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The continuous Boussinesq equation

The equation given by Boussinesq in his 1872 paper [page 75,
Eqg. (26)] can be written, after scaling, as

Uxxxx + 3(U2)xx + CUxx — Uy = 0. (1)
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The continuous Boussinesq equation

The equation given by Boussinesq in his 1872 paper [page 75,
Eqg. (26)] can be written, after scaling, as

Ussoxx + 3(U2)xx + € Uxy — Uyy = 0. (1)
Let u = vy and integrate, this yields the first potential form

Viooox + 3(V?)x + C Vix — Vyy = 0. )
Let v = wy and integrate, this yields the second potential form

Waxxx + 3 Wax® + € Wax — Wy, = 0. (3)
Finally with w = 2log  we get the Hirota bilinear form

(D} + cDZ — D) -7 =0. (4)
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Other Boussinesq equations

There are still other BSQ equations:
The modified BSQ

Vixxxx — 6VxxV)g + 12V Vy + CVix + 12v)y = 0.

The Schwarzian BSQ (Weiss 1984)

u u 3u2— U2
39, [ = ) xxx | 9%y x|\ _ .
(1) o (e 2

The classical BSQ (Kaup, PTP 1975)

2
Vi = Clxx + Uxxxx + (UxV)x, V= Ut — %UX

or
- 2 _3 2_0
UXXXX + CUXX Utt + UxtUX + UIUXX 2Uxxux — V.
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Identify equations by their soliton solutions

The form of the two-soliton solution in the bilinear formalism is
F=1+¢e&"4+¢en +A126771+772,

and the multisoliton solution

(N)
F= Z exp Zauﬂlﬂﬂrz;um/
/.1,,‘6{0,1} ’>/
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|dentify equations by their soliton solutions

The form of the two-soliton solution in the bilinear formalism is
F=1+¢e"+gm _’_A126771+7727

and the multisoliton solution

(N)
F= Z exp Zauu/uﬂrZum/
/.1,,'6{0,1} ’>/

The reason for this point of view is the when we go from
continuous to discrete,

e the phase factor remains the same
 the plane wave factor changes in a predictable manner.
¢ the equation changes most.
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The primary identifier is the phase factor, for KP it is

(pi — Pj)(qi — q))

@) =4 = (o~ ) p)’

(KP)
Next the plane wave factor (for KP in continuous case)
e — P WX P =)y (o~ )t
and finally the equation
(Dg +3D2 —4DyDy)f - f=0.
where the Hirota derivative operator D is defined by

DY f-g=(0x — 0x)"f(x )g(X2)|x2:x1:x
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The BKP hierarchy

The phase factor is

—_ (P = p)(pi — Gi)(qi — p)(qi — )
P (i p)(pi + g))(qi + P)(ai + )

and the (continuous) plane-wave factor (containing only odd
variables) is

e = exp(pr + g)xi + (P + G7)xa + (PF + )%+ ]
The first equation in the BKP hierarchy is
(D§ —5DDy — 5D5 +9D1Ds)7r -7 = 0.
Note: only odd variables.
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KdV as 2-reduction KP

2+1 dimensional solitons have 2 soliton parameters p;, g;.

1+1 dimensional solitons have only one soliton parameter.

Apply the 2-reduction g2 = p?, i.e., g = —p; to KP results:
Get phase factor

Ay = pi—p)ai-q) ., (P P/)z’
(pi — q;)(ai — py) (pi + py)
plane wave factor
el — e(p,-—m)XJerL(pf—q}*)Hm — e2p,-x+2p;°'t+~--
and equation
(D} +8D5 —4DD)f =0 — (Dy—4DxD)f-f=0.
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BSQ as 3-reduction of KP

The 3-reduction means g° = p?, or p? + p;g; + g7 = 0 i.e.,
g = wpj, where w® =1, w # 1.

Apply to KP yields:

A _Pi-p)a-9) (PP
" (P - 9)a-p) pF + pipj + B

ol — gWPi— X+ -G+ =g+ J(1—w)ppx+(1—w?)ply

Now scale p and y by
pi=k/(1-w), y=iV3y = ¢€l= ghixtkey'
and we get the Boussinesq equation

(Dy+3D% —4DD)f - f=0 — (Dy—D3)f-f=0.
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KdV as 4-reduction BKP

Date, Jimbo, Kashiwara and Miwa, RIMS 18, 1077 (1982):

Remark. The 4-reduced BKP hierarchy ((BKP),, “D{*") is equivalent to
the 2-reduced KP hierarchy ((KP),=KdV, A{1). In fact, by a change of variables

xj——&/2x;, Dj — e f27'D, j=1, 3, 5,...
(g;=1, =1, =1, +1, for j=1, 3,5, 7 mod 8, respectively)

we see¢ that the vertex operators and Hirota’s bilinear equations for (BKP),
reduce to those for (KP),, respectively.
4-reduction means g; = ip;. When this is applied to A; of BKP it
becomes A of KdV. The plane-wave factor yields

e = exp[(p1 + gi) X1 + (05 + aP)xs + (P} + 0 )xs + - -]
— exp[(1 + Np1x1 + (1 = NP3xs + (1 + )pjxs + -+ -]

Then scale p; = (1 — i)k; and x; as instructed — KdV PWF.
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There are still other reduction possibilities:
3-pseudo-reduction applied to KP (Hirota, Physica D18 (1986))

P+ pig+qf =c.

Or can start with 1st modified KP-equation and do

e 3-reduction,
e 3-pseudo-reduction,
e reduction pg = c, yielding the classical BSQ.
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Discrete Boussinesq equation?

What would be the proper discrete Boussinesq equation?

BSQ is second order in time, therefore we need either
many points on the lattice or many components.

First order evolution Second order evolution

Jarmo Hietarinta Discrete BSQ



Reductions to the Boussinesq equation Various Boussinesq equation
The Pentagram map Continuous KdV and BSQ as reductions of KP
3-component 3D-consistent Discrete Boussinesq by reduction

| consider two different approaches to this problem:

e Continuous BSQ is the 3-reduction of the KP equation.
In the discrete case, apply 3-reduction to Hirota’s or Miwa’s
equation.

e Use multi-component consistency-around-the-cube.

| will also mention the corresponding 1-component forms
and their continuum limits.
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What is a discrete Hirota bilinear form?

[Notations: f(n+1,m+2) =f = fi» = fomm.]
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What is a discrete Hirota bilinear form?

[Notations: f(n+1,m+2) =f = fi» = fomm.]
Equation must by gauge-invariant! Cont.: f; — f/ := e +bt f.
P(D)(eax+bt f) . (eax+bt g) _ eQ(ax—i—bt) P(D)f e

Discrete fi(n,m) — f/(n,m) = A"B™ fi(n, m).
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What is a discrete Hirota bilinear form?

[Notations: f(n+1,m+2) =f = fi» = fomm.]
Equation must by gauge-invariant! Cont.: f; — f/ := e +bt f.
P(D)(eax+bt f) . (eax+bt g) _ e2(ax+bt) P(D)f g

Discrete fi(n,m) — f/(n,m) = A"B™ fi(n, m).

We say an equation is in discrete Hirota bilinear form if it can
be written as

S gty m+ ) gn+v,m+ ) =0
J
where the sums of index shifts uj+ +u =05, M;F + = p
are the same in each component of the j-sum.
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Hirota’s DAGTE

Hirota’s 3-term DAGTE equation (Hirota JPSJ 1981) with
Miwa’s (1982) parametrization (the Hirota-Miwa equation) is

a(b - C) Tn+1,mkTnm+1 k+1 T b(C - a) Tn,m+1,kTn+1,m,k+1
+C(a - b) Tn,m k+1Tn+1,m+1,k = 0.
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Hirota’s DAGTE

Hirota’s 3-term DAGTE equation (Hirota JPSJ 1981) with
Miwa’s (1982) parametrization (the Hirota-Miwa equation) is

a(b - C) Tn+1,mkTnm+1 k+1 T b(C - a) Tn,m+1,kTn+1,m,k+1
+C(a - b) Tn,m k+1Tn+1,m+1,k = 0.

and its soliton solutions are given by
o — (1-2G "1 —bg\" (1—cq\*
~ \1-ap;) \1-bp 1—-cpi)’
A (pi — p)(qi — q))
ij —aMa — b))
(pi — gj)(qi — py)

This is a totally symmetric 3D equation.
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2-reduction

Let g = —p, then

o — (1+ap\" (1+bp\™ (14 cp\"
- \1-ap 1 — bp 1—cpi) ’
A (pi — pj)*
T (etp)

But in addition we must reduce the dimension.
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2-reduction

Let g = —p, then
ol 14+ap\" (1+bp\™ (1+0cp\"
~ \1-ap;) \1-bp 1—-cpi) ’
A (bi — P))?
ij (n 1 N2
(i +py)

But in addition we must reduce the dimension.

The parameters a, b, ¢ must be chosen so that the solution is
invariant in some direction, i.e., Ty, mtpk+rx = Tnm,k

1+ap\" (1+bpi\" (1+ cpi "‘_1
1—ap 1— bp; 1—-cpi)
For 2-reductionwetake xk =0, v =1,y =1, = b= -a.
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Discrete bilinear KdV by 2-reduction

With b= —a,
o7 — 14+ap;\""™ /1+ cp k‘
1—ap; 1 —cp;

We use the reduction condition

Tn,m+1,k = Tn—1,m,k> vn, k
to change all m + 1 to m (after which we omit m)
The resulting equation is

(8+C) Tn1 .k Tn—1,k+1+(C—@) Tn—1 k Tn1 k41 +2C Tn k41 Tnk = 0.

This is then a bilinear discrete KdV and its doubly continuous
limit is (D% — 3DxD;)F - F = 0.
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3-reduction

For the 3-reduction p® — g® =0, let g = wp, with w® =1, w # 1

N 1—wap; n 1—wbp; m 1—wep; k
er = 1—ap; 1—bp; 1—cp; ’
o _(p=p)?
i = .
L PR+ pip+ P
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3-reduction

For the 3-reduction p® — g® =0, let g = wp, with w® =1, w # 1

ol (1—wap,-)n (1—wbp,->m (1—wcp,->k
- 1—ap; 1—bp; 1—cp; ’
(pi — pj)?
P? + pipj + P}

But in addition we must reduce the dimension.

We choose parameters a, b, ¢ so that 741, mi1,k+1 = Thmk, i.€.,

1 — wap; 1 — wbp; 1—wepr) 1
1—ap J\1-bpi )\ 1~cpi )]
for all p;. This is accomplished with b = wa, ¢ = w?a.
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Discrete BSQ by 3-reduction

Thus

el — (1=wapi n—k 1—w?ap; m—k
- 1—ap; 1—wap;

We use the reduction condition
Tn+1,m+1,k+1 = Tnmk

to change all k + 1 to k (and then omit k)

The resulting equation is (Date Jimbo Miwa, JPSJ (1983))
Tn+1,m Tn—1,m + w? To,m+1 To,m—1 + W Th—1,m—1 Tn41,m+1 = 0.

This is a bilinear discrete BSQ and its doubly continuous limit with

Tntvmin = F(X+ (v +wp)e, y + V3 + F(w — 1)p)é®), €—0

is (Dy —4D5)F - F = 0.
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Miwa’s 4-term equation (BKP)

The Pentagram map
3-component 3D-consistent

The equation is

(a+b)(a+c)(b-c) Tn+1,m,kTn,m+1,k+1

+ (b+c)(b+ a)(c — @) Tnm+1 kTnr1,mk+1

+ (C + a)(c + b)(a - b) Tn,m,k+1Tn+1,m+1,k

+ (a—b)(b—c)(c — a) Tni1,m+1,k+1Tn,mk = 0.

Its soliton solutions have the form (Miwa, 1982)
k
i ((1—api)(1—aq) (1—bpi)(1—ba;) (1—cpi)(1—cq;)
e = <(1+ap,)(1+aq,)> <(1+bp,)(1+bq,)> ((1+cpi)(1+cqi))’
(pi — py)(Pi — qj)(qi — P)(qi — q)
(pi + pp)(Pi + G)(Qi + P)(ai + q))

i
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4-term discrete BSQ

A special case of the above, with reduction
Tn+1,m+1,k+1 = Tnm,k is [JH,D-j Zhang, JDEA (2012)]

fot,m1fast,m—1 0103 — fo 1 mfni1,m 03(01 + 03)
2 (2 2
— fnm-1fams1 01(01 + 03) + f5 (07 + 0103 + 03) = 0.
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4-term discrete BSQ

A special case of the above, with reduction
Tn+1,m+1,k+1 = Tnm,k is [JH,D-j Zhang, JDEA (2012)]

fo—1 m+1fn1,m—1 0103 — fo_1 mfny1,m 03(01 + 03)

— fom—1fam+101(01 + 03) + f2,, (0% + 0103 + 05) = 0.
In terms of Miwa’s parameters, define symmetric functions
Si:=a+b+c, So:=ab+bc+ca, Sz := abc, § .= 51S5,/Ss.
Then the above case corresponds to

§=09.
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4-term discrete BSQ

A special case of the above, with reduction
Tn+1,m+1,k+1 = Tnm,k is [JH,D-j Zhang, JDEA (2012)]

fo—1,m+1fnr1,m—1 0103 — fo_1. mfni1,m 03(01 + 03)

— fom—1fam+101(01 + 03) + f2,, (0% + 0103 + 05) = 0.
In terms of Miwa’s parameters, define symmetric functions
Si:=a+b+c, So:=ab+bc+ca, Sz := abc, § .= 51S5,/Ss.
Then the above case corresponds to

§=09.
The reduction condition for P := p\/Sz, Q := q+/S; reads
P2Q% + P2+ PQ(S —1)+ @*+8=0.
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For 8§ = 9 (for which S, < 0) the reduction condition is solved by
30—1 . 30+ 1 5

Pelotyy Q=loy—, o =1
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For 8§ = 9 (for which S, < 0) the reduction condition is solved by

. 30 -1 , 30 +1 5
P = IUH—1, Q ﬁ, o =1
Let us further define
1K +4r
2 2 _ 2
Y4 =3 _ar =01+ 0103 + 035
then the soliton solutions have the familiar form
el — <k;+(o1 +203)—30j01> (k,’—(201+03)+30j03>
- Kl-/+(01 +203)+30’j01 ki’—(201+03)—30’j03 )
o] (kilfk'/)2
(Ay)7 7 = )

Ki2+ K k) +ky2—12(05+0103+05)
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For 8§ = 9 (for which S, < 0) the reduction condition is solved by

. 30 -1 . 30+1 5
P = IUH—1, Q= ﬁ’ o =1
Let us further define
1k +4r
2 _ 2 _ 2
Y4 =3 _ar =01+ 0103 + 035
then the soliton solutions have the familiar form
el — <k;+(o1 +203)—30j01> (k,’—(201+03)+3a,-03)
- kl-/+(01 +203)+30’j01 ki’—(201+03)—30’j03 )
o] (kilfk'/)2
(Ay)7 7 = )

Ki2+ K k) +ky2—12(05+0103+05)
Its doubly continuous limit with
P 2
fotv,men = F(X+ 01v — 031, y + 0fv + o51), 0 — 0
s (D} - 4D§)F- F=0.
Discrete BSQ
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The Pentagram map

The Pentagram map of R. Schwartz (1992) is defined by
(Ovsienko, Schwartz, Tabachnikov (2011))

1 — Xn—1.mYn—1,m

Xnm+1 = Xnm ,
1 — Xpi1,mYns1,m

1 — Xpi2,mYns2,m
1 — XnmYnm

Ynm+1 = Yn+im
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The Pentagram map

The Pentagram map of R. Schwartz (1992) is defined by
(Ovsienko, Schwartz, Tabachnikov (2011))

1 — Xn—1.mYn—1,m

11— Xn+1,myn+1,m’

1 — Xpi2,mYns2,m
1 — XnmYn,m '

From this one variable can be eliminated.

Xnm+1 = Xnm

Ynmt1 = VYntim

Ynm = —=1/(Xnmynm), n= —%(M-I- N), m= M,
Then the equation becomes (Glick (2011))

Yn—amYniam (14 Yne1.m)(1+ Yngi,m)

Y —
Ao+ Ynm—1 (14 Ynoam)(1 + Ynism)

Jarmo Hietarinta Discrete BSQ
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Bilinearisation

(in collaboration with K. Maruno)
The Y-equation can be bilinearized with substitution

FN—1 MFN+1,m

YNm = .
’ Fn—3 mMFN+3,m

Without loss of generality we may assume that

Fn—3mFNi3.m + aFn_1 mFNg1m — Anv FNv—1Fnmer =0

for some Ay u. After eliminating Fs from the Pentagram
Y-equation one finds that A must satisfy

An-3m _ Aniim
An-1m  Antsm

A simple solution is to take A a constant of function of M only.
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Pentagram map as reduction of Hirota-Miwa

The Hirota bilinear form of the pentagram map has 3 terms, so
we try reduction from Hirota-Miwa:

alb—c) Tn+1,mkTnm+1,k+1 T b(c — a) Tn,m+1,kTn+1,m,k+1
+c(a— b) Tnmk+1Tn+1,m1,k = 0.

Consider the periodic reduction by

Tn,mk+1 — Tn+2,m+1,k -

Jarmo Hietarinta Discrete BSQ



Reductions to the Boussinesq equation

The Pentagram map Definition

Reduction

3-component 3D-consistent

Pentagram map as reduction of Hirota-Miwa

The Hirota bilinear form of the pentagram map has 3 terms, so
we try reduction from Hirota-Miwa:

a(b—c) Tn+1,mkTnm+1,k+1 T b(c — a) Tn,m+1,kTn+1,m,k+1
+c(a— b) Tnmk+1Tnt1,m+1,k = 0.
Consider the periodic reduction by
Tn,mk+1 — Tn+2,m+1,k -
Use it to eliminate k-shifts, this yields
a(b - C) Tn+1,mTn+2,m+2 + b(C - a) Tn,m+1Tn+3,m+1
+C(a - b) Tn+2,m+1Tn41,m+1 = 0.
The bilinear Y-equation is recovered after a change of variables
Twm = Fen—mitm—1, N=2n—-m+3, M=m

Jarmo Hietarinta Discrete BSQ
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Reduction

The projection
Tn,mk+1 = Tn+2,m+1,k
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Definition

The Pentagram map Reduction

3-component 3D-consistent

Continuum limit

The double continuum limit is BSQ equation, for a particular set
of parameters, namely o = -9, 5(m) =8
(in Miwa’s parametrization, b = —2a, ¢ = —3a)

Let
Fnm = f(X + ne, y + i3me?)
then at order ¢* we get

(Dy —12D3)f - f = 0.

Jarmo Hietarinta Discrete BSQ



Reductions to the Boussinesq equation
The Pentagram map

Definition
Reduction

3-component 3D-consistent

Continuum limit

The double continuum limit is BSQ equation, for a particular set
of parameters, namely o = -9, 5(m) =8
(in Miwa’s parametrization, b = —2a, ¢ = —3a)

Let
Fnm = f(X + ne, y + i3me?)

then at order ¢* we get

(Dy —12D3)f - f = 0.

Open question: What about the continuum limits for other
parameter values?
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Reductions to the Boussinesq equation

The Pentagram map Definition

Reduction

3-component 3D-consistent

Reduction condition

The reduction condition for soliton solutions is

1-aq\? (1-bg\ _ (1-cq
1—api) \1-bp;) \1-cpi)

For b = —2a, ¢ = —3a this simplifies to (p # q)

p* + pq + g° = —3apq(p + q).

In the continuum limit a = x/n, n — oo so that for example

1 —aq)"_ 1+ (p=a)x + .. ’ — elP=ax — g(1-w)px,
1—ap n
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Reductions to the Boussinesq
The Pel

3-component

1-component Multilinearity

Multidimensional consistency
3-component results
1-component forms and their continuum limits

Xn,m = Xo0 = X
Xnt1,m = X10 = X[1] = X
Xnm+1 = Xo1 = X[g] = X

Xn1,me1 = X911 = X121 = X

X2] X[12]

b% X[1]
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Reductions to the Boussinesq equation Multidimensional consistency
The Pentagram map 3-component results
3-component 3D-consistent 1-component forms and their continuum limits

1-component Multilinearity

Xn,m = Xo0 = X X[2] X[12]

Xnt1,m = X10 = X[1] = X
Xnm+1 = Xo1 = X[g] = X

Xni1,me1 = X11 = Xq2] = X X [

The four corner values are related by a multi-linear equation:

K xxi X2 Xp12) + h XX X2y + R XX Xrg) + B3 XX(2)X[12) + la X1 X2y X[12)

F S1X001) F S2 X1)X(2) S8 X2 X{12] + Sa X{12)X + S5 XX{] + Se X1 X{12)

+ Q1 X + Q2 X1 + 93 X2 + Qa Xpa2) + U = Q(X, X(1), X2, X(12): P1, P2) =0

The p; are some parameters associated with shift directions [1],
they may appear in the coefficients k, I;, s;, q;, u.
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Reductions to the Boussinesq equation Multidimensional consistency
The Pentagram map 3-component results
3-component 3D-consistent 1-component forms and their continuum limits

CAC - Consistency Around a Cube

Consistency under extensions from 2D to 3D:
Adjoin a third direction x, m — Xp m x and construct a cube.

Xoo Xo1

X10 X11
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Reductions to the Boussinesq equation Multidimensional consistency
The Pentagram map 3-component results
3-component 3D-consistent 1-component forms and their continuum limits

CAC - Consistency Around a Cube

Consistency under extensions from 2D to 3D:
Adjoin a third direction x, m — Xp m x and construct a cube.

X001 X011
X111
X101
Xoo Xo1 Xooo'é____ ... e X010
X10 X11 X100 o X110
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Reductions to the Boussinesq equation Multidimensional consistency
The Pentagram map 3-component results
3-component 3D-consistent 1-component forms and their continuum limits

CAC - Consistency Around a Cube

Consistency under extensions from 2D to 3D:
Adjoin a third direction x, m — Xp m x and construct a cube.

X001 X011
X111
X101
Xoo Xo1 Xooo'é____ ... e X010
X10 X11 X100 o X110

~
~ o~ ~

Map at the bottom Qi2(x, x, X, X; p,q) = 0, B
on the sides Qu3(X, X, X, X; q,r) =0, Q31(x, X, X, x;r,p) =0,
shifted maps on parallel shifted planes.
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Reductions to the Boussinesq equation Multidimensional consistency
The Pentagram map 3-component results
3-component 3D-consistent 1-component forms and their continuum limits

CAC - Consistency Around a Cube

Consistency under extensions from 2D to 3D:
Adjoin a third direction x, m — Xp m x and construct a cube.

X001 X011

X111
X101

Xoo Xo1 Xooo’é_ L. .. Xot0

X10 X11 X100 o X110

~ o~ =

Map at the bottom Qi2(x, x, X, X; p,q) = 0,
on the sides Qu3(X, X, X,X; q,r) =0, Qs1(x, x;r,p) =0,
shifted maps on parallel shifted planes.

Given Xooo, X100, X010, X001 Can compute Xy1g, X101, Xo11 Uniquely.
But xq11 can be computed in 3 different ways, they must agree!
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Reductions to the Boussinesq equation Multidimensional consistency
The Pentagram map 3-component results
3-component 3D-consistent 1-component forms and their continuum limits

Lattice BSQ

What about multi-component extensions?

The following lattice Boussinesq equation (IBSQ) was proposed
in Tongas and Nijhoff [Glasgow Math J, (2005), c.f.
Nijhoff-Papageorgiou-Capel-Quispel, Inv. Probl. (1992)]

~ ~ o~

Yy=XX—2, y=XX-2,

=_ 2 pP—q
Z=XX—y+=—=.

This satisfies the 3D-consistency condition (CAC). Note that
some equations live on the edges and some on surfaces.

There are also corresponding discrete versions of the modified
and Schwarzian Boussinesq equations (Nijhoff, Walker).
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Reductions to the Boussinesq equation Multidimensional consistency
The Pentagram map 3-component results
3-component 3D-consistent 1-component forms and their continuum limits

A search using CAC

A search using CAC, inspired by the above example,
was done in J. Phys. A 44, 165204 (2011).

Starting point: The following properties were required of the
edge equations:

© The equations are affine linear in all variables, and
separately in the set of shifted and in the set of the
unshifted variables.

® Precisely two shifted variables appear (say x and y).
® The third (non-shifted) variable z appears in the equation.

@ The coefficients of the edge equations can be transformed
to constants by a gauge transformation.

After further rational linear transformations there remained
three types of edge equations.
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Reductions to the Boussinesq equation
The Pentagram map

3-component 3D-consistent

Results

Multidimensional consistency
3-component results
1-component forms and their continuum limits

Integrable extensions:
A-2 XZ=Yy+X,
B-2 XX =y +2z,

C-3 Zy =X — X,

C-4 Zy =X — X,

s v, 1p¥-g%
X X z-2
zZ+y bo(i x)+xx+'9_q
§=dz3x+d1JFEP}’,ZV—E}’Z7
y y z-z
§:d24xx+d1+gpyf—gyz.
y y z-2

[The system given in Equations (4,5) of Zhang-Zhao-Nijhoff
Stud. Appl. Math. (2012) is gauge equivalent to C-3.]
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Reductions to the Boussinesq equation Multidimensional consistency
The Pentagram map 3-component results
3-component 3D-consistent 1-component forms and their continuum limits

A-2

From the 3-component forms it is easy to eliminate one
variable, but eliminating the second variable is sometimes
difficult.

Here are some results:

3
1P

xI<
>
|

N> Q)
)

N
|

~ ~ = 1
A-2 XZ=y+x, z= X

If one eliminates y, z the results is

X10 X0 Xo1 X2

(PSXH —CISon) &_(P?’Xzo—qsxﬁ) Xer _ Xoo Xoo_ Xiz

Xo2 — X11 Xo1 X11 — X20

One can also derive 1-component equations in terms of z or
Y := y x and the result is as for B-2 in terms of x (next slide).
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Reductions to the Boussinesq equation Multidimensional consistency
The Pentagram map 3-component results
3-component 3D-consistent 1-component forms and their continuum limits

X10Xo0 = Y10+ 200, Xo1 Xoo = Yo1 + Zoo
-
Z11 = —Yoo + bo [X11 — Xoo] + Xoo X11 + ————
X10 — Xo1
After eliminating y, z one gets
pPP-q¢¢ p°-3°
Xo0 — X411 X141 — Xp2
+ [X22 — bo][X21 — X12] + [X00 + bo][X10 — Xo1] = O.

— X21X10 + X12X01
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The Pentagram map 3-component results
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X10Xo0 = Y10+ 200, Xo1 Xoo = Yo1 + Zoo
-
Z11 = —Yoo + bo [X11 — Xoo] + Xoo X11 + ————
X10 — Xo1

After eliminating y, z one gets
e P —
X20 — X11 - X11 — Xo2
+ [X22 — bo][X21 — X12] + [X00 + bo][X10 — Xo1] = O.
The double-continuum limit of the above is obtained by taking
Xntvmip = (M) pH(Mtp) g—u(x +2(v/p+ 11/q), ¥ + 2(v + 1)/ (Pq))
with p, g — oo, by — 0, while p/q, pby are fixed. The result is

— X21X10 + X12X01

Uxxxx + BUxUxx + bO(p + q)UXX + 3Uyy = 07

The meaning of by for discrete solitons is discussed in
H and D-i Zhana MA 7. 061 (2011).
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Reductions to the Boussinesq equation Multidimensional consistency

The Pentagram map 3-component results
3-component 3D-consistent 1-component forms and their continuum limits
C-3and C-4
Z00 Y10 = Xi0 — Xo0, 200 Yo1 = Xo1 — Xoo,
C3 oz = dag Xoo + 0 Jr@.03}’10201 — G° Yo1 Z10

Yoo Yoo Z10 — 201
The C-4 model is a variant of the above with
da4 XooX11 + 0 L %0 P? Y10 Z01 — % Yo1 Z10
Yoo Yoo Z10 — 201
Eliminating z,y results with the lattice SBSQ (with extra terms)

1 =

(X22 — X12) (Xo2 — X11) (Xo1 — Xo0)
(Xe2 — X21) (X20 — X11) (X10 — Xo0)
_(=dy — dz X) (x11 — Xo2) + P (X12 — Xo2) (X11 — Xo1) — G° (X12 — X11) (Xo2 — Xo1)
( di — 02 Y) (X114 — Xo0) + @3 (Xe1 — Xe0) (X11 — X10) — P2 (X21 — X11) (X20 — X410)
for C-3 X = d23X01, Y = d23X10 and
for C-4 d2X = d24X12X01, d2Y = d24X21X10.
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Reductions to the Boussinesq equation Multidimensional consistency
The Pentagram map 3-component results
3-component 3D-consistent 1-component forms and their continuum limits

C-3,C-4 Continuum limits

The double-continuum limits of C-3 and C-4 are obtained with

Xngvmip = UX +2(v/p + 1/qQ), ¥ + 2(v/P* + 11/G))

with p, g — oo while keeping p/q fixed. The result is

2 2 2
Uy Uxxx | 3Uy — Uy 1 di + dosU + g
— — — = =0.

This is a generalization of the usual Schwarzian Boussinesq
equation.
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C-3interms of z

Zo0Y10 = X10 — Xo0, 200 Yo1 = Xo1 — Xoo,
3 3
0oz Xoo + i Zoo P° Y10 201 — G° Yo1 Z10
C-3 211 = + =
Yoo Yoo Z10 — 201

If we eliminate x, y the result is, interms of Z =1/z

((p3+d23)211 - (q3+d23)202) Ziz ((P3+d23)220 - (q3+d23)211) 2o
Zop — Zin Zit — Zxo Zio
Lo Zo Lz 2

which is same as mBSQ of A-2, but with additional parameter.
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Reductions to the Boussinesq equation Multidimensional consistency
The Pentagram map 3-component results
3-component 3D-consistent 1-component forms and their continuum limits

((Ps+d23)z11 - (q3+d23)202> Ziz ((P3+d23)220 - (q3+d23)z11> 221
Zoo — 244 Zo1 Zy1 — Zoo Zio

The double continuum limit with

P, Q,0b3 — 00, p/q, p/do3 const.

Znsvmin = Xp{V(X +v/p+ 1/q,y +v/0% + 1/d?)}/ (P g™ )
is mBSQ

Vxxxx — 6VxxV)% + 12vyx vy + 40x3(1/p+1/q)vix + 12vy, = 0.
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Conclusions

In this talk | have discussed various equations that may be
considered discretizations of the Boussinesq equation. These
were obtained by

e 3-reduction 7,11 m11.k+1 = Tn,mk from
Hirota-Miwa (DAGTE) 3-term equation

e 3-reduction 7,41 m+1.k+1 = Thmk from
Miwa’s 4-term equation (BKP)

e Reduction 72 my1.k—1 = To,mk from
Hirota-Miwa (pentagram map)

e Multicomponent consistency search.

It is expected that there are still other possibilities.
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