
In [7] it was shown that certain multiplier theorems in UMD spaces with property (α) admit a

relatively simple proof by induction on the dimension n, starting from the one-dimensional result.
In particular, a new proof of Theorem 1.2 was given by this method. It is natural to ask whether
this inductive approach could also yield the improved Theorem 1.3.

The answer is in part �yes�, but with certain limitations. This approach has the problem that
while Lp(R, X) (and then Lp̄(Rn, X)) inherits the UMD and (α) properties of X for all p ∈ ]1,∞[
(resp. p̄ ∈ ]1,∞[n), this is only true for the Fourier-type t property for p ∈ [t, t′] (resp. p̄ ∈ [t, t′]n).
This restricts the multi-exponents we are able to cover with such approach.

But to see what can be done, we give the following proposition, whose statement is just a
specialization of Cor. 3.7 but for which we can give a simpler proof. (Of course, simplicity is
a conditional property depending on our prior knowledge, and in the present case our �simpler
proof� relies essentially on the n = 1 case from [4], whose proof is not in any substantial way easier
than that of the general result above.)

4.1. Proposition. Let X and Y be UMD spaces with property (α) and Fourier-type t ∈ ]1, 2].
For an (Lp̄(Rn, X), Lp̄(Rn, Y )) Fourier-multiplier m, denote by Tm the corresponding operator
between these spaces. Then for M ⊂ L∞(Rn,L (X,Y )),

R[Tm : m ∈ M ] ≤ CR[ξαγη−αγδα
η m(ξ) : α ∈ {0, 1}n, |ξi| > 2 |ηi| > 0, m ∈ M ]

for all p̄ ∈ ]1,∞[× [t, t′]n−1 and 1/t < γ ≤ 1, where C depends only on X, p̄ and γ.
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Proof. For n = 1 and M = {m}, this was proved by Girardi and Weis [4] (without property (α)),
and for a general M (and assuming (α)) this follows from their bootstrapping method [5].

If we assume the theorem valid for some n, we can use the induction method from [7] to prove
it for n + 1. In fact, the (n + 1)-dimensional multiplier operator Tm, with m ∈ L∞(Rn,L (X, Y ))
acting on L(q̄,p)(Rn+1, X) = Lp(R, Lq̄(Rn, X)) is naturally identi�ed (at least on a suitable test
function class) with the one-dimensional multiplier operator Tm̃, where m̃(x) := Tm(·,x). Thus

R[Tm : m ∈ M |L (L(q̄,p)(Rn+1, X), L(q̄,p)(Rn+1, Y ))]

= R[Tm̃ : m ∈ M |L (Lp(R, Lq̄(Rn, X)), Lp(R, Lq̄(Rn, Y )))]

≤ CR[xαγy−αγδα
y m̃(x) : α ∈ {0, 1}, |x| > 2 |y| > 0, m ∈ M |L (Lq̄(Rn, X), Lq̄(Rn, Y ))]

= CR[Txαγy−αγ∆α
yen+1

m(·,x) : α ∈ {0, 1}, |x| > 2 |y| > 0, m ∈ M ]

≤ CR[ξαγη−αγδα
η m(ξ) : α ∈ {0, 1}n+1, |ξi| > 2 |ηi| > 0,m ∈ M |L (X, Y )],

where the �rst inequality was an application of Girardi and Weis' n = 1 case on the spaces
Lq̄(Rn, X) and Lq̄(Rn, Y ), both of which are UMD with (α) and Fourier-type t, and the second
used the induction assumption. ¤

By repeating the reasoning in the proof of Cor. 3.6, one sees that for p̄ ∈ ]1,∞[ × [t, t′]n−1,
the mentioned Corollary also follows from the previous Proposition, and in particular we get
Theorem 1.3 for p ∈ [t, t′], as we claimed.
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