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e sets of ODE’s: sufficient number of conserved quantities
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Different classes of dynamical systems have different natural
definitions of integrability.

For example, a property of the equation:
¢ sets of ODE'’s: sufficient number of conserved quantities

e evolution equations: linearization trough a Lax pair
¢ almost all systems: symmetries
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Different classes of dynamical systems have different natural
definitions of integrability.

For example, a property of the equation:

¢ sets of ODE'’s: sufficient number of conserved quantities
e evolution equations: linearization trough a Lax pair

¢ almost all systems: symmetries

e 2D-lattice PAE’s: consistent extension to 3D.
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Different classes of dynamical systems have different natural
definitions of integrability.

For example, a property of the equation:

¢ sets of ODE'’s: sufficient number of conserved quantities
e evolution equations: linearization trough a Lax pair

¢ almost all systems: symmetries

e 2D-lattice PAE’s: consistent extension to 3D.

or a property of its solutions

e absence of nasty singularities (Painlevé property)
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Different classes of dynamical systems have different natural
definitions of integrability.

For example, a property of the equation:

¢ sets of ODE'’s: sufficient number of conserved quantities
e evolution equations: linearization trough a Lax pair

¢ almost all systems: symmetries

e 2D-lattice PAE’s: consistent extension to 3D.

or a property of its solutions

e absence of nasty singularities (Painlevé property)
e OAE's: low growth of complexity (Nevanlinna theory)
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Different classes of dynamical systems have different natural
definitions of integrability.

For example, a property of the equation:
¢ sets of ODE'’s: sufficient number of conserved quantities
e evolution equations: linearization trough a Lax pair

¢ almost all systems: symmetries
e 2D-lattice PAE’s: consistent extension to 3D.

or a property of its solutions

e absence of nasty singularities (Painlevé property)
e OAE's: low growth of complexity (Nevanlinna theory)
e soliton systems: the existence of multisoliton solutions
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Different classes of dynamical systems have different natural
definitions of integrability.

For example, a property of the equation:
¢ sets of ODE'’s: sufficient number of conserved quantities
e evolution equations: linearization trough a Lax pair

¢ almost all systems: symmetries
e 2D-lattice PAE’s: consistent extension to 3D.

or a property of its solutions

e absence of nasty singularities (Painlevé property)
e OAE's: low growth of complexity (Nevanlinna theory)
e soliton systems: the existence of multisoliton solutions

Here: The existence of multisoliton solutions
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Hirota’s bilinear formalism

The form of a PDE appearing in a physical problem is usually
not in the best form for the subsequent mathematical analysis.
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Hirota’s bilinear formalism

The form of a PDE appearing in a physical problem is usually
not in the best form for the subsequent mathematical analysis.

Hirota (1971): The best dependent variables are those in which
the soliton solutions appear as a finite sum of exponentials.
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Hirota’s bilinear formalism

The form of a PDE appearing in a physical problem is usually
not in the best form for the subsequent mathematical analysis.

Hirota (1971): The best dependent variables are those in which
the soliton solutions appear as a finite sum of exponentials.

ISTM on KdV says
u = 202 logdetM,

where the entries of M are polynomials of exponentials e2*+bt,
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Hirota’s bilinear formalism

The form of a PDE appearing in a physical problem is usually
not in the best form for the subsequent mathematical analysis.

Hirota (1971): The best dependent variables are those in which
the soliton solutions appear as a finite sum of exponentials.

ISTM on KdV says
u = 202 logdetM,

where the entries of M are polynomials of exponentials e2*+bt,

Hirota: Let us define a new dependent variable F by
u=292logF. (1)
With F it should be easy to construct soliton solutions.
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Bilinear form for KdV

How do soliton equations look in terms of F?
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Bilinear form for KdV

How do soliton equations look in terms of F?

Example: KdV
uXXX + 6qu + ut = 0 (2)

The first two terms should have the same number of
derivatives, so introduce v by

U=0yV. 3)
After this (2) can be written as
O [Vxx + 3VE +vi] = 0,
which can be integrated to the potential KdV.

VXXX + 3V)? + Vt = 0, (4)
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Now substituting
v =adlogF,

iNto Vyxx + 3v2 + v = 0 results with

F2 x (something quadratic) + 3a(2 — a)(2FF” — F"2)F’? = 0.
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Now substituting
v =adlogF,

iNto Vyxx + 3v2 + v = 0 results with
F2 x (something quadratic) 4+ 3a(2 — a)(2FF” — F'2)F’? = 0.
Thus we get a quadratic equation if we choose o = 2:

FxxxxF - 4FXXX FX + 3FX2X + FxtF _ FX Ft - O
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Now substituting
v =adlogF,

iNto Vyxx + 3v2 + v = 0 results with
F2 x (something quadratic) 4+ 3a(2 — a)(2FF” — F'2)F’? = 0.

Thus we get a quadratic equation if we choose o = 2:

FrooxF — 4Fx Fx + 3F3 + FxtF — FxFy = 0.
This can be written as

(Dg + DyDy)F -F =0,
where the Hirota’s derivative operator D is defined by
Dyf-g = (O« — 8X2)”f(x1)g(x2)}X2:X1:X
= Af(x+y)g(x - y)\yzo.
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We say that an equation is in the Hirota bilinear form is all its
derivatives appear trough Hirota’s D-operator, defined before

D)r(] f g = (axl—3x2)nf(xl)g(x2)|X2:X1:X-

Thus D operates on a product of two functions like the Leibniz
rule, except for a crucial sign difference. For example

Dxfg = fXg_ng7
DxDif-g = fox —fx0t — ftOx + foxt
P(D)f-g = P(-D)g-f.

Jarmo Hietarinta _

Bilinear method



Constructing multisoliton solutions Hirota’s bilinear formalism
Searching for integrable equations Bilinear forms
The KP-DS combination Soliton solutions

We say that an equation is in the Hirota bilinear form is all its
derivatives appear trough Hirota’s D-operator, defined before

D)r(] f g = (axl—3x2)nf(xl)g(x2)|X2:X1:x-

Thus D operates on a product of two functions like the Leibniz
rule, except for a crucial sign difference. For example
Dxfg = fXg_ng7
DyDif-g = fox — k0t — ftOx + fOxt
P(D)f-g = P(-D)g-f.
For later use note also that

P(D)f-1 = P(O)f,
P(D)eP.e™ = P(p—q)ePtax
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Bilinear form of KP

Another example: the Kadomtsev-Petviashvili equation:

8)( [uXXX + GUXU - 4ut] + BUUyy = 0
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Bilinear form of KP

Another example: the Kadomtsev-Petviashvili equation:
ax [UXXX ‘I" 6UXU - 4ut] + BO'Uyy = 0
Substitution u = 292 log F yields

82 {F—Z[(D;‘ +30D2 — 4D, Dy)F - F]} =0,
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Bilinear form of KP

Another example: the Kadomtsev-Petviashvili equation:
Ox [uxxx + Buyxu — 4ug] + 3ouyy = 0.
Substitution u = 292 log F yields
92 {F—Z[(D;‘ +30D2 — 4D, Dy)F - F]} ~0,
Thus the bilinear form of KP is

(Dg +30D7 — 4DyDy)F - F = 0.
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The Hirota-Satsuma shallow water-wave equation

Uxxt + 3UUr — 3UxVi — Ux = Ui, Vx = —U, (5)

becomes with (1) and one integration
(DD — Df — DiDx)F - F =0, (6)
which actually has an integrable (2 + 1)-dimensional extension
(DIDy + aD? + DDy )F -F = 0. 7)

Jarmo Hietarinta _

Bilinear method



Constructing multisoliton solutions Hirota’s bilinear formalism
Searching for integrable equations Bilinear forms
The KP-DS combination Soliton solutions

The Hirota-Satsuma shallow water-wave equation

Uxxt + 3UUt — 3UxVy — Uy = Ug, Vx = —U, (5)
becomes with (1) and one integration
(DDt — Df — DiDx)F - F =0, (6)
which actually has an integrable (2 + 1)-dimensional extension
(DIDy + aD? + DDy )F -F = 0. @)
The Sawada-Kotera equation (SK)
Uysoooc + 15Uy + 15Uy Uy + 45U2Uy + Ug = O, (8)
bilinearizing with (1) and one integration to
(DR + DxDy)F -F =0, 9)
with the integrable (2 + 1)-dimensional extension
(DS + 5DZD; — 5DZ + DyDy)F - F = 0. (10)

Jarmo Hietarinta _ ‘ Bilinear method



Hirota’s bilinear formalism
Bilinear forms
Soliton solutions

Soliton solutions

Consider the general class of equations

How to construct soliton solutions?
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Soliton solutions

Consider the general class of equations
P(Dx,Dy,...)F -F =0.
How to construct soliton solutions?
The trivial (vacuum) solution u = 0 corresponds to F = 1.
Therefore we assume P(0,0,...) =0.

Soliton solutions are built perturbatively on top of this vacuum.

F=1+efi+e2fh+efa+---

Bilinear method
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Soliton solutions

Consider the general class of equations
P(Dx,Dy,...)F -F =0.
How to construct soliton solutions?
The trivial (vacuum) solution u = 0 corresponds to F = 1.
Therefore we assume P(0,0,...) =0.

Soliton solutions are built perturbatively on top of this vacuum.

F=1+efi+e2fh+efa+---

Note also the gauge invariance of bilinear equations:

—

P(D)(e"F -e"G) =e*P(D)F -G, ifx=¢C-X.

Bilinear method
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For the 1SS try
F=1+¢f;. (12)

This implies

P(Dx,... ){1-14+¢elfy +efy-14e2f-f1} = 0.
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For the 1SS try
F=1+¢f;. (12)

This implies
P(Dy,...){1-1 +el-fy +efy- 1426 f} = 0.

The term of order £° vanishes (0SS).
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For the 1SS try
F=1+¢f. (11)

This implies
P(Dy,...){1-14¢el-fy +ef- 1462} =0.
The term of order £° vanishes (0SS).
Since P is even next order yields
P(0x,0y,...)f1 =0. (12)

which is solved by

fi=e’, n=px+qy +wt+- .-+ const, (13)
where the parameters p, q, ... satisfy the dispersion relation

P(p,q,...)=0. (14)
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For the 1SS try
F=1+¢f. (11)

This implies
P(Dy,...){1-14¢el-fy +ef- 1462} =0.
The term of order £° vanishes (0SS).
Since P is even next order yields
P(0x,0y,...)f1 =0. (12)
which is solved by
fi=e’, n=px+qy +wt+- .-+ const, (13)
where the parameters p, q, ... satisfy the dispersion relation
P(p,q,...)=0. (14)

Then order 2 term vanishes: P(D)e"-e" = e2'P(§ — ) = 0.
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Bilinear

bilinear formalism
forms

Soliton solutions

The solution

F=1+e", n=X-p+n
corresponds to a soliton:

u = 202(log(F))
2p2e”

p?/2
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4

F=1+c(e™ +e™)+ e?AgeMm e,
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F=1+c(e™ +e™)+ e?AgeMm e,
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Substituting this into the equation gives:

PD){ 1-1
e .1

1
AppeMtnz 1

e’l2

Here most terms vanish due to P(0)

Jarmo Hietarinta _

+
+
+
+

1-e™m
e .e"
e’ .e"l
A2 e

+
+
+
+

Ansatz for the two-soliton solution (perturbatively!):

—a

P+

1.e"2 + Agp1-emtm
e”l . e"2 + Ao e’ . emtn2
en2 . e"2 + Ao €2 . et
Appe™tnz g2 4 pAZ,eMitn2 . eMit2
=0orDR.

Bilinear method

}=o0.
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Ansatz for the two-soliton solution (perturbatively!):

2 X-D 0
F=1+c(e™+em)+e*Appentm, P+
Substituting this into the equation gives:
PD){ 1-1 + 1.-eMm + 1.e"2 + Appl-eMtm +
e -1 4+ e’ .eM + e . e + App e’ . emtn2 +
e .1 + e"2 .eM + ez . e + A e’z . etz +
Appe™*tm2 1 4 ApetT2 e 4 Ape™Tm2 e AZeit2 et }=o0.

Here most terms vanish due to P(0) = 0 or DR. The underlined
terms combine as 2A1,P(p1 + p2) + 2P (p1 — p2) = 0, thus

P(p1 — P2)
App = ———— 27, 15
2= " B(5, ¥ Ba) 13)

Bilinear method
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Ansatz for the two-soliton solution (perturbatively!):

2 X-D 0
F=1+c(e™+em)+e*Appentm, P+
Substituting this into the equation gives:
PD){ 1-1 + 1.-eMm + 1.e"2 + Appl-eMtm +
e -1 4+ e’ .eM + e . e + App e’ . emtn2 +
e .1 + e"2 .eM + ez . e + A e’z . etz +
Appe™*tm2 1 4 ApetT2 e 4 Ape™Tm2 e AZeit2 et }=o0.

Here most terms vanish due to P(0) = 0 or DR. The underlined
terms combine as 2A1,P(p1 + p2) + 2P (p1 — p2) = 0, thus

P(p1 — P2)
Ap = ———--+=. 15
2= " B(5, ¥ Ba) 13)
3

Example, KdV: n = px 4+ wt + 19, and DR w = —p*:

(Pr—P2)* + (P — P2) (w1 —w2) _ (P1— P2)?
(P1 +p2)* + (p1 +P2) (w1 +w2)  (P1+ P2)?
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Figure: Scattering of Korteweg—de Vries solitons. On the left a profile
view, on the right the locations of the maxima, along with the free
soliton trajectory as a dotted line. (p; = %, p, =1.)
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Result: Any equation of type

P(Dx)F -F =0
has two-soliton solutions

PO — P,

and the parameters satisfy the dispersion relation P(p;) = 0.

Bilinear method
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Result: Any equation of type

P(Dx)F -F =0

has two-soliton solutions

PO — P,

and the parameters satisfy the dispersion relation P(p;) = 0.

This is a level of partial integrability: we can have elastic
scattering of two solitons, for any dispersion relation, if the
nonlinearity is suitable.

Clearly all of these equations cannot be integrable.
What distinguished integrable equations?

Bilinear method
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Hirota integrability:

If the 1SS is given by
F=1+ce", ni=X-p+71°, P(F)=0,

then there should be an NSS of the form

N
F=1+ EZe”i -+ (finite number of h.o. terms)
j=1

without any further conditions on the parameters p; of the
individual solitons.

Bilinear method

Jarmo Hietarinta _



Constructing multisoliton solutions Hirota’s bilinear formalism
Searching for integrable equations Bilinear forms
The KP-DS combination Soliton solutions

Hirota integrability:

If the 1SS is given by
F=1+ce", ni=X-p+71°, P(F)=0,

then there should be an NSS of the form

N
F=1+ eZe”ﬂ -+ (finite number of h.o. terms)
j=1

without any further conditions on the parameters p; of the
individual solitons.

Almost all equations has multisoliton solutions for some
restricted set of parameters, it does not imply integrability.
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Apply this principle to the three-soliton solution:

|:3SS =1+¢ (em + e’z + ens)
4 g2 (Alzem-i-nz + A236n2+”3 + A3leW3+n1)

+ 53A1236771+772+773

What is A123?
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Apply this principle to the three-soliton solution:

|:3SS =1+¢ (em + e’z + ens)
+ &2 (Alzem-i-nz + Azsenz-i-ns + Aglefis-i-m)
+ 53A1236771+772+773

What is A123?

Condition on NSS: If any soliton goes far away, the rest should
look like the (N-1)SS.

“Going away” means either e — 0 or e« — oo
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Apply this principle to the three-soliton solution:

|:3SS =1+¢ (em + e’z + ens)
+ &2 (Alzem-i-nz + Azsenz-i-ns + Aglefis-i-m)
+ 53A1236771+772+773

What is A123?

Condition on NSS: If any soliton goes far away, the rest should
look like the (N-1)SS.

“Going away” means either e — 0 or e« — oo
Result:
A123 = A12A23A13.
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Apply this principle to the three-soliton solution:
|:3SS =1+¢ (em + e’z + eﬁs)
4 g2 (Alzem-i-nz + Ayze s 4 Aglens-i-m)
+ 53A123e771+772+773
What is A123?

Condition on NSS: If any soliton goes far away, the rest should
look like the (N-1)SS.

“Going away” means either e — 0 or e« — oo

Result:
A2z = A12A23A3.

No freedom left: parameters restricted only by the DR,
phase factors given already.

Existence of a 3SS is a condition on the equation, i.e., on P !

Jarmo Hietarinta _

Bilinear method



Jarmo Hietarinta _

Constructing multisoliton solutions Hirota’s bilinear formalism
Searching for integrable equations Bilinear forms
The KP-DS combination Soliton solutions

Substituting F3ss in P(D)F - F = 0 yields the
“three-soliton-condition”

> P(01P1 + 02P2 + 03P3)P(01P1 — 02P2)

o=+
xP(02p2 — 03p3)P(01P1 — 03p3) = 0.
or
Z P(01P1 + 02P2 + 03P3) _0. (16)
= P(01P1 + 0202)P (02P2 + 03P3)P (01P1 + 03P3)

This can be taken as a search problem:

Find all polynomials P, such that (16) holds
on the affine variety  {(p1, P2, P3)|P(pi) = 0}.

Bilinear method



KdV-type
The mKdV/sG class
The nonlinear Schrédinger class

Use the 3-soliton condition as a indicator of integrability.
We are only interested in polynomials P that have a nonlinear
irreducible factor.
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The KP-DS combination The nonlinear Schrédinger class

Use the 3-soliton condition as a indicator of integrability.
We are only interested in polynomials P that have a nonlinear

irreducible factor.

Complete set of solutions is (JH, J. Math. Phys. (1987-1988)):

(Dy — 4Dy Dy + 3DJ)F -

(D2Dy + aDZ + DDy )F -

(D — DxDE + aDZ + bDyDy + cDZ)F -
(DS + 5D3D; — 5D + DDy )F -

m T T T

and their reductions.

These equations also have 4SS and pass the Painlevé test.

0
0
0
0

9

il

il

(17)
(18)
(19)
(20)

(19) was new, it is non-evolutionary and its Lax pair is unknown.
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Other types of soliton equations

The modified KdV equation (mKdV)
Uxxx + 66U2Ux + ut = 0,

with traveling wave solutions

+p

u = cosh(px—p3t+c)”’

sinh(px—p3t4c)’ |
We consider only e = +1.
Make the equation scale invariant with
u=0xW,
after which we get from (21)
O [Wxx + 2w + wi] = O,

integrate once to get the potential mKdV equation.

Jarmo Hietarinta _
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In this case a good substitution is given by

DxG - F

W = 2arCtan(G/F), |e, u= Zm, (23)
and then the potential mKdV becomes
(F2+G?)[(D$ + Dy)G - F]

+3(DxF - G)[DZ(F -F+G-G)]=0 . (24

Two unknowns F, G means we can have two equations:

(D2 + Dt +3ADy)(G-F) = 0,
(DZ + \)(F -F +G-G) 0,

where )X is an arbitrary function of x,t.
Vacuum solution F = 1, G = 0 works iff A = 0.
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The KP-DS combination The nonlinear Schrédinger class

For the sine-Gordon (sG) equation

¢xx - ¢tt =sin (b, (25)

the substitution
¢ =4 arctan(G/F), (26)

yields
[(Df — D¢ —1)G-F](F? - G?)
—FG[(D? -D?)(F-F —G-G)]=0.

There is again some ambiguity in splitting this equation,
because the term A\FG(F? — G?) could be in either part. We use

{ (D2-D?-1)G-F = 0,
(

D2 D)(F-F-G.G) = 0. @7
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Multisoliton solutions for the mKdV/sG class

The mKdV and sG equations belong to the class

{ B(D)G-F =0, (28)

A(Dg)(F -F +¢G-G) =0,

where A is even and B either odd (mKdV) or even (sG). If B is
odd one can also rotate to

B(Dg)g-f =0, (Bodd)
{ A(Dy)g-f = 0. (29)

Bilinear method
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The nonlinear Schradinger class

For the vacuum we choose F = 1, G = 0 and therefore we must
have A(0) = 0. For the 1SS we may try

F=1+ae" G=pe".
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For the vacuum we choose F = 1, G = 0 and therefore we must
have A(0) = 0. For the 1SS we may try

F=1+ae" G=pe".
Direct calculation yields from (28) the conditions
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For the vacuum we choose F = 1, G = 0 and therefore we must
have A(0) = 0. For the 1SS we may try

F=1+ae", G=pe".
Direct calculation yields from (28) the conditions
oA() = 0, #B(F) = 0, afB(0) = 0.
Now we can in principle have two different kinds of solitons

type a: F=1+e" G=0, DR:A(p)=0, (30)
p

type b: F=1 G=e¢e", DR: B(p) = 0.

(For mKdV and SG the A polynomial is too trivial.)
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Two-soliton solutions
We have three different combinations
a+a: The starting point must be
F=1+ce™ +ce™ +0(?), G=0(?),
with A(p1) = A(P2) =0
G = 0, = the A-equation is KdV type for F
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Two-soliton solutions
We have three different combinations
a+a: The starting point must be
F=1+ce™ +ce™ +0(?), G=0(?),
with A(p1) = A(p2) = 0
G = 0, = the A-equation is KdV type for F
a+b: Now the starting point is
F=1+ce™ +0(?), G=ce™+0(c?),
with A(B1) = B(f2) = 0.

This leads to
F=1+ e”l, G=em L129771+772, (31)
with L12 = —M (32)

B(P1 +P2)
-~ amoHiewrinta | | |
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b+b: In this case we start with

=14+0(?), G=ce™ +ce™ +0(c?),
with B(B1) = B(B) = O,

and the 2SS turns out to have the form

F=1- Klze"1+’72, G=em+ e’72, (33)
A(p1 — P2)

with Kj» = e—= —.
27 APy + P2)

(34)
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The nonlinear Schrédinger class

Searching for integrable equations
The KP-DS combination

Results from search:

(Assume both A and B are nonlinear enough to support
solitons:)

I

(D3D; +aD2 + DiDy)g-f = 0

(DS +5D3Dy —5D7 + DiDy)g-f = 0

I

o

(D3D; + 3bDZ + DiDy)(F-F+G-G) = 0
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The nonlinear Schrodinger equation  is given by
iUy + Uxx 4 2¢|ul?u =0, (35)

where the function u is complex.

The substitution that bilinearizes (35) is
u=g/f, gcomplex,f real,
yielding
f[(iDe +DZ)g - f] — g [DZf - f —e2|g|’] = O,
For normal (bright) solitons we split this into

{ (iDH—Df)g-f =0

D2f.f — e2|gf2. (36)
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Soliton solutions for the nonlinear Schrddinger (nIS) type (F is
real and G complex):

B(Dy)G F = 0,
{A(D)F-F - |62 (37)
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Soliton solutions for the nonlinear Schrddinger (nIS) type (F is
real and G complex):

{B(D;)G-F =0 37)

A(Dz)F -F = |G~

For the vacuum soliton we take f =1,g = 0.
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Soliton solutions for the nonlinear Schrddinger (nIS) type (F is
real and G complex):

B(Dgy)G-F = 0,
AR F 2 e 37
For the vacuum soliton we take f =1,g = 0.
Formal expansion the 1SS is
f=1+4efi+e’fh+..., g=cgi+...

With this on finds that there can be two kinds of solitons,

F=1+e" G=0, with dispersion relation A(p) = 0,

F=1+Ke™*% G =e", withdispersion relation B(p) = 0.
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A search can be based on the existence of 2SSs.
Three equations were found (JH, J. Math. Phys. (1988))

(D2 +iDy +¢c)G-F = 0,
{(a(D;‘—3D3)+Dth)F-F = |G,

(iaD$ + 3cD2 +i(bDy —2dD;) +9)G-F = 0,
{(an(”Dt+aD§+(b+3c2)DXDt+th2)F-F = |G,

(iaD$ +3DyDy — 2Dy +¢)G-F = 0,
{(a(azD;‘—3Dy2+4aDXDt)+bD3)F-F = |GJ%

The last equation combines the two most important
(2 4+ 1)-dimensional equations, Davey-Stewartson and
Kadomtsev-Petviashvili equations.

We will next take a closer look on this equation.
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Bilinear form of DS

The Davey-Stewartson (DS) equation (the long-wave limit of
the Benney-Roskes equation) is given by (o = +1)

{ I¢t + (_018)2( + 83 )¢ 0-2|¢|2¢ + 20102Q¢7 (38)
(+0103 +33)Q = —d|¢l*.
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Bilinear form of DS

The Davey-Stewartson (DS) equation (the long-wave limit of
the Benney-Roskes equation) is given by (o = +1)

{ |¢t + (_018)2( + 83 )(b = 02|¢|2¢ + 20102Q¢7 (38)
(+0103 +33)Q = —d|¢l*.

We convert this into Hirota’s bilinear form using the substitution

¢=G/F, Q=20,0%2logF. F real, Gcomplex.
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Bilinear form of DS

The Davey-Stewartson (DS) equation (the long-wave limit of
the Benney-Roskes equation) is given by (o = +1)

{ I¢t + (_018)2( + 83 )(b = 02|¢|2¢ + 20102Q¢7 (38)
(+0105 +0§)Q = —0%|el*.

We convert this into Hirota’s bilinear form using the substitution

¢=G/F, Q=20,0%2logF. F real, Gcomplex.

After integrating the second equation twice w.r.t x we get

(iD{ —01DZ +DZ)G-F = 0,
(+01DF +D2)F -F = —03|G|?.

Jarmo Hietarinta _I

Bilinear method



Bilinear form of DS
The generalization and its reductions
The KP-DS combination Soliton solutions

What about the signs ¢;?

(iDi —0yDZ +D2)G-F = 0,
(+01DZ + D2)F -F = —0,|G2.
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What about the signs ¢;?
(iDi —0yDZ +D2)G-F = 0,
(+01DZ + D2)F -F = —0,|G2.
The DSI variant corresponds to o, = —1

(iDi+DZ +D2)G-F = 0,
(-DZ +D2)F-F = —03|GJ2
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What about the signs o;?

(iDi —0yDZ +D2)G-F = 0,
(+01DZ + D2)F -F = —0,|G2.

The DSI variant corresponds to o, = —1

(iDi+DZ +D2)G-F = 0,
2DxDyF -F = —0,|G|%.

It is usually presented in 45° rotated form and is known to have
dromion solutions.
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What about the signs o;?

(iDi—01DZ +DZ)G-F = 0,
(+01DZ + D2)F -F = —0,|G2.

The DSI variant corresponds to o, = —1

(iDi+DZ +D3)G-F = 0,
2DxDyF -F = —03|GJ?.

It is usually presented in 45° rotated form and is known to have
dromion solutions.

Later we will consider the DSII variant (o1 = 1)

{ (iDi+ (-D% +D2))G-F = 0, (39)

(DZ +D2)F -F = —03|GJ2
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What about the signs o;?

(iDi—01DZ +DZ)G-F = 0,
(+01DZ + D2)F -F = —0,|G2.

The DSI variant corresponds to o, = —1

(iDi+DZ +D2)G-F = 0,
2DxDyF -F = —0,|G|%.

It is usually presented in 45° rotated form and is known to have
dromion solutions.

Later we will consider the DSII variant (o7 = 1)

{ (lDt + 2Dx Dy )G -F = 0, (39)

(DZ +D2)F-F = —07|G|%

after a 45 degree rotation.
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Reductions

Let us consider some special cases of

a(a’Dy —3D7 + 4aDyDy) + bDZ|F -F = 2[GJ?,
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Reductions

Let us consider some special cases of

(—2iDt +3DxDy +iaD$ +¢)G-F = 0,
[a(a®Dy —3D7 + 4aDyDy) +bDZ|F -F = 2[G|?,

DIifa=1,b=0,G =0 we get KPI

{[a(D;‘—3D§+4DXDt)+ |F-F =0
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Reductions

Let us consider some special cases of

(—2iDt +3DxDy +iaD$ +¢)G-F = 0,
[a(a®Dy —3D7 + 4aDyDy) +bDZ|F -F = 2[G|?,

DIifa=1,b=0,G =0 we get KPI

{ [a(Dy — 3D7 + 4DxDy) + b ]F-F = 0.
2) If « = ¢ = 0 we recover the rotated DSII,

[a(- "D/ —3D2 )+ bD2] F - F
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Reductions

Let us consider some special cases of

o . . 3 . —
{ [ (—2iD¢ + 3DxDy +iaDg +¢)G - F 0 (40)

a(a’Dy —3D7 + 4aDyDy) + bDZ|F -F = 2[GJ?,

DIifa=1,b=0,G =0 we get KPI

{ [a(Dy — 3D7 + 4DxDy) + b ]F-F = 0.
2) If « = ¢ = 0 we recover the rotated DSII,

[a( "0’ —3D2 )+bDZ|F -F = 2(G]?,

Thus (40) combines of the two most important (2 + 1)-dim
equations, but only their DSII and KPI variants.
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Place in the Jimbo-Miwa classification

The first equations of KP and second modified KP hierarchy are

(D3 +2D3 +3D1D)0 -7 = O,
(D3 +2D3 —3D1D,)5 -7 = O, (41)
(D} —4D1D3 +3D3)r -7 = 2450.

Note scaling!
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Place in the Jimbo-Miwa classification

The first equations of KP and second modified KP hierarchy are

(D3 +2D3 +3D1D)0 -7 = O,
(D3 +2D3 —3D1D,)5 -7 = O, (41)
(Df —4D;1D3 +3D3)r -7 = 2450.
Note scaling! This is a subcase of
(—2iD¢ + 3DxDy +iaD$ +¢)G-F = 0,
{ [a(a?Dy — 3DF + 4aDyDy) + bDZ|F -F = 2|GJ2.
with D; = Dy, D, =Dy, D3 = —Dt, 7 =F, 0 = G, 5 = G*,
a=1/12,a=1,b=0,c=0
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Place in the Jimbo-Miwa classification

The first equations of KP and second modified KP hierarchy are

(D3 +2D3 +3D1D)0 -7 = O,
(D3 +2D3 —3D1D,)5 -7 = O, (41)
(Df —4D;1D3 +3D3)r -7 = 2450.
Note scaling! This is a subcase of
(—2iD; +3DkDy +iaD$+¢)G-F = 0,
{ [a(a?Dy — 3DF + 4aDyDy) + bDZ|F -F = 2|GJ2.
with Dy = Dy, D, = iDy, D3 = —Dy, 7 =F, 0 = G, 5 = G*,
a=1/12, a=1,b=0,c=0
e nonzero b, c break the scaling invariance,
e nonzero b is necessary for reduction to DS
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Place in the Jimbo-Miwa classification

The first equations of KP and second modified KP hierarchy are

(D3 +2D3 +3D1D)0 -7 = O,
(D3 +2D3 —3D1D,)5 -7 = O, (41)
(Df —4D;1D3 +3D3)r -7 = 2450.
Note scaling! This is a subcase of
(—2iD; +3DkDy +iaD$+¢)G-F = 0,
{ [a(a?Dy — 3DF + 4aDyDy) + bDZ|F -F = 2|GJ2.
with Dy = Dy, D, = iDy, D3 = —Dy, 7 =F, 0 = G, 5 = G*,
a=1/12, a=1,b=0,c=0
e nonzero b, c break the scaling invariance,
e nonzero b is necessary for reduction to DS

Solutions to (41) have been studied by Hirota and Ohta (1991)
and Isojima, Willox and Satsuma (2002), Kodama (2005).
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Bilinear to nonlinear

F,G are polynomials of exponentials like e+ ++t,

Soliton-like expressions obtained, e.g., from
q:=G/F and u := 9?logF
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Bilinear to nonlinear

F,G are polynomials of exponentials like e+ ++t,

Soliton-like expressions obtained, e.g., from
q:=G/F and u := 9?logF

For the nonlinear Schrodinger-type equations the canonical first
stepisF =e", G =qe", w real.

Bilinear method
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Bilinear to nonlinear

F,G are polynomials of exponentials like e+ ++t,

Soliton-like expressions obtained, e.g., from
q:=G/F and u := 9?logF

For the nonlinear Schrodinger-type equations the canonical first
stepis F =e", G = qge", w real. In the present case

(iaD$ +3DyDy — 2iD; +¢)G-F =0,
[a(a?Dy — 3D7 + 4aDyDy) + bDZ|F -F = |G[%.

the substitution above gives

fo(Quxx + 60xWxx ) + 3(Axy + 2Wxy Q) — 2igt +¢cq =0,
aZ[az(WXXXX + 6WXX2) - 3Wyy + 40[WXt] + 2bWXX = ’q |2
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Bilinear to nonlinear

F,G are polynomials of exponentials like e+ ++t,

Soliton-like expressions obtained, e.g., from
q:=G/F and u := 9?logF

For the nonlinear Schrodinger-type equations the canonical first
stepis F =e", G = qge", w real. In the present case

(iaD$ +3DyDy — 2iD; +¢)G-F =0,
[a(a?Dy — 3DF + 4aDyDy) + bDZ|F -F = [G[%.

the substitution above gives

fo(Quxx + 60xWxx ) + 3(Axy + 2Wxy Q) — 2igt +¢cq =0,
aZ[OzZ(WXXXX + 6WXX2) - 3Wyy + 40[WXt] + 2bWXX = ’q |2

To get something looking like KP and DS we need u = 9%w, but
which derivatives?
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Take an x-derivative of the second equation and define v = wy:

{ fo(Quxx + 60xVx) + 3(Oxy + 2vyq) — 2iqe +cq =0,
2a[a2(VXXXX + 12VXVXX) - 6Vyy + 8aVXt] + 2bVXX = (|q|2)x
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Take an x-derivative of the second equation and define v = wy:

{ fo(Quxx + 60xVx) + 3(Oxy + 2vyq) — 2iqe +cq =0,
Za[az(VXXXX + 12VXVXX) - 6Vyy + 8aVXt] + 2bVXX = (|q|2)x

1) The limitto KP: We putq =0, =1,a =1, b =0, operate
on the second equation by dyx and define u = 2vy.
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Take an x-derivative of the second equation and define v = wy:

{ fo(Quxx + 60xVx) + 3(Oxy + 2vyq) — 2iqe +cq =0,
za[az(VXxxx + 12VXVXX) - 6Vyy + 8aVXt] + 2bVXX = (|q|2)x

1) The limitto KP: We putq =0, =1,a =1, b =0, operate
on the second equation by dyx and define u = 2vy.

2) Limit to DS: Take a = ¢ = 0, operate by 0y and use u = vy:

{ 30xy — 2iqt + 6uq 0,
—6auyy + bux = (|a]?)xy-

With b = —6a = 1/5, u = —z + 26|q|?> and a 45° rotation in the
(x,y)-plane this equation becomes DSII
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Take an x-derivative of the second equation and define v = wy:

{ fo(Quxx + 60xVx) + 3(Oxy + 2vyq) — 2iqe +cq =0,
za[az(VXxxx + 12VXVXX) - 6Vyy + 8aVXt] + 2bVXX = (|q|2)x

1) The limitto KP: We putq =0, =1,a =1, b =0, operate
on the second equation by dyx and define u = 2vy.

2) Limit to DS: Take a = ¢ = 0, operate by 0y and use u = vy:

{ 30xy — 2iqt + 6uq 0,
—6auyy + bux = (|a]?)xy-

With b = —6a = 1/5, u = —z + 26|q|?> and a 45° rotation in the
(x,y)-plane this equation becomes DSII

Note that we had to use different substitutions for KP and DS.
Connection is simpler at the bilinear level!
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KP-type solutions

(iaD2 +3D«Dy — 2iD; +¢)G-F =0,
[a(a?Dy — 3DZ + 4aDyDy) + bDZ|F -F = |GJ%.
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KP-type solutions

(iaD2 +3D«Dy — 2iD; +¢)G-F =0,
[a(a?Dy — 3DZ + 4aDyDy) + bDZ|F -F = |GJ%.

KP-type solitons: 1SS
G=0, F=1+e™, n=px+qy-+uwt+n
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KP-type solutions
(iaD2 +3D«Dy — 2iD; +¢)G-F =0,
[a(a?Dy — 3DZ + 4aDyDy) + bDZ|F -F = |GJ%.

KP-type solitons: 1SS
G=0, F=1+e™, n=px+qy-+uwt+n
Dispersion relation from the second equation (p, g, w real)

a(ozzpj4 - 3qj2 + 4apjw;) + bpj2 =0

Bilinear method
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KP-type solutions

(iaD2 +3D«Dy — 2iD; +¢)G-F =0,
{ [a(a?Dy — 3DZ + 4aDyDy) + bDZ|F -F = |GJ%.
KP-type solitons: 1SS
G=0, F=1+e™, n=px+qy-+uwt+n
Dispersion relation from the second equation (p, g, w real)
a(ozzpj4 - 3qj2 + 4apjw;) + bpj2 =0

Physical field
u = 2adZ log(F).

Bilinear method
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KP-type solutions

=0

(iaD$ + 3DxDy — 2iD; + ¢)G - :
[ F = |G|2.

a(a?Dy — 3D7 + 4aDyDy) + bDZ|F - |Iz
KP-type solitons: 1SS
G=0, F=1+e™, n =pX+qy +wjt+77j0
Dispersion relation from the second equation (p, g, w real)
a(ozzpj4 - 3qj2 + 4apjw;) + bpj2 =0

Physical field
u = 2adZ log(F).

2SS:
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u for a KP-type saliton
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Figure: xy-plot of a KP-type solution for the full equation, the plot
shows u = 292 log(f) at a fixed time.
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nlS-type solutions

(iaD2 +3D«Dy — 2iD; +¢)G-F =0,
[a(a?Dy — 3DZ + 4aDyDy) + bDZ|F -F = |GJ%.

Jarmo Hietarinta _ Bilinear method



ucting multisoliton solutions Bilinear form of DS
ng for integrable equations The generalization and its reductions
The KP-DS combination Soliton solutions

nlS-type solutions

(iaD2 +3D«Dy — 2iD; +¢)G-F =0,
[a(a?Dy — 3DZ + 4aDyDy) + bDZ|F -F = |GJ%.

niS-type solitons: 1SS

G=rem F=1+ane™, 5=px+qy+ut+r
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nlS-type solutions
(iaD2 +3D«Dy — 2iD; +¢)G-F =0,
[a(a?Dy — 3DZ + 4aDyDy) + bDZ|F -F = |GJ%.

niS-type solitons: 1SS
G=r1em, F=1+aye™™ p=px+qy+ut+n

Physical field isq = G/F.
Dispersion relation from the first equation:

iOéij + 3ijj — 2iwj +c=0,

Bilinear method
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nlS-type solutions

(iaD2 +3D«Dy — 2iD; +¢)G-F =0,
[a(a?Dy — 3DZ + 4aDyDy) + bDZ|F -F = |GJ%.

niS-type solitons: 1SS
G=r1em, F=1+aye™™ p=px+qy+ut+n

Physical field isq = G/F.
Dispersion relation from the first equation:

iapj3 + 3quJ' — 2iwj +c=0,
2SS is given by:

= i+ +15+
G = K1 e + Ko e’z + Sllzenl T2 + Slzzenl U 772,

F=1+em ta,,eMmT% 3, ™1 3,1 + AeM T +mtn;
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Iql of an nlS-type soliton
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Figure: xy-plot of a nIS-type solution for the full equation, the plot
shows |q| = |G|/F at a fixed time
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Combinations

(iaD$ + 3DyDy — 2iD; +¢)G-F =0,
[a(a?Dy — 3D7 + 4aDyDy) + bDZ|F -F = |G[%.

We can also have combinations of KP- and nls-type solutions:

F = 1 + e771 + a22e772+77; + a122e771+772+775,
G = Kizenz + blze"1+"2.

Here index 1 corresponds to a KP-soliton with DR from second
eqguation, 2 to a nis-type soliton with DR from the first equation.
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Figure: xy-plot of the combination of one nIS-type solution and one
KP-type solution for the full equation, at a fixed time. The top part
shows |q| = |G|/F, the bottom part u = 252 log(f).
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Dromion solutions

Recall the standard DSI
(iDi+DZ +D2)G-F = 0,
DxDyF-F = |G]%.

Jarmo Hietarinta _ Bilinear method



ucting multisoliton solutions Bilinear form of DS
hing for integrable equations The generalization and its reductions
The KP-DS combination Soliton solutions

Dromion solutions

Recall the standard DSI
(iDi+DZ +D3)G-F = 0,
DxDyF-F = |G]%.

Dromion solutions are built up from ghosts:
F=14+e™W, G =0, #n=pX+qy+wittn, DR: pigi =0, Vi
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Dromion solutions

Recall the standard DSI
(iDi+DZ +D3)G-F = 0,
DxDyF-F = |G]%.

Dromion solutions are built up from ghosts:

F=1+e"" G =0, #n =pXx+gy+wit+n, DR: pigi=0,Vi

Two perpendicular ghosts are needed for a dromion:
F=1+entnh 4 ehtn 4 Agmtitntn G = xehtn
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Dromion solutions

Recall the standard DSI
(iDi+DZ +D3)G-F = 0,
DxDyF-F = |G]%.

Dromion solutions are built up from ghosts:
F=1+e"" G =0, = =pX+0gy+wit+n, DR: pig =0,V
Two perpendicular ghosts are needed for a dromion:
F=1+4entn et { Aemtnitntn G = xemtn
but now we have five dispersion relations:
piV =0, qf’)=o0,
oA = —200(af’ +af), o) = 200 (pl" + p{),

s

S(w1 +wp) = 3“3((IJ1+F>2)2 (91 +a2)?),A=1+ PGmOR
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Dromion for the generalized system

_ +ny +n; +n3+n2+n5 _ +
F_l_i_e”l A +e7]2 Uy _|_Ae7ll Ny TM2 772, G_Klenl 72

with five dispersion relations:

O g
9 qL — (i) (1)
o0 T o0 = (pl P2 )v
ol o . _
(5) + () = (B + B'F) + 0(al? + 0y + 2.
4ap]( ), (0 _ 4a2[p(r)]4 + 3[qu ]2 b[p(r)]Z
wg) wg) (qgf)pg ) 4+ qg)pg)) a(pd O ('))3

+ %Py + 02 )PP + [p517)
+300 +p)a + ) - §
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where

A=1+ <4aa2[p(r)p2r)]2 - |n[2/96> /
[apl p0[a2(p? + p)2 — a2@PV + 200pd) + 3pU )
~2a(q" +q{) - g}

An illustration of this dromion solution is next
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alitopt and w ibottoni)

Figure: xy-plot of a dromion solution for the full equation, at a fixed
time. The top part shows |q| = |G|/F, the bottom part u = 202 log(f).
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Conclusions

Advantages of the bilinear formalism:
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Advantages of the bilinear formalism:

e Multisoliton solutions easy to construct.
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Conclusions

Advantages of the bilinear formalism:

e Multisoliton solutions easy to construct.

e The dependent variables are usually tau-functions, with
good properties.
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Conclusions

Advantages of the bilinear formalism:

e Multisoliton solutions easy to construct.

e The dependent variables are usually tau-functions, with
good properties.

o Natural for the Sato theory, which explains hierarchies of
integrable equations (Jimbo and Miwa)

Bilinear method
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Conclusions

Advantages of the bilinear formalism:

e Multisoliton solutions easy to construct.

e The dependent variables are usually tau-functions, with
good properties.

o Natural for the Sato theory, which explains hierarchies of
integrable equations (Jimbo and Miwa)

e Suitable for classification: the bilinear form strongly
restricts the freedom of changing dependent variables.
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