
Singular convolution integrals with operator-valued kernel
Tuomas Hytönen∗ Lutz Weis

July 23, 2004

Abstract
We study operators f 7→ Kf of the form (Kf)(t) =

R
Rn k(t − s)f(s) ds, where f is a

vector-valued function and k an operator-valued singular kernel. Su�cient conditions for
boundedness on Lp-spaces of UMD-valued functions are given in terms of a Hörmander-type
condition involving R-boundedness. The results cover large classes of kernels and also provide
new proofs of recent operator-valued Fourier multiplier theorems. Moreover, they give new
information about families of singular integral operators.

1 Introduction
Singular integrals have been the object of extensive study since the pioneering work of A. P.
Calderón and A. Zygmund [4] in the 50's. Their results showed that large classes of singular
integral operators are automatically bounded on the whole scale of the re�exive Lp(Rn) spaces (i.e.,
p ∈ ]1,∞[) as soon as they are bounded on L2(Rn) and the kernels satisfy certain conditions which
hold and can be veri�ed for many operators appearing in applications. Moreover, the required
L2-boundedness is obtained for free (and therefore goes often almost without being mentioned)
with the help of the Fourier transform and Plancherel's theorem.

The �rst results of Calderón and Zygmund concerning convolutions by homogeneous kernels
k(t) = Ω(t0)/ |t|n, t0 := t/ |t|, have been generalized in several directions by the same authors and
many others, and useful su�cient conditions for Lp-boundedness are now known both in terms of
the kernel k (as in the original results) and in terms of the multiplier or the symbol m = k̂ (Fourier
transform in the sense of distributions). A classical theorem giving su�cient conditions in terms
of the multiplier is due to S. G. Mihlin, and a generalization was later proved by L. Hörmander as
a corollary of his results on singular integrals [14]. In this connection Hörmander gave the world
the condition bearing his name, today usually formulated as

∫

|t|>2|s|
|k(t− s)− k(t)| dt ≤ A < ∞, (1.1)

and being a su�cient condition on k to boundedly extend the operator f 7→ k ∗ f , bounded on
Lp̃(Rn) for one p̃ ∈ ]1,∞[, to the whole scale of the spaces Lp(Rn), p ∈ ]1,∞[.

The question of whether these results could be extended to the Lebesgue�Bôchner spaces
Lp(Rn; X) of vector-valued functions was taken up by several authors already in the 60's. It was
observed by A. Benedek, A. P. Calderón and R. Panzone [2] that the boundedness on Lp̃(Rn; X)
for one p̃ ∈ ]1,∞[ of a convolution operator, together with Hörmander's condition, implies the
boundedness on Lp(Rn; X) for all p ∈ ]1,∞[ also in the general situation of vector-valued func-
tions and an operator-valued kernel. However, to actually get the boundedness, without a priori
assumptions, even for the single p̃ (something that was immeadiate for p̃ = 2 in the scalar-valued,
or more generally, a Hilbert space setting) turned out to be a signi�cantly more di�cult task.

By the 80's it was understood that the boundedness of vector-valued singular integrals, in
particular, the prototype example given by the Hilbert transform, is intimately connected with
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the geometry of Banach spaces. Indeed, it was shown by D. L. Burkholder and J. Bourgain that the
boundedness of the Hilbert transform on Lp(T;X), p ∈ ]1,∞[, is equivalent to the so called UMD-
property of the underlying Banach space X. Moreover, the boundedness of this one operator could
already be used to show the boundedness of large classes of multipliers. In particular, the classical
multiplier theorem of Mihlin was generalized (by F. Zimmermann [21] to the full generality on Rn,
based on the deep results of Bourgain in the one-dimensional case) to the setting of scalar-valued
multipliers acting on UMD-valued functions.

However, the general situation of operator-valued kernels or multipliers, which is of interest in
the theory of evolution equations, remained open until the turn of the millennium. As the naïve
generalization of the classical Mihlin condition by means of replacing absolute values by norms
was found, by G. Pisier (unpublished), to imply the desired boundedness only in the Hilbert space
setting, a new idea was required to build a condition strong enough to get the desired conclusion
but reasonable enough to cover a wide range of relevant applications. This idea turned out to
be the notion of R-boundedness, already implicit in the work of Bourgain and later Zimmermann
and explicitly formulated by Ph. Clément, B. de Pagter, F. A. Sukochev and H. Witvliet [5] and
by the second author [20] who �rst generalized the Mihlin theorem to allow for operator-valued
multipliers but requiring R-boundedness instead of norm boundedness in reformulating Mihlin's
conditions. Clément and J. Prüss [6] showed that the R-boundedness of the range of the multiplier
is also necessary.

The realization of R-boundedness as the right notion for operator-valued multiplier theorems
has spurred signi�cant activity in the �eld, leading to several generalizations and improvements of
the �rst results in this direction, as well as to applications in di�erential equations (see [7], [17] for
a survey). In the present paper, we make use of these modern ideas to attack the operator-valued
versions of the problems originally treated by Calderón and Zygmund, i.e., to search for conditions
on the operator-valued singular kernel k to yield a bounded operator f 7→ k ∗ f from Lp(Rn; X)
to Lp(Rn; Y ).

In the scalar-valued context it follows from Plancherel's theorem that k∗ is bounded on L2(Rn)
if and only if k̂ is bounded, and in the general situation we know from Clément and J. Prüss [6]
that the range of k̂ must even be R-bounded. Thus it is natural to impose the condition

R({k̂(ξ)| ξ ∈ Rn}) ≤ A < ∞, (1.2)

where R(T) denotes the R-bound (cf. Def. 3.2) of the set T.
In the context of multiplier theorems, appropriate additional conditions are obtained by im-

posing Mihlin-type bounds, but replaced by R-bounds, for the derivatives of k̂ (see [1], [11], [13],
[18], [20]). However, we now search for conditions directly on the convolution kernel k, and it
will be shown (Theorem 4.1) that su�cient conditions are obtained by incorporating the notion
of R-boundedness into the classical Hörmander conditions so as to require that

∫

|t|>2|s|
R({2−nj(k(2−j(t− s))− k(2−jt))| j ∈ Z}) log(2 + |t|) dt ≤ A log(2 + |s|), (1.3)

Besides the R-bound, the new feature compared to the classical situation is the additional log-
arithmic factor, which arises from the use of a deep result of Bourgain concerning UMD-spaces.
Nevertheless, this condition is still satis�ed by large classes of singular kernels (cf. Theorem 5.10),
and it also gives new information about collective properties (the R-boundedness) of families of
singular integral operators (Theorem 6.4).

Besides being of interest on their own right, the results for the convolution operators can also
be used to derive some recent operator-valued multiplier theorems (e.g. from [11], cf. Theorem 7.9).
This is not surprising in view of the historical fact that Hörmander used his results on singular
integrals to improve the theorem of Mihlin on Fourier multipliers. As a general remark, which will
be given more quantitative content in the body of the paper, it seems that the understanding of
the multipliers and convolution integrals greatly bene�ts from the interaction of the two di�erent
points of view. As an additional illustration for its usefulness, we give an alternative proof of the
characterization (from [20]) of maximal regularity in terms of R-boundedness (Example 5.13).
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2 A framework for vector-valued singular integrals
In this section we set up a convenient framework for vector-valued singular integrals of the form

Kf(t) =
∫

Rn

k(t− s)f(s) ds, t ∈ Rn, (2.1)

that will allow us to use the basic tools of harmonic analysis.
In the scalar case it is customary to assume that k is a tempered distribution which agrees on

Rn \ {0} with a locally integrable function. For φ ∈ S(Rn), one interprets (2.1) as

Kφ(t) := (k ∗ φ)(t) = 〈k, φ(t− ·)〉 , t ∈ Rn.

If one can prove an Lp-estimate ‖Kφ‖Lp ≤ C ‖φ‖Lp for all φ ∈ S(Rn), then by the density of
S(Rn) in Lp(Rn), 1 ≤ p < ∞, the operator K can be extended to a bounded operator on Lp(Rn),
and we can think of this operator as formally given by (2.1).

In this paper we are typically interested in the case where k is an operator-valued function, say
t ∈ Rn \ {0} 7→ k(t) ∈ L(X,Y ), and f is in Lp(Rn; X). To give a meaning to (2.1), we therefore
assume that k is an operator-valued distribution in

S ′(Rn;L(X; Y )) := L(S(Rn);L(X;Y )). (2.2)

But to avoid annoying technicalities about the convolutions of vector-valued distributions, we
choose a special class of test-functions, namely X ⊗ S(Rn): for x ∈ X and φ ∈ S(Rn) we de�ne
a linear functional x⊗ φ on S ′(Rn;L(X, Y )) by

[x⊗ φ](k) := 〈k, φ〉x,

and extend this de�nition by linearity from X×S(Rn) to the algebraic tensor product X⊗S(Rn).
In particular, for f = x⊗ φ, we can now interpret (2.1) as 〈k, φ(t− ·)〉x, which we may also write
as k ∗ φ(t)x or k ∗ xφ(t) or even k(·)x ∗ φ(t), which ever seems convenient in a particular context.
Recall that the convolution k ∗ φ(t) := 〈k, φ(t− ·)〉 of a tempered distribution k with a Schwartz
function φ ∈ S(Rn) is an in�nitely di�erentiable function with polynomially bounded derivatives
of all orders; the vector-valued situation does not bring any complications at this point, and one
can simply repeat the standard proofs from the scalar-valued theory.

Note that X ⊗ S(Rn) is dense in Lp(Rn; X) for 1 ≤ p < ∞, so that the class X ⊗ S(Rn) is
su�cient to prove the boundedness of the operator K from (2.1) from Lp(Rn;X) to Lp(Rn;Y ).
For that matter, it will be enough to consider the even smaller class X ⊗ D̂0(Rn), where

D̂0(Rn) :=
{

ψ ∈ S(Rn)
∣∣∣ ψ̂ ∈ D(Rn), 0 /∈ supp ψ̂

}
.

This leads us to the following basic assumption for the kernel of a singular integral operator
as in (2.1):

Assumption 2.3. For every x ∈ X, the distribution k(·)x ∈ S ′(Rn; Y ) (de�ned by 〈k(·)x, φ〉 :=
〈k, φ〉x) agrees away from the origin with a locally integrable Y -valued function, which we denote
by the same symbol k(·)x. That is, we have

〈k(·)x, φ〉 =
∫

Rn

k(t)x φ(t) dt for φ ∈ S(Rn), 0 /∈ supp φ.

Remark 2.4. By the de�nition of the convolution, and linearity, this gives

k ∗ f(t) =
∫

Rn

k(s)f(t− s) ds for f ∈ X ⊗ S(Rn), t /∈ supp f.

It is easy to see that, for t /∈ supp f , the representation
∑

xj⊗φj of f ∈ X⊗S(Rn) can be chosen
in such a way that t /∈ suppφj for any j.
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We will often use duality arguments in which the adjoint distribution k′ ∈ S ′(Rn;L(Y ′, X ′))
plays a rôle. This is de�ned by 〈k′, φ〉 := 〈k, φ〉′.

Let us now look at some examples.
Example 2.5. Repeating the argument for the scalar-valued situation, e.g. pp. 193�4 of [10], one
can show that the following prominent class of operators provide singular integrals in the sense
of the above de�nition: Let t 7→ k(t) ∈ L(X; Y ) be strongly locally integrable on Rn \ {0} and
satisfy the conditions

∫

r<|t|<2r

|k(t)x|Y dt ≤ A1 |x|X for all r > 0, x ∈ X, (2.6)
∣∣∣∣∣
∫

r<|t|<R

k(t)xdt

∣∣∣∣∣
Y

≤ A2 |x|X for all R > r > 0, x ∈ X, and (2.7)

lim
r↓0

∫

r<|t|<1

k(t)xdt exists as a weak limit in Y for all x ∈ X. (2.8)

Then the operator p.v.-k de�ned on φ ∈ S(Rn) by

〈p.v.-k, φ〉x := lim
ε↓0

∫

|t|>ε

k(t)x φ(t) dt (2.9)

gives a well-de�ned tempered distribution p.v.-k ∈ S ′(Rn;L(X; Y )); actually

|〈p.v.-k, φ〉x|Y ≤
(
2A1(‖∇φ(t)‖L∞(dt) + ‖|t|φ(t)‖L∞(dt)) + A2 |φ(0)|

)
|x|X . (2.10)

It is obvious from the de�nition that this satis�es Assumption 2.3.
While the previous example showed that certain results simply carry over to the operator-

valued situation with essentially no modi�cations, the purpose of the next one is to illustrate the
new phenomena not present in the scalar-valued context.
Example 2.11. We show that the integrability conditions for t 7→ k(t)x of the previous example
do not imply anything similar for t 7→ k(t)f(t), where f ∈ L∞(Rn; X), even compactly supported
away from the origin. This fact motivates the procedure adopted above �rst to de�ne our operators
on the rather restricted algebraic tensor products, where they make sense without any further
assumptions. It is then a di�erent matter to search for conditions guaranteeing the boundedness
of these operators; it seems wise to do the hard work with the theorems and not the de�nitions.

Consider X := `p(Z), 1 ≤ p < ∞, which we identify with Lp(R, σ([0, 1)+Z), ds) in the obvious
way, and let Y := K, the �eld of scalars. Note in particular that the example includes `2(Z), the
prototype of all separable Hilbert spaces, so that there is certainly nothing pathological in the
geometry of the Banach spaces in question.

For t > 0, log2 t /∈ Z + 1/2, we set α(t) := tan(π log2(t)); this map restricted to any of
the intervals (2j−1/2, 2j+1/2) with j ∈ Z is an increasing bijection onto (−∞,∞). Let further
g ∈ `p′(Z) \ `1(Z). We can then de�ne the operators k(t) : X → Y by

k(t)x := sgn(t) · x(α(|t|)) · g(α(|t|)) · α′(|t|)
for t 6= 0, log2(|t|) /∈ Z + 1/2, and k(t)x := 0, say, for the countably many values of t just
mentioned. Clearly these operators are linear, and moreover ‖k(t)‖X→Y = |g(α(|t|))|α′(|t|) (or 0
for the countably many special cases).

The kernel k(·) is manifestly odd, so that it satis�es (2.7) and (2.8) rather trivially, and
moreover

∫ 2r

r

|k(t)x|Y dt =

(∫ 2j+1/2

r

+
∫ 2r

2j+1/2

)
|x(α(t))| · |g(α(t))|α′(t) dt

=

(∫ ∞

α(r)

+
∫ α(2r)

−∞

)
|x(s)| · |g(s)| ds =

∫ ∞

−∞
|x(s)| · |g(s)| ds ≤ ‖x‖Lp ‖g‖Lp′ = c |x|X ,
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where j is the unique integer such that log2 r ≤ j +1/2 < log2(2r) = log2 r+1, and we have taken
into account that α(r) = α(2r) by the π-periodicity of the tangent.

Now we de�ne our function f ∈ L∞(Rn; X). Let η ∈ D(R) be = 1 in [−1, 1], have range [0, 1]
and vanish outside [−2, 2], and de�ne

f(t)(s) := f(t, s) :=

{
η(α(|t|)− bsc) if t 6= 0, log2(|t|) /∈ Z + 1/2,

0 else.

This f is actually not only bounded, but it is C∞ in the regions (2j−1/2, 2j+1/2), j ∈ Z.
Since our integrability conditions concern compact subsets of R \ {0}, we can take f to be

compactly supported away from 0 by simply making a cut-o� outside our domain of integration.
We then have

∫ √
2

1/
√

2

|k(t)f(t)|Y dt =
∫ √

2

1/
√

2

|f(t, α(t))| · |g(α(t))|α′(t) dt

=
∫ √

2

1/
√

2

η(α(t)− bα(t)c) |g(α(t))|α′(t) dt =
∫ ∞

−∞
η(s− bsc) |g(s)| ds =

∫ ∞

−∞
|g(s)| ds = ∞,

since g /∈ L1(R, ds), and this shows quite explicitly that k(·)f(·) is not integrable.
Note that the failure of integrability in the last computation in no way depended on the

singularity of k(·) at the origin. In fact, we could have de�ned k as above only in the annulus
1/
√

2 < |t| < √
2, say, and set k(t) := 0 elsewhere. Then we would have even global integrability∫∞

−∞ |k(t)x|Y dt ≤ c |x|X for every �xed x ∈ X, and yet a blow-up of even the local integrals for a
function f ∈ L∞(R;X) in place of x, as above.

3 Some estimates for random series
In this section we review some techniques related to vector-valued random series that have proved
to be fundamental for the vector-valued extension of classical results of harmonic analysis.

Denote by εj , j ∈ Z, the Rademacher system of independent random variables on a probability
space (Ω,Σ,P) verifying P(εj = 1) = P(εj = −1) = 1/2. Let E :=

∫
(·) dP be the corresponding

expectation.
For a Banach space X, let Rad(X) be the closure in L2(Ω; X) of the algebraic tensor product

X ⊗ (εj)∞−∞ equipped with the norm of L2(Ω; X). By the Khintchine�Kahane inequality, any
p ∈ [1,∞) in place of 2 gives the same space (as a set) with an equivalent norm.

If X is B-convex, then various useful properties of Rad(X) follow readily from the boundedness
of the Rademacher projection

(Rf)(ω) :=
∞∑
−∞

E[εjf ]εj(ω); (3.1)

we recall that one possible characterization of B-convexity is to say that the operator R above is
well-de�ned and bounded on L2(Ω;X). Also recall that every UMD-space is B-convex, so that we
do not get any new geometric restrictions, since the places where we exploit serious analytic (as
opposed to algebraic) properties of Rad(X) are such that the UMD-condition is required anyway.
Note that the boundedness of R implies the uniform boundedness of its partial sum projections
by the Banach�Steinhaus theorem.

Denoting by R(R) the range of R, it is obvious that X ⊗ (εj)∞−∞ ⊂ R(R). On the other
hand, the fact that the partial sums of the series in (3.1) (which are in X ⊗ (εj)∞−∞ by de�nition)
converge to Rf for every f ∈ L2(Ω; X) shows that R(R) ⊂ X ⊗ (εj)∞−∞. Finally, since R as a
bounded projection has a closed range, we conclude that Rad(X) = R(R : L2(Ω;X) → L2(Ω; X))
whenever X is a B-convex space. This allows us to identify f = Rf ∈ Rad(X) with the sequence
appearing in (3.1),

f = Rf ≈ (E[εjf ])∞−∞ ∈ XZ.
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The density of �nitely non-zero sequences in Rad(X) follows from the very de�nition of Rad(X)
as the closure of X ⊗ (εj)∞−∞.

Let us make a useful observation concerning the dual of Rad(X). Since the unit ball of
L2(Ω;X ′) is norming for L2(Ω;X) ⊃ Rad(X), we have, for f = Rf ∈ Rad(X),

‖f‖Rad(X) = sup
‖g‖L2(Ω;X′)≤1

∣∣∣〈g, Rf〉〈L2(Ω;X′),L2(Ω;X)〉
∣∣∣ = sup |〈Rg, f〉| ≤ sup

h∈Rad(X′)
‖h‖L2(Ω;X′)≤C

|〈h, f〉|

where the easily veri�ed self-adjointness of R was used, and C is the operator norm of R on
L2(Ω;X), thus also the norm of its adjoint. This shows that the unit ball of Rad(X ′) is equivalently
norming for Rad(X).

As a consequence of Fubini's theorem and the equivalence of the de�nitions of Rad(X) in terms
of di�erent exponents we also have

Lp(Γ; Rad(X)) ≈ Rad(Lp(Γ;X))

whenever Γ is a σ-�nite measure space. (We really need this only for Γ = Rn.)
The Rademacher classes Rad(X), Rad(Y ) provide a straightforward but occationally useful

reformulation of the concept of R-boundedness, whose de�nition we recall:

De�nition 3.2. A collection T ⊂ L(X, Y ) is called R-bounded if, for some C < ∞, the inequality

E

∣∣∣∣∣∣

N∑

j=−N

εjTjxj

∣∣∣∣∣∣

p

Y




1
p

≤ C


E

∣∣∣∣∣∣

N∑

j=−N

εjxj

∣∣∣∣∣∣

p

X




1
p

(3.3)

holds for all N ∈ N and all xj ∈ X, Tj ∈ T and some [equivalently, all] p ∈ [1,∞[. The smallest
constant C [when p = 1, say] is called the R-bound of T and denoted by R(T).

With the understanding that xj = 0 for |j| > N ,we can write (3.3) as
∥∥(Tjxj)∞−∞

∥∥
Rad(Y )

≤ C
∥∥(xj)∞−∞

∥∥
Rad(X)

,

and by the density of �nitely non-zero sequences (xj)∞−∞ ∈ Rad(X), the condition is simply that
of boundedness of the diagonal operators (Tj)∞−∞ from Rad(X) to Rad(Y ).

The following permanence property of R-boundedness will be useful.

Lemma 3.4. Let X be a B-convex space and T ⊂ L(X;Y ) be R-bounded. Then T′ := {T ′| T ∈
T} ⊂ L(Y ′; X ′) is also R-bounded, and more precisely R(T′) ≤ CR(T), where C is a geometric
constant.

Proof. For g ∈ L2(Ω;X), we have

E

〈
N∑

−N

εjT
′
jy
′
j , g

〉
= E

N∑

−N

〈
εjT

′
jy
′
j , εjE[εjg]

〉
= E

〈
N∑

−N

εjy
′
j ,

N∑

−N

εiTiE[εig]

〉

≤

E

∣∣∣∣∣
N∑

−N

εjy
′
j

∣∣∣∣∣

2

X′




1
2

R(T)


E

∣∣∣∣∣
N∑

−N

εjE[εjg]

∣∣∣∣∣

2

X




1
2

≤

E

∣∣∣∣∣
N∑

−N

εiy
′
i

∣∣∣∣∣

2

X′




1
2

R(T)C ‖g‖L2(Ω;X) ,

recalling the uniform boundedness of the partial sum projections of the Rademacher projection
R. Taking supremum over g ∈ L2(Ω; X) of unit norm, we �nd that R(T′) ≤ CR(T), where C is
the same constant as above.
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We also recall (e.g. from [20]) that the family T̃ of canonical extensions (T̃ f)(t) := T [f(t)] of
T ∈ T ⊂ L(X; Y ) to Lp(Γ;X) → Lp(Γ; Y ) is R-bounded whenever T is, with the same R-bound
and without any geometric assumptions. (This is easy to see.)

An R-bounded collection is always uniformly bounded, but the converse is not true in general.
Perhaps the simplest example of a uniformly bounded, non-R-bounded family of operators is the
group of translations acting on Lp(Rn), p 6= 2. However, there is a remarkable result due to
Bourgain [3] providing a partial substitute of this boundedness under appropriate restrictions on
the support of the Fourier transforms of the functions involved. This result plays an important
rôle in Bourgain's paper [3], as well as in the present one. The di�cult part of the proof, the case
n = 1 for the unit-circle T in place of Rn, is given in [3], Lemma 10. The transference to Rn uses
standard methods and is detailed in [11], Lemma 3.5.
Lemma 3.5. Let X be a UMD-space and (fj)∞−∞ ⊂ Lp(Rn;X) a �nitely non-zero sequence such
that supp f̂j ⊂ B̄(0, 2j). Let (hj)∞−∞ ⊂ Rn be a sequence, lying on the same line through the origin
and such that |hj | < K2−j for some constant K. Then

E
∥∥∥
∑

εjfj(· − hj)
∥∥∥

Lp(Rn;X)
≤ C log(2 + K)E

∥∥∥
∑

εjfj

∥∥∥
Lp(Rn;X)

.

Remark 3.6. Although we do not need it, we mention that one can get away from the assumption
that the hj lie on the same line, with the cost of getting logn(2+K) in place of log(2+K). While
the case n = 1 is obviously handled already, the case of n > 1 dimensions can be reached by
induction on n.

To ensure the support condition of the Fourier transforms for the application of Bourgain's
lemma, we will exploit (a smooth version of) a Littlewood�Paley-type dyadic decomposition.
Let η ∈ D(Rn) have range [0, 1], equal 1 for |ξ| < 1/4 and vanish for |ξ| > 1/2. Let then
ϕ̂0(ξ) := η(ξ)− η(2ξ), and ϕ̂j(ξ) := ϕ̂(2−jξ). Then

∑∞
−∞ ϕ̂j(ξ) = 1 for ξ 6= 0 and ϕ̂j is supported

in the annulus 2j−3 ≤ |ξ| ≤ 2j−1. Moreover, Φ̂j := ϕ̂j−1 + ϕ̂j + ϕ̂j+1 is equal to unity on the
support of ϕ̂j , and is supported in the annulus 2j−4 ≤ |ξ| ≤ 2j . Our indices are slightly shifted
from the usual choice, the sole purpose of which being to ensure the condition supp Φ̂j ⊂ [−2j , 2j ]n

so as to avoid playing with indices when applying Lemma 3.5.
The next lemma allows us to estimate deterministic Lp-norms with randomized ones, i.e., to

incorporate the Rademacher functions εj into our equations. Slight variants of this lemma and
the next one appear in several papers, cf. e.g. Girardi and Weis [11], Cor. 3.3.
Lemma 3.7. Let X be a UMD-space, 1 < p < ∞, and (gj)∞−∞ ⊂ (S ′∩L1,loc)(Rn; X) be a �nitely
non-zero sequence. Assume further that ĝj is supported in the annulus |ξ| ∈ 2j [a, b] for some
0 < a < b. Then ∥∥∥

∑
gj

∥∥∥
Lp(Rn;X)

≤ CE
∥∥∥
∑

εjgj

∥∥∥
Lp(Rn;X)

, (3.8)

where the constant depends only on a and b (and the geometry of X).
Proof. Let us �rst observe that we can assume that gj ∈ Lp(Rn;X) for all j, since otherwise the
right-hand side is ∞. Indeed, let Em := {t ∈ Rn| |t| ≤ m, |gj(t)|X ≤ m for all j}. Then

‖gi1Em‖Lp(Rn;X) ≤
1
2

∥∥∥∥∥∥


gi +

∑

j 6=i

gj


 1Em

∥∥∥∥∥∥
Lp(Rn;X)

+
1
2

∥∥∥∥∥∥


gi −

∑

j 6=i

gj


 1Em

∥∥∥∥∥∥
Lp(Rn;X)

.

As m →∞, the left-hand side becomes the Lp(Rn; X)-norm of gi, whereas on the right-hand side
we have two terms appearing on the right-hand side of (3.8). Should we have ‖gi‖Lp(Rn;X) = ∞,
the right-hand side of (3.8) would also be ∞, and there is nothing to prove.

Let us hence assume that gj ∈ Lp(Rn; X) for all j. We choose N ∈ N large enough so that
2N > b/a. Then, by the triangle inequality,

∥∥∥∥∥∥

∞∑

j=−∞
gj

∥∥∥∥∥∥
Lp(Rn;X)

≤
N−1∑

k=0

∥∥∥∥∥∥
∑

j≡k mod N

gj

∥∥∥∥∥∥
Lp(Rn;X)

. (3.9)
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The motivation for this rearrangement is the fact that the supports of ĝj for j ≡ k mod N are
disjoint for any �xed k.

Choose φ ∈ D(Rn) with range [0, 1], equal to unity in [a, b] and with support in [2−mb, 2ma].
Then ĝj = φ(2−j ·)ĝj and φ(2−i·)ĝj = 0 for i 6= j. Thus, for (εj)∞−∞ ∈ {−1, 1}Z,

∑

j≡k

εj ĝj =
∑

j≡k

εjφ(2−j ·)ĝj =

(∑

i≡k

εiφ(2−i·)
)∑

j≡k

ĝj =: m
∑

j≡k

ĝj ,

and the Fourier multiplier m satis�es in�nitely many of the Mihlin-type conditions

|ξ||α| |Dαm(ξ)| ≤
∑

j≡k

|ξ||α| 2−j|α| ∣∣(Dαφ)(2−jξ)
∣∣ ≤ 2 sup

ξ
|ξ||α| |Dαφ(ξ)| < ∞,

where the factor 2 follows from the fact that at most two of the functions φ(2−j ·), j ≡ k, are
supported at any given point.

The UMD-space version of Mihlin's multiplier theorem (which is due to Zimmermann [21])
implies that ∥∥∥∥∥∥

∑

j≡k

εjgj

∥∥∥∥∥∥
Lp(Rn;X)

≤ K

∥∥∥∥∥∥
∑

j≡k

gj

∥∥∥∥∥∥
Lp(Rn;X)

,

and the inequality is readily seen to be two-sided by taking εjgj in place of gj . Then, taking
εj := εj(ω) and integrating over ω ∈ Ω, we have

∥∥∥∥∥∥
∑

j≡k

gj

∥∥∥∥∥∥
Lp(Rn;X)

≤ KE

∥∥∥∥∥∥
∑

j≡k

εjgj

∥∥∥∥∥∥
Lp(Rn;X)

≤ KE

∥∥∥∥∥∥

∞∑

j=−∞
εjgj

∥∥∥∥∥∥
Lp(Rn;X)

,

where the last inequality follows from the the fact that (εjyj), with yj ∈ Y , is a monotone basic
sequence in L1(Ω;Y ) for any Banach space Y . (Here, of course, Y = Lp(Rn; X).)

Combining this with (3.9), we have the assertion with C = NK.

We also need to be able to get rid of the randomization, and for this we have the following:

Lemma 3.10. For f ∈ Lp(Rn; X) we have

E
∥∥∥
∑

εjΦj ∗ f
∥∥∥

Lp(Rn;X)
≤ C ‖f‖Lp(Rn;X) .

Proof. Since F
∑

εjΦj ∗ f =
∑

εjΦ̂j f̂ =: mf̂, and

|ξ||α| |Dαm(ξ)| ≤
∑

|ξ||α| 2−j|α|
∣∣∣(DαΦ̂0)(2−jξ)

∣∣∣ ≤ 3 sup
ξ
|ξ||α|

∣∣∣DαΦ̂0(ξ)
∣∣∣ < ∞,

even a stonger result with the expectation replaced by the supremum norm over the random
variables εj is an immediate consequence of the Mihlin�Zimmermann theorem.

4 A Hörmander-type condition for singular integrals
The classical result for scalar-valued singular integral operators (see Hörmander [14]) states that
the formal convolution (2.1), interpreted as explained in Sect. 2, de�nes a bounded operator on
Lp(Rn), 1 < p < ∞, if k̂ is bounded and k satis�es the Hörmander condition (1.1). Our main
result in this section is the following version of this theorem for operator-valued kernel functions:
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Theorem 4.1. Let X, Y be UMD-spaces. Assume that k ∈ S ′(Rn;L(X;Y )) and k′ satisfy
Assumption 2.3 and that the Fourier-transform k̂ coincides with a bounded function such that k̂(·)
and k̂(·)′ are strongly measurable. Moreover, assume the following conditions:

R
(
{k̂(ξ)| ξ ∈ Rn}

)
≤ A0, (4.2)

and ∫

|t|>2|s|
R

({2−nj(k(2−j(t− s))− k(2−jt))| j ∈ Z})w(t) dt ≤ A1w(s), (4.3)

where w(t) = log(2 + |t|).
Then f ∈ X ⊗ D̂0(Rn) 7→ k ∗ f extends to a bounded linear operator

f ∈ Lp(Rn; X) 7→ k ∗ f ∈ Lp(Rn; Y )

with norm at most C(A0 + A1), where C is a geometric constant.

Remark 4.4. (i) For X = Y and n = 1, the Hilbert transform H = (p.v.-1/πt)∗, with k(t) = 1/πt,
k̂(ξ) = −i sgn(ξ), is easily seen to verify the conditions of the theorem � note in particular that the
R-boundedness reduces to uniform boundedness for a scalar kernel � which shows that the UMD-
assumption is necessary in this case. On the other hand, if Z is a UMD-space, A ∈ L(X, Z) and
B ∈ L(Z, Y ), then the singular integral operator of the special form BHA : Lp(R; X) → Lp(R; Y )
satis�es the conclusion of the theorem for arbitrary Banach spaces X and Y .

(ii) The operator f 7→ k ∗ f can also be interpreted as a Fourier multiplier transformation
f̂ 7→ k̂f̂ , with operator-valued multiplier k̂ ∈ L∞(Rn;L(X; Y )). Thus a result of Clément and
Prüss [6] shows that the R-boundedness condition (4.2) of the operators k̂(ξ) is necessary.

(iii) The R-boundedness assumption in our version of the Hörmander condition enables us
to use the Littlewood�Paley decomposition, whereas the logarithmic factor is forced on us by
Lemma 3.5. Note that while the usual Hörmander condition (1.1) is su�cient (also in the vector-
valued context) to obtain the boundedness on the whole scale p ∈ ]1,∞[ as soon as the boundedness
is known for one Lp̃, we do not assume any a priori boundedness.

(iv) For the veri�cation of the weighted Hörmander condition (4.3) in concrete situations, it is
useful to note the estimate

∫ ∞

r

t−(1+δ) log(2 + t) dt ≤ C(δ)r−δ log(2 + r) for all r, δ > 0, (4.5)

whose veri�cation is elementary calculus.
Theorem 4.1 will be a special case of Theorem 4.21 below. As a preparation for the proof, we

�rst give a somewhat technical condition for the boundedness of singular integral operators. It is
a version of Proposition 3.7 in Girardi and Weis [11].

Proposition 4.6. Let X, Y be UMD-spaces and k ∈ S ′(Rn;L(X; Y )) and k′ satisfy Assump-
tion 2.3. De�ne, for every t ∈ Rn, an operator from Rad(X) to Rad(Y ) by

K(t) := ((ϕ0 ∗ 2−njk(2−j ·))(t))∞j=−∞, (4.7)

and assume that the Banach adjoints K(t)′ : Rad(Y ′) → Rad(X ′), canonically extended to
Lp′(Rn; Rad(Y ′)) → Lp′(Rn; Rad(X ′)), satisfy the condition

∫

Rn

‖K(t)′g‖Lp′ (Rn;Rad(X′)) w(t) dt ≤ A ‖g‖Lp′ (Rn;Rad(Y ′)) , (4.8)

with w(t) := log(2 + |t|), for every g ∈ Lp′(Rn;X)⊗ (εj)∞−∞.
Then f ∈ X ⊗ D̂0(Rn) 7→ k ∗ f extends to a bounded linear operator Lp(Rn;X) → Lp(Rn; Y ),

of norm at most CA, where C is a geometric constant.
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Proof. We have F[k ∗ f ] = k̂f̂ =
∑∞
−∞ ϕ̂j k̂f̂ , where the sum contains only �nitely many non-

zero terms for f ∈ D̂0. Moreover, we have ϕ̂j k̂f̂ = ϕ̂j k̂ Φ̂j f̂ = F[(ϕj ∗ k) ∗ (Φj ∗ f)]. Denoting
fj := Φj ∗ f , we have the decomposition k ∗ f =

∑∞
−∞(ϕj ∗ k) ∗ fj .

As a last preparatory manipulation, we write

(ϕj ∗k)∗fj(t) =
∫

Rn

(ϕj ∗k)(2−js)fj(t−2−js)2−jn ds =
∫

Rn

2−jn(ϕ0 ∗k(2−j ·))(s)fj(t−2−js) ds,

where a simple change of variable was performed, recalling that ϕ̂j = ϕ̂(2−j ·), whence ϕj =
2jnϕ(2j ·). A functional notation is used to denote the dilation of the distribution k for simplicity,
but this is de�ned by the duality 〈k(δ·), φ〉 :=

〈
k, δ−nφ(δ−1·)〉.

We now invoke the UMD-property by means of the Littlewood�Paley decomposition (more
precisely, Lemma 3.7), which allows us to write

∥∥∥∥∥
∞∑
−∞

(ϕj ∗ k) ∗ fj

∥∥∥∥∥
Lp(Rn;X)

≤ CE

∥∥∥∥∥
∞∑
−∞

εj(ϕj ∗ k) ∗ fj

∥∥∥∥∥
Lp(Rn;Y )

= CE

∥∥∥∥∥
∞∑
−∞

εj

∫

Rn

2−jn[ϕ0 ∗ k(2−j ·)](s)fj(· − 2−js) ds

∥∥∥∥∥
Lp(Rn;Y )

= C

∥∥∥∥
∫

Rn

K(s)
(
fj(· − 2−js)

)∞
−∞ ds

∥∥∥∥
Rad(Lp(Rn;Y ))

,

where we recalled the de�nition of our auxiliary sequence-valued kernel K from (4.7).
To estimate the norm on the right of the previous inequality, we pick an arbitrary g ∈

Rad(Lp′(Rn; Y ′)). We have
〈

g,

∫

Rn

K(s)
(
fj(· − 2−js)

)∞
−∞ ds

〉

〈Lp′ (Rn;Rad(Y ′)),Lp(Rn;Rad(Y ))〉
=

∫

Rn

ds
〈
K(s)′g,

(
fj(· − 2−js)

)∞
−∞

〉
〈Lp′ (Rn;Rad(X′)),Lp(Rn;Rad(X))〉

≤
∫

Rn

ds ‖K(s)′g‖Lp′ (Rn;Rad(X′))

∥∥∥
(
fj(· − 2−js)

)∞
−∞

∥∥∥
Rad(Lp(Rn;X))

. (4.9)

The second factor can be estimated with the help of Bourgain's lemma to the result

E

∥∥∥∥∥
∞∑
−∞

εjfj(· − 2−js)

∥∥∥∥∥
Lp(Rn;X)

≤ C log(2 + |s|)
∥∥∥∥∥
∞∑
−∞

εjfj

∥∥∥∥∥
Lp(Rn;X)

≤ C̃ log(2 + |s|) ‖f‖Lp(Rn;X) ,

the last step being again a consequence of the Littlewood�Paley decomposition for UMD-valued
functions (more precisely, Lemma 3.10).

It remains to integrate over s in (4.9), invoke the assumption (4.8), and condider the supremum
over all appropriate g ∈ Rad(Lp′(Rn;X)) of norm at most unity, to conclude that

‖k ∗ f‖Lp(Rn;X) ≤ CA ‖f‖Lp(Rn;X)

for all f in the dense subspace considered. Thus the proposition is proved.

In the previous proposition, the boundedness of a singular integral operator acting on the space
Lp(Rn; X) was related to a boundedness condition of another operator acting on the Rademacher
class Rad(X) and related spaces. The new kernel K(t) in (4.7) has some special structure, in
particular, the convolution with a nice test function ϕ0. To be able to exploit this particular
structure, so as to �nd a su�cient condition more explicitly in terms of the original kernel k, we
need the following decomposition lemma, which is a variant of a similar result used by the �rst
author (in a rather di�erent context) in [16].
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Lemma 4.10. Let ϕ ∈ S(Rn) have a vanishing integral. Then there exists a decomposition
ϕ =

∑∞
m=0 ψm with the following properties:

ψm ∈ D(Rn), supp ψm ⊂ B̄(0, 2m),
∫

ψm(y) dy = 0,

and for every pair of multi-indices α, β ∈ Nn and every M > 0 the sequence of Schwartz norms
‖ψm‖α,β, as well as

∥∥∥ψ̂m

∥∥∥
α,β

, is O(2−mM ) as m →∞.
In particular, for every p ∈ [1,∞] and every M > 0, the sequence of Lebesgue norms ‖ψm‖Lp ,

as well as
∥∥∥ψ̂m

∥∥∥
Lp
, is O(2−mM ) as m →∞.

Proof. Fix η ∈ D(Rn), with range [0, 1], equal to 1 for |x| ≤ 1/2 and vanishing for |x| ≥ 1. We
set, for r > 0,

ϕr(x) := η(x/r)
(

φ(x) +
1

rn
∫

η(y) dy

∫
ϕ(y)(1− η(y/r)) dy

)
.

Then ϕr has a vanishing integral since ϕ does, and ϕr is supported in B̄(0, r) by the support
condition imposed on η. Moreover,

|ϕr(x)− ϕ(x)| ≤ |η(x/r)− 1| · |ϕ(x)|+ η(x/r)
rn

∫
η(y) dy

∫
|ϕ(y)| (1− η(y/r)) dy

≤ max
|y|≥r

|φ(y)|+ cr−n

∫

|y|≥r

|ϕ(y)| dy,

which tends to zero as r →∞; thus ϕr → ϕ uniformly.
We next set ψ0 := ϕ1 and ψm := ϕ2m −ϕ2m−1 for m > 0; whence

∑∞
m=0 ψm = limm→∞ ϕ2m =

ϕ, uniformly. Explicitly, for m > 0, we have

ψm(x) := ϕ(x)
(
η(2−mx)− η(2−(m−1)x)

)
+

η(2−mx)
2nm

∫
η(y) dy

∫
ϕ(y)(1− η(2−my)) dy

− η(2−(m−1)x)
2n(m−1)

∫
η(y) dy

∫
ϕ(y)(1− η(2−(m−1)y)) dy. (4.11)

It remains to estimate the order of the size of the Schwartz norms of the terms appearing here.
Let us �rst have a look at the last two terms in (4.11). We have, by a simple change of variable,

‖η(2−m·)‖α,β = 2m(|β|−|α|) ‖η‖α,β , which looks a little bad for |β| > |α|. However, the thing that
settles the matters is the constant factor, whose size is estimated by

∫
|ϕ(y)| (1− η(2−my)) dy ≤

∫

|y|>2m

|ϕ(y)| dy ≤ C(M, n, ϕ)
∫

|y|>2m

|y|−M−n dy = C̃2−Mm.

We then turn to estimate the �rst term in (4.11) and denote for simplicity φ(x) := η(x)−η(2x),
so that this term is ϕ(x)φ(2−mx). Note that φ ∈ D(Rn) is supported away from the origin. By
Leibniz' rule we have

xβDα
x (ϕ(x)φ(2−mx)) =

∑

θ≤α

(
α

θ

)
xβDα−θϕ(x)2−m|θ|Dθφ(2−mx). (4.12)

Let us make a Taylor expansion of Dθφ(2−mx) at the origin; since Dϑφ(0) = 0 for all ϑ ∈ Nn,
all we get is the error term:

Dθφ(2−mx) =
∑

|ϑ|=M

2−mMxϑ

ϑ!

∫ 1

0

Dθ+ϑφ(u2−mx)M(1− u)M−1 du.
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Now a typical term in the sum in (4.12) is estimated as

∑

|ϑ|=M

2−mM 1
ϑ!

∣∣xβ+ϑDα−θϕ(x)
∣∣
∫ 1

0

∣∣Dθ+ϑφ(u2−mx)
∣∣ M(1− u)M−1 du

≤ 2−mM
∑

|ϑ|=M

1
ϑ!
‖ϕ‖α−θ,β+ϑ ‖φ‖θ+ϑ,0 .

Summing over the �nite number of bounds of this type, we have established the desired rate of
convergence of the sequence ‖ψm‖α,β as m →∞.

The assertion concerning the Schwartz norms of the Fourier transforms ψ̂m follows from the
continuity of the Fourier transform on S(Rn). The assertion concerning the Lebesgue norms
follows by estimating ‖ψm‖Lp by a �nite number of Schwartz norms.

Remark 4.13. (i) The result is equally valid for vector-valued functions, with the same proof, but
we only need it here for scalar-valued ones.

(ii) The decomposition established is an atomic decomposition of ϕ, and shows the well-known
fact that ϕ ∈ S(Rn) belongs to the Hardy space H1(Rn) provided it has a vanishing integral.
However, more than this we are interested in the particular type of the decomposition, with the
rapid rate of convergence.

Lemma 4.14. Consider a mapping t ∈ Rn 7→ L(X; Y ) having the form

K(t) := k ∗ ϕ(t)

where ϕ ∈ S(Rn) with
∫

ϕ(y) dy = 0, and k ∈ S ′(Rn;L(X;Y )) is an operator-valued tempered dis-
tribution satisfying Assumption 2.3, and moreover k̂ agrees with a function in L∞str(R

n;L(X;Y )).
In addition, suppose that

∥∥∥k̂(ξ)
∥∥∥

X→Y
≤ A0 for a.e. ξ ∈ Rn, (4.15)

∫

|t|>2|s|
|(k(t− s)− k(t))x|Y w0(t) dt ≤ A1w1(s) |x|X for all s ∈ Rn \ {0} and x ∈ X1,

(4.16)

where w0 and w1 are positive, measurable and polynomially bounded functions, and X1 ⊂ X.
Then, for every x ∈ X1,

∫
|K(t)x|Y w(t) dt ≤ (A0C(ϕ,w0) + A1C(ϕ,w1)) |x|X ,

where the C's are �nite quantities depending only on the objects indicated.

Proof. We apply Lemma 4.10 to write ϕ =
∑∞

m=0 ψm, where the ψm have the properties stated
in that lemma. Then we devide K(t) into the pieces

Km(t) := k ∗ ψm(t),

and investigate each of them separately.
Recall that ψm is supported in the ball B̄m := B̄(0, 2m). We �rst investigate the integral of

|Km(t)x|Y , with x ∈ X1, well away from this ball, i.e., outside the larger ball B̄m+1:
∫

B̄c
m+1

|Km(t)x|Y w0(t) dt =
∫

B̄c
m+1

dt w0(t)
∣∣∣∣
∫

B̄m

k(t− s)xψm(s) ds

∣∣∣∣
Y

.
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Since the integral of ψm vanishes, we can continue with

=
∫

B̄c
m+1

dt w0(t)
∣∣∣∣
∫

B̄m

(k(t− s)− k(t))x ψm(s) ds

∣∣∣∣
Y

≤
∫

B̄m

ds |ψm(s)|
∫

|t|>2|s|
|(k(t− s)− k(t))x|Y w0(t) dt

≤
∫

B̄m

ds |ψm(s)|A1w1(s) |x|X ≤ A1 ‖ψm‖L∞ ν1(B̄m) |x|X ,

where we have denoted dν1(t) := w1(t) dt.
Inside the ball B̄m+1 we argue as follows, with the obvious de�nition of ν0:

∫

B̄m+1

|Km(t)x|Y w0(t) dt ≤ ν0(B̄m+1) ‖Km(·)x‖L∞(Rn;Y )

≤ ν0(B̄m+1)
∥∥∥K̂m(·)x

∥∥∥
L1(Rn;Y )

= ν0(B̄m+1)
∫

Rn

∣∣∣k̂(ξ)x ψ̂m(ξ)
∣∣∣
Y

dξ

≤ A0ν0(B̄m+1)
∥∥∥ψ̂m

∥∥∥
L1
|x|X .

Summing over the estimates, we have
∫

Rn

|K(t)x|Y w0(t) dt ≤
∞∑

m=0

(
A1ν1(B̄m) ‖ψm‖L∞ + A0ν0(B̄m+1)

∥∥∥ψ̂m

∥∥∥
L1

)
|x|X .

The convergence of the series follows from the properties of the decomposition ϕ =
∑∞

m=0 ψm.
Indeed, the at most polynomial growth of wi guarantees that νi(B̄(0, r)) ≤ CrN as r →∞; hence
ν0(B̄m+1), ν1(B̄m) ≤ C2mN , but we have ‖ψm‖L∞ ,

∥∥∥ψ̂m

∥∥∥
L1
≤ CM2−mM for any M > 0, so it

su�ces to take M > N . This completes the proof.

Remark 4.17. (i) The result of the lemma is rather general, since no conditions on the Banach
space geometry are required.

(ii) Although our application of the lemma is to the boundedness of operators acting on the
usual Bôchner spaces with respect to the plain Lebesgue measure, where a speci�c choice of the
weight w is relevant, the above result itself has some taste of a more general weighted norm
inequality. The assumption that the weights wi be polynomially bounded is exploited via the
growth condition of the size of the balls B̄(0, r) in terms of the measures dνi(t) := wi(t) dt. Such
a growth estimate would also follow from the doubling condition ν(B̄(x, 2r)) ≤ Cν(B̄(x, r)), which
is the usual regularity assumption when dealing with more general measure spaces.

The following corollary simply specializes Lemma 4.14 to the spaces Rad(X) and Rad(Y )
in place of X and Y . The subset X1 ⊂ X that appeared in Lemma 4.14 will now be the set
X ⊗ (εj)∞−∞ of �nitely non-zero elements of Rad(X).

Corollary 4.18. Consider a mapping t ∈ Rn 7→ L(Rad(X); Rad(Y )) having the form

K(t) := (kj ∗ ϕ(t))∞−∞

where ϕ ∈ S(Rn) with
∫

ϕ(y) dy = 0, and kj ∈ S ′(Rn;L(X;Y )) are operator-valued tempered dis-
tributions satisfying Assumption 2.3, and moreover k̂j agrees with a function in L∞str(R

n;L(X; Y ))
for every j ∈ Z. In addition, suppose that

∥∥∥(k̂j(ξ))∞−∞
∥∥∥

Rad(X)→Rad(Y )
≤ A0 for a.e. ξ ∈ Rn, (4.19)

∫

|t|>2|s|

∥∥((kj(t− s)− kj(t))xj)∞−∞
∥∥

Rad(Y )
wo(t) dt ≤ A1w1(s) ‖x‖Rad(X) (4.20)
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for all s ∈ Rn\{0} and x ∈ X⊗(εj)∞∞, where w0 and w1 are positive, measurable and polynomially
bounded.

Then ∫
‖K(t)x‖Rad(Y ) w0(t) dt ≤ (A0C(ϕ,w0) + A1C(ϕ,w1)) ‖x‖Rad(X)

for all x ∈ X ⊗ (εj)∞−∞.

Combining Corollary 4.18 with Proposition 4.6, we have the following result, which contains
Theorem 4.1 as a special case, as shown below:

Theorem 4.21. Let X, Y be UMD-spaces, p ∈ ]1,∞[, and k ∈ S ′(Rn;L(X;Y )) and k′ satisfy
Assumption 2.3, and moreover k̂ coincide with a bounded function such that k̂(·)′, is strongly
measurable. Let the following conditions be satis�ed:

∥∥∥(k̂(2jξ))∞j=−∞
∥∥∥

Rad(X)→Rad(Y )
≤ A0 for a.e. ξ ∈ Rn, (4.22)

and
∫

|t|>2|s|

∥∥(2−nj(k(2−j(t− s))′ − k(2−jt)′)gj)∞j=−∞
∥∥

Rad(Lp′ (Rn;X′))
w(t) dt

≤ A1w(s) ‖g‖Rad(Lp′ (Rn;Y ′)) (4.23)

for all s ∈ Rn \ {0} and g ∈ Lp′(Rn; Y ′)⊗ (εj)∞−∞, where w(t) := log(2 + |t|).
Then f ∈ X ⊗ D̂0(Rn) 7→ k ∗ f extends to a bounded linear operator

f ∈ Lp(Rn; X) 7→ k ∗ f ∈ Lp(Rn; Y )

with norm at most C(A0 + A1), where C is a geometric constant.

Proof. By the permanence properties of R-bounds (see Lemma 3.4 and the paragraph after it), we
also have analogue of conditions (4.22) valid for the extensions of the adjoint operators k̂(ξ)′ to
Lp′(Rn;Y ′) → Lp′(Rn; X ′). Let us then de�ne kj(t) := 2−njk(2−jt)′, whence (4.23) is the same
as (4.20) with Lp′(Rn;Y ′) in place of X and Lp′(Rn; X ′) in place of Y . Moreover, k̂j(ξ) = k̂(2jξ)′,
so that (4.22) implies the analogue of (4.19) with the same substitutions. Thus Corollary 4.18
shows that the kernel K(t) de�ned in (4.7) satis�es the assumption (4.8) of Proposition 4.6, and
hence that proposition implies the assertion of the theorem.

Now we can also give

Proof of Theorem 4.1. Clearly the assumption (4.2) implies (4.22). As for the condition (4.3),
we can again use the permanence properties of R-bounds to obtain the same condition �rst for
k(·)′ : Y ′ → X ′ in place of k(·), and �nally for the extension k(·)′ : Lp′(Rn; Y ′) → Lp′(Rn; X ′).
Thus (4.3) implies the operator norm version of the strong condition (4.23), and hence Theorem 4.1
follows as a special case of Theorem 4.21.

Remark 4.24. As we saw in the proof of Theorem 4.21, the Hörmander condition (4.3) with
operator norms could be used to deduce the more technical condition (4.23). While it is nice to have
the su�ciency of the strong condition (4.23) for its own sake, the su�ciency of strong estimates
becomes essential when applying Theorem 4.21 to prove multiplier theorems. Namely, as soon
as our Banach space X has a Fourier-type q > 1 (and a UMD-space always has), the Hausdor��
Young inequality allows us to pass from estimates for ‖f̂‖Lq(Rn;X) to those for ‖f‖Lq′ (Rn;X),
i.e., we are able to transform strong estimates for the q-norm in the frequency domain to strong
estimates for the q′-norm in the spatial domain. However, the operator spaces L(X) only have
trivial Fourier-type, and thus the transference of norm conditions does not work.
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5 Application to special classes of singular integrals
For the application of Theorem 4.21 to classical operator-valued kernels (see Theorem 5.10,
Cor. 5.12), we �rst provide criteria for checking the condition (4.22) without the need to know the
Fourier tranform k̂ of the distribution of interest. This is done in the following lemma, the core
of whose proof is simply a repetition of the classical argument. Nevertheless, we need to consider
several technical points to reduce the considerations to this classical situation.

Lemma 5.1. Let Y be a UMD space, and consider a distribution p.v.-k ∈ S ′(Rn;L(X; Y ))
as in (2.6)�(2.9), whose related sequence valued kernel K(t) := (2−njk(2−jt))∞−∞ veri�es the
analogues of the properties (2.6)�(2.7). More precisely, assume that, for every �nitely non-zero
x = (xj)∞−∞ ∈ Rad(X) we have

∫

r<|t|<2r

‖K(t)x‖Rad(Y ) dt ≤ A ‖x‖Rad(X) for all r > 0, (5.2)
∥∥∥∥∥
∫

r<|t|<R

K(t)x dt

∥∥∥∥∥
Rad(Y )

≤ A ‖x‖Rad(X) for all R > r > 0, (5.3)

and moreover ∫

|t|>2|s|
‖(K(t− s)−K(t))x‖Rad(Y ) dt ≤ A ‖x‖Rad(X) . (5.4)

Then the Fourier transform k̂ (taken in the sense of distributions) is identi�ed with a bounded
strongly measurable function, and actually

K̂(ξ) := (k̂(2jξ))∞−∞ satis�es
∥∥∥K̂(ξ)

∥∥∥
Rad(X)→Rad(Y )

≤ cA for ξ ∈ Rn, (5.5)

where c is a numerical constant.

Remark 5.6. (i) Of course, the assumption of the conditions (2.6)�(2.7), which are related to the
existence of the principal value integral (2.9), is super�uous, since they follow from the stronger
estimates (5.2)�(5.3). On the other hand, the analogue of (2.8),

lim
r↓0

∫

r<|t|<1

K(t)x dt exists as in Rad(Y ) for �nitely non-zero x ∈ Rad(X), (5.7)

already follows from (2.8), since we have the existence of the �nite number of non-zero limits

lim
r↓0

∫

r<|t|<1

2−njk(2−jt)xj dt = lim
r↓0

∫

2−jr<|t|<2−j

k(t)xj dt,

and we just add them up.
(ii) The assumption (5.4) obviously follows if we have (4.23). The conditions (5.3) and (5.7)

are trivial if k is odd, or slightly more generally, if its strong integral vanishes over almost every
origin-centered sphere rSn−1.

(iii) It is not exactly UMD but some weaker geometric properties implied by it that are relevant
in the present context; however, we will only use the lemma for UMD spaces.

Proof of Lemma 5.1. The same classical argument, which could be repeated to show that the
conditions (2.6)�(2.8) imply that (2.9) gives a well-de�ned tempered distribution p.v.-k : X ×
S(Rn) → Y verifying the estimate (2.10), can equally well be used to give from (5.2), (5.3) and
(5.7) the analogous estimates with X and Y replaced by Rad(X) and Rad(Y ). Thus we have

p.v.-K ∈ S ′(Rn;L(Rad(X); Rad(Y ))).
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We then make a cut-o� to de�ne

Kε,R(t) := K(t)1ε<|t|<R for R > ε > 0.

We claim that
〈
Kε,R, φ

〉
x −→

ε↓0,R↑∞
〈K,φ〉x in Rad(Y ) for all φ ∈ S(Rn) and x ∈ X ⊗ (εj)∞−∞. (5.8)

Indeed, for a �nitely non-zero x ∈ Rad(X),

〈
Kε,R, φ

〉
x =

∑
εj

∫

ε<|t|<R

2−njk(2−jt)xj φ(t) dt =
∑

εj

∫

2−jε<|s|<2−jR

k(s)xj φ(2js) ds

→
∑

εj p.v.-
∫

Rn

k(s)xj φ(2js) ds =
∑

εj p.v.-
∫

Rn

2−njk(2−jt)xj φ(t) dt = 〈K, φ〉x,

since we can separately take each of the �nite number of limits whose existence we know, and add
them up.

With these technicalities out of the way, we are e�ectively in the classical situation, and the
proof of [10], pp. 206�7, can merely be reproduced to estimate the integrals de�ning the Fourier
transform of Kε,R(·)x with x ∈ X ⊗ (εj)∞−∞, to the result

∥∥∥K̂ε,R(·)x
∥∥∥

L∞(Rn;Rad(Y ))
≤ cA ‖x‖Rad(X) .

By the obvious estimate, this implies for φ ∈ S(Rn)
∥∥∥
〈
Kε,R, φ̂

〉
x
∥∥∥

Rad(Y )
=

∥∥∥
〈
K̂ε,R, φ

〉
x
∥∥∥

Rad(Y )
≤ cA ‖x‖Rad(X) ‖φ‖L1(Rn) ,

and it follows from (5.8) that the same inequality holds with Kε,R replaced by K. But this means
that φ ∈ S(Rn) 7→ 〈K, φ〉x ∈ Rad(Y ) extends to a bounded linear operator φ ∈ L1(Rn) 7→〈
K̂, φ

〉
x ∈ Rad(Y ), of norm at most cA ‖x‖Rad(X).

Now we use the fact that Rad(Y ), when Y is UMD, is also UMD, hence re�exive, thus has
the Radon�Nikodým property. We exploit this by means of the equivalent condition of validity
of the vector-valued Riesz Representation Theorem; see [8], Theorem III.1.5. (It is easy to see
that the �niteness of the measure space, assumed in the theorem cited, can be replaced by σ-
�niteness.) This gives, for every x ∈ X ⊗ (εj)∞−∞, an essentially unique K̂x(·) ∈ L∞(Rn; Rad(Y ))

such that
〈
K̂, φ

〉
x =

∫
K̂x(ξ)φ(ξ) dξ. It is clear that x 7→ K̂x(·) is linear from X ⊗ (εj)∞−∞ to

L∞(Rn; Rad(Y )) and maps X ⊗ ε` to Y ⊗ ε` for every `.
Let then φm = mnφ(m·) ∈ D(Rn) be a usual approximation of the identity, and Λ ∈ (`∞)′ a

Banach limit. For ξ ∈ Rn and x ∈ X⊗(εj)∞−∞, we de�ne an element K̂(ξ)x ∈ Rad(Y )′′ = Rad(Y )
by 〈

y′, K̂(ξ)x
〉

:= Λ
(
y′

〈
K̂, φm(· − ξ)

〉
x
)∞

m=1
= Λ

(
y′

∫
K̂x(η + ξ)φm(η) dη

)∞

m=1

.

It follows at once that
∣∣∣
〈
y′, K̂(ξ)x

〉∣∣∣ ≤ cA ‖y′‖Rad(Y )′ ‖x‖Rad(X), and hence by density there is
a unique K̂(ξ) ∈ L(Rad(X), Rad(Y )) which still satis�es the above equality. Moreover, if ξ is a
Lebesgue point of K̂x, then

〈
y′, K̂(ξ)x

〉
=

〈
y′, K̂x(ξ)

〉
, thus K̂(ξ)x = K̂x(ξ). This shows that for

any x ∈ X ⊗ (εj)∞−∞, K̂(ξ)x agrees for a.e. ξ with the measurable function K̂x(ξ). In particular〈
K̂, φ

〉
x =

∫
K̂(ξ)xφ(ξ) dξ. With x = x0ε0, this gives the coincidence of k̂ with a bounded,

strongly measurable function.

With Theorem 4.21 and Lemma 5.1 at our disposal, it becomes a routine task to obtain
operator-valued generalizations of classical results on the boundedness of singular integrals, with
the recipe �replace any boundedness assumption by R-boundedness�. In this spirit, we have the
following:
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Lemma 5.9. Suppose that for k ∈ C(Rn \ {0};L(X; Y )) and some δ > 0, the collection

T := {|t|n+δ |s|−δ (k(t− s)− k(t)) : |t| > 2 |s| > 0}
is R-bounded. Then the Hörmander condition (4.23) holds with a constant c(n, δ)R(T).
Proof. We have

R({2−nj(k(2−j(t− s))− k(2−jt))}∞j=−∞)

= R({(2−j |t|)n+δ(2−j |s|)−δ(k(2−j(t− s))− k(2−jt))}∞−∞) |t|−(n+δ) |s|δ ≤ R(T) |t|−(n+δ) |s|δ ,

and with this estimate, (4.23) follows by integrating in the polar coordinates and using (4.5).

Theorem 5.10. Let X and Y be UMD-spaces and suppose k ∈ C(Rn \ {0};L(X;Y )) is a kernel
satisfying the existence of the limit (2.8), as well as

R({|t|n k(t), |t|n+δ |s|−δ (k(t− s)− k(t)) : |t| > 2 |s| > 0})
+R(

{ ∫

r<|t|<R

k(t) dt : R > r > 0
}

) =: A < ∞.

Then k gives rise to a tempered distribution p.v.-k in the sense of (2.9), and f ∈ X ⊗ S(Rn) 7→
p.v.-k ∗ f extends to a bounded mapping from Lp(Rn; X) to Lp(Rn;Y ), for all p ∈ ]1,∞[, of norm
at most CA with C geometric.
Proof. By Lemma 5.9, k satis�es the condition (4.23) of Theorem 4.21. It is also not di�cult to
verify the assumptions of Lemma 5.1, which then yields the desired bound (4.22) for the Fourier
transform. Concerning the strong measurability of k̂(·)′, just note that the assumptions of the
theorem imply their analogues for k′.

Remark 5.11. (i) With X = Y = C, Theorem 5.10 is classical. Observe that, despite its general
geometric setting and the complications on the way here, our theorem is strong enough to recover
the classical result, since R-boundedness then reduces to uniform boundedness.

(ii) A generalization to the vector-valued situation, with Y = X a UMD-space, but with a
scalar-valued kernel, is �rst due to Bourgain [3], who considers the periodic domain T.

As in the classical case, Theorem 5.10 has the following immediate corollary which is su�cient
for many concrete examples of kernels.
Corollary 5.12. Let X and Y be UMD-spaces, and k ∈ C1(Rn \ {0};L(X;Y )) satisfy the limit
condition (2.8) as well as

R({|t|n k(t), |t|n+1∇k(t) : t 6= 0}) + R(
{ ∫

r<|t|<R

k(t) dt : R > r > 0
}

) =: A < ∞.

Then k satis�es the conclusion of Theorem 5.10
Example 5.13 (R-bounded semigroups). The maximal regularity question for the abstract Cauchy
problem (cf. [9, 20])

u̇(t) = Au(t) + f(t) for t ≥ 0, u(0) = 0,

with A the generator of a bounded analytic semigroup and f a given function, leads one to consider
the mild solution given by the variation-of-constants formula

Au(t) =
∫ t

0

AT t−sf(s) ds. (5.14)

This is obviously a (singular) convolution integral with the kernel

k(t) :=

{
AT t t > 0,

0 t ≤ 0,
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When (T t) is bounded and analytic, R(T t) ⊂ D(A) for t > 0, and the AT t are bounded
operators whose norm behaves like 1/t; thus tAT t are uniformly bounded operators for t > 0.
If we assume a little more, i.e., R-boundedness of T t and tAT t instead of uniform boundedness,
then |t| k(t) is obviously R-bounded, and in this special case, this already implies that |t|2 k′(t) =
t2A2T t = 4(t/2)2A2(T t/2)2 = 4(t/2 AT t/2)2 is also R-bounded. Moreover,

∫ R

r

AT t dt =
∫ R

r

dT t

dt
dt = TR − T r,

from which we get the remaining R-boundedness condition required in Cor. 5.12 by the R-
boundedness of T t, as well as the existence of the limit (2.8), noting that T rx → x as r ↓ 0.

Thus we have shown that, on a UMD-space, the mapping f 7→ Au de�ned by (5.14) maps
Lp(R̄+; X) to Lp(R̄+;X) [and hence the Cauchy problem has maximal Lp-regularity] whenever
A is the generator of the analytic semigroup (T t) for which the sets {T t| t > 0} and {tAT t| t > 0}
are R-bounded. Thus our results on singular integrals provide a direct approach to the recent
maximal regularity results, allowing one to work with the variation-of-constants formula (5.14)
instead of Fourier multipliers.

6 R-boundedness of families of singular integral operators
An interesting general phenomenon in the world of vector-valued inequalities is that they almost
immediately self-improve to give related statements for large families of kernels; cf. e.g. [10], p.
493. In the more speci�c context of R-boundedness, this was observed by Girardi and the second
author [12], and following these ideas, we next show how Theorem 5.10 can in fact be used to
derive not only boundedness of certain singular integrals but in fact R-boundedness of families of
singular integral operators which satisfy the assumptions of the theorem in such a way that the
ranges of the kernels belong to the same R-bounded set T.

The precise formulation of the result vaguely described above requires Pisier's notion of the
property (α) from the geometry of Banach spaces. We exploit this notion via the following lemma
which is essentially in [5], Lemma 3.13. The �traditional� de�nition of the property (α) can also
be found in this same article (Def. 3.11), but actually, for Y = X, one could (equivalently) take
the assertion of the lemma as the de�nition of X having the property (α). While the property
(α) is independent of the UMD-condition, it is also satis�ed by the most common re�exive spaces
appearing in analysis; cf. [5], [12].

Lemma 6.1. Let X and Y be Banach spaces with property (α). Then

EE′

∣∣∣∣∣∣

N∑

i,j=−N

εiε
′
jTijxij

∣∣∣∣∣∣
Y

≤ α(X)α(Y )R(T)EE′

∣∣∣∣∣∣

N∑

i,j=−N

εiε
′
jxij

∣∣∣∣∣∣
X

whenever N ∈ N, xij ∈ X, Tij ∈ T ⊂ L(X;Y ), and the (εi) and (ε′j) are two independent systems
of Rademacher functions, the related expectation operators of which are denoted by E and E′,
respectively. Here α(X), α(Y ) < ∞ are geometric constants.

Corollary 6.2. Let T ⊂ L(X; Y ) be R-bounded, where the Banach spaces X and Y have the
property (α). Then

T̃ := {(Tj)∞−∞ �nitely non-zero, Tj ∈ T} ⊂ L(Rad(X); Rad(Y )) (6.3)

is R-bounded, and in fact R(T̃) ≤ α(X)α(Y )R(T).
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Proof. For N ∈ N, T̃i = (Tij)∞j=−∞ ∈ T̃ and x̃i = (xij)∞j=−∞ ∈ X ⊗ (εj)∞−∞ we have

E

∥∥∥∥∥
N∑

i=−N

εiT̃ix̃i

∥∥∥∥∥
Rad(Y )

= EE′

∣∣∣∣∣∣
∑

i,j

εiε
′
jTijxij

∣∣∣∣∣∣
Y

≤ α(X)α(Y )R(T)EE′

∣∣∣∣∣∣
∑

i,j

εiε
′
jxij

∣∣∣∣∣∣
X

= α(X)α(Y )R(T)E

∥∥∥∥∥
N∑

i=−N

εix̃i

∥∥∥∥∥
Rad(X)

,

as a direct consequence of Lemma 6.1.

Now we are ready for the theorem. For simplicity of statement, we restrict ourselves to odd
kernels, but the reader will �nd no di�culty in replacing this by a more general cancellation
condition in the spirit of Theorem 5.10.

Theorem 6.4. Let X and Y be UMD-spaces with property (α), and kλ ∈ C(Rn \ {0};L(X;Y )),
where λ ∈ Λ (any index set), be odd kernels which satisfy

{|t|n kλ(t), |t|n+δ |s|−δ (kλ(t− s)− kλ(t))) | |t| > 2 |s| > 0} ⊂ T,

where T ⊂ L(X;Y ) is R-bounded. Then the family

{kλ∗ : Lp(Rn; X) → Lp(Rn;Y )| λ ∈ Λ}

is R-bounded for all p ∈ ]1,∞[.

Proof. Let kj := kλj for some λj ∈ Λ when |j| ≤ N , and kj := 0 otherwise. Consider the
sequence-valued kernel K(t) := (kj(t))∞j=−∞. With T̃ de�ned as in (6.3), it is clear that

{|t|n K(t), |t|n+δ |s|−δ (K(t− s)−K(t))} ⊂ T̃.

But then by Corollary 6.2 and Theorem 5.10, the operator f ∈ Rad(X) ⊗ D̂0(Rn) 7→ K ∗ f
extends to a bounded linear operator from Lp(Rn; Rad(X)) ≈ Rad(Rn;X) to Lp(Rn; Rad(Y )) ≈
Rad(Lp(Rn; Y )), of norm at most CR(T). But this boundedness means, by de�nition, that

E

∥∥∥∥∥∥

N∑

j=−N

εjkλj ∗ fj

∥∥∥∥∥∥
Lp(Rn;Y )

≤ CR(T)E

∥∥∥∥∥∥

N∑

j=−N

εjfj

∥∥∥∥∥∥
Lp(Rn;X)

for all fj ∈ X ⊗ D̂0(Rn). In the above argument, the N ∈ N and the λj ∈ Λ were �xed but
arbitrary, and hence the result obtained is exactly the asserted R-boundedness of the collection
{kλ ∗ | λ ∈ Λ}.

Let us note some immediate consequences of this theorem:
Remark 6.5. (i) The conclusion of the theorem follows in particular if

{|t|n kλ(t), |t|n+1∇kλ(t)| t 6= 0} ⊂ T.

(ii) If X and Y are Hilbert spaces, the R-boundedness assumptions reduce to the norm-
boundedness of T.

(iii) If all the kernels kλ are scalar-valued (but the spaces X and Y are any UMD-spaces with
property (α)), then again the R-boundedness means just norm-boundedness of T.

If X = Y = C, then it is well-known that R-boundedness of operators on Lp(Rn) is equivalent
to square-function estimates (see [7], Prop. 3.3, or [17], Sect. 2, for details). Therefore Theorem 6.4
implies classical results of the following kind (cf. [10], pp. 494�5):
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Corollary 6.6. For all λ ∈ Λ (any index set), let kλ ∈ C(Rn \ {0}) be odd kernels satisfying

|kλ(t)| ≤ A

|t|n , |kλ(t− s)− kλ(t)| ≤ A
|s|δ
|t|n+δ

for all |t| > 2 |s| > 0. Then the family

{kλ∗ : Lp(Rn) → Lp(Rn)| λ ∈ Λ}
is R-bounded for all p ∈ ]1,∞[; equivalently, we have the square-function inequality

∥∥∥∥
(∑∣∣kλj

∗ fj(·)
∣∣2

)1/2
∥∥∥∥

Lp(Rn)

≤ CA

∥∥∥∥
(∑

|fj(·)|2
)1/2

∥∥∥∥
Lp(Rn)

(6.7)

for all fj ∈ Lp(Rn; X) and λj ∈ Λ.

7 Application to Fourier multipliers
We can also use Theorem 4.21 to obtain su�cient conditions for the Lp-boundedness of an oper-
ator f 7→ k ∗ f entirely in terms of the symbol k̂ =: m. We present a Hörmander-type multiplier
theorem in a rather general form, with a continuous smoothness parameter `. The Hölder conti-
nuity assumptions (7.12) and (7.13) of the highest derivatives, which can be used to relax by one
the number of classical derivatives required, is introduced in the classical context by Strömberg
and Torchinsky [19]. An operator-valued multiplier theorem with the slightly stronger assump-
tions (7.3) and (7.4) for all |α| ≤ bn/qc + 1 is proved by Girardi and the second author [11] as
a consequence of a general multiplier theorem assuming Besov norm estimates for the multiplier
function. Instead of using this result, we follow here an alternative approach which is closer to the
classical proof of these theorems in the scalar setting, as found e.g. in [10], and which sheds some
light on the interplay of multiplier theorems and singular integrals.

We �rst formulate a somewhat technical result, nevertheless containing the essential �avour of
the actual theorem which is then readily derived from this intermediate result.
Proposition 7.1. Let X and Y be UMD-spaces and Y have Fourier type q ∈ ]1, 2]. Let ` > n/q,

m ∈ Cb`cstr (Rn \ {0};L(X;Y )) and M(ξ) := (m(2jξ))∞j=−∞. (7.2)

Suppose further that

‖M(ξ)‖Rad(X)→Rad(Y ) ≤ A for a.e. ξ ∈ Rn, (7.3)
(

1
rn

∫

r<|ξ|<2r

‖DαM(ξ)′g‖q
Rad(Lq(Rn;X′)) dξ

)1/q

≤ Ar−|α| ‖g‖Rad(Lq(Rn;Y ′)) for |α| ≤ b`c,

(7.4)

and �nally
(

1
rn

∫

r<|ξ|<2r

‖(DαM(ξ − ζ)′ −DαM(ξ)′)g‖q
Rad(Lq(Rn;X′)) dξ

)1/q

≤ Ar−` |ζ|`−b`c ‖g‖Rad(Lq(Rn;Y ′)) for |α| = b`c, |ζ| ≤ r/2, (7.5)

where (7.4)�(7.5) are assumed for all r ∈ ]0,∞[ and all �nitely non-zero g ∈ Rad(Lq(Rn; Y ′)).
Then f ∈ X ⊗ D̂0(Rn) 7→ F−1[mf̂ ] extends to a bounded linear mapping

f ∈ Lp(Rn; X) 7→ F−1[mf̂ ] ∈ Lp(Rn; Y )

for all p ∈ [q′,∞[, with norm at most CpA, where Cp is a geometric constant.
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Remark 7.6. (i) From the �periodicity� of the sequence-valued multiplier M [in the sense that the
sequence M(2iξ) = (m(2i+jξ))∞j=−∞ is just the sequence M(ξ) = (m(2jξ))∞j=−∞ with indexing
shifted by i steps], it follows easily that the conditions (7.4) and (7.5) for a general r ∈ ]0,∞[ are
already implied by the corresponding conditions for (say) r = 1.

(ii) Using, as in the proof of Theorem 4.21, the permanence properties of R-bounds, it is
immediate that the conditions (7.4) and (7.5) are veri�ed if instead of (7.4) we assume

(
1
rn

∫

r<|ξ|<2r

‖DαM(ξ)‖q
Rad(X)→Rad(Y ) dξ

)1/q

≤ Ar−|α| for |α| ≤ b`c,

and instead of (7.5) a similar modi�cation obtained in the obvious way.
(iii) Recall that UMD-spaces automatically have some Forier-type q ∈ ]1, 2].
It is also possible to verify (7.4) and (7.5) by strong integral conditions instead of operator norm

conditions, yet avoiding considerations of the extended operators acting on Lq(Rn; Y ′). Indeed,
assume (

1
rn

∫

r<|ξ|<2r

‖DαM(ξ)′y′‖q
Rad(X′) dξ

)1/q

≤ Ar−|α| ‖y′‖Rad(Y ′) . (7.7)

Then
(

1
rn

∫

r<|ξ|<2r

‖DαM(ξ)′g(·)‖q
Rad(Lq(Rn;X′)) dξ

)1/q

≤ C

(
1
rn

∫

r<|ξ|<2r

(∫

Rn

‖DαM(ξ)′g(t)‖q
Rad(X′) dt

)
dξ

)1/q

= C

(∫

Rn

(
1
rn

∫

r<|ξ|<2r

‖DαM(ξ)′g(t)‖q
Rad(X′) dξ

)
dt

)1/q

≤ C

(∫

Rn

(Ar−|α| ‖g(t)‖Rad(Y ′))
q dt

)1/q

≤ C̃A r−|α| ‖g‖Rad(Lp′ (Rn;Y ′)) ,

where we used the isomorphism of Rad(Lp′(Rn; Z)) and Lp′(Rn; Rad(Z)) in the �rst and last
steps, Fubini's theorem in the second, and the assumption (7.7) in the third. What we have
proved is that (7.7) (for all |α| ≤ b`c) implies (7.4), and exactly the same reasoning yields out of

(
1
rn

∫

r<|ξ|<2r

‖(DαM(ξ − ζ)′ −DαM(ξ)′)y′‖q
Rad(X′) dξ

)1/q

≤ Ar−` |ζ|`−b`c ‖y′‖Rad(Y ′) (7.8)

(for appropriate α and ζ) the condition (7.5).
These remarks lead us to the following re�nement of Corollaries 4.9 and 4.10 in Girardi and

Weis [11], where one takes ` = bn/qc + 1 so that the di�erence estimates below are replaced by
having some more derivatives, and moreover the pair of strong conditions as in (7.10), (7.11) is
replaced by a single norm condition.
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Theorem 7.9. Let X and Y be UMD-spaces with Fourier-type q ∈ ]1, 2]. Let ` > n/q, and
assume (7.2), (7.3), and moreover the conditions [for all x ∈ X ⊗ (εj)∞−∞, y′ ∈ Y ′ ⊗ (εj)∞−∞]
∫

1<|ξ|<2

‖DαM(ξ)x‖q
Rad(Y ) dξ ≤ Aq ‖x‖q

Rad(X) for |α| ≤ b`c (7.10)
∫

1<|ξ|<2

‖DαM(ξ)′y′‖q
Rad(X′) dξ ≤ Aq ‖y′‖q

Rad(Y ′) � � (7.11)
∫

1<|ξ|<2

‖(DαM(ξ − ζ)−DαM(ξ))x‖q
Rad(Y ) dξ ≤ Aq ‖x‖q

Rad(X) |ζ|(`−b`c)q for |α| = b`c, |ζ| < 1
2

(7.12)∫

1<|ξ|<2

‖(DαM(ξ − ζ)′ −DαM(ξ)′)y′‖q
Rad(X′) dξ ≤ Aq ‖y′‖q

Rad(Y ′) |ζ|(`−b`c)q � �

(7.13)

Then f ∈ X ⊗ D̂0(Rn) 7→ F−1[mf̂ ] extends to a bounded linear mapping

f ∈ Lp(Rn;X) 7→ F−1[mf̂ ] ∈ Lp(Rn; Y ) for all p ∈ ]1,∞[

with norm at most CpA, where Cp is a geometric constant.

Proof. By the computations before the statement of the theorem, (7.11) implies (7.4) and (7.13)
implies (7.5). Using Remark 7.6(i), Proposition 7.1 yields the assertion for p ∈ [q′,∞[. On the
other hand, the conditions (7.10) and (7.12) are the analogues, respectively, of (7.11) and (7.13) for
the dual multiplier ξ 7→ m(ξ)′ ∈ L(Y ′, X ′). Moreover, the condition (7.3) already implies its ana-
logue for m(·)′ by the permanence properties of R-bounds. Thus we also obtain the boundedness
of

g ∈ Lp(Rn; Y ′) 7→ F−1[m(·)′f̂ ] ∈ Lp(Rn;X ′) for p ∈ [q′,∞[.

By a well-known duality argument, the boundedness of the operator corresponding to the
multiplier m(·)′ from Lp′(Rn; Y ′) to Lp′(Rn;X ′) is equivalent to the boundedness of the operator
with multiplier m from Lp(Rn;X) to Lp(Rn; Y ). Thus we also obtain the assertion of the theorem
for p ∈ ]1, q]. If q = 2, we have already covered all p ∈ ]1,∞[, and otherwise the boundedness for
the remaining exponents p ∈ ]q, q′[ is obtained by interpolation.

Remark 7.14. Combining Theorem 7.9 with results by the �rst author [15] shows that the same
assumptions already imply the boundedness also from the Hardy spaces Hp(Rn; X) to Hp(Rn; Y )
for all p ∈ ](1/q′ + `/n)−1, 1], in particular, from H1(Rn;X) to H1(Rn; Y ) since ` > n/q ⇒
`/n+1/q′ > 1/q+1/q′ = 1. Namely, it is shown in [15] that a multiplier operator satisfying (7.10)
and (7.12) [somewhat weaker conditions without randomization will do], and which is bounded
from Lp̃(Rn; X) to Lp̃(Rn;Y ) for some p̃ ∈ ]1,∞[, extends boundedly to the scale of the Hardy
spaces mentioned. See also [11], Cor. 4.6.

As a very particular case of Theorem 7.9, we state the following corollary which was already
proved in [11].

Corollary 7.15. Let X,Y be UMD-spaces and Y have Fourier type q > 1. If m ∈ Cbn/qc+1(Rn \
{0};L(X;Y )) satis�es

R({|ξ||α|Dαm(ξ)| ξ ∈ Rn \ {0}) ≤ A for all |α| ≤ bn/qc+ 1,

then m is a Fourier multiplier from Lp(Rn; X) to Lp(Rn;Y ) with norm at most CpA.

We then return to prove our Proposition 7.1 [which was already used to prove Theorem 7.9].
The proof becomes a simple modi�cation of the reasoning in the scalar-valued context (cf. [14]
or [10], �II.6), as soon as one realizes the right way to make these modi�cations. Let us elaborate
a little on this.

22



In the scalar-valued case, the R-boundedness-type assumptions (7.3)�(7.5) are unnecessary,
and one simply assumes the same conditions with m in place of M . The idea of the proof is to
smoothly cut the multiplier m into pieces, say mj , which are well-behaved enough so that they
correspond to Fourier transforms of integrable functions kj . It remains to investigate how the
multiplier conditions (7.3)�(7.5) transform to the properties of the kernels kj , so that results on
singular integral operators (classical analogues of Theorem 4.21) can be applied.

In the present situation, the assumptions involve the sequence-valued multiplier M , and also
in the case of singular integral, the sequence-valued kernel K. Yet the actual operators of interest
are de�ned in terms of the multiplier m and the kernel k. To make sense of our passing from the
Fourier domain to the non-transformed domain, some truncations are to be �rst performed, as in
the scalar-case. However, it is not at all the same whether we �rst truncate m and then form the
corresponding sequence-valued multiplier, or if we �rst form the sequence M , and perform a cut-
o� (in the variable ξ) on this sequence. In fact, we shall need to apply both types of truncations
mentioned, in the appropriate order.

In the following lemma, the new features compared to the classical situation are the Fourier-
type condition required to use the Hausdor��Young inequality (which is, of course, a mere addi-
tional statement), and the weight function log(2+ t) arising from Bourgain's lemma (which is also
easily dealt with).

Lemma 7.16. Let X have Fourier type q ≥ 1 and let ` > n/q. Let k ∈ (L1,loc ∩ S ′)(Rn; X) and
let its Fourier transform be Cb`c and satisfy

(∫

Rn

∣∣∣Dαk̂(ξ − ζ)−Dαk̂(ξ)
∣∣∣
q

X
dξ

)1/q

≤ A |ζ|`−b`c for |α| = b`c, |ζ| ≤ δ.

Then, with w(t) := w(|t|) := log(2 + |t|), we have
∫

|t|>r

|k(t)|X w(t) dt ≤ CA rn/q−`w(r) for r ≥ 1
4δ

.

Proof. Observe that
∑n

i=1 |sin(πti)| = 0 if and only if t ∈ Zn. Thus, for 0 < a ≤ |t| ≤ b < 1, we
have, by compactness,

∑n
i=1 |sin(πti)| ≥ c(a, b) > 0. Thus, when the variable t is appropriately

restricted, we can majorize unity by the sum of sines, and we use this idea to estimate
∫

2jr<|t|≤2j+1r

|k(t)|X w(t) dt ≤ C

n∑

i=1

∫

2jr<|t|≤2j+1r

∣∣k(t) sin(πti/2j+2r)
∣∣
X

w(t) dt

≤ C

n∑

i=1

∑

|α|=b`c

(∫

2jr<|t|≤2j+1r

∣∣∣tαk(t)(e2πt·ei/2j+2r − 1)
∣∣∣
q′

X
dt

)1/q′(∫ 2j+1r

2jr

wq(ρ)ρ−`q+n−1 dρ

)1/q

.

Using the assumptions and the Hausdor��Young inequality, the �rst factor is estimated by
(∫

Rn

∣∣∣Dαk̂(ξ − ei/2j+2r)−Dαk̂(ξ)
∣∣∣
q

X
dξ

)1/q

≤ A 2−j−2r−1,

provided 2−j−2r−1 ≤ δ, which holds for j ∈ N, since r ≥ 1/4δ, and the second factor is easily
seen to be bounded by c(1 + j)w(r)2j(n/q−`)rn/q−`.

Summing over j ∈ N we get the desired conclusion, since the series
∑∞

j=0(1 + j)2j(n/q−`)

converges to a �nite quanitity for n/q − ` < 0.

In the next two lemmata, we present the two kinds of cut-o�s we perform on the multiplier. The
proofs involve straightforward computations, and we merely mention the new features compared
to the classical situation. It is convenient to adopt the abbreviations

U := Lq(Rn;X ′), V := Lq(Rn;Y ′), (7.17)
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since for the proof these are just two Banach spaces, whose �internal structure� is of no interest to
us. Note, however, that the spaces U and V (as well as Rad(U) and Rad(V )) have Fourier-type
q ∈ ]1, 2] whenever X and Y have.

Lemma 7.18. For m as in Proposition 7.1 and φ ∈ S(Rn), the multipliers m(·)φ(δ·), δ > 0,
satisfy the assumptions of Proposition 7.1 uniformly in δ. More precisely, the inequalities (7.3)�
(7.5) hold with M(ξ) = (m(2−jξ))∞j=−∞ replaced by (m(2−jξ)φ(δ2−jξ))∞j=−∞ with a constant
C(φ)A in place of A.

Sketch of proof. The proof uses straighforward estimates. The only new feature related to the
sequence-valuedness of the kernel is the use of Kahane's contraction principle: Leibniz' rule yields
terms of the form

(Dθ
ξ [m(2jξ)](δ2j)|α|−|θ|Dα−θφ(δ2jξ)xj)∞−∞, (7.19)

and since the scalar quantities (δ2j |ξ|)|α|−|θ|Dα−θφ(δ2−jξ) are bounded by a constant C(φ), the
contraction principle gives a bound of the form C(φ) |ξ||θ|−|α|

∥∥∥Dθ
ξ(m(2jξ)′gj)∞−∞

∥∥∥
Rad(U)

for the
Rademacher norm of the quantity in (7.19). Using estimates of this type, the proof is a routine
computation along entirely classical lines.

Lemma 7.20. For M as in Proposition 7.1, and
∑∞

µ=−∞ ϕ̂0(2−µξ) = 1 the partition of unity used
in the radial Littlewood�Paley decomposition, denote Mµ(ξ) := M(ξ)ϕ̂0(2−µξ). Then we have the
inequalities

(∫

Rn

‖DαMµ(ξ)′g‖q

Rad(U) dξ

)1/q

≤ CA 2µ(n/q−|α|) ‖g‖Rad(V ) for |α| ≤ b`c, (7.21)

and
(∫

Rn

‖(DαMµ(ξ − ζ)′ −DαMµ(ξ)′)g‖q

Rad(U) dξ

)1/q

≤ CA 2µ(n/q−`) |ζ|`−b`c ‖g‖Rad(V ) for |α| = b`c (7.22)

as well as
(∫

Rn

∥∥Dα
ξ [Mµ(ξ)′(ei2πs·ξ − 1)]g

∥∥q

Rad(U)
dξ

)1/q

≤ CA 2µ(n/q−|α|+1) |s| ‖g‖Rad(V ) for |α| ≤ b`c, |s| ≤ 2−µ, (7.23)

and �nally

(∫

Rn

∥∥∥(Dα[Mµ(·)′(ei2πs·(·) − 1)](ξ − ζ)−Dα[Mµ(·)′(ei2πs·(·) − 1)](ξ))g
∥∥∥

q

Rad(U)
dξ

)1/q

≤ CA 2µ(n/q−`+1) |s| · |ζ|`−b`c ‖g‖Rad(V ) for |α| = b`c, |s| ≤ 2−µ, (7.24)

where C is a numerical constant, and the inequalities hold for all �nitely non-zero g ∈ Rad(V ) :=
Rad(Lp′(Rn; Y ′)).

Note on proof. The proof is straightforward and entirely classical. The fact that M and Mµ are
sequence-valued plays no rôle here. A direct computation only gives (7.22) and (7.24) for |ζ| ≤ c2µ

[with c a numerical constant] but for |ζ| > c2µ one can obtain the corresponding estimates by the
triangle inequality from (7.21) or (7.23), respectively.

As the �nal preparatory step towards proving Proposition 7.1, we note the following reduction:
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Lemma 7.25. Without loss of generality, the multiplier m is compactly supported in Rn \ {0}.
Thus, without loss of generality, m is strongly integrable and k := m̌, taken in the strong sense, is
a strongly measurable, essentially bounded function.

Proof. To see this, let η ∈ D(Rn), as before, have range [0, 1], be 1 for |ξ| ≤ 1/2 and 0 for |ξ| ≥ 1.
Then η(·/R) − η(·/ε) will have the same range, be 1 for ε ≤ |ξ| ≤ R/2 and 0 for |ξ| < ε/2 or
|ξ| > R. Thus, mR

ε (ξ) := m(ξ)(η(ξ/R) − η(ξ/ε)) is compactly supported in Rn \ {0}, and for
any f ∈ X ⊗ D̂0(Rn), we have mf̂ = mR

ε f̂ as soon as ε is small and R large enough. Moreover,
by Lemma 7.18, the multipliers mR

ε satisfy the same conditions as those assumed for m, with a
constant CA in place of A. Thus, provided we can prove the assertion of Proposition 7.1 with the
additional support condition on m, then for a general m and f ∈ X ⊗ D̂0(Rn), we have

∥∥∥F−1[mφ̂]
∥∥∥

Lp(Rn;Y )
= lim

ε↓0, R↑∞

∥∥∥F−1[mR
ε φ̂]

∥∥∥
Lp(Rn;Y )

≤ CA ‖φ‖Lp(Rn;X) ,

and hence also the general form of the assertion follows.
That m is strongly integrable is clear, since it is strongly measurable [being even strongly

continuous by (7.2)], essentially bounded [by (7.3)] and compactly supported.

Now we are ready to prove the multiplier theorem, and with Lemma 7.25 at our disposal, it is
reduced to showing that k := m̌ satis�es the appropriate conditions required for an integral kernel
to give a bounded operator.

Proof of Proposition 7.1. We need to show that k := m̌ satis�es the Hörmander condition (4.23) of
Theorem 4.21. Denote K(t) := (2−njk(2−jt))∞j=−∞; i.e., K := M̌ , and moreover Kµ := M̌µ, where
the Mµ are the pieces of M from the radial Littlewood�Paley decomposition, as in Lemma 7.20.

We derive two di�erent estimates for
∫

|t|>2|s|
‖(Kµ(t− s)′ −Kµ(t)′)g‖Rad(U) w(t) dt, (7.26)

which are useful for di�erent ranges of s and µ:
As a �rst case, we can make the crude estimate by

2
∫

|t|>|s|
‖Kµ(t)′g‖Rad(U) w(t) dt.

The Fourier transform of Kµ(t)′g is Mµ(ξ)′g, which satis�es (7.22), and so Lemma 7.16 gives the
bound

CA 2µ(n/q−`) |s|n/q−`
w(s) ‖g‖Rad(V ) . (7.27)

As a second case, we observe that the Fourier transform of t 7→ Kµ(t − s)′g − Kµ(t)′g is
Mµ(ξ)′(ei2πs·ξ − 1)g, which satis�es (7.24); whence Lemma 7.16 gives the bound

CA 2µ(n/q−`+1) |s| · |s|n/q−`
w(s) ‖g‖Rad(V ) . (7.28)

Using one of the two estimates (7.27) or (7.28) for (7.26) when appropriate, we have

∞∑
µ=−∞

∫

|t|>2|s|
‖(Kµ(t− s)′ −Kµ(t)′)g‖Rad(U) w(t) dt

≤ CA w(s) ‖g‖Rad(V )


 ∑

µ: 2µ|s|≥1

(2µ |s|)n/q−` +
∑

µ: 2µ|s|<1

(2µ |s|)n/q−`+1


 .

We recall that n/q − ` > 0 by the assumption in Proposition 7.1. On the other hand, since
the assumptions of Proposition 7.1 are the stronger the larger ` we have, we may assume that
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` < n/q + 1, i.e., n/q − ` + 1 > 0. When this is the case, the two geometric series above are
bounded by �nite quanities depending only on n, q and `.

The estimate established shows that the sequence-valued kernels Kν :=
∑ν

µ=−ν Kµ satisfy
uniformly the weighted Hörmander condition

∫

|t|>2|s|
‖(Kν(t− s)′ −Kν(t)′)g‖Rad(U) w(t) dt ≤ CA w(s) ‖g‖Rad(V ) . (7.29)

The Fourier transform of Kν(t)′g is
ν∑

µ=−ν

Mµ(ξ)′g =
ν∑

µ=−ν

M(ξ)′ϕ̂0(2−µξ)g =

(
m(2jξ)′

ν∑
µ=−ν

ϕ̂0(2−µξ)gj

)∞

j=−∞
.

We recall that m is compactly supported away from 0; hence also ξ 7→ m(2jξ)′ has the same
property. Thus, for any �nitely non-zero g = (gj)∞−∞ ∈ Rad(V ) := Rad(Lp′(Rn; Y ′)), we observe
that

∑ν
µ=−ν ϕ̂0(2−µξ) = 1 for ξ on the union of the supports of m(2jξ)′gj , as soon as ν is large

enough. Whence for all large enough ν (depending on g), Kν(·)′g = K(·)′g, and we �nd that the
weighted Hörmander condition (4.23) (with p′ = q), which we need in order to apply Theorem 4.21,
is already contained in the uniform estimate (7.29). Thus the assertion for p = q′ follows from
Theorem 4.21.

To show the assertion for p ∈ ]q′,∞[, we invoke the classical theory of singular integrals. We
take in the estimate 4.23, which we already proved, g = g0ε0, where g0(·) = ψ(·)y′ for some
non-zero ψ ∈ Lq, and some y′ ∈ Y ′. In this case, (4.23) reduces to

∫

|t|>2|s|
|(k(t− s)′ − k(t)′)y′|X′ dt ≤ CA |y′|Y ′ ;

we also dropped the weight w, as we clearly can, since the weighted condition is stronger than the
unweighted one. But this is just the vector-valued generalization of the usual Hörmander condition
for the kernel k(·)′. Moreover, it is well-known (from a duality argument) that the operator k(·)∗
belongs to L(Lq′(Rn; X), Lq′(Rn;Y )) if and only if k(·)′∗ belongs to L(Lq(Rn; Y ′), Lq(Rn;X ′))
and the operator-norms agree.

So we conclude, by the duality argument, that k(·)′∗ is bounded from Lq(Rn;Y ′) to Lq(Rn; X ′),
and from the fact that k(·)′ satis�es Hörmander's condition that it is bounded from Lp′(Rn;Y ′)
to Lp′(Rn;X ′) for p′ ∈ ]1, q], with a constant CpA. Finally, again by duality, we have that k(·)∗
is bounded from Lp(Rn; X) to Lp(Rn; Y ) for p ∈ [q′,∞[, and this completes the proof.
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