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Abstract

The rational functions are shown to coincide with the compositions
of endmarkings, morphisms and inverses of injective morphisms. To
represent a rational function 7 we need one endmarking pi,,, two mor-
phisms a1, a3 and one inverse of an injective morphism s and then
T = umalozglag.
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1 Introduction

In [5] and [9] it has been shown that a mapping 7 is a rational transduction
if and only if it has a factorization of the form z7 = (zm)o for all z.
Here m is an endmarker symbol and ¢ is a composition of morphisms and
inverse morphisms. The endmarker can in general not be avoided, see [7]
and [4]. The transductions realized by simple transducers can, however, be
represented without the use of endmarkers. In [10] and in [7] it has been
shown that they form precisely the class of mappings representable by a
composition of morphisms and inverse morphisms. In addition it is known
from [7] and [8] that such compositions can be assumed to be of length four.
As a matter of fact length four is necessary and sufficient to characterize the
whole class of these compositions.

In this paper we investigate the effect on the compositional representa-
tions when the class of rational transductions is restricted to the class of
rational functions. We are in particular interested in obtaining an ”injec-
tive” compositional characterization. It turns out that indeed the inverse
morphisms can be replaced by inverses of injective morphisms. Moreover,
in this case length three is necessary and sufficient to characterize the whole
class of compositions of morphisms and inverses of injective morphisms. This
class turns out to coincide with the rational functions realizable by simple
transducers and having a free monoid as their domain.

In the case of rational functions that are realized by simple transducers
we lack a characterization in terms of naturally arising compositions. In
fact, these functions do not seem to possess such a characterization.

2 Preliminaries

We refer to [1] and [3] for the preliminary results on automata theory. For
convenience we give here some notations and terminology which come into
use in this paper.

A transducer T = (Qp, %7, Ap,d7,qr, Fr) consists of a finite set Qp
of states, input alphabet X7, output alphabet Ay, finite transition relation
07 € Qr x X5 x Al x Qr, initial state g7, and final state set Fr. The
morphisms Ir: 67 — X7 and Wp: 65 — Al are defined by (¢, z,y,p)Ir ==
and (¢, z,y,p)Wrp = y for all (¢,z,y,p) € dr. A sequence g of transitions
(Gi, iy Yiy Giv1), © = 1,2,...,k, is a computation of T from ¢ to gx+1 and
it produces the output gWr = y,y, ...y, from the input gIr = 2,25 ... 7,.
For ¢, p € Qr, Cr(q, p) denotes the set of all computations of T' from ¢ to p.



By convention, the empty computation is an element of Cr(q, ¢) for all states
q. The set of all computations of T" forms a regular subset C7 of 67.. Further,
a computation g € Cr is accepting if g € Cr(qr,p) for some p € Fr. The
set of all accepting computations of 7" forms a regular subset A7 of d7..

Let T be a transducer defined as above. T realizes the rational trans-
duction 7, C X7 x A% defined by

r = {(gIr,9Wr) |g € Ar}.

By x7; we denote the set {y|(z,y) € 7p}. The domain of a rational
transduction 7, is the regular subset dom(7,;) = {z | z7 # 0} of X%
Similarly, ran(7;) = {y | y € z7, for some z}. In this paper we consider
only transducers with nonempty domains. This is not a restriction to our
results.

The transducer T' is said to realize a rational function 7 if 7, is a
partial function from 37 into A%, that is, if card(z7;) <1 for all € 7.

The transducer T is unambiguous if for all x € X7, there exists at most
one accepting computation g € Ap with gl = x. Clearly the rational
transduction realized by an unambiguous transducer is a rational function.

A transducer T is called simple if Fr = {qr}, that is, if the unique
final state of T" equals the initial state of T'. If T is simple, then clearly
(x17p)(z27p) C (2122) 7. Whenever x; € dom(ry) for ¢ = 1,2. Moreover, if
T is simple and 7, is a partial function then the domain of 7, is a monoid.
Also, in this case 17, = 1 and (z122)7p = (x17p)(z27p) for all 1,29 €
dom(7;).

We use T (F, respectively) to denote the family of all rational transduc-
tions (rational functions, respectively). T, (F,, respectively) is the family
of all rational transductions (rational functions, respectively) realizable by
simple transducers. Further, U (U, respectively) denotes the family of all
rational transductions realizable by unambiguous (simple unambiguous, re-
spectively) transducers.

A finite automaton A is identified with a transducer which has a transi-
tion relation 64 C Q4 X X4 X {1} X Qa.

3 Normalized Transducers

In this section we establish some normal form results for transducers and in
particular for transducers which realize rational functions. Emphasis is on
the elimination of transitions which read the empty word 1.



For an arbitrary transducer 7' we may assume without loss of generality

that T satisfies the following five conditions.

(1) or € Qr x (XrU{1}) x A} x Qr,

(2) for all ¢ € Qrp, there is a computation g1g2 € Ar such that g1 €
Cr(gr,q) and g2 € Cr(q,p) for some p € Fr,

(3) either T is simple or (q,z,y,p) € o7 implies that p # qr,

(4)  (q,1,y,p) € o7 implies that either y # 1 or ¢ = g and p # qr.

(5) Fris a singleton and either 7" is simple or (g, z,y,p) € d7 implies that
q §é FT.

These conditions are valid also for the unambiguous transducers. We
omit here the straightforward proofs of these normal form results.

Let then T be a transducer which realizes a rational function. By the
above T' may be assumed to satisfy the conditions (1) - (5). Since 7 is
a partial function, there is a bound on the lengths of the computations
g € Cp for which gIp = 1. This is because otherwise, by (4), there would
be a ¢ € Qr and a computation g; € Cr(q,q) such that g;Ir = 1 and
g1Wr # 1. Hence, by (2), for some computations gy, g2 we would have
909192, 9092 € Ar with (gog192)Wr # (gog2)Wr, which would contradict
the functionality of 7,.. After this observation we can continue by standard
methods and eliminate the transitions (¢, 1,y,p) of T for which ¢ # gr or
p ¢ Fr by combining them with the neighbouring transitions. Hence the
transitions that read the empty word are of the form (qr,1,y,p), where
p € Fr — {qr}. The resulting transducer is equivalent to T and satisfies
(1), (3), (4) and (5). Condition (2) is easily restored. If 7" is unambiguous
(simple) then the new transducer is also unambiguous (simple).

All this leads to the conclusion that a transducer T realizing a rational
function can be assumed to satisfy the conditions (1) - (6), where
(6) if (¢,1,y,p) € 67, then ¢ = qr, qr ¢ Fr, and Fr = {p}.

Thus transducers realizing rational functions do not need more than
one transition reading the empty word. In particular, simple transducers
realizing rational functions can be assumed to have no transitions reading
the empty word.

A transducer T realizing a rational function and satisfying the condi-
tions (1) - (6) is called normalized. Our observations lead to the following
conclusion.

Lemma 1. Let T be a (simple, unambiguous) transducer realizing a rational
function. Then a normalized (simple, unambiguous) transducer realizing 7
can be constructed.



Unambiguous transducers realize rational functions. Conversely, in [1]
and [3] it was shown by using the cross section theorem that each rational
function can be realized by an unambiguous transducer. Our representa-
tion results are based on the structure of the transducers realizing rational
functions. For this reason we reprove this unambiguity result by purely
automata theoretic means.

Lemma 2. Let 7 € F. Then an unambiguous normalized transducer realiz-
ing T can be constructed.

Proof. Let T be a normalized transducer realizing 7: ¥* — A* and let
Qr = {q0,---,qn}, where gr = qo. Define a new transducer V by letting
Qv = Q7 xP, where P is the family of all subsets of Qr: for each (g, S) € Qv
and a € YU {1} let

((Q7 S)? a,y, (QU R)) S 5V
if and only if (¢, a,y, q;) € ér and

R = U{r | (p,a,u,r) € o for some u € A"} U
peS
{gj | (¢;a,v,q;) € 67 for j < i and for some v € A™}.

Finally, let gy = (¢, 0) and Fy = {(p,R) |p € Fr, RN Fp = 0}.

Let p : 0y — 67 be a morphism defined by ((¢,S5),a,y,(p,R))p =
(q,a,y,p) for all ((¢,S),a,y,(p,R)) € dy. Then gp € Ap for all g € Ay
and thus 7y, C 7. On the other hand let h € A7 be a minimal computation
of T for a given input x and an output y = z7; according to the ordering
of the states ¢;, ¢ = 0,1,...,n, of T. By the construction of V there is a
unique computation g € Ay such that gp = h. Thus 7, C 7,. Clearly V is
unambiguous.

Finally we normalize the transducer V. This process preserves the unam-
biguity. In fact, we need only to normalize V' with respect to the condition
(2). O

Note that the construction given in the above proof does not preserve
simplicity. Hence we have obtained (only) that F = U.

Theorem 1. Let 7 € T. Then 7 € F if and only if it can be realized by an
unambiguous normalized transducer.



4 Rational Compositions and Rational Functions

Let H (Hj, respectively) be the family of all morphisms (injective mor-
phisms, respectively) between finitely generated word monoids, and let H~!
(H; !, respectively) be the set of the inverses of morphisms from H (3(,
respectively).

A morphic composition T is a composition of morphisms and inverses
of morphisms between word monoids, 7 = af' ---af*, where ¢, = 1 or —1
for all = 1,2,...,n. The family of the morphic compositions is denoted
by (H U H~1)* and the family of all morphic compositions with injective
morphisms as inverses is denoted by (H U3, 1)*.

A marker pn, is a mapping which sets a special symbol m at the end of
each word, that is, p, : ¥* — (X U {m})* is defined by zu,, = xm for all
x € X*. We denote by M the family of all markers.

Compositions of markers and morphic compositions are called rational
compositions. It is clear that every rational composition is a rational trans-
duction. Also the converse holds, see [5], [9].

The following was proved in [7], [8], and [10].

Theorem 2. (a) T=MH IHHIH=MUIH UK )"
(b)) To=HITHHIH = HHIHH = (HUH ™.

We adapt now the general idea (see [7] or [10]) behind the construction
of equivalent rational compositions for transducers in order to obtain an
‘injective’ representation for rational functions.

Lemma 3. For each 7 € F there is a 7y, € F, such that 7p = iy, Ty, where
tm 1S a marker.

Proof. The transducer T' can be assumed to be unambiguous and normal-
ized. Let m be a new symbol. Define V = (Qr, XrU{m}, Ar,dv,qr,{qr}),
by oy = dr U {(p,m,1,qr)}, where Fr = {p}. Clearly, V is simple,
normalized and unambiguous. Since in T either ¢gr = p or ¢r has no
in-coming transitions and p has no out-going transitions, it follows that
dom(7,) = ((dom(7,))-m)*, and (zm)7, = a7, for all z € dom(r;). O

Let T be a normalized simple transducer. Let Qr = {qo,...,q,} with
go = qr. Let ¥ = X7 U {d}, where d is a new symbol. Define
(i) a1:¥% — X* by aq = ad?" ! for all a € Xp;
(i) ag:dp — X* by (¢i,0,9,q5)00 = d*1ad?" =% for all (gisa,y,q;) €
or;



(ili) as: 05 — A% by (¢i,a,y,q5)as =y for all (¢;,a,y,q;) € or.

Since T" has no transitions reading the empty word we immediately ob-
tain

Lemma 4. Let T be a normalized simple transducer and let the morphisms
o, 1 =1,2,3, be defined for T' as above. Then T = Oé10z2_1Ct3.

Clearly, for every T the morphism «; is injective. In the case of a
normalized unambiguous simple transducer also as is injective.

Lemma 5. Let T be a normalized unambiguous simple transducer. Then
the morphism ag defined above for T is injective.

Proof. Let w1 € 67 be a word of minimal length such that there exists
another word wo € 07 with wy # wy and wiag = waa. Clearly wiag # 1.
Let wy = ejey...e; and wo = fify... f, for some ¢,k > 1 and e;, f; € 7
with €1 7é fl. Let €; = (qgl(i),ai,yi,q%(i)) and fz = (th(i),bi,zi,qm(i)). It
follows immediately that t = k and a; = b; for all 1 < i < t. Further,
dg (1) = qn,(1)- Consider now the matched word between the letters a;,
ait1 in ejeipia and f;firicn. We obtain that 27 — 292() 4 991(+1) _ ] —
on — 9h2(i) 4 om(i+1) _ 1 from which it follows that either Qgo(i) = Qha(i)
and dg1(i+1) = Qhq(i+1) OF dgo(i) = g1 (i+1) and Ahy(i) = Qhy(i+1)- The first of
these alternatives would imply, however, that (ejes - - e;)aa = (fifa- - fi)ae
contradicting the minimality of w;. Hence we may assume that for all ¢ <
by Qgo(i) = dgi(i+1) AN Gny(5) = QGny(i+1)- This means that wy and wy are
computations of T" from g, (1) t0 gg, (). Since T' is unambiguous and satisfies
the condition (2), it must be that w; = wy. This contradiction completes
the proof. O

On the other hand if 7 is a rational composition with injective morphisms
as its inverses then clearly 7 is a rational function. Thus we have obtained

Theorem 3. F = U = MH,H;'H = (MUK UI;")"

In contrast to the general case described in Theorem 4.1, the above the-
orem does not state that the absence/presence of markers characterizes the
difference between the compositional representation of ¥ and the composi-
tional representation of F,. In the next section we investige (HU 9{;1)* and
its relationship with JF,.



5 Morphic Compositions and Rational Functions

From the observations in the previous section it follows that U, C (H U
f]-(l_l)* C F,. In Section 3 the inclusion ¥ C U has been proved, but the
construction there does not preserve simplicity. Indeed, not every rational
function realizable by a simple transducer can be realized by an unambiguous
simple transducer. It turns out that U, = (H U J—Cl_l)*, which is precisely
the class of simple rational functions with a free monoid as their domain.
Since every regular set of the form R* is a domain of a transducer from F,,
F, strictly includes U,.

From [2, p.188] it follows that the functions from U, have a free monoid as
their domain. We shall now prove that also the functions from (3 U3, 1)*
enjoy this property. In fact we prove a more general result based on the
notion of an unambiguous composition.

Let 7 = ai'n3? ... a5 (¢, = £1) be a morphic composition and let us

denote 7, = af'i5’...a;" for i = 1,2,...,n. We shall say that 7 is un-
ambiguous if ur; N dom(c - afr) is a singleton for all u € dom(7),
i =1,2,...n. (Here an empty composition is identified with the identity
function.) Clearly, every unambiguous morphic composition is a rational

function.

Lemma 6. Let 7 be an unambiguous morphic composition. Then dom(T)
18 a free monoid.

Proof. Let 7 = a{'ng* ... a5, ¢, = £1, be an unambiguous morphic compo-
sition. In order to prove that the domain is free we need to show that the
condition uw = wv € dom(r) for u,v € dom(r) implies w € dom(7), see
e.g. [6, p.106]. Let

ury Ndom(af - a5r) = {u;}, vy Ndom(agly - agr) = {vi},

1+1
(uw)m; N dom(agfﬁl ceasr) ={z} = (wu)T N dom(a:»fll ceeanm)

for: =0,1,...,n, where ug = u, vg = v and uw = zy = wv. Hence we have
fori=0,1,...,n — 1 either
(1) €41 = +1 and w041 = Uip1, Vi1 = vip1 and zjuy1 = Zi41, OF

(2) €i+1 = —1 and Uj410G41 = Ug, Ui+104j+1 = V; and Zi+10G41 = Z4.
By unambiguity, (vwv)7; N dom(a;} -+ ag) = {uizi} = {zwv} for

all 4, and thus there are words r;, s; such that u; = r;s;, v; = s;r; and
2 = (r35;)%r; for some integer k; > 0.

In case (1), ((ris;)¥iri)aiz1s = (riv1sie1)¥+1ri 1, where (risi)ai1 =
Ti+1Si+1, and thus (T‘Z'_|_1Si+1)ki+17‘i+1 = (Ti+18i+1)ki (Tiai-l—l)- It follows that
riair1 = r;+1 and further that s;o;11 = si41.



In case (2) a similar argumentation yields 71141 = r; and Sj110441 =
S;.
Now, w = (r950)*~'rg and thus w € dom(7). O

From this lemma we obtain immediately
Lemma 7. If 7 € (HUX;')*, then dom(7) is a free monoid.
In the other direction we have
Lemma 8. Let 7 € &, be such that dom(7) is a free monoid. Then T € U,.

Proof. Let C be a code such that dom(7) = C*, and let T' be a normalized
simple transducer realizing 7. Since 7' is simple, it has no transitions reading
1. From the cross section theorem it follows that there exists a regular set
RC CI;1 NAr such that I is injective on R and RIp = (lel NAp)Ir =
CNAplpr =C. Since C'is a code and I is injective on R it follows that R
is a code. Furthermore, I preserves the lengths of the words and thus I
is injective on R*.

Let D be an unambiguous simple finite automaton with >p = §r that
recognizes R*. We refer to [2, p.187] for the existence of such a finite automa-
ton. From D a new transducer V = (Qp, X1, Ar,dv,q¢p,{gp}) is obtained
by setting o = {(p, eIr,eWr,q) | (p,e,1,q) € dp}.

Now, dom(r,) = R*Iy = C* and hence dom(r,) = dom(7;). More-
over, for all x € dom(7y,) we have x7, C x7,, and because 7 is a function,
this implies that 7, = 7.

It remains to show that V' is unambiguous. For this let g1,g92 € Ay be
such that g1l = goly. By the definition of V' there are hy, ho € Ap such
that (hiID)IT = g;Iy and (hiID)WT = g;Wy for i = 1,2. By the injectivity
of It on R*, hilp = help. Since D is unambiguous, h; = hs, and thus
g1 = go follows from the definition of dy . O

By combining the above results we obtain
Theorem 4.
U = H,H H = (KUK
={r € F,|dom(7) a free monoid}.

Note that the condition 7 € F, in the above statement is necessary.
For, even if a rational function 7 with a free monoid as its domain has the
property that 17 = 1, in general it is not realizable by a simple transducer.
As an example consider the nonsimple transducer 1" with transitions ér =



{(qr,a,a,q1), (q1,b,a,q1), (q1,a,a,q7), (47,b,b,G2), (g2, a, b, q2), (g2, b, b, q7) },
and final states g7, q1,¢q2. Here 7, € ¥ and dom(7,) = {a,b}*. However,
the conditions ar = a,br = b,abr = aa imply that 7 ¢ F,.

In conclusion U, € F, but U = F = MU, = MY..

6 Hierarchic Results

In this chapter we present a hierarchy for the morphic compositions with
injective morphisms as inverses according to their compositional length. We
start with a general result which connects these compositions to the general
morphic compositions for which a hierarchy was given in [7].

Lemma 9. For every transducer T there exist a morphism a and a rational
function o such that 7, = a"to. Moreover, if T is simple then o is a

morphic composition.

Proof. By Nivat’s Theorem each rational transduction 7 can be represented
as I;'(NAr)Wr. The transduction ¢ = (NAr)Wr is a rational function
which can be realized by a simple transducer if T is simple. Hence by
choosing « = It the claim follows. O

Using this result we prove
Lemma 10. H'HH ! and inH;lfH are incomparable.

Proof. Clearly, H~'HH~! is not contained in J—Cf}fl_lﬂ-f, because the latter
class consists of functions only.

It was shown in [7] that there is a morphic composition 7, which is not
in H~'HH~!. By Lemma 6.1 there exist a morphism a and a rational
function o € (3 U H~1)* such that 7, = a~'o. If ¢ = o 'agaz ! for some
morphisms «a;, ¢ =1,2,3, then 7, = (ozloz)_lozgozgl would be in HTHH !
contradicting the assumption made for 7. Thus o ¢ H1HH 1. O

In particular, because J‘C;lﬂ{ﬂ{jl C iHJ‘C;lJ{ by Theorem 5.1, we obtain
the following theorem.

Theorem 5. 9{;19{5{;1 is properly contained in U'Ci]{;lﬂ{.

It immediately follows from the preceding theorem that the sets 5{1_15{
and 9{9{;1 are incomparable. The conclusions are collected in Figure 6.1,
where elements without a connecting line are incomparable as sets and a
connecting line indicates that the lower class is properly included in the
upper one.
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Figure 6.1

In addition we have the following characterizations for four of the above
classes.

Theorem 6. (a) H={r € F, | dom(r)= %" for an alphabet ¥}.

(b) H;' = {r € F. | ran(7) = ¥*,dom(7) = C* with C' a code such
that card(C) = card(X)}.

(¢) H;'H ={reJ.|dom(r) = C* for a finite code C}.

() HH;'H = {r € F, |dom(7) is a free monoid }.

Proof. (a). Immediate from the observations that 17 = 1 and (uv)T =
(ur)(vT) for all u,v € ¥*, whenever 7 € F, and dom(7) = X*.

(b). Immediate.

(c). Let 7 = a~ ! for an injective morphism «: I'* — £* and a morphism
B:I'* — A*. Then dom(7) = I"a = (I'a)*. Since « is injective, I'ar is a
finite code.

Conversely, assume that dom(7) = C* for a finite code C' = {wy, ..., wy}
with C C ¥* and let I = {ay, ag,...,a,} be an alphabet. Let a: T — X be
the morphism defined by a;a = w; for ¢ = 1,...,n. Since C' is a code, « is

injective. Now, dom(a7) = I'* which implies that ar € H. Consequently,
r=altar € J{I_IfH.
(d). Follows immediately from Theorem 5.1. O

11



7 On Simple Functions

What we are notably missing in the previous sections is a characterization
of the simple rational functions &, in terms of morphic compositions. Notice
that we do have

Fo = MHH ' HNHH ' H = MUHUIH* N (HUKHH*

by the previous results. We conjecture that there does not exist any ”natu-
ral” morphic representation of F,. More precisely

Conjecture. JF, cannot be represented in the form Hi'Hg* - - - H*, where
the morphism classes H;, i = 1,2, ..., k, are closed under renamings.

A renaming is an injective morphism «a: ¥* — A* such that aa € A for
all letters a € ¥. Let H, denote the class of renamings. A morphism class
H is closed under renamings if H,H C H.

If we do not require that the morphism classes in the conjecture are
closed under renaming then F, can be dressed into a compositional form
because every class of simple transductions has an ”artificial” representation
as morphic compositions. To see this let X be a class of simple transductions,
say X = {r;|i = 1,2,...}. FEach 7; has a representation as a morphic
composition, 7; = ai_llozﬂa%lam. Moreover, these morphisms can be chosen
in such a way that the domain alphabets of «;;, and « jk are disjoint for all
different 4,5 (k = 1,2,3,4). Hence the morphisms connected to different
transductions do not mix, and, indeed, F, = J{f13-625{§19{4, where Hy =
{ap|i=1,2,...} for k=1,2,3,4.

However, if we require closure under renamings, then we can prove that
F, does not match with our compositional representations of length three.

Theorem 7. There are no classes Hy, Ho and Hz of morphisms such that
Fo = HPHPHS?® and Hs is closed under renamings.

Proof. First of all F, # H; 3,35 by Lemma 6.2.

Let us assume then that F, = 3,5, 'H; and that 33 is closed under
renamings. There is a morphic composition 7 = a;aq 1a3 with a nonfree
domain and thus by Lemma 5.1 this composition is ambiguous. Hence there
is a word u such that card(uo,ay 1) > 2. We need only to prove that for all
integers n there is a morphism « in Hs such that « is injective on ¥*, where
card(X) = n. This is because ua,ay ' (pa) ¢ F, for a suitable renaming p
and injective a € Hs.

12



Let then ¥ be an alphabet and consider the identity function ¢: ¥* — ¥*.
Clearly, ¢+ € F,, and hence by assumption there are morphisms G; € H,,
1 =1,2,3, such that = ﬂlﬁglﬁ& Suppose ff3: X5 — X*. For each a € ¥
there is a letter a’ € X3 such that /33 = a. But now (3 is injective on
{d’| a € ¥}* as required. O
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