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Abstract

This thesis is comprised of four articles in multiplicative number theory, a subfield
of analytic number theory that studies questions related to prime numbers and
multiplicative functions. A central principle in multiplicative number theory is
that multiplicative structures, such as the primes or the values of a multiplicative
function, should not correlate with additive structures of various types. The results
in this thesis can be interpreted as instances of this principle.

In the first article, we consider the problem of finding almost primes in almost all
short intervals, which is a natural approximation to the problem of finding primes in
short intervals. We show that almost all intervals of nearly optimal length contain a
product of exactly three primes. For products of exactly two primes, we improve a
result of Harman. The proofs are based on careful analysis of Dirichlet polynomials
related to almost primes.

The second article is about the Goldbach problem for a sparse subset of the
primes. Vinogradov famously showed that any large odd number is the sum of
three primes, so it is natural to study the same problem with the summands coming
from a subset of the primes. Improving a result of Matoméki, we show that a special
set of primes, consisting of primes representable as one plus the sum of two squares,
satisfies the ternary Goldbach problem. We also establish a number of other additive
results for this same set of primes. The proofs use sieve methods and transference
principles for additive equations in primes.

We also study the Mobius function and its autocorrelations. A famous conjecture
of Chowla asserts that products of shifts of the Mobius function should have mean
zero. In the third article, together with T. Tao we settle a logarithmic version of
this conjecture in all the cases involving an odd number of shifts. This complements
Tao’s earlier result that the two-point Chowla conjecture holds with logarithmic
weights.

Lastly, in the fourth article, we study binary correlations of multiplicative func-
tions with logarithmic weights. We prove an asymptotic formula for these corre-
lations for a wide class of multiplicative functions, extending an earlier result of
Tao. We then derive a number of applications regarding the largest prime factors
of consecutive integers, including a logarithmic version of a conjecture of Erdds
and Turdn. Moreover, we prove a new estimate for character sums over reducible
quadratic polynomials.






Tiivistelma

Tama vaitoskirja koostuu neljésté artikkelista multiplikatiivisessa lukuteoriassa,
joka on alkulukuja ja multiplikatiivisia funktioita tutkiva analyyttisen lukuteorian
haara. Keskeinen periaate multiplikatiivisessa lukuteoriassa on, ettd multiplikatii-
visten objektien (kuten alkulukujen tai multiplikatiivisten funktioiden arvojen) ei
pitéisi korreloida additiivisten objektien kanssa. Tamén véitoskirjan tulokset voi-
daankin tulkita kyseisen periaatteen ilmentyminé.

Ensimmaéisessé artikkelissa tarkastelemme melkein alkulukujen loytdmistd mel-
kein kaikilta lyhyiltd véileiltd; tdmé& on luonnollinen approksimaatio alkulukujen
loytamiselle lyhyilta véleiltd. Osoitamme, ettd melkein kaikki vilit, joiden pituus
on ldhes optimaalisen lyhyt, siséltdvét tasan kolmen alkuluvun tulon. Tasan kahden
alkuluvun tulojen tapauksessa parannamme Harmanin tulosta. Todistukset perus-
tuvat melkein alkulukuihin liitettyjen Dirichlet’'n polynomien tarkkaan analysoin-
tiin.

Toinen artikkeli koskee Goldbach-ongelmaa eriille harvalle osajoukolle alkulu-
kuja. Vinogradov osoitti kuuluisassa tyossién, ettd jokainen riittdvén suuri pariton
luku on kolmen alkuluvun summa, joten on luonnollista tarkastella vastaavaa ongel-
maa alkulukujen osajoukoille. Parantaen Matoméen tulosta osoitamme, ettd vastaus
terndédriseen Goldbach-oneglmaan on positiivinen niiden alkulukujen joukolle, jotka
voidaan esittdd ykkosen ja kahden nelicluvun summana. Osoitamme myds useita
muita additiivisia tuloksia samalle alkulukujen osajoukolle. Todistukset kéyttéavit
seulamenetelmid sekéd ns. traansferenssiperiaatteita additiivisille yhtélsille alkulu-
kujen joukossa.

Tutkimme my6s Mdobiuksen funktiota ja sen autokorrelaatioita. Chowlan kuului-
sa konjektuuri véittdd, ettd Mobiuksen funktioiden translaatioiden tuloilla pitéisi
olla keskiarvo nolla. Kolmannessa artikkelissa yhdesséa T. Taon kanssa ratkaisemme
logaritmisen version téstd konjektuurista kaikissa tapauksissa, joissa translaatioi-
den méa#ra on pariton. Taméa tdydentdsd Taon aikaisempaa tulosta, jonka mukaan
kahden pisteen Chowlan konjektuuri pétee logaritmisilla painoilla.

Lopuksi neljdnnessé artikkelissa tutkimme multiplikatiivisten funktioiden bin&é-
risié korrelaatioita logaritmisilla painoilla. Todistamme asymptoottisen kaavan néille
korrelaatioille, joka pétee laajalle luokalle multiplikatiivisia funktioita ja parantaa
Taon aikaisempaa tulosta. Johdamme sitten useita sovelluksia koskien perédkkaisten
lukujen suurimpia alkutekijoitd — mukaan lukien logaritmisen version erdisti Erdosin
ja Turanin konjektuurista. Lisdksi todistamme uuden arvion karakterisummille yli
jaollisen toisen asteen polynomin arvojen.
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1. NOTATIONS AND CONVENTIONS

We collect here the notations used in the summary sections[2 {5l The Articles [I]-[IV]
have their own notation sections.

1.1. Sets
e N — the set of positive integers {1,2,3,...}.
e 7 — the set of all integers.
e Zy — the ring of integers mod N.
e [P — the set of prime numbers.
e Squarefree integers — integers n > 1 such that n is not divisible by p? for
primes p.
e P, —the set of integers with at most k prime factors, counting multiplicities.
o I, — the set of integers with exactly k prime factors, counting multiplicities.
e D - the unit disk {z € C: |2| < 1}.
e 1g(n) — the indicator function of a set S, equaling 1 if n € S and 0 otherwise.

1.2. Letters
e d, k, 0, m,n — positive integers.
® p,p1,Pa, ... — prime numbers.

e ¢ — an arbitrarily small positive constant.
e W — the product of primes in [1,w] for some large w.

1.3. Arithmetic functions

e ©(n) — the Euler function, giving the number of integers 1 < j < n coprime

to n.

e A(n) — the von Mangoldt function, which equals logp if n = p* for some
prime p and some k£ > 1, and equals 0 if no such p exists.
Q(n) — number of prime factors of n, counted with multiplicities.
A(n) — the Liouville function, given by A(n) := (—1)%®).
p(n) — the Mébius function, given by p(n) := A(n)1,, squarefree-
P*(n) — the largest prime factor of n, with P*(1) := 1.
7(z) — the number of prime numbers in [1, z].
Multiplicative function — a function g : N — C satisfying g(mn) = g(m)g(n)
whenever m,n € N are coprime.
)\:{’LIN, )\;’LIN — the upper and lower bound linear sieve weights. Given a
level D and a sifting parameter z, they are equal to 1 for d = 1 and are equal
to the Mobius function p(d) for d > 2 belonging to the sets

DN = {p1 copp <D oz2>pp > prgr, Pree 'p2k—2pgk—1 <DVk > 1}a
DN ={p - p, <D 2> pp > prra, D1 Pak—1Day < D VE > 1}

For other values of d, they are equal to 0.

)\I’SEM, /\;’SEM — the upper and lower bound semilinear sieve weights. Given
a level D and a sifting parameter z, they are equal to 1 for d = 1 and are
equal to the Mobius function u(d) for d > 2 belonging to the sets
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DS —{pi-p <D 2> pp > pret, ProcPak—aPap g < D VE > 1},
DM = {pyrpr <D 2> pp > pryr, P pabhy < DV k> 1)

For other values of d, they are equal to 0.

1.4. Analysis

e f(z) =o0(g(x)) — we have lim,_,, f(x)/g(z) = 0.

e f(z) < g(z) — we have, for some constant C, |f(x)| < Cl|g(x)]| for all large
enough x.

o f(x) =< g(z) — we have f(z) < g(x) and g(z) < f(z).

® 0.,0(1) — an unspecified function f(e) tending to 0 as ¢ — 0.

e Almost all - for a proposition P(n), we say that it holds for almost all n € N
if [{n < X : P(n) fails}| = o(X). Analogously, we say that P(n) holds for
almost all even n if [{n < X : n=0 (mod 2), P(n)fails}| = o(X).

e c(a) — the additive character ™.

o ||z|| — the distance from x € R to the nearest integer.

® >, — summation over primes in I, whenever [ is an interval.

~

e f(&) — the discrete Fourier transform of f : Zy — C, given by

Fio) =y 3 fe (-5

neZN

1.5. Probability theory
e P(A) — the logarithmic probability of A C [1,z], given by

1
s

e H(X) — the entropy of a random variable X having a finite range X’. This
is defined by

P(A):

1

H(X):= ) P(X=uz)log PR =)

reX

e H(X,Y) — the joint entropy of two random variables X and Y with finite
ranges X and ), respectively. This equals the entropy of the random variable
(X,Y) that takes values in X x ).

e H(X]|Y) — the conditional entropy of X given Y;

HX|Y) =H(X,Y) - H(Y).
e I(X,Y) — the mutual information between two random variables X and Y;

I(X,Y)=H(X)+H(Y) - HX,Y).
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1.6. Miscellaneous
e (m,n) — the greatest common divisor of m and n.
e D(f,g;x) — the pretentious distance between f and g, defined in formula

(6.1).
e P(z) — the product of all the primes in [1, z).
e |lallyr(zy) the U Gowers norm of a : Zy — C, defined recursively as

1 B . 1/2k+1
) Ha||Uk+1(zN) = <N Z ”a"atHZZJk(ZN)> )

teZ N

lallvr(zy) ==

’ TLEZN

where a;(n) := a(n +t).
e |lallyrn — the U*¥ Gowers norm of a : [1, N] — C, defined by

1111,n7 - alluk oy

llallpep =
] 1Tk o)
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2. INTRODUCTION

Multiplicative number theory is an area of analytic number theory where one studies
the distributional properties of multiplicative functions, prime numbers, and other
sets possessing multiplicative structure. A fundamental principle in this area is that
multiplicative structures (such as the primes, or the values of a multiplicative func-
tion) should behave independently of additive structures (such as intervals, additive
equations, or arithmetic progressions). This gives rise to a number of conjectures,
many of which are still open.

One instance of this principle is that the primes are expected to be distributed
somewhat uniformly on very short intervals, such as [z, z + (log z)¢] with ¢ > 1 and
x € N large. Under the Riemann hypothesis, Selberg proved that for ¢ = 2 + ¢
this holds, at least for almost all such intervals. A famous conjecture of Cramér [§]
asserts that for ¢ = 2 4 ¢ there should be a prime on [z,z + (logx)¢] for large =,
even without any exceptional intervals, but this is not known even conditional on
the Riemann hypothesis. In Article [I], we show, improving the work of Harman
[35], that almost all intervals [z, z + (logz)35!] contain a product of exactly two
primes, and almost all intervals [z, z + (log z)'*¢] contain a product of exactly three
primes for any € > 0, the latter result being nearly optimal. Numbers that are the
product of exactly two or three primes can be thought of as approximations to the
primes, and they have a rigid multiplicative structure in particular. It turns out
that these almost primes (discussed in detail in Section [3)) have more flexibility than
the primes, and this is what enables us to prove much stronger results about them.

Another conjecture that combines multiplicative and additive structures is the bi-
nary Goldbach conjecture, dating from 1742 and stating that every even n > 4 is the
sum of two primes. This remains an important open problem. On the other hand,
the ternary version of the problem, to the effect that every odd number n > 7 is
the sum of three primes, was proved by Vinogradov [108] in 1937 for all sufficiently
large integers, and by Helfgott [43] in 2013 in the remaining cases. The essence of
many problems of Goldbach-type is showing that the primes do not correlate with
“additive sets” (such as the so-called Bohr sets, defined in Section |4.2). The binary
Goldbach conjecture has been known since the 1930s to be true for almost all even
n, so a natural question to examine is whether the conjecture remains true in almost
all cases when one only uses summands coming from a specific subset of the primes.
Improving a result of Matoméki [70], we show in Article [II] that this question has
a positive answer for primes represented by the polynomial 22 + 3% + 1; this subset
of the primes has also been studied in several other contexts [49], [115], [69] and is
an example of a sparse subset of the primes (that is, it has relative density 0 within
the primes). Continuing with the theme of additive problems in the primes; we
show that the primes of the form x? 4+ 12 + 1 also contain infinitely many three-term
arithmetic progressions, and that the numbers ap, where « is a fixed irrational and
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p runs through such primes, are “well-distributed” modulo 1.

Turning our attention from primes to multiplicative functions, we also study the
Liouville function, A(n), whose value is determined by the parity of the number of
prime factors of n. Chowla [7] posed in the 1960s the famous conjecture that the
Liouville function should behave independently along strings of consecutive integers,
taking any sequence of +1s and —1s with equal probability. More precisely, Chowla’s
conjecture can be written as the statement that

LS A4 ) Al 4 ) = o(1)

n<x

for any fixed k£ > 1 and distinct hq, ..., hy € N. Thus, for example, the probability
that the Liouville function takes value +1 at both n and n + 1 should be i, the
product of the individual probabilities of the events A(n) = 1 and A(n + 1) =
1 (which have probability %) During the last few years, there has been a lot
of research activity surrounding Chowla’s conjecture, and several approximations
to the conjecture have been proved (see Section [5| for descriptions of them). In
particular, Tao [098] showed in 2015 that the two-point case of Chowla’s conjecture
holds with logarithmic weights, in the sense that

1 Z A(n+ hy)A(n + ha)

log x n
&) n<z

= o(1)

for any distinct hq, he € N. In Article [I1I], jointly with Tao, we consider the higher
order cases and show that for odd values of k the k-point Chowla conjecture holds
with logarithmic weights. Our proof uses combinatorial tools, such as the theory of
Gowers norms, and is independent of and simpler than our earlier proof of the same
result in [100].

The Liouville function is an archetypal example of a multiplicative function, so it
is natural to believe that also shifts of more general multiplicative functions are
independent of each other under suitable assumptions. This was made precise by
Elliott [I1] in the 1990s; he conjectured that one has the discorrelation estimate

%Zgl(rw ha) -+ gi(n + i) = o(1),

n<x
whenever ¢y, ..., g, are multiplicative functions that take values in the unit disc,
hi, ..., hy € N are distinct shifts, and one of the functions g; is non-pretentious in

a suitable sense (we elaborate on this in Section [6)). In 2015, Tao [98] proved that
Elliott’s conjecture holds for k& = 2 with logarithmic weights, in the sense that

1 Z g1(n 4+ h1)gz2(n + hs) — o(1)

log x n
g n<x
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under the same assumptions. In Article [IV], we show that Tao’s result on the
two-point logarithmic Elliott conjecture can be extended to a wider class of real-
valued multiplicative functions (with a main term in the asymptotic). This wider
class turns out to contain many functions of interest, such as indicator functions
related to smooth numbers (see Section |§| for details). Making use of this, we prove
a logarithmic version of a conjecture of Erdés and Turan [94] on the largest prime
factors of n and n + 1 . We also show that certain other sets constructed from
multiplicative functions behave independently at n and n + 1, as one would expect
from the heuristic discussed above.

The structure of this thesis is as follows. In Sections [3 [} [f] and [6, we introduce
the topics of the articles [I], [II], [III] and [IV], respectively, and give a wealth of
references to the literature on these and related questions. This is followed by the
original publications in the same order. The preprint versions of these publications
can also be found on the arXiv.org preprint server.
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3. ALMOST PRIMES IN VERY SHORT INTERVALS

In article [I], we study the problem of finding almost primes in almost all short
intervals. Since almost primes (defined subsequently) are an approximation to prime
numbers, we begin with an overview of conjectures and results on primes in short
intervals.

3.1. Heuristics and conjectures for primes in short intervals
The prime number theorem, a cornerstone in classical analytic number theory, states
that the number of primes 7(x) up to x satisfies the asymptotic relation

m(2) = (1+o(1)

logz”

Interpreted probabilistically, this means that an integer n < x chosen uniformly
at random is prime with probability (1 + o(1))/(logz). Based on this, H. Cramér
[§] introduced in the 1930s the heuristic model that the indicator function 1p(n) of
primes should behave for n < z like a random variable X,, € {0,1} that equals 1
with probability 1/logz. Moreover, he made the strong assumption that the X,
are jointly independent of each other; this property of course does not hold for the
primes as such (since both n and n + 1 cannot be prime for n > 3), but it serves
as a good approximation in various problem{ﬂ Cramér then deduced from basic
probability theory that if the X,, are as above, then the sum ZI_MOgK,Kx Xk is
Bernoulli distributed with mean A, and further that the Bernoulli distribution is
very closely approximated by the Poisson distribution with the same mean A\ (in
the regime where A\ > 0 is fixed and z — o0). Thus, if the model of the primes as
the random variables X,, is adequate, the primes follow the Poisson distribution in
short intervals, in the sense that

k

(1) Ll{n<w: wln+ Aoga) —w(n) = kY| = (1 +o(1)e 0y

for any fixed A > 0 and k£ € N. There is strong evidence in support of ,
as Gallagher [20] showed that it would follow from a certain uniform version of
the widely believed Hardy—Littlewood prime tuples conjecture (for the non-uniform
version, see Subsection. From one can deduce many further (yet unproved)
properties of the primes in short intervals; in particular, letting A grow slowly with
z and taking k = 0, would imply that, for any function ¢ (z) — o0 as * — o0,
we have

(3.2) m(x+(x)logx) —w(x) > 1

for almost all x € N. By a more careful analysis of the tails of the Poisson distribu-
tion, one could similarly infer the stronger statement

(3.3) m(z +¢(x)logx) — 7(x) = (14 O(e))¥(x)

IThere are more elaborate versions of Cramér’s model that take into account local obstructions;
see [23].
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for almost all x € N| for any for any fixed ¢ > 0 and any given function ¥ (x) — oo
with ¢(x) < x (and with the implied constant in the O(-) notation being absolute).
Moreover, under the assumption that holds uniformly for A < C'logx with
C > 1, the right-hand side of is < 1/z, so one ends up with the following
conjecturd?

3.1. Conjecture (Cramér’s conjecture). There exists a constant C' > 0 such that
the interval [z, z + C(log z)?] contains a prime for all large enough .

It seems that Cramér’s conjecture is out of reach even under the Riemann hypothe-
sis. Nevertheless, Selberg [91] showed that the Riemann hypothesis implies a version
of Cramér’s conjecture for almost all x.

3.2. Theorem (Selberg). Assume the Riemann hypothesis. Then, for any function
Y(x) tending to infinity as x — oo, almost all intervals [z, x +(x)(log x)?| contain
a prime.

When it comes to the existence of primes in all short intervals, the best statement
known under the Riemann hypothesis is that [z, x + 2/?log x] contains a prime for
all large x; see [90]. This remains very far from intervals of polylogarithmic length.
Let us mention in passing that Cramér’s model also gives probabilistic evidence for
the Riemann hypothesis; namely, if one redefines the random variables X,, slightly
to take the value 1 with probability 1/logn, then one can use basic properties of
random walks to show that for any fixed € > 0 we have

ZXn_/xCﬁ<<xl/2+s
5 logt

n<x

with probability 1, and the corresponding statement for 1p(n) in place of X, is
well-known to be equivalent to the Riemann hypothesis.

The above indicates that results (whether conditional or unconditional) one can
prove about primes in almost all intervals tend to be considerably stronger than
what can be proved about primes in all short intervals. One fact that complicates
the study of primes in all short intervals is that there are actually some short
intervals where the primes notably deviate from their typical behavior. Namely,
Maier [67] showed in 1985 in a seminal work that, given any C' > 0, there is a
constant 7(C') > 0 such that for an infinite sequence of z € N we have

m(z + (log2)) — m(z) > (1 +n(C))(log )",

and an analogous statement holds with the inequality reversed and 1 —7(C') in place
of 1 +n(C). This is however not in contradiction with the Cramér model, as that
model only predicts how the primes should behave on typical intervals, instead of

2The above heuristic in fact suggests that C' = 1 in Conjecture There is however some reason
to doubt this choice of C, since a more refined version of the Cramér heuristic due to Granville
[23], which takes into account the local distribution of primes, predicts that C' > 2e™7 = 1.12.. ..
It is nevertheless generally believed that there is a constant C' such that Conjecture F)El is true.
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all intervals (at least if A is fixed in (3.1))). In particular, the asymptotic is
believed to be true on almost all intervals, and in [I] we prove some analogues of
for the counting function of almost primes, with i(z) a very slowly growing
function, such as ¢(x) = (log x)°.

3.2. Primes in all short intervals

The problem of detecting primes in short intervals has attracted wide interest in
analytic number theory over several decades; see for instance [38], [I16], [48, Chapter
12] for treatises on this topic. There are still many open conjectures in this topic,
including the Cramér conjecture (Conjecture mentioned above. A much more
approachable problem than Conjecture is that of finding a real number 6 € (0, 1)
as small as possible such that every interval [z, z + 2] with = large enough contains
a prime number. It is expected that any 6 > 0 is admissible, as would follow from
Conjecture The first result in this direction is Hoheisel’s result [46] from 1930,
with # = 1 — § for some small § > 0 (he had § = z7355). The exponent § was
improved several times during the following decades by various authors, by using
results on the theory of the Riemann zeta function and in particular zero density
estimates for it. In 1972, Huxley [47] proved that any 6 > % is admissible, and this
was slightly improved to § = & by Heath-Brown [40]. All of the above mentioned
results in fact provide an asymptotic of the form

2
(3.4) m(z +2%) — 7(z) = (1 +0(1))

loga’

where 7(x) is the number of primes up to x; furthermore, when it comes to asymp-
totics of the type (3.4)), the result § = % is still the best one known.

Subsequent authors have considered the problem of obtaining lower bounds of the
correct order of magnitude for the number of primes in an interval, meaning esti-
mates of the form

0

9 x
(3.5) m(z+2") —m(x) >

logz’

To achieve such bounds, one can utilize sieve methods in addition to zero density
estimates for the Riemann zeta function to obtain stronger results than for the
problem (3.4)). Such improvements were achieved for instance in [51], [42], [86], [53],
[2], and the best result to date is that of Baker, Harman and Pintz [3], who reached
0 = 0.525.

The exponent 6 = % certainly appears to be the limit of all known methods; as we
mentioned, even under the Riemann hypothesis it is only known that (3.4 is true
for all 8 > % For the same conclusion 6 > %, it would suffice to assume the density



25

hypothesisﬂ, which is implied by the Riemann hypothesis. In conclusion, conjectures
related to the Riemann zeta function do not seem to enable getting information on
primes in all intervals of polylogarithmic length (unlike Conjecture .

3.3. Primes in almost all short intervals

Since known results on the problem of primes in all short intervals remain far from
what is being conjectured, it is worthwhile to consider the problem of primes in
almost all short intervals. Naturally, we say that almost all intervals [z, z + y(x)]
contain a prime if

(3.6) Hn < X : [n,n+yn)| NP =0} =oX).

Several authors have obtained much better results for than for the problem of
finding primes in all short intervals. Regarding asymptotics for primes in almost all
short intervals, the best result is Huxley’s [47] with y(z) = 2 and 6 > } in (B.6).
When one gives up asymptotics, one can again obtain much better results, as was
done in [36], [T12], [54], and most recently by Jia in [55] with 6 > .

The natural barrier for the known methods is # > 0; in particular, one is still far
from reaching unconditionally intervals that are as short as in Conjecture 3.1} In
analogy with the case of all short intervals, y(z) = 2 for all # > 0 in would
follow from the density hypothesis (and thus also from the Riemann hypothesis),
but has not been attained without resorting to such conjectures.

Nevertheless, if one assumes the full strength of the Riemann hypothesis, then
Selberg’s result (Theorem [3.2]) nearly establishes Conjecture in almost all cases.
Since Gallagher [20] proved that the Poisson distribution property of the primes
holds under a uniform version of the Hardy-Littlewood prime tuples conjecture, by
the discussion of Subsection [3.1]even the optimally short intervals [z, z + 1 (x) log z]
contain a prime almost always under the uniform Hardy—Littlewood conjecture.
Heath-Brown [39] showed that the same result can be obtained by assuming the
Riemann hypothesis and a suitable uniform version of the pair correlation conjec-
ture for the zeroes of the Riemann zeta function. Needless to say, proving any of
these hypotheses seems to be out of reach for all known methods.

If we seek unconditional results in almost all short intervals that are of similar length
as in Theorem [3.2] we must relax the notion of primes somewhat. This leads to the
study of almost primes in short intervals.

3This hypothesis states that if o € [1,1] and N (0, T) is the number of zeros of the Riemann zeta
function in the rectangle [0, 1] x [T, T] of the complex plane, then N (o, T) < T2 =9)*< for any
fixed € > 0.
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3.4. Almost primes in almost all short intervals
We define two classes of almost primes, the E; numbers

Er={neN: Qn) =k}
and the P, numbers
P, ={neN: Q(n) <k},

where Q(n) is the number of prime factors of n, counted with multiplicities. Then
we trivially have the relations P C Py, Ey C Py, and P = E; = P, \ {1}. Many
of the questions of interest for the set P of primes have also been investigated for
these sets of almost primes, often with significantly better unconditional results. For
works that study analogues of classical questions on the primes for the Ej numbers
see [21], [35], and for P, numbers see [5], [81].

There are several reasons why the sets Fy and Py can be viewed as good approxi-
mationsﬁ to the set P. An obvious reason is of course that the E) and P, numbers
have only a bounded number of prime factors. In addition, if we denote by 4 (z)
and 7} (x) the counting functions of Ej and P, numbers up to z, respectively, then
it is a classical result of Landau (see [L02, Section II1.6.1]) that we have

r  (loglogx)*t

BT mle) = (o)) = (o) S
for fixed k, so the sets Ej and Py have nearly the same density 1/(logx) on [1, z]
as P has. In article [I] and in many earlier works, one actually considers numbers
p1 - pr < x with the constraint P; < p; < PF for ¢ < k—1 for some suitably chosen
P, <z and ¢ > 1, and it is not difficult to show that such numbers have cardinality

=, @ up to z, just like the primes.

Another reason for the abundance of results on P, numbers in analytic number the-
ory is that they are exactly the kind of numbers detected by sieve methods. Indeed,
sieve methods typically produce numbers n < x with no prime factors p < z¢ for
some ¢ < %, which then means that n € Ppy/.—;. Here we see however an important
contrast between the Ej and P, numbers, namely that the Ej numbers (just like
the primes) cannot be produced using only classical combinatorial sieves. Indeed,
the notorious parity problem in sieve theory, first discovered by Selberg (and dis-
cussed for example in [I9, Chapter 16]), states that classical combinatorial sieves
cannot distinguish numbers with an odd and even number of prime factors from
each other. As E, numbers have exactly k prime factors, they cannot be distin-
guished from FEjy; numbers in such a manner (and so in particular, primes and
P, numbers cannot be distinguished). Due to this, many results are significantly
weaker for F;, numbers than for P, numbers, and the F;, numbers are a much closer

40f course, the sets P and Ej, are disjoint for k > 1, but so are for instance P and {2p : p € P},
yet they have essentially the same distributional properties.
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approximation to the primes, since the sets P and Ej, are both subject to the parity
problem. In problems involving FEj numbers in short intervals one therefore wants
to make use of the theory of Dirichlet polynomials (and in particular, the theory
of the Riemann zeta function), and the advantage compared to primes is that Ej
numbers offer more variables to work with in these Dirichlet polynomial bounds, a
substantial benefit in proving various estimates.

Concerning P, numbers, there are very satisfactory short interval results. Notably,
Friedlander and Iwaniec [I9, Chapters 6 and 11] proved that, for any function ¢ (z)
tending to infinity with x, almost all intervals [z, z+(x) log ] contain a P, number.
They also hinted how to obtain the same result for P3 numbers. Mikawa proved in
turn that almost all intervals [x, z + (log z)°*¢] contain a P, number. As both proofs
are based on classical sieve methods, they are not applicable to the corresponding
question for Fj numbers.

It is nevertheless the case that considerably stronger short interval results have
been obtained for the Ejy numbers than for the primes. Motohashi [83] proved that,
for any € > 0, almost all intervals [z, + 2] contain an Es numberl]ﬂ Soon after
that, Wolke [114] improved this to almost all intervals [z, z + (log x)¢] for some large
constant ¢ (he had ¢ = 5-10°%). This was the first result for Fy numbers that involved
intervals of merely polylogarithmic length, as in Conjecture and Theorem [3.2]
Harman [35] then gave a reasonable value of ¢, namely ¢ = 7 + ¢ for any ¢ > 0.
In Article [I], we improve the exponent 7 + ¢ for Ey numbers to 3.51 and obtain a
nearly optimal result for F3 numbers.

3.3. Theorem (Article [I]). (a) Almost all intervals [x,x + (logxz)'™¢] contain an
E3 number, for any fived € > 0.
(b) Almost all intervals [z, z + (log z)*>*'] contain an Ey number.

The result for F5 numbers is close to optimal, since by there exists a posi-
tive proportion of intervals [z, z + (log x)(log log #) 72| with no E3 numbers in them.
When it comes to Es numbers, significantly improving the exponent 3.51 appears
difficult, since even under the density hypothesis the method used in [I] would only
improve the exponent to 3 + ¢ (for this, see |I, Remark 10]).

As a matter of fact, we prove the following quantitative version of Theorem [3.3]
where the prime factors of the F3 and F5 numbers that we detect are of specific
sizes.

3.4. Theorem (Article [I]). Let e > 0 be small but fized. Let X > 1 be large enough.
Define the parameters P, = (loglog X)5t19VE P, — (log X)=* and P} = (log X )>%',

®In the works [83], [114], [35], the numbers under consideration are E; numbers, although the
wording “P, numbers” is used there for lack of better terminology.
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Then, for Pilog X < h < X we have

(3.8) ;/X}ll > 1—% oo

and for P{log X <h' <X

(3.9) hl 3 12% >oo1

z<p1p2<z+h’ X<p1p2<2X
p1e[P,(P])' "] p1E[P],(P])'Te]

d—<(1g1X)>

z<p1p2p3<z+h X<p1p2p3<2X
p1E€[P1,Pe] p1€[P1, P 1)
p2€[Pa, Py te] p2€[P2,Pyte]

for some small absolute constant 6 > 0 and almost all x € [X,2X].

By the prime number theorem and a simple application of Chebyshev’s inequality,
one can show that Theorem indeed implies Theorem We remark that in
[[] we also find Ej numbers on intervals whose lengths approach logz as k grows.
More precisely, almost all intervals [z, x + (log x)(log,_; 2)°*] contain an Ej number
for some constant Cy > 0. Subsequently, Goudout [22] considered Ej numbers in
almost all short intervals [z, z 4 hg(x)] uniformly in the k£ aspect. He gave optimal
results for k£ < loglog x and nearly optimal results for 5 < k < loglog x.

3.5. Proof ideas for products of three primes

As in many previous works on primes and almost primes in short intervals, we re-
duce proving (3.8), and hence Theorem [3.3|(a), to the study of Dirichlet polynomials.

More precisely, we use Perron’s formula and a Parseval-type inequality (which uti-
lizes the mean square present in (3.8)) to essentially reduce (3.8) to the correspond-
ing bound for Dirichlet polynomials:

(3.10)
X/h )
FA+it))dt=o(——t here F(s) := .
[ rainpa=o (k) e Fo = S i
X<p1p2p3<2X

p1€[P1, P

Pp2€[P, Py t7)
strictly speaking, we also need to consider the integral over other intervals than
(X901 X /h], but this turns out to be the most difficult regime. See [[, Lemma
1, formula (4)] for a more precise version of ([3.10). Reducing a problem about
short intervals to Dirichlet polynomials is advantageous, because the sum F(s) now
runs over a long interval and we can make use of various pointwise, mean value and
large values estimates for Dirichlet polynomials to estimate the mean square of F'(s).

To effectively estimate these Dirichlet polynomials, we incorporate the method that
Matomaéki and Radziwitt [74] developed in 2015 for analyzing multiplicative func-
tions in very short intervals to the setting of almost primes in almost all short
intervals. Matoméki and Radziwilt proved, as a special case of their breakthrough
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on multiplicative functions, that the Mébius function p(n) has mean o(1) on almost
all intervals [z, z+(z)], for any ¢ (x) tending to infinity with z. This result suggests
that their method in [74] might imply something about primes or almost primes in
almost all short intervals, as well. However, for the case of primes the method is not
amenable, as a vital element of the proof is a combinatorial factorization identity
available for multiplicative functions (the Ramaré identity, [74, Formula (9)]). For
the primes there certainly is no analogous identityﬂ. The indicator function of those
E), numbers that we will consider, on the other hand, does have a useful factoriza-
tion, owing to the constraints for their prime factors in Theorem Using this,
(3.10) roughly speaking takes the factorized form

(3.11)
X/h
/ P1(1+¢t)P2(1+it)P3<1+¢t)|2dt:o(@),Pj(s):: o

X0.01 1+
Py<p<P/**

and P; := X/P; P, and the sum Ps(s) is over a dyadic interval. Above we have sep-
arated the contribution of each of the variables p; and can estimate the polynomials
corresponding to different variables in different ways.

An estimate of the shape is our goal in the proof of Theorem (a), but a
number of aspects of the Matoméki-Radziwilt method require modifications when
working with Fj numbers; in particular, one needs to obtain logarithmic savings in
places where o(1) savings would suffice for multiplicative functions (for instance, in
[l Lemma 4]). This is due to the fact that the Ey numbers are a sparse set, of density
roughly 1/(log ) up to z. Additionally, there is a part of the proof (|I, Proposition
3]), where we need a product of three Dirichlet polynomials of “significant length”,
in order to apply a L? — L* bound to the mean square of their product (if we had
only one or two polynomials, we could not afford to apply a pointwise bound to
one of them; this is reminiscent of the differences in difficulty between binary and
ternary problems in applications of the circle method; see [107, Chapter 3]). We
do obtain three Dirichlet polynomials when dealing with F3 numbers, but two of
them are of minuscule lengthﬂ (reflecting the fact that we want to minimize the
length of the intervals on which we detect E3 numbers). We go around this issue by
applying Heath-Brown’s identity [562, Chapter 13] to decompose one of the “long”
Dirichlet polynomials into a product of either two “zeta sums” or three “prime-
factored polynomials” (for these concepts, see [I, Section 1.2, Section 2.5]). We
then employ a result of Watt [I11] (which generalizes the fourth moment bound of
the Riemann zeta function) to deal with mean squares of the resulting zeta sums,

61t is the case that the indicator function of the primes can be “factorized” into a Dirichlet convolu-
tion, by means of Vaughan’s or Heath-Brown’s identities [52, Chapter 13], but these factorizations
are not nearly flexible enough.

"The lengths of the Dirichlet polynomials involved will be roughly (loglogz)S, (log $)572 and

z(logz)~¢ ", the first two of which are too short for pointwise bounds.
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whereas the mean square of the product of three prime-factored polynomials can
be dealt with the mentioned L? — L* approach. These are the main ingredients we

use for the E3 part of Theorem [3.3]

3.6. Proof ideas for products of two primes

For obtaining good results about s numbers, we make use of all the above-mentioned
ideas, as well as some additional ones. One could readily apply the strategy we used
for F3 numbers to obtain the exponent 5+ ¢ for Ey numbers (see [I, Section 4.1]; in
the case of the exponent 5+ ¢, we would even get an asymptotic formula on almost
all short intervals for the number of £5 numbers with prime factors in certain ranges,
as in the Fj case). The fact that we have only two variables to work with in the case
of F5 numbers appears to make improving the exponent hard. However, we can ap-
ply the principle of Harman’s sieve to gain more flexibility. Firstly, we can increase
the number of variables by applying the Buchstab identity, a number-theoretic form
of the inclusion-exclusion identity. This identity allows us to decompose

Sp(x) : = Z 1,

r<pip2<z+h
P{<p1<(P])'*e

for any choice of 1 < w < \/z, as

Spr)= > 1- > 1

z<pin<z+h z<prqin<z+h
P{<p1<(P))'+e P{<p1<(P])! e
(n,P(w))=1 w<q1</T
n>1 (n,P(q1))=1
n>1
= E 1-— E 14+ E 1
z<pin<z+h z<piqin<z+h z<p1q1g2n<z+h
P{<p1<(P])t+e P{<pi1<(P{)'*® P{<p1<(P{)'*e
(n,P(w))=1 wlq1<y/T w<qa<q1<y/T
n>1 (n,P(w))=1 (n,P(g2))=1
n>1 n>1

1= X1 (h) — Ba(h) + Z3(h).

We take here w = XX for a suitable function 1(X) tending to 0. (In particular,
w is small enough for the fundamental lemma of sieve theory [I9, Chapter 6] to be
applicable). As we will see later, the first two sums ¥ (h), Xa(h) are asymptotically
equal to their dyadic counterparts %El(X ) and %ZQ(X ), respectively, for almost all
z € [X,2X]. For the sum Y3(h), however, we are not able to prove an asymptotic
unless we impose some additional conditions on the sizes of the variables ¢;. Let
Y5(h) be the part of Y3(h) that we can evaluate asymptotically (to be asymptotic
to the normalized dyadic version of the same sum), and let ¥5(h) > 0 be the rest
(the part that we can evaluate is expressed precisely in [I, Subsection 6.3] as the
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sums Zgl)(h) and ZgQ)(h)). Then, for almost all z € [X,2X], we get

() = 7 (1(h) — Sa(h) + Ty (1)
_ %zl(){) - %EQ(X) + %Eé(h) + %Eé'(h) o (1og1X>
> %@(X) = Xa(X) + E5(X)) +o <1oglx>
- %SX(X) - %Eé,’(X) to <1Og1X> '

Hence, proving has been reduced to establishing the mentioned asymptotics for
Y1(h), Xo(h) and X4(h), and additionally to showing that ¥4(X) < (1 —2§)Sx(X)
for some fixed 6 > 0. Clearly, the part ¥5(h) of ¥3(h) that we can evaluate must
be large enough for this upper bound to hold. It turns out that if we look for Fs
numbers on intervals of length [z, z + (log )|, then we should take P| = (logz)*™!
in the definitions of Sy(x) and ¥;(h), and the smaller P| is, the harder ¥3(h) is
to estimate. We can give by the prime number theorem an asymptotic for 3% (X)
(since the sum is over a dyadic interval) in terms of multidimensional “Buchstab
integrals” [38, Chapter 3], |I, Section 6.3.3], and we compute that if ¢ = 3.51 above,
the sum ¥4(X) is indeed smaller than the main term Sx (X). We are thus left with
showing asymptotics for ¥ (h), Xa(h), 35 (h)

The proofs of the asymptotics of the sums X (h), Xo(h) and Xj5(h) follow the same
strategy as in the Ej3 case, but make use of some additional inputs. We reduce the
problem to the setting of Dirichlet polynomials, so that the aim is to prove that
holds for the Dirichlet polynomials F'(s) that correspond to ¥ (h), Xo(h) and
Y4 (h). By applying a simple sieve to 3;(h) and X(h), they become type I sums
(meaning a sum having a long, unrestricted integer variable), and therefore we can
employ Watt’s mean value theorem as in the Fj5 case to handle them.

The sum X%5(h), in turn, is a type II sum (it has several variables of substantial
length, but these variables come with weights), and is more difficult to estimate.
However, we have restricted the sizes of the variables in a suitable manner in this
sum, making asymptotic evaluation possible. We utilize the ideas from the F3 case
together with the theory of exponent pairs [I, Section 5.1] and better large values
theorems for Dirichlet polynomials [I, Lemma 7] to obtain the bound for the
Dirichlet polynomial corresponding to ¥5(h), and this then implies that ¥5(h) has
the desired asymptotic.

We have now outlined the main strategy for proving Theorem [3.3} the details can
be found in [I].
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4. THE GOLDBACH PROBLEM FOR PRIMES OF A SPECIAL FORM

4.1. The Goldbach conjectures

The Goldbach conjectures, proposed by Goldbach in a letter to Euler in 1742, are
some of the most influential and well-known problems in analytic number theory.
The ternary Goldbach conjecture asserts that every odd integer n > 7 is the sum
of three primes. The binary Goldbach conjecture in turn claims that every even
integer n > 4 can be written as the sum of two primes; this is still unsolved.
The binary Goldbach conjecture is evidently stronger than the ternary one, since
if n = p;+p2 is a sum of two primes, then n+3 = p;+p2+3 is a sum of three primes.

The ternary conjecture was settled in all but finitely many cases by Vinogradov
[T08] in 1937 in a work that redefined the Hardy-Littlewood circle method.

4.1. Theorem (Vinogradov). Every large enough odd integer n can be written as
n = p1+ ps + ps with py,p2,ps € P.

For a modern proof of Theorem see [107, Chapter 3]. It took until 2013 before
Theorem was extended to all n > 7; this was achieved by Helfgott [43], by
introducing new ideas both on the analytic and numerical sides. Although the
binary analogue of Vinogradov’s result has resisted all attempts to a full resolution,
shortly after Vinogradov’s proof it was shown independently by Chudakov, van der
Corput and Estermann that we have the following approximation (see [I07, Chapter
3]).

4.2. Theorem (Almost all cases of binary Goldbach). Almost all even integers n
can be expressed as n = p; + pa, where pi,ps € P.

Here and in what follows, by “almost all” we mean that the number of exceptional
even integers n < N is o(N).

Given that one has such an approximation to the binary Goldbach conjecture, one
may contemplate a number of refinements, such as strengthening the bound for the
number of exceptions

EX)={n<X: n=0 (mod2), nnot asum of two primes}|.

This question was considered most notably by Montgomery and Vaughan [82], who
obtained F(X) < X' for some fixed § > 0. The bound was improved by Chen
and Pan [6], Li [64] and Lu [66], among others, the last of whom holds the record
0 = 0.121. In a somewhat different direction, one can try to minimize 6 > 0 such
that every interval [X, X + X?] with X large contains a sum of two primes. This
was investigated in [84], [85], [63], among others, and in Jia’s work [56], where the

best known result 6§ = ﬁ + & was obtained.

In Article [II], we had a different generalization of Theorems and in mind,
namely a version of the problem where only a specific subset of the primes are
allowed as summands.
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4.2. The Goldbach problem for subsets of the primes

When looking for a problem which is more challenging than the ternary Goldbach
problem, but (hopefully) more manageable than the binary Goldbach problem, the
following problem naturally arises.

4.3. Problem (Ternary Goldbach for subsets of the primes). Let P C P be a given
interesting subset of the primes. Is it the case that all large enough odd n can be
represented as n = p1 + ps + ps with pr, pa,p3 € P?

Whether Problem [£:3] has a positive or negative answer crucially depends on the
distribution of the set P in arithmetic progressions and more general Bohr sets.
These are sets of the form

(4.1) Uftn eN: faml < n)

i<m

with o € R, m; € (0,1). If we take o; € Q, we see that arithmetic progressions are
a special case of Bohr sets. Now, if for example P = {p € P: p=1 (mod 3)}, then
only integers of the form n = 0 (mod 3) can be represented as a sum of three primes
from P. Similarly, if P = {p € P: ||v2p| < %}, then every n representable as a
sum of three primes from P satisfies ||v/2n|| < %, a property that fails for a positive
proportion of odd n. In light of these examples where the answer to Problem is
negative, we would like the set P studied in Problem to contain a fair proportion

of elements from each Bohr set of the form (4.1]).

It is only in recent years that interesting subcases of Problem have been solved.
In 2014, Shao [92] showed that Problem [4.3|has an affirmative answer for any subset
P C P of relative lower densityﬁ greater than g. Perhaps surprisingly, this is optimal
when taking only the density into consideration: the subset

P:={peP: p=1,2,4,7,13 (mod 15)}

has density % and, by simple modular arithmetic, sums of three of its elements are
never = 14 (mod 15). Matoméki and Shao [(7] considered Problem {.3) for signifi-
cantly sparser but specific subsets of the primes. Their subsets of interest are the
Chen primes and the bounded gap pm’mesﬂ Chen primes are primes p such that
p + 2 has at most two prime factors; the infinitude of such primes was proved by
Chen [5] in 1973. The bounded gap primes are primes p such that the interval
[p,p + C] contains at least two primes for some large, fixed C, and their infinitude
was proved in the celebrated work of Zhang [I17] in 2013 and in a more general
form by Maynard [80] and Tao (unpublished) in 2014.

BNI[l,N
8We define the relative lower density of B C A with respect to A as lim inf M
N—oo [AN[L, N

9The latter set does not have a standardized name.
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Problem should be compared to the problem of locating three-term arithmetic
progressions in the set P, which also involves studying a linear equation in the
primes.

4.4. Problem (Three-term arithmetic progressions in subsets of the primes). Let
P C P be a given interesting subset of the primes. Is it the case that P contains
infinitely many solutions to py + p3 = 2py with p1,pa, p3 € P distinct?

As with Problem [.3] a number of special cases of Problem [£.4] have been solved.
Concerning this, Green [25] proved Roth’s theorem for the primesﬂ, stating that
any subset of the primes of positive relative upper densityiﬂ contains infinitely many
non-constant three-term arithmetic progressions. This was famously generalized to
k-term arithmetic progressions by Green and Tao [27]. In another work, Green and
Tao [26] showed that the Chen primes satisfy Roth’s theorem.

The approach that Green and Green—Tao developed for this type of problems is
called a transference principle, as it allows one to transfer information (such as
Roth’s theorem) from dense subsets of the integers to sparse ones (such as the
primes) under suitable conditions. Intuitively speaking, the principle says that if
A C[1,N]is a set with |[A] = 0N and 6 = §(IV) > 0, then A contains many three-
term arithmetic progressions, provided that the normalized indicator 6=*14(n) has
a pseudorandom magorant (that is, a majorizing function v(n) that has mean =< 1
and has small Fourier coefficients) and that § 11 4(n) is “Fourier bounded” (that is,
its Fourier transform has small L" norm for r > 2). This version of the transference
principle is specific to the translation-invariant linear equation x + z = 2y, and does
as such not apply to the setting of Problem Indeed, the set {p € P: [|[v/2p| <
1—10} is an example of a set that contains an abundance of arithmetic progressions
(since it is a positive relative density set of the primes) but, as mentioned earlier,
has no solutions to n = p; + ps + p3 for many odd n. Therefore, to deal with
Problem [:3] one needs a different version of the transference principle, which takes
into account the distribution of P in Bohr sets (an example of which is the fractional
part set above); we shall discuss this later in this section.

4.3. Statements of results
In Article [II], we study Problem [4.3 for the specific subset

P={pelP: p=2’+y*+ 1,2,y €L}

consisting of primes representable as values of the polynomial z? + y? + 1. There
are a number of reasons why the set &2 is interesting. Firstly, it is perhaps the
simplest non-trivial example of a sparse subset of the primes consisting of the val-
ues of a multivariate polynomial. When it comes to single-variable polynomials,

0The theorem is named so, since Roth [88] proved that positive upper density subsets of the
integers contain infinitely many non-trivial three-term arithmetic progressions.

BN[l,N
HThe relative upper density of a set A C B with respect to B C N is lim sup | [1 ]

N—oo [ANTL NI
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only degree one polynomials have been proved to produce infinitely many primes
(by Dirichlet’s theorem, under a coprimality condition), so one should turn to mul-
tivariate polynomials for interesting unconditional results. Concerning irreducible
binary quadratic forms axz? 4 bxy + cy?, which are some of the simplest multivariate
polynomials, the Chebotarev density theorem can be used to characterize when such
a form represents infinitely many primes. When the form does represent infinitely
many primes, Chebotarev’s theorem implies that the relative density of such primes
is % Therefore, binary quadratic forms do not produce sparse subsets of the primes.

We mention that there are also some interesting higher degree multivariate polyno-
mials that are known to represent infinitely many primes. Friedlander and Iwaniec
[18] showed that the polynomial 22 + y* takes infinitely many prime values, Heath-
Brown [41] showed that x® + 2y® has the same property, and Maynard [79] showed
this property for an infinite class of more general polynomials called norm forms.
The sets of primes corresponding to these polynomials have cardinalities < X'~ up
to X for some § > 0, so they are certainly sparse subsets of the primes. Since primes
represented by these polynomials have not been studied in arithmetic progressions
to large moduli, the Goldbach problem appears formidable for them.

The set & of primes represented by z2+y2+1 is also a sparse subset of the primes; an
application of Selberg’s sieve provides the bound | ZN[1, N]| < N(log N)~2 (to see
this, note that if m € &N [%, N], then (m, Hpgz p) = (Tr;ﬂgl’Hpng)ES (mod 4) p) =1
for z = N%! and for some k € N). It is known that £ is infinite, a result first
shown by Linnik [65] in 1960, using his dispersion method. Later, a sieve-theoretic
proof of this was given by Iwaniec [50], making use of the linear and semilinear
sieves. Iwaniec’s proof also established the matching lower bound | £ N [1, N]| >
N(log N )*%. Subsequently, various properties of the set &2 have been investigated;
in particular, it has been studied over short intervals [I15], [69], and variants of the
Goldbach problem have been studied for this set. In 2008, Matoméki [70] showed
that almost all even n # 2 (mod 6) can be expressed as n = p + ¢ with p € &
and ¢ € P a generic prime. Next, Tolev [104] gave an asymptotic formula for the
representations of such n as n = p + ¢ with p € &, ¢ € P, again for almost all n.
In another work [105], he considered the corresponding ternary Goldbach problem
and showed that every large enough odd n can be written as n = p + ¢ + r with
p,q € &£ and r € P. We strengthen these results by solving Problem for the set
2.

4.5. Theorem (Article [II]). Every large enough odd n can be represented as n =
p1+ P2+ p3 with p1,pa, p3 € P,

We also improve Matoméki’s result [70] by settling almost all cases of the binary

Goldbach problem for &2.

4.6. Theorem (Article [II]). Almost all even integers n # 5,8 (mod 9) can be
represented as n = py + pa with py,ps € 2.
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Note that the condition n # 5,8 (mod 9) is necessary, since in the complementary
case the fact that p = 1,2,5 or 8 (mod 9) for primes p = 22 + 3? + 1 # 3 shows
that py or ps equals 3 in the representation n = p; + ps, in which case we could only
represent < N (log N)~! integers up to N.

We also investigate Problem in Article [II], again for the specific set &?. We are
able to resolve this problem and, more generally, to prove Roth’s theorem for &2.

4.7. Theorem (Article [II]). The set & contains infinitely many non-trivial three-
term arithmetic progressions. More generally, any subset of

P ={pecP: p=a*+y*+1, x,y coprime}

having positive relative upper density contains infinitely many non-trivial three-term
arithmetic progressions.

We remark that subsequently Sun and Pan [95] generalized this result by proving
that the set & contains arbitrarily long arithmetic progressions.

One more topic considered in Article [II] is the distribution of irrational multiples
of primes belonging to the subset &2. For the whole set of primes, such results take
the form:

(4.2)
For all @ € R\ Q, B € R we have ||ap + 3| < p~? for infinitely many p € P,

where 0 is a constant whose value we are attempting to maximize. The first result
in this direction was that of Vinogradov [109] with § = : — . This was improved
several times, notably by Vaughan [106] to § = i — g, by Harman [37] to 6 = %,
and by Jia [57] to 6 = %. In the special case 3 = 0, the record is Matomaéki’s result

[72] with 6 = 3 —e.

The problem (4.2) has also been studied for Chen primes in [71], [93], Piatetski-
Shapiro primes in [32], and Gaussian primes in [I]. Here we obtain the first result

concerning for the subset & of the primes.

4.8. Theorem (Article [II]). Let ¢ > 0. For any « € R\ Q and 5 € R, we have
lap+ Bl < p~s0*°

for infinitely many p € 2.

This establishes that the elements of & are somewhat uniformly distributed in Bohr
sets. We remark that the exponent % in Theorem could be improved by a more
careful analysis in [II, Sections 8-9]; we however confined ourselves to showing that
one can get some positive, explicit exponent.
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4.4. Method of proof

Our proofs of Theorems and do not apply the classical circle method, but
rather a transference principle for ternary equations. Let us first describe why the
traditional circle method approach is not applicable to the set &2.

The starting point of Vinogradov’s proof of Theorem [£.I] and many subsequent
developments of the circle method, is the reduction of the problem to analyzing
exponential sums via the identity

{(p1,pops) €P°: N = py 40+ p3}| = / S(a)le(~Na)da, S(0) =3 e(ap).

p<N

This identity is seen to hold by expanding out S(a)? and applying the orthogonality
identity

1
1n0:/ e(na) do.
0

One then examines separately the major arc case a € M, where « is close to a
rational number with small denominator, and the opposite minor arc case a €
m = [0,1] \ M. For a € M, the sum S(«a) is often “large”, and one can evaluate
it asymptotically by the Siegel-Walfisz theorem. For o € m, in turn, one expects
S(a) to be “small”, and this can be proved with the help of Vaughan’s identity,
which transforms sums over primes to bilinear sums. We refer to [107, Chapter 3]
for details of the method.

If we applied the same strategy to Theorem [£.5] we would run into trouble, since
we do not have a good understanding of

So(a) =) elap),

p<N

peP
neither in the major arc nor in the minor arc case. In the major arcs, the problem
is that we only have upper and lower bounds for |22 N [1, N]| that are off by a
constant factor, and hence we have no asymptotic even for S»(0). In the minor
arc case, the difficulty is that no analogue of Vaughan’s identity is known for the
indicator function 15 (n). For these reasons, the classical circle method is not the
right line of attack for Theorem .5l We mention though that if one studies the
ternary Goldbach problem with two of the three prime variables coming from the
subset &, then the circle method coupled with sieve methods is applicable; see [70],
[105).

The proofs of Theorems [1.5] and [£.6] are instead based on a transference type princi-
ple of Matoméki and Shao [77, Theorem 2.3]. Roughly speaking, the principle says
that if N is large and a set A C [1, N] with |A| = 0N obeys, for some fixed dy > 0
(and small enough n = 7(dy)) the properties
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(i) (well-distribution in Bohr sets) |A N (B —t)| > &|A||B|/N for t € [N/4,N/2]
and all Bohr setﬂ B with |B| > nN;

(ii) (Fourier boundedness) > ., 6~ (¢ )|% <5t

(iii) (Non-sparseness) |AN[0.1N,0.4N]| > g - IN

then there exist ay, as, a3 € A such that N = a; + as + az. The actual formulation
of the transference-type principle is somewhat more involved; we refer to [77, The-
orem 2.3] for the details. The principle can also be generalized to work for almost
all cases of binary problems; see [II, Proposition 2.1] for this. We also note that
Matomaéki, Maynard and Shao [73] developed a different transference-type principle
for Goldbach-type problems; this version allowed them to improve the exponent for
the Goldbach problem with almost equal variables [73, Theorem 1.1].

We will apply the transference principle essentially to
(4.3) A={n<N: Wn+be P}

with

§ = (goz/[/W)> (log N)~2,

where (b, W) =1 and W =[], p for some large, fixed w. This “W-trick” of re-
stricting to primes in a residue class is necessary to guarantee the well-distribution
of A in arithmetic progressions (which are a special case of Bohr sets).

Intuitively, condition (i) of the transference principle guarantees that A contains a
fair proportion of each Bohr set (which, as we indicated in Subsection is neces-
sary); condition (ii) is related to the existence of a pseudorandom majoranﬂ; and
condition (iii) says that A is not too concentrated on certain subintervals.

The main task in the proofs of Theorems [£.5] and [4.0]is then verifying the conditions
(1)—(iii) of the transference principle for the specific set A given by (.3). Condition
(iii) is the simplest to check and follows with minor modifications from Iwaniec’s
proof of the infinitude of &2. Condition (ii), the Fourier boundedness condition,
is closely related to the restriction theory of the primes, a topic studied by Green
[25] and Green-Tao [26]. To obtain (ii), we roughly speaking want to construct a
function § : N — Rsq that enjoys the majorization property 6 '14(n) < CB(n),
has mean value =< 1 (so that [ is essentially a probability measure on [1, N]), and
has a Fourier expansion that is of “low enough complexity”. In other words, 3 is a
pseudorandom majorant for 14 in a suitable sense. Then, under these conditions,

12We defined Bohr sets in formula (@.1)).
131 [IT, Section 4], we show that the existence of a suitable pseudorandom majorant implies (ii),
and then we construct such a majorant.
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[26, Proposition 4.2 implies a restriction estimate

1 en\| v 1 "
Sl 1) {15

(eln n<N n<N

for all complex numbers a,, and fixed r > 2. Taking
§ M4(n
o _ L B £0
0, fB(n)=0,
(so that |a,| < 1) we deduce, in particular, that

5/4
P RGIEES (; > ﬁ(n)) <1

¢€ly n<N

Naturally, we still need to prove that such a pseudorandom majorant 3 exists. It
turns out that the Selberg upper bound sieve does the job, and to see this we closely
follow a paper of Ramaré and Ruzsa [87].

The majority of the proofs of Theorems and is then devoted to proving
condition (i), well-distribution in Bohr sets. In other words, we wish to analyze

sums of the form
Z 13(”)7

n<N

ne?
where B is a Bohr set (or a smoothed version thereof). By applying a weighted
form of the linear and semilinear sieves (as developed in [II, Section 6], following
Iwaniec’s work in [49]), we reduce the problem to showing that the count of primes
in Bohr sets has a good enough level of distribution. More precisely, we want to
find levels of distribution p1, p2 € (0,1) as large as possible, such that the following
holds. For a set £ C N of “bilinear type” (in the sense that it consists of integers
having a certain type of factorization), we have

+,LIN 1 1p(n) N
w0 S (B b 3 ) < e

d<NP1 (<NO9 N N<n<2N N<n<2N
‘el n=~¢p+1
n=0 (mod d)
and
@) Y - Y 1)) <
w(d) (log V)10
d<NP2 N<p<2N N<p<2N
p=1 (mod d)
where B is a Bohr set (or a smoothed version of it), A} are the upper bound

linear sieve weights with level D; = N and sifting parameter z; = N'/% and /\;’SEM
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are the lower bound semilinear sieve weights with level Dy = N*2 and sifting pa-
rameter z, = N'/37¢ (see Section [| for a precise definition of sieve weights and [II,
Hypothesis 6.4] for the exact, slightly more complicated statements of interest).

By expanding 1p(p) as a finite Fourier series (and a small error), we then need
to bound the Bombieri—Vinogradov type averages and with an additive
character e(ap) in place of 15(p). In the case of the linear sieve weights (which
have the well-factorability property defined in [I9, Chapter 12]), we manage to
obtain the good value p; = % — ¢ for the level of distribution by following [71].
The semilinear sieve weights, however, are not well-factorable, and the level of
distribution py = % — ¢ obtained for general weights in [I03, Lemma 1] is not
good enough for our purposes. We therefore prove a combinatorial factorization
of semilinear sieve weights [II, Lemma 9.2] by following the principle of Harman’s
sieve [38, Chapter 3], and this enables us to show that the weights A; ™™ have
“enough flexibility” in their factorizations as Dirichlet convolutions. This amount
of flexibility allows us to achieve the better level of distribution ps = % — ¢, which
is good enough for our needs. The details of the proof can be found in [II].
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5. ON THE LOGARITHMIC CHOWLA CONJECTURE

5.1. Chowla’s conjecture

The Liouville function, a fundamentally important function in multiplicative number
theory, is defined as A(n) := (—1)*™ where Q(n) is the number of prime factors
of the integer n counted with multiplicities. This function is closely related to
the more well-known Mobius function, given by u(n) := (—1)%™ . 1, squarefree; 111
particular, they are both multiplicative functions having value —1 at the primes.
The distribution of the Liouville function (or equally well of the Mébius function)
appears highly random (like a series of coin flips) and in particular, consecutive
values of the Liouville function should be asymptotically independent of each other.
This was formalized by Chowla [7] in 1965 as the following assertion.

5.1. Conjecture (Chowla’s conjecture). For any k& > 1 and any distinct shifts
hi,...,hi € N, we have

(5.1) LS A4 R Aln ) = o(1).

n<x

The conjecture can be interpreted as stating that shifted products of the Liouville
function have mean 0. Alternatively, the conjecture can be stated in the following
equivalent form from which it is clearer that it is a statement about the independence
of simultaneous values of the Liouville function.

5.2. Conjecture (Chowla’s conjecture, sign pattern formulation). For any k > 1,
any signs €1,...,ex € {—1,4+1}, and any distinct shifts hy, ..., hy € N, we have

1
lim ~[{n<x: An+h)=c,...,A\n+hy) =} =27"
T—00 I
To see that Conjectures 5.1 and [5.2) are indeed equivalent, one can simply substitute
A+ h;) = €i(2 - Ixgngh=e; — 1) into (5.1)) and expand the product.

We remark that Conjecture [5.1] could be generalized to the assertion that

(5.2) %}:an+myuAmw+hQ:oﬂ%

n<z

whenever the non-degeneracy condition a;h; # ajh; for 1 <i < j < k is fulfilled.
One could also formulate Conjecture [5.1] with the Mobius function in place of the
Liouville function; one can show by elementary sieve theory that such a conjecture
would still follow from . Conjecture 7 however, takes a more complicated
form for the Mobius function, as for example the events u(n) = 1, u(n +1) = 1,
pu(n+2) =1and p(n+3) =1 are not independent (at most three of them can hold
simultaneously, since one of the values is 0).

Conjectures [5.1] and [5.2] resemble the famous Hardy-Littlewood prime tuples con-
jecture [34], and they can be thought of as simpler analogues of it.
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5.3. Conjecture (Hardy-Littlewood prime tuples conjecture). Let hq,... hy € N
be distinct integers. Then the von Mangoldt function A(n) has the correlation
asymptotics

%E:Mn+my“Am+hwzem%”wm)+qm

n<x

with &(hy,. .., hx) an effectively computable constant satisfying S(hq,...,hx) >0
if and only if the polynomial (n + hy)-- - (n + hy) has no fixed prime divisor.

A connection between the Chowla and Hardy-Littlewood conjectures is hinted by
the identity

A(n) = 3~ u(d)log .
d|

which binds together the Mdobius and von Mangoldt functions. Nevertheless, one
would need a strong error term of the form O((logz)~*) on the right-hand side of
(5.2) to be able to have a rigorous implication from Conjecture to Conjecture
5.3l None of the current progress on Chowla’s conjecture (for k& > 2) has produced
such good error terms.

In its original form, Chowla’s conjecture is open for all k¥ > 2. The simplest k = 1
case

1
it \n) =
—3 A = (1)
n<zx
can be shown to be equivalent to the prime number theorem and, more generally,

% Z Alan + h) = o(1)

n<x

is equivalent to the prime number theorem in arithmetic progressions.

Despite this lack of progress on the original conjecture, starting from 2015 there
has been major progress on different variants of Chowla’s conjecture. Matomaki
and Radziwilt [74] proved, while showing cancellation in very short averages of
multiplicative functions, that, for any h € N,

<1-4(h)

lim sup
T—00

%E:MMMn+M

n<x

for some 0(h) > 0. This was the first nontrivial progress towards the two-point
Chowla conjecture (for the odd order cases, the analogous result was proved by
Elliott [I1]). Soon after this result, Matomaéki, Radziwilt and Tao [75] showed that
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Chowla’s conjecture (as well as the more general Elliott’s conjecture, discussed in
Chapter @ holds on average over the shifts, in the sense that

(5.3) H(lx)k 3 %Z)\(n+h1)...)\(n+hk):o(1)

hi,....hi <H(x) n<x

for any H(z) < z tending to infinity with x. If one could take H(z) bounded, one
would of course obtain Chowla’s conjecture. The result was generalized by
Frantzikinakis [I5] to averages where the shifts are given by independent multivari-
ate polynomials.

Another interesting approximation to Chowla’s conjecture is obtained by adding
weights to the conjecture. The logarithmic weights % are a fruitful choice, since
they have the property that

Zag/QSnSx %
Enﬁx %

or in other words that the measure of the interval [§,z] is small. We will see the
usefulness of this in Subsection (3]

= o(1),

In this direction, Tao [98] made a breakthrough by settling the two-point case of
Chowla’s conjecture with logarithmic weights.

5.4. Theorem (Tao). For any distinct hy, hy € N, we have

1 > A(n 4 hi)A(n + h)

log x n
&) n<x

(5.4) = o(1).

In fact, Tao proved an analogous approximation to Elliott’s conjecture (see Section
[6) from which (5.4) follows as a special case.

In light of the result ([5.4)), it is natural to study in detail the logarithmic variant of
Chowla’s conjecture.

5.5. Conjecture (The logarithmic Chowla conjecture). For any k£ > 1 and any
distinct shifts Aq,...,hr € N, we have

1 Z)\(n+h1)---)\(n+hk)

log x n
&) n<x

= o(1).

Tao’s result [98] is the & = 2 case of this. In [100] and [III], Tao and the author
settled Conjecture for all odd k. Therefore, the cases k =1,2,3,5,7,9... of the

conjecture are now known, whereas the even cases k > 4 remain open.
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5.6. Theorem (Tao-T., [100], [ILI]). Let k > 1 be odd and ay, .. .,ag, hy,...,h; € N.
Then we have

1 Z )\(aln + hl) ce )\(akn + hk)

log x n
&) n<z

(5.5) =o(1).

There is no need to assume a non-degeneracy condition on a; and h; here, since such
a condition makes a difference only for even k.

Our first proof of Theorem [5.6|in [100] utilized deep results of Leibman [62] and Le
[61] from ergodic theory, as well as the theory of nilsequences. On the other hand,
the proof in [I00] gave a general structural theorem for correlations of multiplicative
functions, of which Theorem [5.6]is a special case.

The second proof, which we present in [III], proceeds along rather different lines,
since after applying the so-called entropy decrement argument from [98, Section 3],
we do not employ ergodic theory machinery, but use combinatorial results instead.
The proof via this method turns out to be both shorter and simpler; in the proof
given in [100], the case of the Liouville function was not significantly easier than the
case of arbitrary multiplicative functions. Using this combinatorial proof, it would
in addition be possible to obtain quantitative error bounds for the right hand side
of ; however, these error terms were not analyzed in [III], due to the fact that
the error bounds would be very weald"}

Since Chowla’s conjecture can be stated as a claim about the sign patterns of the
Liouville function, it is natural that Theorem [5.6] also implies something about sign
patterns. We showed in [I00] that Theorem , together with the two-point result
and some additional considerations, gives the following.

5.7. Theorem (Tao-T., [100], [[IL]). Let &1,¢e9,e3,64 € {—1,+1}*. Then we have

1 1
lim —{n<z: An+1)=e,A(n+2) =2, A(n+3) =e3}| = 3

T—00 I

and

1
liminf —[{n<z: A(n+1)=c;,A(n+2) =3, \(n+3) =e3,A\(n+4) =e4}| > 0.
r—oo I
We also proved the analogous results for the M6bius functionﬁ. These improve the
result of Matomaéki, Radziwilt and Tao [76] on sign patterns of length 3, as well as
Tao’s result on sign patterns in [98, Corollary 1.7].

MFor the k = 2 case of (B-5), Tao’s method [98] gives an error term of the form O((log loglog z)~¢)
for some ¢ > 0. For k > 3, we expect even worse error terms.

1510 the case of wu(n), we of course need to exclude from the four-point result those sign patterns
(€1,€9,€3,€4) € {—1,0,+1}* which cannot occur for trivial reasons, and in the three point result
the density of the set is some function of ; € {—1,0,+1} instead of 3.
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5.2. Connections to other conjectures

Chowla’s conjecture can be viewed as one instance of the Mdbius randomness law
from [52, p. 338], a heuristic stating that the Mébius function (or the Liouville
function) should behave randomly. Another manifestation of this heuristic is a con-
jecture of Sarnak [89], which states that u(n) does not correlate with any bounded
sequence of “low complexity”. The complexity of a sequence a : N — C is mea-
sured in terms of its topological entropy, which is the infimum of all ¢ > 0 such
that sets of the form {a(n),a(n +1),...,a(n +k — 1)} C C* can be covered with
< exp((o + o(1))k) balls of any fixed radius. With this definition, Sarnak’s conjec-
ture takes the form below.

5.8. Conjecture (Sarnak). Let a : N — C be a bounded sequence of topological
entropy 0. Then we have

23" imyatn) = o(1)

n<x

Sarnak’s conjecture has been extensively studied in the ergodic theory literature,
and many important special cases have been verified; see [14] for a survey. In the
ergodic theory literature, one usually assumes in Conjecture the (equivalent)
condition for the sequence a that it can be written as a(n) = F(T"X) for (X,T) a
topological dynamical system of zero topological entropy and F' : X — C continuous.
Here we will not work with the dynamical systems definition, and instead refer to
[89] for its details.

It was already observed by Sarnak that his conjecture would follow from Chowla’s
conjecture. In [99], Tao strengthened the connection between the two conjec-
tures by showing that their logarithmic forms are equivalent (that is, Conjecture
is equivalent to Conjecture with (1/(logx)) >, <, #(n)a(n)/n in place of
(1/2) >, <, n(n)a(n)). He also showed that both of these conjectures are equivalent
to the yet unproved “logarithmic local Gowers uniformity of the Liouville func-
tion”, which can be thought of as a short exponential sum estimate for the Liouville
function and contains as the simplest case the Matoméki-Radziwilt theorem [74].
Further works that lie at the intersection of the Sarnak and Chowla conjectures
include [10] and [I7]. In the latter, Frantzikinakis and Host verify many new cases
of the logarithmic Sarnak conjecture, and as a byproduct obtain also a “minor arc”
Chowla-type result

1
log x

e(an)

D A4 hy) - M+ hy) = o(1)

n<lx

for any £ > 1 and any fixed irrational «. In Article [III], however, we do not
make progress on Sarnak’s conjecture, since it is the even order cases of Chowla’s
conjecture that are needed in the proof that Chowla’s conjecture implies Sarnak’s.
It seems therefore that the even order cases lie deeper, and indeed in [I00, Remark
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1.7] we observed that the 2k-point case of the logarithmic Chowla conjecture (with
dilations as in ([5.2))) implies the (k + 1)-point case.

5.3. Proof ideas

The proof of the odd order cases of the logarithmic Chowla conjecture in [III] starts
with the averaging over small primes and entropy decrement arguments devised in
[98] to deal with the two-point case of the conjecture. The averaging argument
enables us to replace a correlation average over n with a double average over n and
p for p belonging to some small scale, thus offering more flexibility. More precisely,
if we define

fe(a) :=

1 Z)\(n+a)---)\(n+ak‘)

log x n
&) n<z

(assuming for simplicity that a; = -+ = a; = 1 and h; = j in Theorem , then
the multiplicativity property A(pn) = —A(n) for all primes p allows us to write

(5.6) fx(l)——b;x S AR X )

plp +o(1)

p<n’/<pz

for any prime p and for odd k (for even k we would have a + sign). Taking averages
over p, we get the identity

fx(1> _ ~m Z L Z )\(n’ —|—p) n//\(n’ +pk)p1p‘n/ 4 0(8)

log
om §p<2m+l

p<n/<pz

for e7! < m < loglogx. Since logarithmic averages are slowly varying, we can
replace the average over p < n’ < px with an average over n < x (this is the benefit
of logarithmic averaging). Thus we have

(5.7) fao(1) = _2% Z 1 Z An+p) - An + pk)

log x n
2m<p<2m+l n<x

plpm + O(e).

for 7! <m <loglog .

We wish to replace the factor pl,, with its average value 1+ O(e) in order to
get a bilinear sum over n’ and p, for which there are many tools available. This is
enabled by Tao’s entropy decrement argument [98] (with refinements in [96], [100],
[II1]), which draws ideas from probability and information theory to show that this
replacement can be done for “almost all” scales m in .

We elaborate on this part of the argument. Firstly, by using the approximate
translation invariance of averages, (5.7) becomes

(5.8)
R =y ARRTER AT o)

log z n
ngz 2m§p<2m+1 J<2m
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which is a more convenient form to work with. The task is then to show that, for
most choices of the scale m, the sign pattern X,,(n) := (A(n),A\(n +1),..., A\(n +
2m+2 — 1)) and the divisibility conditions Y,,(n) := (n mod p)am<pcom+1 behave
essentially independently (with respect to the logarithmic probability on [1, z]).

In the language of information theory, we thus want to show that if X,, and Y,
are interpreted as random variables, the entmpyﬁ H(Y,,) is essentially the same as
the conditional entropy H(Y,,|X,,) (the two entropies are equal if Y,, and X,,, are
independent, so a small difference between them amounts to near independence).
In other words, we want the mutual information

(5.9) 1(Xon, Yo) = H(Y,.) — H(Y 0| X0)

to be small for most m; more precisely, it should be of size €' - 2™ /m, whereas the
trivial upper bound is < H(Y,,) < 2™. As mentioned above, mutual information
reflects how close two random variables are to being independent (in particular, the
information is maximal when one of the two random variables is a deterministic
function of the other).

By applying inequalities from information theory, and an insightful pigeonholing
argument, Tao showed in [98] that one can indeed bound (5.9) by < '°-2™/m, not
for all scales m, but for infinitely many m. In [I1I, Section 3], we need a refinement

of this, to the effect that if M(x, ) is the set of scales m < loglog z for which (5.9)

is > 192™ /m, then
1
> Lo

m
meM(x,e)

say. In paricular, the set of suitable scales has logarithmic density 1. We refer to
[96], [I11, Proposition 4.3] for the detaild"]

After applying the entropy decrement argument, we know that we can replace in
the factor pl,, with 14 O(e) for all m < loglog x outside a set whose sum of
reciprocals over [1,log log x] is < ¢~%. In particular, we can average logarithmically
over different scales m to reach

(5.10)
£(1) = 1 Z 11 Z)\(n+p)...)\(n+kp)+0(€)

log, Hy — log, Hy e, P108T n

for H; = H;(z) tending to infinity slowly enough and H;(z) growing slowly enough
in terms of Hy(z). Here log, x is the second iterate of log z.

16For the definitions of entropy and other related notions from information theory, see Section
TFor technical reasons, those works deal with a more general notion of information, namely
conditional mutual information.
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We can apply the same argument again to the right-hand side of (j5.10)), finding

fo(1) =+ : , : z
log, Hy — log, Hy Hi<pm<i; 1 logy Hy — log, H3 Hy<pr<Hy P2
(5.11) 1 5 Mn + pipy) - Aln + kpipa) | O(e),
log "

n<x

where H; < Hy < Hy < Hy and H,(z) grows slowly enough in terms of H,(z),
and Hy(z) tends to infinity slowly. Crucially, we have a + sign in (5.11)) and a —
sign in ([5.10)); this allows us to break the symmetry of the correlations.

We can easily replace the averages over primes with averages over the integers
weighted by the von Mangoldt function A(d), so (5.10)) (with H; and Hs replaced
with Hy and Hy) and (5.11]) take the forms

(5.12)
1 Ald) 1 An+d)---An+kd)
fe(1) = — +O(e
(1) log, Hy — log, H3 H3;-Z<H4 dlogdlogx é n (¢)
and
(5.13)
* 10g2 HQ — 10g2 H1 Hy<ds < Ho dl IOg d1 10g2 H4 — 10g2 H5 Ha<dy<Hi d2 10g dQ
1 A didg) - A kdyd
log x — n
respectively.
We now encounter multilinear averages of the form
1
(5.14) w2 2 2 0@ filn+d) - fuln + kd),
d<N n<N
where fi,..., fr : N — C are some functions with |f;| < 1 and 6 : N — C is some

other function (in this case a normalized version of A(d)). The expression ([5.14))
thus counts patterns of the form (d,n +d,...,n + kd) with weights. Such averages
have been widely studied both in the additive combinatorics and the ergodic theory
literature (see for instance [I0I, Chapter 11]), and by a version of the so-called
generalized von Neumann theorem [I[II, Lemma 5.2], it turns out that one has the
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bound™

% DD 0 filn+d) fuln+ kd)| < Cillfury + o(1),

d<N n<N

where ||6]|yxy is the U* Gowers norm of 6 on [1, N] (see [101, Chapter 11]). Thus,
analyzing (5.12)) and (5.13)) has been reduced to understanding the Gowers norm of
A(Wn +b) — 1, where W =[] ., p, (b,W) =1, and w is a large constant.

It is known that the W-tricked von Mangoldt function has negligible Gowers norms;
this was proved by Green, Tao and Ziegler in a series of breakthroughs [28],[29],[30],
[31I]. Therefore, we can remove the von Mangoldt function weight both in the
average and the average 7 after splitting the sums into residue classes
(mod W). This leads, after some considerations, to

(5.15)
w 1 1 An+d)---An+ dk)
ffv 1) = + O(e
( ) @(W) ]Og2 H, — 10g2 Hs; H3§ZJ;H4 dlog dlog x nzgz n ( )
(dW)=1

Importantly, f,(1) appears with different signs in (5.15), so f.(1) = O(e), after
which we can send € — 0. This concludes the sketch of the proof; for the full proof,
see [LLI].

18As is shown for example in [I0I, Chapter 11], the weighted arithmetic progression patterns
(n+d,...,n+kd) are controlled by the U*~! Gowers norm, but the pattern (d,n+d,...,n+kd)
in (5.14) has “complexity” one higher, and should thus be controlled by the U* Gowers norm.
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6. BINARY CORRELATIONS OF MULTIPLICATIVE FUNCTIONS AND APPLICATIONS

Article [IV] is concerned with binary correlations of multiplicative functions with
logarithmic averaging. Before stating the results of that article, we review what is
known and conjectured on correlations of multiplicative functions.

6.1. Correlations of multiplicative functions

A function g : N — C is called multiplicative if it satisfies g(mn) = g(m)g(n) when-
ever m,n € N are coprime. In what follows, we will restrict attention to 1-bounded
multiplicative functions, that is, multiplicative functions taking values in the unit
disk D := {z € C: |z| < 1}, since much less is known about the behavior of
unbounded multiplicative functions.

A fundamental notion in multiplicative number theory is the pretentious distance
D(f, g; x) between two multiplicative functions f, g : N — D, introduced by Granville
and Soundararajan [24]. This quantity is defined as

N\ 1/2
61) D(f,g:2) im (Zl—Re(f(p)g(p))> |

p

p<x

and it is a pseudometriﬂ and, heuristically, if f and g “behave similarly” (when
it comes to their mean values or correlations), then the distance between them is
“small”.

The Dirichlet characters x(n) and the Archimedean characters n' are important
classes of 1-bounded multiplicative functions, and although their complexity is rel-
atively low in the sense that y(n) is periodic and n' is slowly varying, one usually
wants to exclude these functions when studying mean values or correlations of mul-
tiplicative functions, as these two classes of functions exhibit different behavior from
other functions in this context. One thus classifies 1-bounded multiplicative func-
tions as either

(i) pretentious, in the sense that D(g, x(n)n'; 00) < oo for some Dirichlet character
x and some t € R,

or

(ii) non-pretentious, in the sense that D(g, x(n)n'; 0o) = oo for all Dirichlet char-
acters x and all £ € R.

By the zero-free region for the Dirichlet L-functions, the Liouville function A(n)
from Section [p| is non-pretentious, whereas any multiplicative function f : N — D
with f(p) # 1 for only finitely many primes p is an example of a pretentious function
(one can take y =1, t =0 in (i)).

19This means that it satisfies the axioms of a metric, excluding the property that d(z,y) =0 =
T =1y.
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The mean values

(6.2) L3 o)

n<z

of multiplicative functions are connected to many topics of interest in multiplicative
number theory, including the prime number theorem and its generalizations, sieve
methods, and probabilistic number theory. The asymptotics of these mean values
are described by a theorem of Haldsz [33] from the 1960s (generalizing a theorem of
Wirsing [I13] from the real-valued case), and the result demonstrates the need for
distinguishing pretentious and non-pretentious functions from each other.

6.1. Theorem (Haldsz). Let g : N — D be a 1-bounded multiplicative function.
Then
(i) If there exists t € R such that D(g,n"; 00) < oo, we have

it

LS g = 1o T (1-3) (14 48+ S0 )

n<z p

(ii)If no such t exists, we have
1
LS o) = o),
n<x

For a proof of the theorem, see [102, Section III.4]. Among other things, Theorem
implies that if g : N — [—1, 1] is real-valued, then the mean value of g always
exists (that is, (6.2]) converges as x — 00).

We wish to understand the much more general correlation averages of bounded

multiplicative functions g1,...,gr : N — D, defined as
1
6.3 - hi)--- h
(6.3) x;ﬁh(n-l- 1) ge(n 4 hy),
where hq, ..., h; € N are fixed, distinct integers. These correlations have a number

of applications; most notably, in the case of the Liouville function showing that
the correlations are small reduce to the celebrated Chowla conjecture, discussed in
Section [5| and in particular, gives information on the sign patterns of the Liouville
function, studied in [76], [98], [T00], [I7]. In a very different and surprising direction,
Tao [97] used his breakthrough on two-point correlations to settle the Erdés discrep-
ancy problem [13] in combinatorics. There are further applications to discrepancy
of multiplicative functions in [58], rigidity theorems for multiplicative functions in
[60], and to distribution laws of additive functions in [I2]. In article [IV], we give
further applications, discussed in Subsection [6.2}

The central conjecture pertaining to (6.3)) is that of Elliott [I1], [12] from the 1990s.
His conjecture states that, in the case where at least one of ¢g1,...,gx : N = D is
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non-pretentious, distinct shifts of the functions g; should behave independently of
each other.

6.2. Conjecture (Elliott). Let k¥ > 1 and let g1,...,g;r : N — D be 1-bounded

multiplicative functions and hq, ..., hy € N distinct shifts. Then we have
1

unless for all 1 < j <k there exists a Dirichlet character x; such that

lim inf 1nf ]D)(gj,xj( ' z) < oo.

T—00

The formulation above takes into account the observation in [75, Appendix B] that
the original conjecture in [I1], [12] has to be slightly modified in the complex-valued
case. As in the case of Haldsz’s theorem (Theorem , the property often
fails in the pretentious case; for example

1 , , 1
;Zn’t(n—i—l)_”:l—i—o and ZX3 Jxs(n+1) = _§+0(1)7

n<zx n<z

where 3 is the real non-principal Dirichlet character modulo 3. On the other hand,
a theorem of Klurman [58, Theorem 1.3] gives a formula for (6.3)) in the case where
g1, - - -, g are fixed pretentious functions.

In the form presented above, Conjecture is open for all £ > 2, whereas the
k =1 case follows from Theorem However, several variants of have been
established in the last few years. In particular, Matoméki, Radziwilt and Tao [75]
showed that Elliott’s conjecture holds on average over the shifts hy, ..., hy. Tao [98]
made another breakthrough by proving the binary case k = 2 of Elliott’s conjecture
with logarithmic averaging.

6.3. Theorem (Tao). Let g1, 92 : N = D be 1-bounded multiplicative functions and
h1 # hs natural numbers. Then we have

logngl n+h131 2 = o

n<x
unless for both j € {1,2} there exists a Dirichlet character x; such that

li finf D .

iminf inf (9j: x;(n)n"; 2) < o0
For many purposes, this logarithmic averaging is acceptable; see [97], [58], [60] for
some applications. In [I00] we generalized Theorem to the higher order cases
k > 3, under an additional non-pretentiousness assumption on the product of the
functions involved.
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6.4. Theorem (Tao-T., [100]). Let k > 1 and let ¢1,...,9x : N — D be 1-bounded
multiplicative functions and hq, ..., hy € N natural numbers. Then we have

ooyl b))

n
n<lx

unless there exists a Dirichlet character x for which the product gy - - - gr weakly
pretends to be x, in the sense that D(g; - - - gx, x; x)* = o(loglog ).

We applied this result to settle the odd order cases of the logarithmically averaged
Chowla conjecture; see Section [f]

Let us also mention a different line of study to Elliott’s conjecture, namely two-
dimensional variants of it. The two-dimensional version of Elliott’s conjecture states
that

1
ﬁzzgl(mdhl) - gr(n + dhy) = o(1),
d<z n<z
given the assumptions of Conjecture [6.2 This was proved by Frantzikinakis and
Host in [16], and further works on two-dimensional correlations include those of
Matthiesen [78] and Klurman—Mangerel [59].

6.2. The result and its applications

In Article [IV], we generalize Tao’s result on the binary logarithmic Elliott conjec-
ture, but in a different direction than in [I00], where higher order correlations were
considered. Namely, we show that for a large class of real-valued multiplicative
functions g1,¢92 : N — [—1,1] we can give an asymptotic formula for their correla-
tion (and typically the asymptotic formula has a nonzero main term). The class of
functions we consider is defined as follows.

6.5. Definition (Uniformity assumption). Let z > 1,1 < @ <z and n > 0. For a
function ¢ : N — D, denote g € U(z, Q,n) if we have the estimate

HED S OEF- SN0

r<n<2z r<n<2z
n=a (mod q)

<= forall 1<a<¢g<q@Q.
q

From Haldsz’s theorem we see (as was observed in [IV, Remark 1.3]) that if g : N —
D is non-pretentious in the sense that infjy<, D(g, x(n)n';z) > =% for all Dirichlet
characters x of modulus < 7' (and with € > 0 small), then g € U(z,e7 %, ¢) for
x > xo(e). This means that the class of functions in Definition |6.5|is larger than the
class of real-valued functions considered in Conjecture or in [98]. Very impor-
tantly, Definition [6.5] allows the multiplicative function g to depend on the summa-
tion length z, as will be the case in our applications. One can for example show that
if & € (0,1) is given, then the indicator of smooth numberﬂ g(n) := 1, is 20 —smooth
is a multiplicative function satisfying g € U(z,e7 !, ¢) for & > z(¢, ), although g

20We say that n is y-smooth (also called y-friable) if n has no prime factor larger than y.
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pretends to be 1 on the interval [1, z].

The main result in [IV] then states that if g1, g2 : N — [—1, 1] are two multiplicative
functions, possibly depending on x, and g¢; is uniformly distributed at scale x in the
sense of Definition then the shifts of g; and g, are independent of each other.

6.6. Theorem (Article [IV]). Let a small real number ¢ > 0, a fized integer shift

X—o00

h #0, and a function w : R>; — Rxsq with 1 < w(X) <log(3X) and w(X) —— oo
be given. Let x > xo(e, h,w). Then, for any multiplicative functions g1, g2 : N —
[—1,1] with g1 € U(x, e, ), we have

(6. 5)

10gw Z fin n+h) (31: Z 91(”)) (al: Z 92<n)> + 0-50(1).

r<n<2zx r<n<2z

Here o0._,0(1) denotes some function that tends uniformly to 0 as € — 0. Note also
that even if A < 0 in Theorem [6.6] go(n + h) is still well defined, as the function
xo(+) above can be chosen to be large enough, so that oy > hfor x> xo(g, h,w).

As mentioned, Theorem contains the real-valued case of Tao’s result [98] and
shows that g; and gy are discorrelated in the sense that the correlation of ¢; and g
is the product of their mean values. In the complex-valued case, Theorem does
not hold as such, as is seen by taking ¢g; and g, to be suitable Archimedean charac-
ters (such as g;(n) = g2(n) = n' with ¢ # 0). It would nevertheless be possible to
generalize it to the case where g; and go take values in roots of unity of a fixed order.

Theorem [6.6] could also be generalized to the case of functions that are uniformly dis-
tributed only in coprime residue classes, instead of all residue classes as in Definition
[6.5] However, this would significantly complicate the main term on the right-hand
side of and make it dependent on the shift i (as is seen by considering the
simple example gi(n) = g2(n) = lp=1 (moa 2)). Therefore, we do not pursue this
generalization.

The utility of Theorem [6.6] lies in its uniformity over the choice of the functions
g1, g2. For example, the theorem can be applied to the interesting cases

(1) g(n) = 1y is 2o —smooth

and

(ii) g(n) = xg(n) where xq is a real non-principal character (mod Q) with @ =
Q(z) < 2*~ cube-fred”] (so Q can be very large in terms of ).

In the case of (i), the result of [08] is clearly not applicable, and also in case (ii), for

2IWe say that n is cube-free if p* { n for all primes p.
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all we know, it could be thaﬂ D(xg, 1;2) < 1, in which case [98] does not apply.
The range Q < %7 in (ii) is the same as in a celebrated estimate of Burgess [4], a
special case of which implies that

(6.6) Z xo(n) = o(z),

n<x
uniformly for @ < x*¢ cube-free. We note that is not enough to exclude the
(unlikely) scenario that xq(p) =1 for all p < z°.

We mentioned earlier the result of Klurman [58, Theorem 1.3] that gives an asymp-
totic formula for the correlations in the case where all the functions ¢, ..., g
are fixed and pretentious. Nevertheless, this asymptotic cannot be applied to (i) or
(i), since both of these two functions depend on x in a very essential way, whereas
in [58] it is necessary that the functions are (almost) independent of z (in fact, the
asymptotic formula in [58, Theorem 1.3] does not predict the correct asymptotic for
the autocorrelations of the functions in (i) or (ii)).

As the examples (i) and (ii) indicate, Theorem should yield new results on
consecutive smooth (friable) numbers and quadratic residues. We confirm this in
[IV]. Define the function P*(n) that outputs the largest prime factor of n € N, with
the convention that P*(1) = 1. Then n is y—smooth if and only if P*(n) <y. The
distribution of smooth numbers is well-understood (see [45] for a survey), but much
more elusive is the simultaneous distribution of two or more consecutive smooth
numbers. Related to this, Erdds and Turén [94] posed the following problem.

6.7. Conjecture. The asymptotic densityP of the set
{neN: Pt(n) < PT(n+1)}
exists and equals %

By applying Theorem [6.6]to the indicator function of #*~smooth numbers for various
«, and doing some additional deductions, we were able to prove a logarithmic variant
of this conjecture.

6.8. Theorem (Article [IV]). The logarithmic density#] of the set
{neN: Pt(n) < Pt (n+1)}

erists and equals %

2214 is a well-known conjecture, due to Vinogradov, that, for any ¢ > 0 and any Q > Qo(¢), there
is a quadratic nonresidue modulo @ on [1,Q%]. But this is open, and if it fails, then x¢ pretends
to be 1 on [1,Q].

23We define the asymptotic density of A C N as limg_ o0 % anm,ne 4 1, whenever the limit exists.
The upper and lower asymptotic densities are defined analogously with lim sup and lim inf.

24We define the logarithmic density of A C N as limg_ o0 lo%gx Y n<emea 3, Whenever the limit
exists. The upper and lower logarithmic densities are defined analogously with lim sup and lim inf.
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We mention in passing that we also proved in [[V] some generalizations of Theorem

including a logarithmic version of a conjecture of Erdés and Pomerance (|IV]
Theorem 1.12]).

We can also say something about asymptotic densities of sets related to two consec-
utive smooth numbers. In this case, we are not able to determine the precise value
of the density, but we can at least show that the lower density is positive.

6.9. Theorem (Article [IV]). Let a,b,c,d € (0,1) be real numbers with a < b and
¢ <d. Then the set

{neN: n* < P(n) <nb, n°< Pt(n+1)<n}
has positive asymptotic lower density.

This theorem implies a result of Hildebrand [44], which is the special case (a,b) =
(¢,d) (Hildebrand also considers more general “stable sets”, in addition to sets
of smooth numbers). Our theorem also reproves a recent result of Wang [110),
Théoreme 2] on the truncated largest prime factor P (n) := max{p <y : p | n}
at two consecutive integers. This result states that, if a € (0,1) is fixed, then
Pl (n) < Pf(n+1) for a positive lower density of integers n < z.

Another source for applications of Theorem [6.6]is the collection of real non-principal
Dirichlet characters whose modulus Q(x) grows moderately fast in terms of z. A
fundamental result of Burgess [4] from 1963 says, among other things, that if x¢ is
a non-principal Dirichlet character of cube—freeﬁ modulus @ = Q(z), and £ > 0 is
fixed, then

(6.7) Y Xo(n) =

n<x

uniformly for Q < 2%7¢. The range of Q here is still the best one known up to the
¢ in the exponent.

By employing the Burgess bound , we can show that if y¢ is as above with
Q < z%7¢ cube-free, then the uniformity assumption xo € U(z,n7%,n) holds for
x > wo(n,); see [IV], Section 4]. Therefore, Theorem implies a result on the
sums of ¢ along reducible quadratics n(n + h).

6.10. Theorem (Article [IV]). Let a small number € > 0, a fized integer h # 0, and
a function 1 < w(X) < log(3X) tending to infinity be given. For x > xo(e, h,w),
T—r0Q,

let Q@ = Q(x) < 2'° be a cube-free natural number with Q(x) —— oco. Then, the
real primitive Dirichlet character xq modulo () satisfies

Z XQ n+h)) 0(1)

<n<z

wu)—

6.8
(68) logw

25We say that Q is cube-free if it is not divisible by the cube of any prime.



57

Moreover, if Q) is as before and QNR denotes quadratic nonresiduﬂ we have

(6.9) 10;93 > % = ‘1111 <1 - ;) +0(1)

n<z
n,n+1QNR (mod Q)

and

(6.10) %Hngx: nand n+1 QNR (mod Q)}|>>H<1—;>

p|Q

We remark that the well-known Weil bound [52, Theorem 11.23] for character sums

would give, for prime values of @), the estimate (6.8)) only in the smaller range
2

Q = O(kfgz)'

Lastly, we employ Theorem [6.0] to study the number of large prime factors of
consecutive integers. For y > 1, define the truncated count of prime factors as
wsy(n) == [{p >y : p|n}|. Itis natural to conjecture that the numbers of large
prime factors (say > n®) of n and n+ 1 are independent. Choosing in Theorem
multiplicative functions of the form 2#>+*(" with z € [~1, 1], and using a generating
function argument, we show that this independence property indeed holds, at least
in the logarithmic sense.

6.11. Theorem (Article [IV]). Let a,b € (0,1) be real numbers and 0 < k < I,
0<l< % integers. Then, if 0(-) stands for logarithmic density, we have

d{n eN: wepa(n) =k, wopp(n+1)=1»})
=0({neN: wopa(n) =k})-0({n € N: won(n) =1}).

Moreover, the set {n € N: wspa(n) =k, ws,p(n+1) = £} has positive asymptotic
lower density.

Theorem in a sense complements the result of Daboussi-Sarkozy [9] and Man-
gerel [68], which states that if we,(n) = [{p <y : p|n}| is the count of the small
prime factors of n, then we have the independence of small primes property

1
(6:11) L o O = o)
In comparison, Theorem [6.11]implies among other things the independence of large
primes property

1 (—1)w>as(®) (—1)w>as(n+1)
A2 = 0.0(1).
(6.12) log Z n 0e-0(1)

n<z

The methods used to prove ([6.11]) and (6.12)) are however completely different, the
proof of (6.11]) being based on sieve theory.

26We say that n is a quadratic nonresidue (mod Q) if xo(n) = —1.
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6.3. Proof sketch for the main result

The proof of Theorem [6.6{ makes use of the ideas Tao [98] developed for his proof of
Theorem these are an averaging over small primes argument and the entropy
decrement argument, also discussed in Section [f]

The averaging over small primes works as follows. Suppose for simplicity that
g1, g2 are completely multiplicative and take only values +1. Then, for any prime
p < logw(z), we have

(6. 13)

gi(n)ga(n+h) glgz(p) g1(pn)ga(pn + ph)
log w(z Z N Z

<n<z <n<z

w(ac)

- 9192(p) Z g1(n)g2(n’ + ph)

" logw(z) n’

w(x)

plp‘n/ + O(E)

( )=

where we wrote n’ = pn and used the fact that the average is a logarithmic one.
We can then sum over p to conclude that

Z g1(n)ga n‘f'h)

logw
(6.14)
m 1 g1(n)g2(n' + ph)
=— 9(P)92(p)T—F= ply + O(e),
2" 2m§;m+1 1( ) 2< )Ing( ) Z n' 7 ( )

()—

where e7! < m < loglogw(z). By the entropy decrement argument, developed by
Tao in [98] and based on inequalities from information theory, we can replace pl,,
with its average value 1 4+ O(g) for some suitable, large m = m(e). The advantage
gained is that now becomes a bilinear average

7Y e Z nWRELEIN | o)

ngp<2m+1

1ogw

where n and p have been decoupled. ThlS enables us to apply the circle method.
In the same spirit as in [98], the circle method gives the anticipated asymptotic for
this sum, provided that we prove the short exponential sum boun

(6.15) (leégi/x % Z (91(n) — d61)e(na)| dy = 0-0(1),

y<n<y+H

where 4, is the mean value of g; on [z,27] and H < 20+0E)™ with m = m(e) large.

This estimate deviates from what was used in [98], since there (6.15) was used in
the non-pretentious case covered by a result of Matoméki, Radziwilt and Tao [75,

2Ty reality, we need to consider the integral of the exponential sum over more general intervals
[y, 2y] with s Sysw
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Theorem 1.7]. The case where g; is uniformly distributed in the sense of Definition
is not addressed in [75], but can be dealt with using the tools employed there.

The proof of naturally splits into the major arc case, where « is close to
a rational number with small denominator, and the opposite minor arc case. In
the minor arc case, we can ignore the constant term d; in and then follow
the argument in [75, Section 3], as that is based solely on the multiplicativity and
boundedness of ¢;.

In the major arc case, in contrast, we plainly need to use the uniform distribution
property of gq, as the result fails for example for Dirichlet characters, which are not
equidistributed. If « is on a major arc, then e(na) is essentially periodic, so we
may make it essentially constant by splitting n into residue classes. Then we end
up with the need to prove that

1 /%1 1 0-0(1)
(6.16) 96/1 T Z gi(n) — o Z gi(n)|dy = .
y<n<y+H y<n<y+H
n=b (mod q)

uniformly for 1 < b < g < e7!. Here we used the fact that §; is the mean of g; also

in arithmetic progressions of modulus < e~!.

The estimate follows for ¢ = 1 from the Matoméaki-Radziwilt theorem [74]
(since gy is real-valued), and it turns out that for ¢ > 1, by expanding 1,=4 (mod ¢) in
terms of characters, we can use the complex-valued case of that theorem from [75,
Appendix A] together with some pretentious distance estimates. This then leads to
the desired conclusion ([6.16). For the proof in its entirety, we refer to [IV].
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Abstract

Let E; be the set of positive integers having exactly k prime factors. We show that almost
all intervals [x, x + log]“ x] contain E3 numbers, and almost all intervals [x, x + log3'5 "x]
contain £, numbers. By this we mean that there are only o(X) integers 1 < x < X for which
the mentioned intervals do not contain such numbers. The result for £5 numbers is optimal
up to the ¢ in the exponent. The theorem on E; numbers improves a result of Harman, which
had the exponent 7+ ¢ in place of 3.51. We also consider general E; numbers, and find them
on intervals whose lengths approach log x as k — co.

1. Introduction

When studying E; numbers (products of exactly k primes), it is natural to ask, how short
intervals include such numbers almost always. Since Wolke’s work [21], the essential ques-
tion has been minimising the number ¢ such that almost all intervals [x, x + log® x] contain
an E; number, meaning that all but o(X) such intervals with integer x € [1, X] contain such
a number. Wolke showed in 1979 that the value ¢ = 5 - 10° is admissible for E, numbers.
This was improved to ¢ = 7 + ¢ for E,; numbers by Harman [9] in 1982. Wolke’s and Har-
man’s methods are based on reducing the problem to estimates for sums over the zeros of
the Riemann zeta function, and on the fact that the density hypothesis is known to hold in
a non-trivial strip (namely Jutila’s [14] region & > 11/14 in Harman’s argument'). To the
author’s knowledge, Harman’s exponent for E, numbers was the best one known also for
E numbers with k > 3.

If one considers P, numbers, which are products of no more than k primes, one can
obtain improvements. Mikawa [16] showed in 1989 that for any function v (x) tending to
infinity, the interval [x, x + ¥ (x) log5 x] contains a P, number almost always. Furthermore,
Friedlander and Iwaniec [4, chapters 6 and 11] proved that for any such function v (x) the
interval [x, x+1 (x) log x] contains a P, number almost always. They also hint how to prove
the same result for P; numbers. There is however a crucial difference between E; and Py
numbers, since the E; numbers are subject to the famous parity problem, and hence cannot
be dealt with using only classical combinatorial sieves, which are the basis of the arguments
on P, numbers. Therefore, the E; numbers are also a much closer analogue of primes than
the P, numbers.

U In fact, introducing into Harman’s argument the widest known density hypothesis region o > 25/32,
due to Bourgain [2], would give ¢ = 6.86.
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One would naturally expect almost all intervals [x, x 4+ ¥ (x)logx] to have also prime
numbers in them, and this would follow from the heuristic that the proportion of x for which
[x, x+Alog x] contains exactly m primes for fixed m and A > 0 should be given by the Pois-
son distribution (A" /m!)e~*. Such results are however far beyond the current knowledge, as
the shortest intervals, almost all of which are known to contain primes, are [x, x + x %“] by
a result of Jia [13]. However, the results of Goldston—Pintz—Yildirim [6],[7] on short gaps
between primes tell that for any A > O there is a positive proportion of integers x < X
for which [x, x + X log x] contains a prime, but it is not known whether this proportion ap-
proaches 1 as A increases. A recent result of Freiberg [3], in turn, gives exactly m primes
on an interval [x, x + Alogx] for at least X'°() integers x < X. Concerning conditional
results, Gallagher [S] showed that the Poisson distribution of primes in short intervals would
follow from a certain uniform form of the Hardy-Littlewood prime k-tuple conjecture. Un-
der the Riemann hypothesis, it was shown by Selberg [18] in 1943 that almost all intervals
[x, x+1 (x) log® x] contain primes. For E, numbers, under the density hypothesis, Harman’s
argument from [9] would give the exponent ¢ = 3 + €.

In this paper, we establish the exponent ¢ = 1 + ¢ for E3 numbers and the exponent
¢ = 3.51 for E, numbers. Our results for E,, E; and E; numbers are stated as follows.

THEOREM 1. Almost all intervals [x, x+(log log x)%*¢ log x| contain a product of exactly
three distinct primes.

THEOREM 2. For any integer k > 4, there exists C, > 0 such that almost all intervals
[x, x + (log, _; x)%* log x] contain a product of exactly k distinct primes. Here log, is the Lth
iterated logarithm.

THEOREM 3. Almost all intervals [x, x + log*®' x] with x < X contain a product of
exactly two distinct primes.

Theorems 1 and 2 are direct consequences of the following theorem.

THEOREM 4. Let X be large enough, k > 3 a fixed integer, and ¢ > 0 small
enough but fixed. Define the numbers Py, ..., P,_y by setting P,_; = (log X)giz, P, =
(loglog X)**'%V% and P; = (log P;y1)°  for 1 < j < k —3. For PillogX < h < X, we
have

1 1 1
- > 1-— > € — (1-1)
h X< prpe<ath X X<pr-pe<2X (log X)(log, X)

P<pi <P igk—1 P<pi<P k-1

for almost all x < X.

In the theorem above, the average over the dyadic interval is > 1/logX
by the prime number theorem, so Theorems 1 and 2 indeed follow from
Theorem 4. Similarly, Theorem 3 is a direct consequence of the following.

THEOREM 5. Let X be large enough, P, = log® X with a = 2.51, ¢ > 0 fixed, and
Pilog X < h < X. We have

1 1
. > 1> Yoo (1-2)

X<p1paSx+h X<p1p2<2X
Pi<pi<P™* P<pi <Pt

for almost all x < X.
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Remark 1. Since h > P;log X, we have the dependence ¢ = a + 1 between the exponent
a in Theorem 5 and the smallest exponent ¢ for which we can show that the interval [x, x 4
log® x] contains an E, number almost always.

Remark 2. Note that Theorems 4 and 5 tell us that there are > £ /log X E; numbers in
almost all intervals [x, x + &], where & and k are as in one of the theorems. However, we
are not quite able to find E; numbers on intervals [x, x + ¥ (x)logx] with i tending to
infinity arbitrarily slowly, unlike in the result of Friedlander and Iwaniec on P, numbers. In
addition, our bound for the number of exceptional values is at best < x/log® x and often
weaker, while the methods used in [10], [13] and [20] for primes in almost all short intervals
have a tendency to give the bound < x/log” x for any A > 0, when they work. The limit of
our method for E, numbers is the exponent 34-¢, as will be seen later, so proving for example
unconditionally the analogue of Selberg’s result for £, numbers would require some further
ideas.

To prove our results, we adapt the ideas of the paper [15] of Matomaki and Radziwilt on
multiplicative functions in short intervals to considering almost primes in short intervals.
In that paper, a groundbreaking result is that for any multiplicative function, with values
in [—1, 1], its average over [x, x 4+ k] is almost always asymptotically equal to its dyadic
average over [x, 2x], with & = h(x) < x any function tending to infinity. The error terms
obtained there for general multiplicative functions are not quite good enough for our pur-
poses. Nevertheless, using similar techniques, and replacing the multiplicative function with
the indicator function of the numbers p; - -- py, with p; primes from carefully chosen in-
tervals, allows us to find E; numbers on intervals [x, x + k], with h/logx growing very
slowly. In this setting, we can apply various mean, large and pointwise value results for Di-
richlet polynomials, some of which work specifically with primes or the zeta function, but
not with general multiplicative functions (such as Watt’s theorem on the twisted moment of
the Riemann zeta function, a large values theorem from [15] for Dirichlet polynomials sup-
ported on primes, and Vinogradov’s zero-free region). In many places in the argument, we
cannot afford to lose even factors of log® x, so we need to factorise Dirichlet polynomials in
a manner that is nearly nearly lossless, and use an improved form of the mean value theorem
for Dirichlet polynomials. To deal with some of the arising Dirichlet polynomials, we also
need some sieve methods, similar to those that have been successfully applied to finding
primes in short intervals for example in [10], [13] and [20]. In the case of E, numbers, in
addition to these methods, we benefit from the theory of exponent pairs and Jutila’s large
values theorem.

The structure of the proofs of Theorems 4 and 5 is the following. We will first present the
lemmas necessary for proving Theorem 4, and hence Theorems 1 and 2. Besides employing
these lemmas to prove Theorem 4, we notice that they are already sufficient for finding
products of exactly two primes in almost all intervals [x, x 4 log>™* x], which is as good as
Mikawa’s result for P, numbers up to ¢ in the exponent (one could also get ¢ slightly below
5 using exponent pairs, which are just one of the additional ideas required for Theorem 5).
The rest of the paper is then concerned with reducing the exponent 5+ ¢ to 3.51 for products
of two primes, and this requires some further ingredients, as well as all the lemmas that were
needed for products of three or more primes.
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1-1. Notation

The symbols p, q, p; and g; are reserved for primes, and d, k, £, m and n are always pos-
itive integers. We often use the same capital letter for a Dirichlet polynomial and its length.
We call zeta sums partial sums of £ (s) or ¢'(s) of the form ), n~*or ) _,(logn)n=°.

The function v(-) counts the number of distinct prime divisors of a number, w(-) is the
Mobius function, A () is the von Mangoldt function, and d, (m) is the number of solutions to
a; ---a, = m in positive integers. The function w(-) is Buchstab’s function (see Harman’s
book [10 chapter 1]), defined as w(u) = 1/u for 1 < u < 2 and via the differential equation
(d/du)(uwu)) = w(u — 1) for u > 2, imposing the requirement that @ be continuous on
[1, 00). We make the convention that w (1) = 0 for u < 1. In addition, let P(z) = ]_[p<Z D,
and let S(A, P, z) count the numbers in A coprime to P(z).

The quantity ¢ > 0 is always small enough but fixed. The symbols Cy, C,, ... denote
unspecified, positive, absolute constants. By writing n ~ X in a summation, we mean X <
n < 2X. The expression 1 is the indicator function of the set S, so that 1g(n) = 1ifn € §
and 1g(n) = 0 otherwise. We use the usual Landau and Vinogradov asymptotic notation
o(-), O(-) and <, >. The notation X < Y is shorthand for X < Y < X.

2. Preliminary lemmas
2-1. Reduction to mean values of Dirichlet polynomials

We present several lemmas that are required for proving both Theorems 4 and 5. Later on,
we give some additional lemmas that are needed only for proving Theorem 5.

The plan of the proofs of Theorems 4 and 5, and hence of Theorems 1, 2 and 3, is to
transform the problem of comparing almost primes in short and long intervals to finding
cancellation in the mean square of the corresponding Dirichlet polynomial. The polynomial
can be factorised after it is divided into short intervals, and different methods can be applied
to different factors. This approach is utilised in many earlier works on primes and almost
primes in short intervals; see e.g. [10], [15]. We then apply several mean, large and pointwise
value theorems, which are presented in Subsection 2-3, to find the desired cancellation in the
Dirichlet polynomial.

The following Parseval-type lemma allows us to reduce the problem of finding almost
primes in short intervals to finding cancellation in a Dirichlet polynomial.

LEMMA 1. Let

Sh(X)=% > a,

x<n<x+h

where a, are complex numbers, and let 2 < hy < hp < —;(3 with Ty > 1. Also let F(s) =
0
> ox an/1°. Then

2X 1 %
—/ S - Shz(x> Cax < 7+ [ Fainpar
To

0

2T

X
+ max — |F(1 +it)|*dt. (2-3)
2% Th

Proof. This is lemma 14 in the paper [15] (except that we do not specify the value of Tj).
A related bound can be found for example in [10, chapter 9].



Almost primes in almost all short intervals 251

We choose Ty = X*°', and h, = X/T; in Lemma 1, and the average function Sj(x) is
given by the short average in (1-1) or (1-2). Now, defining

Fo)= Y (ppo,
pr--pi~X
P<pi<P k-1

where P; are as in Theorem 4 or 5, proving Theorems 4 and 5 is reduced to showing that

/TlF(l+it)|2dt—o(<T—h+l)- ! ) (2-4)
7 N X (log” X)(log, X)? )’

for Ty = X% and h > P, log X. Indeed, substituting this to Lemma 1 shows that

2X 1
—/ dx =0 ( 5 ) ,
(log” X)(log; X)?

where hy = X/T;. It actually suffices to prove (2-4) for T < X, since otherwise the mean
value theorem (Lemma 3) gives a good enough bound for the last term in (2-3).

Note that for 7 < X the trivial bound for the integral in (2-4), coming from the mean
value theorem, is < (log X)~'. Thus our task is to save slightly more than one additional
logarithm in this integral (for T < X/ h, at least).

Once the required estimates for Dirichlet polynomials have been established, we can apply
the prime number theorem in short intervals with Vinogradov’s error term (see [12, chapter
10]) to see that

—Sh(x) — Sh2 (x)

1 1 ;
— 8, (x) — —Sx(X) < exp(—(log X)7 ™),
hy X

for h, = x%”7, x ~ X, and hence deduce Theorems 4 and 5 (and consequently 1, 2 and 3).

For example, we compute

w2 2 ) G))

x<p1p2py<x-tha P<pi<PT*
PI<pI<PT Py<pa <Py
P< <Pt
-r T
= o
P<pi<PT* Prp2 108 p]pz
P<pa<Py e

+0 (exp( (log x)3~ %))

1
= ————— + O(exp(—(log X)5 ™)),
plpzl € om Ple

P <p <PTE

1
Py<py <Py te

and the same asymptotics hold for the dyadic sum. Sometimes we end up comparing the
sums (1/h3)Sy, (x) and (1/x)S,(x) with a, not quite equal to the coefficients of F(s), but
equal to the indicator function of the numbers p;p,n with p; and p, from the intervals
[Py, PII“] and [P,, Pz”s], respectively, and n having no prime factors smaller than p,. There
may also be a simple cross-conditions on p; and p,, but comparing the sums still causes no
difficulty.
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Thus, in the rest of the paper we can concentrate on bounding Dirichlet polynomials.
Although there is a close analogy in the formulations of Theorems 4 and 5, estimating the
polynomial arising from the latter is more difficult, and will require several additional ideas.

2-2. Factorisations for Dirichlet polynomials

In bounding Dirichlet polynomials, factorisations play an important role. We encounter
situations where the only cross-condition on the variables in the polynomial is that their
product belongs to a certain range, so the variables can be separated by diving them into
short ranges and estimating the mean values of the resulting polynomials. The factorisation
is provided by the following lemma, which also takes into account the improved mean value
theorem (Lemma 4).

LEMMA 2. Let S C [—T, T] be measurable and

for some M' > M > 2 and for some complex numbers a,,, b,. Let H > 1 be such that
H log M and H log M’ are integers. Denote

A= Y S Bu= ). b,

v vl _v n’
~ H
<m<e H n~Xe

3

e

Then

/ |F(1+it)]*dt < |1|2/ | Ayt (1 +it) By p(1+it)|*dt
S S

+T Y el +T Y Yo leallel,

m—n=h
1 |
m,n€(Xe H XeH] or
1
m,ne[2X,2XeH ]

| | 2X
ne[Xe H XeH] or ISh< 5
|
ne2X,2XeH ]

with

1
n = — by|,
Cn = > lab|

n=kt
M<kSM’

I =[HlogM, HlogM') and vy € I a suitable integer.

Remark 3. In applications we have M’ > 2M, so the conditions that H log M and
Hlog M’ be integers can be ignored, since we can always afford to vary H and M’ by
the necessary amount.

Remark 4. When proving Theorem 4, we cannot afford to lose any powers of logarithm
in some factorisations, and indeed the second term in the lemma crucially has the factor T
instead of the factor X occurring in the mean value theorem, and in the first term we will
lose a factor of size < H?log?(M’'/M), which in practice is minuscule.

Proof. This resembles [15, lemma 12] by Matomaki and Radziwilt (where, in addition
to factorisation in short intervals, a Ramaré-type identity is used). We split F'(s) into short
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intervals, obtaining

am by

Fsy=» Yy = > =
velNZ 2 vil m _vl v n

eH <m<e H Xe H <n<2Xe H

mn~X

1

Observe that Xe™ 7 < n < Xe ™ # can hold above only for mn € [Xe~ W , X eH] Further-
more, we always have mn € [Xe™ 7 ,2Xew i ]. This allows us to write

d
F@& =) Au®Bun®+ D - 2:5)
velNZ

L L
kelXe H .XeH Jor

kel2X,2Xe H |

with

il <Y lambyl.

k=mn

Now the claim of the lemma follows by taking mean squares on both sides of (2-5) on the line
R(s) = 1, applying the improved mean value theorem (Lemma 4), and taking the maximum
in the sum over /.

2-3. Bounds for Dirichlet polynomials

We need several mean, large and pointwise value results on Dirichlet polynomials. The
following lemma is one of the basic tools.

LEMMA 3 (Mean value theorem for Dirichlet polynomials). Let N > 1 and F(s) =
Yo =, where a, are any complex numbers. Then

f |FnPdt < (N +T) ) lal.

- n~N

Proof. See for example Iwaniec and Kowalski’s book [12, chapter 9].

If the coefficients a, are supported on the primes or almost primes and are of size < 1/n,
the sum Y, la,|* is essentially 1/N log N. However, in some places in the proofs of
Theorems 1, 2 and 3, it is vital to save one more logarithm in such a situation. This is
enabled by an improved mean value theorem.

LEMMA 4 (Improved mean value theorem). Let N and F(s) be as above. We have

/ IFOPdt <TY la,>+T Y Y lanlla,l. (2:6)

n~N IKh Y mon=h

ST mn~N

Remark 5. The number of solutions to m — n = h, with m and n primes and m,n ~ N,
is € (N 2/log2 N - h/p(h)) (with ¢ Euler’s totient function), which follows easily from
Brun’s sieve, for example. If T < N/h, h > log N and a, is supported on the primes, the
first sum in (2-6) turns out not to be problematic, so we indeed save essentially one addi-
tional logarithm with this lemma. We remark that if we have polynomials of length N < T,
Lemma 4 reduces to the basic mean value theorem.
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Proof. This follows from [12, chapter 7, lemma 7-1], taking ¥ = 10T there.

We also put into use a discrete mean value theorem, which is particularly useful when we
take the mean square over a rather small set of points.

LEMMA 5 (Haldsz—Montgomery inequality). Let N and F(s) be as before. Let T C
[—T, T] be well-spaced, meaning thatt,u € T and t + u imply |t — u| > 1. Then

Y IFGOP < (N +|TIT2)1og T) Y |a, .
teT n~N
Proof. For a proof, see Iwaniec and Kowalski’s book [12, chapter 9].
In addition to mean value theorems, we need some large values theorems. We come across

some very short Dirichlet polynomials, say of length < 7°, and we make use of the fact
that the coefficients of these polynomials are supported on the primes.

LEMMAG6. Let P > 1, V > 0and
a
o=y %
p~P p

with |a,| < 1. Let T C [T, T] be a well-spaced set of points such that |F(1 +it)| > V
foreacht € T. Then we have

og V! 1
|7 < T2 %7 v 2 exp <(1 +o(1)) o2
0g

Tl logT
oo p l0gloeT ).

Remark 6. We may also apply this lemma to polynomials not supported on primes,
provided that P > X° for some ¢ > 0. In this case, the lemma is essentially the mean
value theorem applied to a suitable moment of the polynomial.

Proof. This is [15, lemma 8]. There a factor of 2 occurs instead of 1 + o(1) in the last
exponential, but the exact same proof works with the factor 1 + o(1).

For proving Theorem 5, we also need a large values theorem designed for long polyno-
mials. The reason for presenting it along with the lemmas for Theorem 4 is that combining
it with the other lemmas already gives the exponent ¢ = 5 4 ¢ for E, numbers. The large
values result is a theorem of Jutila that improves on the better known Huxley’s large values
theorem.

LEMMA 7 (Jutila’s large values theorem). Let F(s) = Y, _\ a,/n’ with |a,| < d,(n) for
some fixed r. Let T C [—T, T] be a well-spaced set such that |F(1 +it)| > V fort € T,
and let k be any positive integer. We have

1V76+% + VSki) (NT)O(I).

)
ITI < (v + i

Proof. The proof can be found in Jutila’s paper [14]. We apply formula (1.4) there to
F(s)",andhave G = Y, _, la,|*/n* < (NT)°P N~" in the notation of that paper.

In some cases in the proof of Theorem 4, there will be polynomials supported on primes
or almost primes for which the best we can do is apply a pointwise bound. These bounds
follow in the end from Vinogradov’s zero-free region.
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LEMMA 8. Let
P()= Y &) g -n)™,
ny--ng~N

where k > 1 is a fixed integer and each g; is either the Mobius function, the characteristic
function of the primes, the identity function, or the logarithm function. We have

|P(14it)] <exp (—(IOg N)%)

when exp((log N)%) < Jt] < NAleleN for any fixed A > 0.

Proof. For k = 1, the claim follows directly from Perron’s formula and Vinogradov’s
zero-free region, so let k > 2. We may assume that n, ..., n; belong to some dyadic intervals
I, ..., Iy such that [, = [a, b] witha > N%, b € N.Now

Z gny) g (ny - -ny_y) " Z gnng

niel,..., ng—1€lr—1 nke%
MK AT

logN%
o(l) -1, =
< (log N) E (my---ng_1)” - exp < (logt)§+8)

nmel,...,n_ 1€l
< exp (—(log N)b),
as wanted.

2-4. Moments of Dirichlet polynomials
We need Watt’s result on the twisted fourth moment of zeta sums (see Subsection 1-1 for

the definition of zeta sums). This bound comes into play when we estimate the mean square
of a product of Dirichlet polynomials where one of the polynomials is a long zeta sum.

LEMMA 9 (Watt). Let T > Ty > T¢, T'"*°D » M, N > 1. Define the Dirichlet polyno-
mials N(s) =), _yn*orN(s) =) ylogn)n™ and M(s) = ), . am/m’* with a,
any complex numbers. We have

T
/ INA + i) "M +ir)|*dt < (
T

0

(1+ M*T ) + i) 7°D max |a,|?
[W]V2 TO3 m~M mhe

Proof. An easy partial summation argument shows that we may assume N(s) =
> .y n~*. The lemma will be reduced to Watt’s original twisted moment result [19], where
N (s) is replaced with ¢ (s). It is well-known that [N (1 4-it)| < 1/t for N >t > 1 (see [12,
chapter 8]), so

N Tl
/ IN(L+ i |M (1 +it)*dt < max |a,|* [ —dt- TV
To m~M Ty t
To(l)
< 7 max |a, .

Now it suffices to consider the integrals over dyadic intervals [U,2U] with N < U < T.
These are bounded as in [1, lemma 2] (using Watt’s result and simple considerations), since
translating the results there from the line $R(s) = 1/2 to the line $i(s) = 1 is an easy matter
(and the bound in [1] should be multiplied by max,,~ |, |, as we do not assume |a,,| < 1).
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2-5. Sieve estimates

There are occasions in the proofs of Theorems 4 and 5 where our Dirichlet polynomials
are too long, and we need a device for splitting them into shorter ones. This is enabled
by Heath—Brown'’s identity and the decomposition resulting from it, which tells that either
our Dirichlet polynomial can be replaced with a product of many polynomials, which is
desirable, or it can be replaced with products of zeta sums, in which case we can make use
of Watt’s theorem.

Definition 1. A Dirichlet polynomial M(s) = }_, _, @w/m* with |a,| < d,(n) for fixed
r is called prime-factored if, for each A > 0, we have |M(1 + it)] < 4(log M)~ for
exp((log M)3) < t < MAloglogM

LEMMA 10 (Heath-Brown’s decomposition). Let an integer k > 1 and a real number
8 > 0 be fixed, and let T > 2. Define P(s) = ZP<p<P' pwith P> T P e [P+
P/logT,2P]). There exist Dirichlet polynomials G(s), ..., GL(s) and a constant C > 0
such that

|P(1+it)] < (log® X)(IG (1 +it)|+ -+ |G,(A +it)|) forall te[-T,T],
with L < log® X, each G (s) being of the form

Gi() =[] M), <2k,

i<

with M; (s) prime-factored Dirichlet polynomials (which depend on j), whose lengths satisfy
My M; = XD M, > exp (log P/loglog P). Additionally, each M;(s) with M; > Xt
is a zeta sum.

Proof. For a similar bound, see Harman’s book [10, chapter 7]. It suffices to prove an
analogous result for the polynomial ), <nep A(n)n™* and use summation by parts. We
take f(n) = n='""1{p py(n) in the general Heath—Brown identity [11] for ), f(n)A(n),
splitting each resulting variables into dyadic intervals, and separating the variables with
Perron’s formula. The summation condition in Heath—Brown’s identity guarantees that of the
arising polynomials only the zeta sums can have length > X i If there are any polynomials
of length < exp(log P /loglog P), these can simply be estimated trivially. The fact that the
remaining polynomials of length > exp(log P /loglog P) are prime-factored follows from
the fact that they have as their coefficients one of the sequences (1), (logn) and (©(n)), so
that Lemma 8 gives a pointwise saving of < 4(log P)~*.

There is one more lemma that we need on the coefficients of Dirichlet polynomials arising
from almost primes. We need to bound the following quantities that are related to the quant-
ities occurring in the improved mean value theorem for Dirichlet polynomials.

Definition 2. For any sequence (a,) of complex numbers, set X, =
exp(log X /(loglog X)*) and

|, |

Si(X, (@)= max H o

E<raax ,
<l YSHSYHg
|t |cn-s1]
$(X, (a,)) = max H Z Z 1Gnl1@nthl
X <r<ax n

X X Y
1<1H<1031“x ISh<7 Y<n<Y+5
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We get bounds of size essentially 1/logX and X/Tlog’X for S;(X, (a,)) and
S>(X, (ay)), respectively, under the assumptions of the next lemma.

LEMMA 11. Let Z, > --- > Z, > 1 for a fixed r with Z, > exp(log X/(loglog X)?),
Z, <z<4X, and

Q={n<4X:n=pi---pm, p €12, Z}], (m,P(2) =D}
Let |a,| < 1g(n), and let S;(X, (a,)) and S>(X, (a,)) be as defined above. Then

X
and  $,(X, (a,)) <

S1(X, (ay)) < - —.
1(X, (@) <logz log’z T

Remark 7. Notice that we could also take as the set Q the set
Q={n<4X:n=p - pm, p; €Z.Z], (m,P(p)) =1}
or the set
Q' ={n<4X :n=p--p,. pi€lZ.Z]1}.

Indeed, the sizes of Q' and Q" can be bounded by sizes of sets of the form given in the lemma
(with the parameter z = Z, orz = X #1). This observation will be used subsequently.

Proof. Let S(A, P, z) count the numbers in A having no prime factors below z, and let I1
be the product of all primes in | _;_,[Z;, Z}] N [1, z]. Brun’s sieve yields

Si1(X, (a,)) < max E-H:Y,Y—F%]QQ'

T1<V<4X Y
Y
. {n € |:Y,Y+—:| : <n,—P(Z)> = IH
H IT

Y +
Hlogz ¢

1<H<Ilog!0 x

<  max
X <rgax

~| =

*
1<H<logl0 x

(SIE

~|x

< max
Xilgygzxx
1<H<Iog!0 x

1
< 9
logz

. 1 1 Y
since z2 < (4X)? < Hiogs"
Furthermore, Brun’s sieve also yields

S$2(X, (a,)) € max H Z {ne[Y,Y+§}:(n(n—i—h),?):l”

x<r<ax Y

1<H<Ilogl0 x 1</’l<¥
H h Y .
< max — - Z ( ; +Z2>
1glfglilox Y lghg% (p(h) HlOg Z
< 1 X
< —
log?z T

by the elementary bound ) <mM/9(m) < M. This proves the statement.
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3. Mean squares of Dirichlet polynomials
With all the necessary lemmas available, we are ready to present the propositions that
quickly lead to Theorem 4 and are also necessary in proving Theorem 5.
PROPOSITION 1. Let X > 1, T > Ty = X' 0< oy < land1 < P <€ X°D, where P
is a function of X. Define
an

b
K@)=Y_ = and P(s)=)» -2,
p nS pS
n~4% p~P
where a, and b, are arbitrary complex numbers. Denoting
Ti={telly, T]:|P(1+it)] < P}

we have
f IK(1+it)P(1 +i0)|?dt < T pl-2« (S1 (5, (an)) +S, (5, (an))) )
T X P P
Proof. The improved mean value theorem (Lemma 4) and definition of 7; give

f|K(1+it)P(1+it)|2dt<P’z"“/ |K (1 +it)|dt
Ti Ti

<P T Nl +T Y > lallav]

X X X
k~% 1<hS X wv~%
k—k'=h

po (TP ¢ (X TP (X
< (7 1 <F’ (Cln)) + 2 (;7 (%)))

_ T pi-2a (g X S X
=% < 1<Fa(an))+ 2(5,(%))),

PROPOSITION 2. Let X > 1, T > To = X" and 1 < P < X°D . Also let 0 < o, ap <
1 and let the Dirichlet polynomials K (s) and M (s) with K = X/M > X° be

which was the claim.

a, Cm
K = -_— M = —_—
)= - and M(s) et
n~K m~M
where |c,,| < d.(m) for fixed r, and |a,| = 15(n) for some set S whose elements have at

most r prime factors from [P, 2P] and have no prime factors in [1, X*O'1\ U'_,[Z;, Z?]
for some Z; > 1. Write

b
P(s)y=>Y_ -2 with |b,|<1 and
pNPp

T={telly, T]: |P(14+it)| =P * and |IM(1 +it)| < M~ *}.
We have

T 1 1
K(1+it)M(1 +it)|?dt <« M~ p@Flaat ppylte A~ — ).
/T| (1 +inM(1 +inldr < () % oe% t iR

where £ = [log %/log P1.
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Remark 8. For products of three primes, our variables are picked so that the bound given
by this proposition saves X¢ over the trivial bound. However, for products of k > 4 primes,
our savings are much more modest, and the factor (7/X) - (1/log X) + 1 /log2 X becomes
necessary.

Proof. This result is inspired by [15, lemma 13]. Using the fact that |M (1 + it)]* <
M=% (Pe|P(1 4+ it)])* for t € T and splitting polynomials into shorter ones, we have

/|K(1+iz)M(1+i¢)|2dz<M—2“2P2a1‘/ |K(1+it)P(1+it)"|*dt
T T

< M—ZQZPZ“I%Z/ A1 + it)|dt, 37
T

where

A,
As)=Y =

n~Y
for some K P* <Y <2K(2P)" (so X <Y < 2¢PX), the coefficients A, satisfying

A < Y awl.

n=pi--pem
pi~P
m~K

By the improved mean value theorem (Lemma 4), we see that (3-7) is bounded by

? |Au 1A,
+T Y )

1<h<% m—n=h

< M*Zdz P20t15£2 T Z

n~Y

Ay
n

Note that A, # 0 implies that » has at most £ 4 r prime factors from [P, 2P] and that n is

coprime to
IT= 1_[ p-

p<X0.01
peU'_ [Z:,Z21U[P,2P]

Consequently, |A,| < (¢ +r)!, and so

A1 | Al
DI Sy,
n~Y n~Y
1 || 1
< _(z!)l+0(1) E Pmil § -
Y m~K m Plyeees e~ P pl e pE

oy 1 ||
<@t =y =

m

m~K
(m, =1

Jal 1+o(1) | S
<) Xlog X
where the last step comes from Brun’s sieve and the facts that Y > X and K > X°.
To deal with the second sum arising from the improved mean value theorem, notice that
by Brun’s sieve the number of n < y with (n(kn + h), IT) = 1 is < (y/log” y)(hk/@(hk))
with an absolute implied constant. Since ¢(ab) > ¢(a)@(b) and k/@p(k) < 2° when k has £
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prime factors, we have
Z Z |An||An+h|
I<hgE n~Y n(n + h)

cgen Y Y Y

IShS L Prospe~P (m, =1

(p1- szrh m=1
m<p| Py
Y pPL- ch
(E')l+0(l) Z Z -
1<h< ! prope~p PLTTT P i pe -+ peh)
< —Z(E!)Ho(l) Z
Ylog"Y et oh) i PLee P
(€|)1+0(l) 1
log’ X’

as desired.
PROPOSITION 3. Let X't°M > T > Ty = X9 and 0 < o < 1. Furthermore, let
1
P(s) = Z L. and M@s)= Y —,
pNP M<qsM’

with la,| <1, M' € [M + 25,2M], log X < P < X°D and PM = X'"*°Y, and let

logP’
U={tel T, T]:|PA+it)| = P ™}

Then, for £ = |e(log X /log P)],

/ [P(1 +it)M(1 +it)|*dt
u

-
201—1 1 52 3y (I+o(D)E yo(l) ~100 u'|T>
< (P log” X) X 4+ (log X) <1 + o |
for some well-spaced setU' C U.

Proof. Heath-Brown’s decomposition (Lemma 10) with k = 3 allows us to write, for
some C > 0,

M1 +it)] < (og® X)(IG (1 +in)| + -+ |G (1 +in)]),
with L < log® X. Here each G ;(s) is either of the form
G(s) = Mi(s)My(s)M5(s), M{M>M; = X'+,

log X
M M2 M3, M3 exp m

with M;(s) prime-factored polynomials, or of the form
Gj(s) = Ni(9)Na(s), NNy = X"V Ny = N,,

with N;(s) zeta sums (it is possible that N,(s) is the constant polynomial 17*). It suffices to
bound the contributions of the zeta sums and the prime-factored polynomials separately.
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We look at the zeta sums first. We split the integration domain into dyadic intervals
[T;,2T;] with Ty < T, < T. Keeping in mind that N; > X:7°0, pt = xeto0 and
|[P(1+it)P*|* > 1fort € U, Cauchy—Schwarz and Watt’s theorem (Lemma 9) yield

/ [P(1 +it)Ny (1 +it)No(1 + it)|*dt
UN[T;,2T]

< Pzalef IN\(1 4+ it)Ny(1 + i) P(1 +it)*|*dt
UN[Ty,2T]

o7 3 o7 3
< pPat (/ IN; (1 4in)|*|P(1 + it)|4‘fdt> : (/ [N, (1 4+ it)|4dt)
T T

1 1

1 3 1
T+ T P* 1 T, + N2\?
¢ prait yo() 1 +— o) (L2
< NZPp2 T3 26 N3

PZQIZX()(I)(E!)Z-H)(I)
Ty
< (PZOt]—l 10g2 X)(l-FO(l))exo(l) + X_S.

< p@a=Dtyo) (e!)2+n(l) +

Combining the contributions of the dyadic intervals simply multiplies this bound by log X.
To bound the contribution of the prime-factored polynomials, we first observe that

/ [P(1+i)M +it)|’dt < Z |P(1+it)M(+it)|,
u teld’

for some well-spaced U’ C U. We make use of the Haldsz—Montgomery inequality
(Lemma 5), and of the prime-factored property applied to the polynomial M3 with length
M; € [exp(log X /2loglog X), X57°(M], finding that

Z [P(14+it)M\(1 4+ it)My(1 + it)Ms(1 +ir)|?
teld’

< (log X)~100=P Z [P +i)M,(1 4+ it)My(1 +it)|
teld’

T: U
—100-2C
< (log X) (1 + m) )

where D is so large that D — 2C — 1 exceeds the power of logarithm arising from the
mean square of the coefficients of the divisor-bounded polynomial P (s)M,(s)M(s). Now
the statement is proved.

4. Proof of theorem 4

The following proposition yields Theorem 4 (and hence Theorems 1 and 2) immediately,
in view of the remarks of Subsection 2-1

PROPOSITION 4. Let k > 3 be a fixed integer, ¢ > 0 be small enough and Ty = X°°!, as
before. Define

F)= Y (pi-p0™
pr-pe~X
P<pi<Pe
i<k—1



262 JONI TERAVAINEN
where P; are as in theorem 4. Then, for T > Ty, we have
T T P log X 1
/ |F(1 +it)|2dt < (‘—Og + 1) C— . (4-8)
T X (log” X)(log, X)3

Proof. We make use of the ideas introduced in the paper [15] by Matomaki and Radziwill.
Trivially, we may assume 7 < XHo) Tet H = (log, X)3,

Quals)= Y. p°

v+l
H

=

eH p<e

and, foreach j =1, ..., k,

Fynj(s) = > (Pre--Pj—1Pjs1-- PO~

v
prpj—1Pj41pr~Xe H
Pi<pi <P i) i<h—1

Define a, ..., a1 by oj = 10je for j < k —2, and ay_; = 1/12 — ¢, with & so small that
ar_» < 4/€/10. We split the domain of integration as [Tp, T] = TTU LU - U7, UT.
We write ¢ € T, if

ajv

[Quu(l+it)| <e T,

forallv € I, = [H log Py, (14-¢)H log P]. We define recursively t € 7, for j =2, ..., k—1
ift¢ U<, , 7 but

1Qun(1+in] e,
forallv € I; = [H log P;j, (1 + &) H log P;]. Finally, we write
k-1
T =% TI\|JT.
j=1

Lemma 2, with the notation of Subsection 2.5, yields
/ |F(1+it)]*dt < H*(log’ Pj)/ |Qu, n(1+it)Fy, 5 (1 +in)*dt
S S

T
+ ﬁ(SI(X, (cn)) + $2(X, (en))), (4-9)

for some v; € I;, and any S C [Ty, T]. The coefficients ¢, in the definitions of S; and S,
are naturally the convolution of the absolute values of the coefficients of the polynomials
Qy,.u(s) and F,, y j(s). By Lemma 11 and the remark related to it, the last two terms above
contribute

T 1 1

<X HlogX = Hlog*X

TP logX 1
XNt ——=
X Hlog" X

We choose § = Ti, ..., Ti—1, T in (4-9). Summarizing, it suffices to estimate for each
Jj =1, ...,k — 1 the quantity

B, := H*(log? Pj)fT |Qu, i1 +it)Fy, u (1 +in)dt,
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where v; € [H log P;, (1 + &) H log P;] is chosen so that the integral is maximal, and addi-
tionally the quantity

B := H*(log’ X)/ [Qu,.u(1 +it)Fy i1+ it)|%dt,
T

where v; € [Hlog X/(Py --- Pr_1)'*¢, Hlog2X /P, --- P,_] is also picked so that the in-
tegral is maximised.

The integral over 7; is bounded with the help of Proposition 1. We take K (s) = F,, g.1(s)
and P(s) = Q,, u(s). Now Lemma 11 and Proposition 1 result in

B1 < H2(10g2 PI)P11+8—20t|Z 1 + X ) 1
X \logX PT ]ong

TP log X ploe2
< —==+1) s,
X log” X

and this is an admissible bound, since «; = 10¢ and P; > (log, X)‘“f'.

For the integral over 7; with 2 < j < k — 1 we use Proposition 2, with K(s) =
Fy mj(s), M(s) = Q,, u(s) and P(s) = Q,,_, u(s), and for £ = [log P;/log P; ;] de-
duce

2 2 —20 2+108)a; 1 £
Bj < H*(log" P))P; ™/ - P, :

. (K!)lJro(l) . r + 12
XlogX log” X

loglog P}

2aj—ap)+H0e+(+e) i p— (T Pplog X 1

< PP L2 ) ——.
I X log” X

(4-10)

For2 < j < k—2,wehaveloglog P;/log P;_; < 2e ando;—a;_; = 10g, so the definitions
of P;_; and P; result in

TP logX
Bj<<1_°g

1
+1) ——(og, X)73,
X )logzx( gk )

as wanted. For j =k — 1, we have oy _» < 4/¢/10, 04y = 1/12 — g and P,_; = (log X)Siz,
so taking j = k — 1 in the above computation gives

N I B/ I+e B
By < P TR ¢ pe < (log X))

and therefore the case of T;_; has been dealt with.

Finally, the integral over T is estimated using Proposition 3 with P(s) = Q,, , »(s) and
M(s) = Q.. u(s). Denoting £ = |e(log X /log P;_,)] and separating by Perron’s formula
the variable p;_; from the rest of the variables in F,, p x(s) (and bounding the polynomial
corresponding to the variables py, ..., pr—> by < 1), we see that

B < H*(log" X)/ |Qu (1 +it)Qy w(1 +it)|*dt
T

s T'|T:
< H2(log! X)(P " Tog? X)X (log X) ™ (1 1 (12)),
;-0

for some well-spaced set 7/ C 7. Since P,_; = (log X)¢ ', the first term is < X~ 5. In
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addition, Lemma 6 allows us to bound the size of 7’ by

€

e
|7-/| < T2ak7|Pk2_lX(£2+0(l)) < Xo1,

because o;_; = 1/12 — ¢. Therefore, the integral over T is € (log X )~%. In conclusion, we
deduced the bound
T Py log X 1
B+ +Ba+B<|\—— +1) ———,
Hlog"~ X
which finishes the proof of this proposition and of Theorem 4.

4.1. A corollary on products of two primes

As a byproduct of the methods above, we arrive at the exponent ¢ = 5 4 ¢ for products of
two primes, which already replicates Mikawa’s exponent for P, numbers?. Similarly as for
products of three or more primes, it suffices to prove

T o TP log X 1
IF+inPdi=o [ ——==+1) ——— ),
T X (log X)**¢

Foy= Y. (pp)”

pipa~X
PI<pi<P/**

where

and P, = log” X with a = 4 + &. We may again suppose 7 < X!+,

We can redefine the set 77 in the proof of Proposition 4 with the new values P; = log” X,
H = (log X)*, keeping the value a; = 10¢, and we see again from Proposition 1 that
the mean square of F(1 + if) over 7, is suitably small. For applying Propositions 2 and
3, we need more polynomials than the two that correspond to the variables p; and p,
in (1-2). Indeed, Heath—-Brown’s decomposition (Lemma 10) enables splitting the polyno-
mial corresponding to p, as (log X)°Y sums of the form |M;(s) M, (s)| + |N;(s)No(s)|,
where M, (s) and M,(s) are prime-factored Dirichlet polynomials with MM, = X'ToM,
exp (log X /2loglog X) < M; < XU and N,(s) and N,(s) zeta sums with N\N, =
X'+ The contribution of the zeta sums over the complement of 77 can be managed easily
with Watt’s theorem, similarly as in the proof of Proposition 3.

To estimate the contribution of the prime-factored polynomials M;(s), we redefine the set
Tras{t € [Ty, T]: M (1 +it)] < M;**}\ Ti, and Proposition 2 (with P(s) corresponding
to p; and K(s) = M,(s)M,(s)) produces a valid bound® in the 7; case, as long as a >
1/2(a; — 1) + 100e. We take o, = 1/8 — ¢, which turns out to be the best choice here.

Finally, when considering the integral over the complement of 7; U 7, instead of
Proposition 3, we apply the simple inequality

2

T'T?
/ M, (1 +it)M,(1 +it)|*dt < (log X)~'® (1 + 71 ) ,
- M
for some well-spaced 7' C T, with T C [Tp, T] arbitrary. This inequality follows just from

2 Adding to the argument a small refinement from Subsection 5-1, as well as Proposition 5, which is
rather similar to Proposition 3, would already give ¢ somewhat smaller than 5.
3 This bound for a arises by inserting P;_y=log" X and P; = x40 into formula (4-10).
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the prime-factored property of M,(s) combined with the Haldsz—Montgomery inequality
(Lemma 5). Now, denoting M; = X", we need to have | 7’| < X2~ whenever

T Cltelly, T1: IMi(1+it)| > M}

is well spaced. Jutila’s large values theorem (Lemma 7) applied with F(s) = M,(s)’, V =
—(3—o)t

M, and k = 2, £ € {2, 3} tells that
max{3, 7%v+], 1—4v)—2¢2
!
|T| < Xmax{%v, —%v-&—l, ]—6\)}—282'

We know that v < 1/3 + o(1), and for % <v < % the first bound is < X%“’_Ez, while for
4/25 < v < 2/7 the second bound is small enough.

In the case v < 4/25, we may simply appeal to Lemma 6 to bound | 77| (with V = M),
and get

|7~/| < T2a2X2vot2+o(l) < X0.29+100,s < X%_\,_E’

for o, = é — . This proves that o, = 1/8 — ¢ was permissible, leading to a = 1/2a, + C;¢,

so the admissible exponent becomes ¢ = a + 1 < 5 + 2C;¢ (and ¢ > 0 was arbitrary). The
rest of the paper therefore deals with improving the value ¢ = 5 + € to ¢ = 3.51, which will
require several further ideas, along with the ones already introduced.

5. Lemmas for theorem 5
5-1. Exponent pairs

In the proof of Theorem 5, several zeta sums arise, and in some instances it is useful to
have a smallish, pointwise power saving in these sums. This is given by the theory of expo-
nent pairs. We could compute a long list of exponent pairs and choose the optimal estimate
depending on the length of the zeta sum, but it turns out that using a single suitable exponent
pair improves the exponent ¢ for E, numbers by approximately 0.02, while having more of
them would have very little additional advantage, and would complicate the calculations.
Therefore, instead of formulating the general definition of exponent pairs (found in [17,
chapter 3]), we write down the estimate coming from this specific pair.

LEMMA 12. Let

W) . 1—v v 0
= —m —_ .
oty ™26 " 21

Then we have

Zn—l—it < [—a(v)-ﬁ-o(l)’

nel

for each I =[Ny, Nl witht" < Ny < N, < 1"+,

Proof. This follows immediately from the fact that (1/126,20/21) is an exponent pair.
For the proof of this, see Montgomery’s book [17, chapter 3].
5-2. Lemmas on sieve weights

For finding products of two primes on short intervals, we need some lemmas concerning
sieve weights. In the cases of sums X () and ¥, (k) in Subsection 6-2, there will be too few
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variables for finding cancellation in the mean square of the corresponding Dirichlet poly-
nomials. However, introducing sieve weights to these sums, we get an additional variable
which is summed over all integers in a certain range, and separating that variable gives a
long zeta sum (because there are few variables), and Watt’s theorem can be applied to this
sum. Also in the case of these sums, we need to make use of an additional saving of a logar-
ithm in the mean value theorem. However, here the coefficients are not supported on almost
primes but are closely related to the Dirichlet convolution A, * 1, where A, are the sieve
weights. The sieve weights A, can be taken to be those of Brun’s pure sieve. Specifically, we
take

N {u(d), v(d) < R, d | P(w) _ {u(dx v(d) < R+1.d | P(w)
Ay = Ay =

0, otherwise, 0, otherwise,

where the notations are as in Subsection 1-1, and
log X d R=2 L(l 1 X)EJ
w=exp| —— an = oglo N
P (loglog X)3 glog

Since the support of A, * 1 contains in addition to almost primes only numbers having
exceptionally many prime factors, we are able to save one logarithm factor in the mean
values. This is done in the following lemma.

LEMMA 13. Let A} and ), be the sieve weights of Brun’s pure sieve with the above
notations. Let k > 0 be a fixed integer, Ry, ..., Ry > 1 and

ws Y| X #

pypgln n=pj--prdm
I4e
R <p; <R}TE

where either the sign + or — is chosen throughout (for k = 0, we define p,--- py = 1).
Then for y > 5(x/log” x) and x ~ X we have

>l < 4(loglog X)) 2 (5-11)
ety log X
X 2
Do 2 lanlla] < alloglog X)* S (5-12)
ISh< s mnh log= X

m,nelx,x+y]

For the proof of this lemma, we need the follows two lemmas.

LEMMA 14. For x > 2 and positive integer ¢, let
me(x) = {n € [1,x] : v(n) = £}].
There exist absolute constants K and C such that

Kx (loglogx 4+ C)™!
log x € -1

me(x) <
forall ¢ and x > 2.

Proof. This is an elementary result of Hardy and Ramanujan from [8].
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LEMMA 15. Let a > 1 be fixed, and let R = 2|(loglog X)%J as before. Then, for any
A >0,

3 @0 g a—
“logt X

n~X
V() =R

Proof. The sum in question can be written as
> alltn~ X tvm) =0,
(=R

and, by Lemma 14, this is

X ae(loglog X + C) e
< log X Z < -1 )

(>R

< X 2R < y——
AlogAX

by the definition of R.
We can now proceed to proving Lemma 13.

Proof of Lemma 13. 1t suffices to consider the lower bound sieve weights. We assume
k > 1, as the case k = 0 is similar but a little simpler. Define 6, = 1 x A,". We have

b= ) nd

din
v(d)<R
d|'P(w)

= > u@+0| ) |u@

d|(n,P(w)) e

= L pay=1 + 02" Lye=r)-
Using this, we bound the sum (5-11). Denoting by IT the product of all the primes in
UL, [Ri, RF1N[1, w], we observe that

a= ) 10 | <o) (L meyy + 27 L p)- (5:13)

DL Pk

prpkln
R <py <RITE

The contribution of the first term on the right-hand side of (5-13) to the sum (5-11) is

< Z v(n)* < (loglog X)%® Z 1 < (loglog X)) 2
T i<ty log X
(nF) = (. 2 )

by Brun’s sieve and the fact that v(n) < (loglog X)* when (n, P(w)) = 1. On the other
hand, the the second term on the right-hand side of (5-13) contributes to (5-11) at most

< Y v*Y < Y S <y (5-14)
y<n<aty r<n<aty log X
v(n) =R v(in) =R

by Lemma 15. This proves the first bound in Lemma 13.
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The second bound in Lemma 13 is proved analogously. The two terms in (5-13) can be
combined in four ways into products of two terms (two of these are symmetric). One of the
cases contributes to (5-12) at most

N =
<

<> > vm) v ()1, 2wy 1, 2wy, < (loglog X))

ISh s mon=h

m.nelx,x+y]

log® X

by Brun’s sieve. The two symmetric terms obtained by multiplying terms in (5-13) have an
impact of

< YD v M) L, pey 2" gy,

ISh< s mon=h

" mnelx,x+yl

where the coefficients depending on m can be bounded trivially, while the coefficients de-
pending on n save an arbitrary power of logarithm, as in formula (5-14). Finally, the fourth
term arising from multiplication of (5-13) also saves an arbitrary power of logarithm by the
same argument.

6. Proof of theorem 5

Before proving Theorem 5, we need some preparation. Define

Sy =Y 1, Sx=5xX)
XS pyp<x+h
P<p <PT*

and set

log X
w=exp|——=].
(loglog X)3

We use Buchstab’s identity twice to decompose

Sm="> 1= > 1

x<pinsx+h x<piqinsx+h
P<pi< Pt P<p<Pt
(n,P(w))=1 w< g1 <X
n>1 (n,P(g))=1
n>1
= E 1- E 1+ E 1.
x<pin<x+h x<prqin<x+h X<Pp1q1gan<x+h
P<p<P* P<pi<Pt P<pi<P
(n,P(w))=1 w< g1 </ w< g <q1 <X
n>1 n,Pw))=1 (1, P(g2))=1
n>1 n>1

Call these sums X;(h), X,(h) and X;(h), respectively, and call the corresponding dyadic
sums 2;(X), X,(X) and 2;(X), respectively. We will divide X3(k) into two parts X5 (h)
and XJ (k) in such a way that X,(h), X,(h) and X}(k) can be evaluated asymptotically,



Almost primes in almost all short intervals 269

while the error from X7 () is manageable. To be precise, we will prove that

1 1
ESh(x) = E(El(h) — Xy(h) + Z5(h) + 25 (h))
1 7 1 " 1
= ?(ZI(X)_EQ(X)+Z3(X))+Exg(h)'i‘O(]OgX) (6-15)
= ! S 12” h ! )340.¢ !
=X x+E 5 ( )_Y 1(X)+o log X
> ! S ! SU(X —1
“xt X 3 +o log X
1

almost always, with the steps (6-15) and (6-16) being the nontrivial ones. This estimate will
then immediately lead to Theorem 5. To prove these statements, we require some auxiliary
results for the cases of X (h), X,(h) and X3(h).
6-1. Mean square bounds related to Theorem 5

We need three additional mean square bounds to deal with the sums X;(h), ¥,(h) and
Y3(h). The first is a relative of Proposition 3 and would already improve slightly the expo-
nent ¢ = 5 + ¢ obtained from the proof of Theorem 4. It will not be applied directly in the
proof of Theorem 5, but instead as an ingredient in the proof of Proposition 7.

PROPOSITION 5. Let X't°D > T > Ty = X% and 0 < oy < 1. Furthermore, let

1 by
P)= > —. M=) —=

p<p<r P mom ™
with P = X"+0, p’ ¢ [P+ P opl,0 < v < 1/2 |bal < d,(m) for fived r, and

logX >
PM = X'"t°U Also let
U=1{te[Ty, T]:|P(+it)| > P ™).
Then,
- v Uu'\p
f P+ i0OM(1 +inPdr < (log X)™1% 4 x i-minzow.sivo P X'
u

for some well-spaced U' C U.
Proof. Note that Heath—-Brown’s decomposition (Lemma 10) gives
|P(1+in)| < (log® X)(IG (1 +in)| + -+ |GL(1 +in))),

with L < logc X and each G(s) either of the form G;(s) = N(s) with N(s) a zeta sum
of length P'=°D_or G ;(s) = M,(s)M,(s) with M; and M, prime-factored polynomials of
length M, > M, > exp(log X /loglog X), MM, = P'=°_ To bound the contribution of
the zeta sum, we divide the integral over I/ into integrals over dyadic intervals [T}, 277] with
Ty € [Ty, T1, and write N = T} with o > v. If & > 1, we know that [N (1 + i1)| <
logt/t and M(1 +it) < (log X)°®, so

(log X)°V

/ IM(1+it)N(1 +it)|?dt <
UN[T,;,2Ty] 0
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If u < 1, we first pick a well-spaced U’ C U such that

/ IM(1+it)N(1 +it)|*dr < Z IM(1 +it)N(1 +it)|>.
u tel’

Now the Haldsz—Montgomery inequality and the the fact that N (s) is a zeta sum give

Yo IMA+inNI+in < T2W0F0 N M1 +inf

tel'N[T},2T;] tel’'N[T;,2Ty]
o)
Uu'|\T?
< T2 W)+o) (1 i 28 )1( _
7

To deal with the contribution of the prime-factored polynomials M;(s), we may use the
Haldsz—Montgomery inequality in a manner analogous to the above to obtain the estimate

u/ T%-ﬁ-o(l)
/ IM( +it)M, (1 +it)My(1 +it)|*dt < (log X)~'® (1 + %) ,
u

P2

since MM; > X't/ P Taking the maximum of these two results produces the claimed
bound.

Our second mean square bound is a type I estimate where we exploit a long zeta sum with
the help of Watt’s theorem. In the cases of X;(h) and X,(h), this is necessary, and in the
case X3(h) it improves our exponent for Theorem 5. A closely related estimate can be found
for example in [10, chapter 9].

PROPOSITION 6. Let X't°M > T > T, and let M(s), N(s), P(s) be Dirich-
let polynomials with coefficients bounded by X°Y and supported on the intervals
[M,2M], [N, 2N],[P, 2P], respectively. Denote Q(s) = meQ onand let N (s) be a zeta
sum. Suppose in addition that

1

MNP = X1+0(l), PQ2 < XZ, M2P < X1+0(1>.

Then

T 1
/ IM(1+it)N(1 +it)P(1 +it)Q(1 +it)|*dt < X°V (Q‘1 + 7) max | |?.
T 0/ m~

0

Remark 9. In all our applications, the polynomial Q(s) has length essentially X*, and it
is used to win by X e say, in our estimates.

Proof. We will reduce the proposition to Watt’s theorem (Lemma 9). Divide the integra-
tion domain into dyadic intervals [T}, 27;]. By Cauchy—Schwarz, the mean value theorem
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and Watt’s theorem, we see that
2T'1
/ IM(1 +it)N(1 +it)P(1 +it)Q(1 + it)[*dt
T

1
1

2T1 2
< (/ INA+ i) |P(1+i)Q( +it)2|2dt)
T,

1

2T, %
. (/ IM(1+it)* 1P+ it)|2dt>
T,

1

1
TO(I) T, TE P2 4 Ta(l) 2 T, M2P %
< 1 (1+ 1 Q)+ . max|am|4 l+
N2PQ? 77 | m~0 M2p

i 1
T(’(l) T, + TEPZ 4 2 T, + M2P 2 X()(l)
< (0 ! ) max |a,|* : + max |a,, |*.
N2PQ? m~Q M*p Ty m~0

Hence, we need

(X + X2 P20 (X + M2P) < (MNPX°M)?

and this is guaranteed by our conditions.

For the X5(h) case in Subsection 6-3, we also need the following mean square bound,
which is somewhat analogous to Proposition 4 and is based on Propositions 1, 2 and 5, but
it will be clear only later how it is crucial for proving Theorem 5.

PROPOSITION 7. Let 0 < v < 1/2,0 < ap < 1, a = 120, + Cre, Py = log® X,
X0 s T > Ty = X% and w < P, = X"HW with w = exp(log X /(log log X)*). Also
let

Gs)= > alpipapsn)™,

pipap3n~X
P<pi<Pig2
P2<p3
(n,P(p2))=1
n>1

where |a,| < (log X)°. Suppose that for every Dirichlet polynomial M(s) = Y, _,; bwm/m*
with |b,,| < d.(m) for fixed r and M = X" +° any well-spaced set

U c{tel0, T]: IMA +it)| > M)
satisfies |U'] < X2~ min200)31=¢ Thep we have
/T IG(1 +in)dt < (TP‘ logX | ) !
i < | ——== -
Ty X 10g2+8 X

Proof. Let a; = 100¢ and define H = log'* X. Let

Quaa)= > pi’s Quua®= Y  p°

v v+l
e <pr<e'
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and

Guni(®)= Y apm(papspam)”,

v
pa2p3psm~Xe H
P<pa<P

P2<Pp3, P2<Pa
(m,P(ps))=1

Gouas)= > apu(pipspam)™

D1 P3l74m'VX€_ﬁ
PI<p <Pt
(m,P(ps)=1

For j =1, 2, we have

/ G+ in)dt < (TP] logX | 1) !
1 <
s X log®™ X

+ H?(log” P;)(log"V ™" X) / 1Q0,.1,;(1 +it)Gy, (1 +it)|*dt
S

for some v; € [H log P;, (1 + ¢)H log P;] and any measurable S C [Ty, T]. In the case
j = 1, this follows from Lemmas 2 and 11, while in the case j = 2, we use Perron’s
formula to separate the variables in G (s). We partition [Ty, T] as 7; U 7; U T with

Ti={t €lTo.T1:1Qu u1(1+i)| < P ™'},
To={t €10, T]1:|Quu(1+it)| < Py }\ Ty,
and T = [Ty, T1\ (71 U Ty).

What remains to be done is estimating the integrals
B; = H*(log’ P)(log!™/ "V X) /T Q0,151 +iD)Gy, gy (1 +in) 1,
for j =1, 2, as well as
B = H*(log"’ X)/T|QU2,H,2(1 +i1)G,, (1 +it)[dt.

We have By € (TPilogX/X + 1)(P110’3_°“/10g2 X) by Proposition 1 and Lemma 11,
and this is small enough since @; = 100e. We also have, by Proposition 2 with £ =
[log P,/log P11,

B2 < H2(10g20 X)P—ZCIZ P1(2+108)0‘1€E(1+0(1))l

(o1 —02)+20e+ 122

< P,
< P;° < (log X)™',

aslongasa > 1/2(oy — o) + Cre/2, say. Lastly, Proposition 5 gives, for some well-spaced
U’ of the type mentioned in the proposition,

) |u/| u+0(1)

B < (lOg X) 50 + X;—mm 20(1}) }Ho(1 < (10gX)750

by our assumption on I{’. Now the proof is complete.
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6-2. Cases of ¥ (h) and X,(h)

Let A and A, be the sieve weights of Brun’s pure sieve with R = 2| (loglog X )%J and
sieving parameter w = exp(log X /(loglog X)*). We have

Yoo ) i=mmm< Y AL

x<prdn<x+h X cpgxth x<prdn<x+h
I+e LT g I+
PI<pI<P lie PISpisPh)
Pi<pi<P

(n,P(w))=1

n>1

We consider the lower bound; the upper bound can be considered similarly. Letting X; =
X/T3 with Ty = X°', we have

h Ay h
- d 1
— > D Il=h Y —Lio(—wpP*),
Xl . Yax , p]d X]
Pi<p <P X <ng X Pi<p<pte
AP w) pd nd 1P w)
SO
_h _ h _
iy = Y g —+ Y k- e Y 6-17)
d|P(w) p] x<prdn<x+h 1 X<prdn<X+X
P <p <pTE Pi<p <PLTE Pi<p <PITE

1
+O0\——=)-
(10g100X>

By the fundamental lemma of the sieve (see e.g. [4, chapter 6]), we further deduce that

h h

Ay — = (14 O((log X)~'*)) A—

4;;) pld [”Z(,;) pld
Pi<p <Pte P<p <pite

>hE(X)—|—0 i
Z x ! log® x )

Therefore, we may concentrate on the expression in the parentheses in (6-17), which is a
difference between a short and long average. By Lemma 1, itis o(h/log X) for A > P, log X
and for almost all x < X, provided that

r o TP log X 1
|F(1+it))dt = o +1 — ),
T X log~ X

forall T > Ty, where T, = X°°!, and

Fs)= Y Aj(pdn)™.

prdn~X
P<p<pte

Such an estimate is given by the following proposition, which is invoked again in the case
of the sum X, (h).

PROPOSITION 8. Lete > 0, Py = log® X witha > 2 + Cze and

+ - + -

F(s)= Y Jg(pdn)™ or F(s)= Y Ai(pipdn)™,
prdn~X p1pdn~X
P<p <At PI<pi<PTe
M<p<M1+e
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with M < X200 | xto) s T > T = X0 45 before, and either + or — sign chosen

throughout. Then,
T T P, log X 1
F(1 +it 2dr<< +1) :
fTO IF(1+it)] < X

Proof. Let D be a large constant, and for positive integer v and H = log'® X denote

Poy()= Y p°

v vl
eH p<e H

and

Fon()= ) aidm™ or Fup()= ) Ai(pdn)™.

v v
dn~Xe H pdn~Xe  H
M<p<mlte

Lemma 2 gives

T T
/ |F(1 +it))’dt < H*(loglog X)* | Py g (1 +it)Fy y(1 +it)|*dt
T

0 To

+T ) lal+T ) Y. lallad. (618)

1<h<§ Inffil=h 1
m,ne(Xe H ,XeH]or
|
m,ne(2X,2XeH ]

1
ne[Xe H XeH Jor
|

ne[2X,2Xe H |

for some v, € Iy, where Iy = [H log P,, H log PIHS] and

aw= Y | > A or an= > | Y A5l (6:19)

piim m=pidn pilm m=py pdn
P<p <Pt P <p <Pt | MSpmite

Lemma 13 tells that the last two terms in (6-18) contribute, for some constant C > 0,

< T ((loglogX)¢ 1 (loglog X)¢ X 1
< — . . —
X H log X H T log*X

< T Py logX 41 1
< —_— - _—
X log”™ X

by the definition of H. We are now left with estimating the integral in (6-18). We consider
the integrals in two parts, namely the part over 7; and its complement, with

Ti =1t € [Ty, T1: |Py (1 +it)] < P;7'0%),

The case of 7; is dealt with Proposition 1 and Lemma 13, and it contributes

< H*(loglog X)zZPﬂ*”OS (Sl (5, (an)) +$ (5, (an>))
X P, Py

T 1 1 1
1 1 X c{ . . . P]—IOOE
< (loglog X) (X logX+P1 10g2X> A

< T P log X 1 1
< _— [
X log’*¢ X~

where the coefficients a, involved in definition of S;(X, (a,)) are given by (6-19).
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We turn to the integral over the complement of 7; and resort to the Watt-type Proposition

6. Let £ be a large positive integer such that P/ = X*+). Letting N,(s) = Y., 4, 1"
and
+ - + _
Myu(s)= Y Apd)™ or Myus)= Y.  Ai(pipd)™,
et §p1d<e% eﬁ<p|pd<e%
P<pi<Pt PI<p<Pt
M<p<MI+e

an application of Perron’s formula to separate variables, along with Lemma 13 and
[Py, (1 +it) P92 > 1, yields

/ |F(1+it)*dt
[To,T\T1

T
< H*(log" X)Pf‘)o“/ |Pop.rr (1 +i0) My, (14 i) Ny (1 4 ir)|*dt (6-20)

To

+(TPllogX+l) 1
X 10g2+Ex’

for some v; € I, where I, = [H log M, H log(M'**w?)]. Now Proposition 6 with N (s) =
N%(s), M(s) = M, y(s), P(s) =1, Q(s) = P, u(s)" and £ = |elog X /log P, | bounds
(620) with

1
Xo(l)PIZ()Oel (Ql 4 F) (£|)2 < (P1_1(10g2 X))(1+0(1))l + X ¢ < ngQ (621)
0

fora > 2 + Css, since the condition M?P < X'*°( certainly holds.

Note that Proposition 8 immediately shows that

1 1 1
—2i(h) — —X2((X)) >
; 1(h) X 1(X1) 0<logX>

for almost all x < X, where X; = X/ T03. Taking into account formula (6-17) and repeat-
ing the above argument with lower bound sieve weights replaced with upper bound sieve
weights, we see that the reverse inequality holds, so (1/k)X;(h) can be replaced with its
dyadic counterpart (1/X)X;(X) almost always.
Now we deal with X,(h). We use the same strategy, so that for example for the lower
bound we start with
D D e

x<p1pdn<x+h
P<p<P*e

an inequality that is valid even when the interval [x/ p; p, (x 4+ h)/p; p] contains no integers.
This leads us to study the Dirichlet polynomial

Frs)= > Jg(pipdn)™,
pipdn~X
P<pi<P*?
w<p</x
where the variable p can be divided into < loglog X intervals of the form [M, M'*¢]
with M < X2t (the value of ¢ may be varied so that the division becomes exact).
For each of these Dirichlet polynomials where p is restricted, Proposition 8 gives a bound



276 JONI TERAVAINEN

of (TP logX/X + 1)(log X)~2=¢ for their second moment. Now by the same argument
as for X,(h), we infer that (1/h)X,(h) can also be replaced with its dyadic counterpart
(1/X)%2,(X) almost always.

6-3. Case of 25(h)

We are left with the sum X3(4). This is the case that determines which value of a we
obtain (and hence the value of ¢, which is just a + 1), since so far in all cases a > 2 + Cy¢
has been a sufficient assumption. We will establish the value a = 2.51.

Let B1, B2, B € (1/6, 1/2) be parameters which are given the values

B =0.1680, B, =0.1803, B =0.1950

to optimise various subsequent conditions. We split X3(%) into three parts Eél)(h), 2§2) (h)
and E§3) (h), say, the first sum being a type II sum that can be evaluated asymptotically, the
second being a type I sum (after Buchstab’s identity) that can mostly be evaluated asymp-
totically, and the third being a type II sum that can be transformed into Buchstab integrals
whose value is suitably small. Explicitly, let

2 (h) = Z 1, i=1,2,3
X<p1q1gan<x+h
Pi<pi <Pt

(q1,92)€A;
(n,P(q2))=1

n>1
with
A ={(q1.92) : w<
Ay ={(q1,q2) : w< @ < qi, either gjg; < X or q1g5 < X, q1 < X772} \ Ay,
Ay =@ g w< g <q <X\ (A U Ay).

The underlying idea is that the small variable in A; enables efficient use of large values
theorems, the conditions in A, make it possible to apply Watt’s theorem (after two applic-
ations of Buchstab’s identity), and the remaining set A3 can be shown to contribute not too
much. We study the sums 2§i)(h) separately, starting with E;l)(h).

¢ < q1, oneof q1, ¢ € [w, X" TU[X", XP1},

6-3-1. Type Il sums

We consider the Type II sum 23(1)(11). In order to prove that (1/h) E;') (h) is asymptotic-
ally (1/X) Eél)(X) almost always, it suffices to prove that (1/h) Eél)(h) is asymptotically
(/X 1)E§l) (X,) almost always with X; = X /T, and then apply the prime number theorem
in short intervals. For this latter asymptotic equivalence, it suffices to show that the Dirichlet
polynomial

G(s) = Y (pggm)™

Pi1q1gan~X
PI<pi<PTe
0i<qi<Pi2
q2<q1
(n,P(g2))=1

n>1

satisfies

T
/ |G(1 +in))dr < (
T

0

TP logX n ) 1
X log”™* X
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with T < X0 Ty = X% P = log” X and Q,, Q> > w otherwise arbitrary, but either
0, or Q, is of size X" with v € [0, B;]1 U [B,, B]. These cases are similar, so assume
0, = XM with v as above.

This is the setting of Proposition 7. Therefore, if for every polynomial of the form

M(s)=Y_ ”;—m

m~M
with M = X" and |b,,| < d,(n) for fixed r, any well-spaced set
U Cc{tel0,T]: IM(1+it)| > M~}
satisfies

|u/| < Xvéf\ﬂrmin{Za(u),%}787

the sum Egl) (h) has the anticipated asymptotic for a > 1/2a, + Cse. Of course, we fix
a, = 1/(2-2.51) + Cge.

We are left with estimating [Z/'|, and to this end we utilise Jutila’s large values theorem.
Jutila’s large values theorem (Lemma 7) applied to the £th moment of M (s) can be refor-
mulated to say that if

2
R, oz, k, £) = max {2va2€, (6 — E) vard +1 —2ve, 1+ 8klvoy — 2k€v}

and

R(v7 052) = k,f;?ll,lzl,...} R(v7 o7, k9 ’6)7

then [U| < XRWe+e() Tt urns out that the case k = 3 is always optimal for us, and it
suffices to restrict to 4 < £ < 12 (so our upper bound for R(v, «;) is a minimum of 9
piecewise linear functions). Now we check that, with our choices of §;, §,, 8 and «»,

— 1
R, o) < 3~ v 4+ min {20(1)), %} —&

for v € [0.05, B11 U [Bi, B2]. Verifying this is straightforward, because both sides are piece-
wise linear functions.*

We must also prove the desired estimate for |{’| in the range v € [0, 0.05). In this case,
we do not appeal to Jutila’s large values theorem, but to Lemma 6 (along with its remark),
which tells us that

|Z/{/| < T20(zx20(z\)+!}(l) < X0.42 < XE—V—S

for the same value @ = 1/(2-2.51) + Cee. This means that for ¢ = 3.51, (1/h) =" (h) can
be replaced with its dyadic counterpart almost always.

4 These computations can be carried out by hand with a bit of patience. For example, the case ¢ = 4
in Jutila’s bound is good enough in the range v € [16315/90496, 15311/78512], and the bound for £ = 5
is good enough when v € [753/5554, 15311/91112]. These intervals are [B>, f] and [0.1356, B1], up to
rounding.
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6-3-2. Type I sums
We turn to the sum 2§2) (h). By applying Buchstab’s identity twice, we find that

P = Y 1- > 1+ > 1.

XSP1q1gen<x+h XSP1q19293n<X+h XS P191929394n <X +h
P]<[7]<P1]+E P1<1)1<P]l+é P1§P1<Pll+g
(q1,92)€A2 (q1,92)€A2 (q1,92)€A2
(n,P(w))=1 W3 <q2 WEG4<q3<q2
n>1 (n,P(w))=1 (n,P(ga))=1
n>1 n>1

Call these sums =" (h), %% (h) and 7 (h), respectively. We show that (1/ k)" (h)
and (1/h)% 3(2’2) (h) can be replaced with their dyadic counterparts almost always. We confine
to studying 23(2’2) (h), as Egz’l)(h) is easier to handle.

We may make in E;z,z) (h) the additional assumption that all the variables except P, are
in the intervals [X#', X»]1U [X#, X], since otherwise the sum can be dealt with in the same
way as E;l)(h). We may also assume that g; € [Q;, Q"] for some Q;. Defining

1

Fs)= Y i(paigaqsdn)”™,

P1q192q3dn~X
PI<pi <Pt

0i<4i<Q;**
(91.92)€A
with kj the same Brun’s sieve weights as before (the sign being the same throughout), and
taking into account the prime number theorem in short intervals and Lemmas 1 and 2, it
suffices to show that

T
/ |F(1+it)’dt < (
Ty

This bound is achieved similarly as in Proposition 8. Indeed, if 7; is defined as in the proof of
that proposition, the integral over 77 can be estimated in the same way as in that proposition.
In the complementary case, we separate all the variables, and it remains to show that

T P log X ) 1
log>** X

/ |PI(1+i0) Q1 (1 +in) Qx(1 + i) Q3(1 + iDL+ in)N(1 + i) *d1
[To.TN\Th
< (log )71,

where N (s) is a zeta sum, P;(s) and Q;(s) are polynomials supported on primes, and D(s)
has the sieve weights A, as its coefficients (actually, D(s) can be neglected by simply es-
timating it pointwise). Moreover, the lengths Py, Q;, D and N are from the same intervals
as pi1,q;,d and n, respectively (in particular, d < exp(log X /loglog X)). We appeal to
Proposition 6 with Q(s) = P;(s)", Pf = X° and with M(s) either Q;(s)Q3(s) or
02(s)05(s). If M(s) = Q1(s)Qs3(s), the condition for Proposition 6 is Q, < Xi2,
(0103)?%0, < X. Ifin turn M(s) = Q,(s)Qs(s), the condition for Proposition 6 is
0 < Xi2, 01(0203)* < X, and one of these conditions is always satisfied in our do-
main A,, since 03 < O, and automatically 0, < X 5. Now it follows from (6-21) that for
a>2+4 Cre, Eéz‘z) (h) has the desired asymptotic, and Ef’l) (h) can be evaluated similarly.

In the sum 23(2’3) (h), we may again assume that all the variables lie in the intervals
[X#, XP1U [X#, X], as otherwise we can use the type II sum argument. Let E§2’4) (h) be
what remains of Z§2’3) (h) after this reduction. The sum 23(2’4) results in a Buchstab integral,
and hence is postponed to Subsection 6-3-3.
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6-3-3. Buchstab integrals
We are left with the sums Zf) (h) and E§2’4> (h), for which no asymptotic was found. We
want to show that

1 1 1
3) (2,4)
§E3 (X)+§Z3 (X) <(1—5)§Sx,

which would complete the proof of Theorem 5, taking into account the estimates (6-15) and
(6-16). The following lemma allows us to transform our sums into Buchstab integrals.
LEMMA 16. Let a positive integer k and n > 0 be fixed. Let
AC {(ulv"' 7uk) ERk: U, -+, Uk 277’ 23] +"'+uk < 1_77}

be any set such that 1, is Riemann integrable. For a point ¢ = (qy, ..., qx) € Rk and X > 2,
define L(q) = (logq;/log X, ..., log g, /log X). Then

> 1
P qen~X
P<p <P
L(q1,.-qr) €A
(n,Pg)=1

= {1+ o(1))log(1 +¢)

X / <1—u1—---—uk) du
w 5,
log X Jou,,..uea U Uy Ug—1 U

where w(-) is Buchstab’s function.

Proof. Tt suffices to prove the statement in the case that A is a box, that is, a set of the
form I; x - - - x I; with I; intervals. Indeed, if the statement holds for boxes, then it holds for
finite unions of boxes. Moreover, since 1, is Riemann integrable, for every § > 0 there is a
finite union B of boxes such that A \ B has measure at most §. The part of A not contained
in B contributes at most 7*~'§ to the integral, and as § — 0, this becomes arbitrarily small.

Now let A be a box. Using the connection between Buchstab’s function and the sieving
function (see the Appendix of Harman’s book [10]), summing partially, and using the change
of variables u#; = log v; /log X, we see that

SRS S

prqie-qn~X P <P piqi---qr pigqi---
P<pi<P L(G1,q)EA
[:(ql,...,qk)EA
(n,P(ge)=1
X
X log ===
={+o(1) > o g4
e P11 qrlog gy log g«
PI<pI<Py
Lqnqp)EA
1 X log %
—(+omy Y L % : w( | ql..gk)
P<p<p U L@reaaen q1---9k 108 Gx 0g g
X log - XU
= romy | N e
vy - -y log vy - - - log” vy log vy
E(ul,...,vk)eA

= o0 e w u
log X up---up U
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with b = log(1 + €), as wanted.

Let
1
A ={(ur, u2) 0 us < uy, up,uz € [Bi, 21U [B, 5], 2uy +3u; 2 1,

max{u, + 4u,, 4u; — 10e} > 1},

Ay ={(uy, up, uz, ug) 0 P Sy < Uz < Uy < uy, Uy, Uy, s, us & [Ba, Bl, (1, uz) € Ay}

be the sets corresponding to the summation conditions in E;”(X ) and 2§2’4)(X ), respect-
ively. The lemma above directly implies that

1 1 1)) log(1
g = (Lol +o)
X log X
12§2’4)(X) _ (I+o(1)) log(l + ¢) L,
X log X
ls _ (I +o(1))log(l +¢)
x5 log X '

where J; and J; are given by

1—uy—uy\ du
J] = w 3
Uy uju5
(ur,uz)eA;

1—u;—ur)—us—u du
5= ® 1 2 3 4)

Uy u1u2u3ui

(uy,uz,u3,us) €A}

To compute J;, we approximate Buchstab’s function by

0, u<l1

L 1<ux2
a)(u) g u’ ~ ~X
1+log(u—1) 2<u<3

) X X

u
1+log2
3

, u>3.

For u < 3 this is an equality, and for # > 3 the bound very sharp (it differs from the limiting
value e~ 7, where y is Euler’s constant, by less than 0.003), but we only need the fact that it
is an upper bound. We compute with Mathematica that J; < 0.988 (when ¢ in the definition
of A} is small enough).’ The integral J, only gives a minor contribution, and hence can be
estimated crudely as

L < B / du

(u.up,u3,14)€A
uytuy+uz+2uy <1

< B / du < 0.007

B <us<uz<uy<u
uy+urtuz+2us <1

5 The Mathematica code can be found at http://codepad.org/XCagx21iH3 . There is also a Py-
thon code for computing the integral at http://codepad.org/cvx065z5, where the integration
method is a rigorous computation of an upper Riemann sum.
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with Mathematica (the last integral could actually be evaluated exactly). To sum up, we have
Ji+ J, <0.995 < 1 — ¢, and this means, in view of (6-16), that with our parameter choices
Bi1, B2, B, the sums E§3)(X) and 2;2‘4)(X) can be discarded. Now, from (6-15) and (6-16) we
have (1/h)S,(x) > ¢ - (1/X)Sx, so Theorem 5 is proved. O

Remark 10. We can now observe that ¢ = 3+ ¢ is the limit of this method. Indeed, we are
forced to take a; < 1/4 in the type II case, because nothing nontrivial is known about the
large values of Dirichlet polynomials beyond this region, and consequently a = 1/2a,+¢ >
24+¢candc >3+ ¢.
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THE GOLDBACH PROBLEM FOR PRIMES THAT ARE
SUMS OF TWO SQUARES PLUS ONE

JONI TERAVAINEN

Abstract. We study the Goldbach problem for primes represented by the
polynomial x> + y% 4 1. The set of such primes is sparse in the set of all primes,
but the infinitude of such primes was established by Linnik. We prove that almost all
even integers n satisfying certain necessary local conditions are representable as the
sum of two primes of the form x2 + y? + 1. This improves a result of Matomiki,
which tells us that almost all even n satisfying a local condition are the sum of one
prime of the form x2 4+ y% + 1 and one generic prime. We also solve the analogous
ternary Goldbach problem, stating that every large odd # is the sum of three primes
represented by our polynomial. As a byproduct of the proof, we show that the primes
of the form x2 4 y® + 1 contain infinitely many three-term arithmetic progressions,
and that the numbers op (mod 1), with « irrational and p running through primes of
the form x2 4 y? 4 1, are distributed rather uniformly.

§1. Introduction. Let & be the set of primes represented by the quadratic

polynomial x> 4+ y? 4 1. We consider the Goldbach problem for the set &2, our
main result being the following.

THEOREM 1.1. Almost all even positive integers n # 5,8 (mod 9) can be
represented asn = p + q with p, q € 2.

By “almost all” we mean that the number of exceptional n < N is o(N).
The local condition n # 5, 8 (mod 9) is necessary (unless p or g equals 3 in
which case we can only represent o(/N) integers), as is easily seen by considering
primes of the form x> + y? 4+ 1 modulo 9. A result of Matomiki [13], using a
somewhat different method, showed that one of the primes p and ¢ can be taken
to be from 2, the other one being a generic prime. A few years later, Tolev [21]
gave an asymptotic formula for a weighted count of the representations n = p+gq
with p € & and ¢ a generic prime for almost all even n. Naturally, there is a
close connection between the almost-all version of the binary Goldbach problem
and the ternary Goldbach problem, so we can also solve the ternary problem for
the primes x% + y? + 1.

THEOREM 1.2. All large enough odd positive integers n can be represented
asn=p+q+rwihp,q,r e .

Received 7 December 2016, published online 25 January 2018.
MSC (2010): 11P32 (primary), 11N32, 11N36 (secondary).
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We remark that Tolev [22] established an asymptotic formula for the weighted
count of the representations of n asn = p+¢ +r with p, g € &2 but r a generic
prime. The proof of Theorem 1.2 is very similar to that of Theorem 1.1, and is
remarked on in §2.

As a byproduct of the method for proving Theorem 1.1, we will obtain an
analog of Roth’s theorem for the set of primes of the form x2 4 y? + 1, so that in
particular the set & contains infinitely many three-term arithmetic progressions.

THEOREM 1.3. Any subset of * = {x>+y?>+1: x, y coprime} NP having
a positive upper density with respect to &?* contains infinitely many non-trivial
three-term arithmetic progressions.

We will also conclude from the proof of Theorem 1.1 that for any irrational &,
there is some uniformity in the distribution of the fractional parts of the numbers
&Ep with p € Z.

THEOREM 1.4. Let & be irrational and k € R. Then there are infinitely many
primes p € & such that |Ep +« || < p~?, where 6 = % —&=0.0125 - ¢ and
& > 0 is arbitrary. Here || - || stands for the distance to the nearest integer.

Theorems 1.3 and 1.4 are proved in §§4 and 11, respectively. In Theorem 1.4,
we have not pursued maximizing the value of 6, and the main message is that 6
can be taken to be positive.

It should be remarked that the distribution of £€p (mod 1) has been studied
also for some other subsets of the primes, such as for Chen primes [14, 19] and
very recently for Gaussian primes [1] and Piatetski—Shapiro primes [6]. In the
case of Chen primes the analog of Theorem 1.4 with 6 > 0 was obtained in [14]
(and improved in [19] to 6 = 55 = 0.015).

The proof of Theorem 1.1 is based on a recent paper of Matomiki and
Shao [15], where a transference-type theorem for additive problems of Goldbach
type was established, allowing one to deduce from certain desirable properties
of a set A the conclusion that A + A + A contains all large enough integers.
One should mention that a closely related transference principle for translation-
invariant additive problems was famously introduced by Green [3] and Green
and Tao [4, 5] to find arithmetic progressions in the primes, their principle
stating that a set A with certain desirable properties contains infinitely many
three-term arithmetic progressions (or k-term arithmetic progressions if one
assumes stronger conditions). The hypotheses of the transference-type result
for Goldbach-type equations [15, Theorem 2.3] resemble the ones of the
transference principle for translation-invariant equations [4, Proposition 5.1],
but include an additional assumption. An additional assumption is evidently
needed, since for example the primes p satisfying ||v/2p] < ﬁ contain a lot
of arithmetic progressions, but most odd integers are not the sum of three such
primes.

The first property required from a set A in the transference-type result of [15]
is “well-distribution” in Bohr sets, meaning that for £, x € R and > O the
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sets {n : ||En 4+ k|| < n} and their intersections contain a fair proportion of the
elements of A. The second property, which is present in [4] as well, is that A is
“Fourier bounded”, in the sense that the Fourier transform TZ is small in £" norm
for r > 2. The last and simplest to check condition is that there should be a lower
bound of the correct order of magnitude for the number of elements in A up to N.
In [15], the transference-type result was applied to solve the ternary Goldbach
problem with three Chen primes or with three primes p such that [p, p + C]
contains at least two primes for some large constant C.

We employ a variant of the transference-type result of [15] in this paper,
the conditions for the principle being nearly identical, but with the conclusion
that A + A contains almost all positive integers (in the sense that there are
o(N) integers n < N not representable in this form). This modification is
easy to implement, so the main part of our proof is devoted to verifying the
conditions involved in the transference-type result in the context of the set &2.
The lower bound condition follows essentially from earlier work, so we are
mostly concerned with proving two requirements.

The Fourier boundedness requirement follows from the restriction theory
of the primes, in the form developed by Green and Tao in [4]. However, the
“enveloping sieve” B(n) (which is a pseudorandom majorant of a subset of the
primes and enjoys certain pleasant Fourier properties) has to be modified. It
turns out that the necessary modification is available in a paper of Ramaré and
Ruzsa [18], where the enveloping sieve was developed for purposes related to
additive bases, and actually the results in that paper imply that & is an additive
basis of finite (but large and unspecified) order.

Proving the well-distribution of the set & in Bohr sets requires more work
and occupies the majority of this paper. We use a strategy similar to the one that
was used in [15] to deal with Chen’s primes or with primes p with [p, p + C]
containing two primes for some large constant C, but we must use a different
sieve to detect primes of the form x2 + y? + 1. The sieve suitable for this purpose
is a combination of the linear sieve and the semilinear sieve (also called the half-
dimensional sieve), developed by Iwaniec in [9] and used by him in [8] to prove
that the number of primes in &2 up to N is > N (log N) /2 (the infinitude of the
primes in &7 was established earlier by Linnik [11] in 1960, using his dispersion
method). An upper bound for |£? N [1, N]| of the same order of magnitude
follows from the Selberg sieve, so & is a sparse set of primes.

When it comes to the sieve-theoretic part of the argument, we proceed along
the lines of [12] and [24] that consider the problem of finding primes from & in
short intervals. However, unlike in these works, one cannot apply the Bombieri—
Vinogradov theorem for the prime counting function, but one has to resort
to a Bombieri—Vinogradov-type result for exponential sums an N Am)e(an)
over primes. Such average results for exponential sums appeared for instance
in [14, 16, 20], but the level of distribution achieved in these works when the
weight sequence is not well-factorable (in the sense defined in [2, Ch. 12]) is
% — &, which is not good enough for our purposes. We derive a combinatorial
factorization for the semilinear sieve weights and apply [15, Lemma 8.4] (closely
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related to the estimates in [16]) on Bombieri—Vinogradov-type averages for
an N A(n)e(an) to increase the level of distribution sufficiently and hence
obtain Theorem 1.1. In particular, the results of §§8, 9 and 10 imply the following
Bombieri—Vinogradov-type bound.

THEOREM 1.5. Let N > 1 be large and & > 0, C > 10 fixed and let 1.};5"™

and A;’SEM be the upper and lower bound semilinear sieve weights defined by
restricting the Mobius function u(d) to the sets

DESM = (o p SNPY 12y 2 p1 >0 > pr,

pi-: 'P2k—2P%k—1 < NP+ forall k > 1},

D—,SEM:{pl...pr <SNP+ iz > p1 > > p,,
p1- pu_1ps < NP forall k > 1}
with the choices p+ = % —& p_ = 3 g 20 < N2 and 7 < N3¢, Ler

o be a real number with |a — a/q| < 1/q> for some coprime integers a and q
with g € [(log N)1000C N (log N)~1000C  Then for any integer b # 0 we have
(choosing either the + or the — sign throughout)

N
+,SEM

A’ Ane(an)| € ———.
d;NPi ‘ nZ]:V (log N)©
d,b)=1 n=b (mod d)

We remark that the arguments of this paper would easily generalize to primes
of the form x% + y? 4+ a, where a # 0 is any integer. We also note that since
for all the primes of the form x> + y? + 1 appearing in the rest of the paper the
only possible common prime factors of x and y are 2 and 3, Theorem 1.1 could
be stated in the form that almost all even n £ 5, 8 (mod 9) are representable as
n = p + g with p and g primes and neither p — 1 nor ¢ — 1 having any prime
factors greater than 3 that are = —1 (mod 4). One should also mention that we
did not get an asymptotic formula for the number of representations of n as sums
of two or three primes from & (unlike in the work of Tolev [21, 22] on related
problems), nor did we show that the number of exceptional n in Theorem 1.1 is
<« N/(log N)* instead of merely o(N). We can nevertheless get a lower bound
of cn(logn) 3 for the number of representations in Theorem 1.1 for almost all n
for some small ¢ > 0, and this is the correct order of magnitude.

1.1. Structure of the proofs. We give a brief outline of the dependences
between different theorems and propositions. The proof of Theorem 1.1 is
deduced from the transference-type theorem (Proposition 2.1) in §3, provided
that the two key conditions in the transference-type theorem are satisfied. One
condition is the well-distribution of the set %7 in Bohr sets and the other one
is a Fourier uniformity result for & (Propositions 3.2 and 3.3, respectively).
The proof of Proposition 3.3 is presented in §4, and in §3 it is shown that
Propositions 3.2 and 3.3 immediately imply Theorem 1.3.
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The largest part of the paper is then devoted to proving Proposition 3.2 using
sieve theory. The purpose of §5 is to show that Proposition 3.2 follows from
Proposition 5.1, which involves more notation but is easier to approach. In §6,
a weighted sieve for finding primes of the form x2 + y? + 1 is presented, in
the form of Theorem 6.5. Section 7 constructs the weighted sequence (wjy) to
which Theorem 6.5 is applied, as well as sets up the circle method. Section 10
is then devoted to proving Hypothesis 6.4 for (w,), since this hypothesis is the
requirement for applying Theorem 6.5. Section 10, which finishes the proofs of
Theorems 1.1 and 1.5, involves bounding Bombieri—Vinogradov sums related to
either semilinear or linear sieve coefficients and weighted by additive characters
that lie on either minor or major arcs. The type 1 and II inputs required in
§10 come from §8, while the required combinatorial input comes from §9. As
Remark 3.6 tells us, the only difference in the proofs of Theorems 1.2 and 1.1
is the form of the transference-type result being used. Finally, when it comes to
proving Theorem 1.4, one needs the sections from §6 onwards, the last of which,
§11, is required only for this purpose. We also remark that none of the §§2-6, 8
and 9 depend on each other.

1.2. Notation. The symbols j, k, £, m, n and g always denote integers, and
p is a prime number. We denote by e(r) = e*™'® the complex exponential, by
Li(x) = fzx (dt/logt) the logarithmic integral and by 7 (x; g, a) the number of
primes up to x in the residue class a (mod ¢). We denote by | - || the distance to
the nearest integer function, by (-, -) the greatest common divisor and by [-, -] the
least common multiple. We denote by Z, the set of integers (mod ¢), sometimes
interpreting functions defined on this set as g-periodic functions on Z and vice
versa. The expression m~! (mod ¢) stands for the inverse of m in Zyg.

Starting from §3, there are various symbols that have been reserved a specific
meaning. The integer C is given by (2.2), the function s(n) by (3.1), the set S by
(3.2), the integer b by Definition 3.1, the numbers U, J and W by (3.3), the set O
by (5.1), the product & (L) by Definition 6.1, the function g(¢) by Definition 6.2
and lastly the parameter Q by Lemma 7.1. When it comes to sieve-theoretic
notation, A4 are sieve weights and, for sets A of integers and P of primes, S(A,
‘P, z) counts the elements of A that are coprime to all the primes in P N [2, z),
with each integer n weighted by w, > 0, where (w,) will be clear from context.
The arithmetic functions A (n), w(n) and ¢(n) are the von Mangoldt, Mdobius
and Euler functions, as usual, and the functions 7(n) and v(n) count the number
of divisors and distinct prime factors of n, respectively.

The parameters ¢, n > 0 are always assumed to be small enough, but fixed.
The variables N and x tend to infinity and, in §§7 and 10, A, B and C are large
enough constants (say greater than 10!°). The numbers C, W and J are < 1,
but may be large. The expression 15 is the indicator function of a set S, so that
1g(n) =1 whenn € S and 1g(n) = 0 otherwise. We use the usual Landau and
Vinogradov asymptotic notations o(-), O(-), <, >>. When we write n ~ X in a
summation, we mean X < n < 2X.Byn x X, in turn, we mean X < n < X.
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§2. A transference-type result. We need a transference-type result for binary
Goldbach-type problems for proving Theorem 1.1. We begin with some
definitions.

Let Q2 C Zy and n € (0, %), and write

B(Q2,n) = {neZN : H%H < nforall & EQ}

for the Bohr set associated to these parameters. We will need a function x =
XxQ.y : Z — Ry that is a smoothed version of the characteristic function of the
Bohr set B(€2, n). The exact construction of x is not necessary, and we just list
the properties of y we use, found in [15, Lemma 3.1]. We have

0<x(n) Kg L, x(n) = x(—n) and lg)?(n+N)=x(n),
2

x(m) =1 forneBQ,n), x() < %) forn & B(R,21),

1 7\ @
5 2 X =lxlh > (5> .

nGZN

2.1

Also from [15], we know that x has Fourier complexity C <q),, 1, where the
Fourier complexity is defined as the smallest integer C for which we have a
Fourier representation

C
x(n) = che(ozkn), lck] < C and oy € R/Z. 2.2)
k=1

The formulation of the transference-type result requires harmonic analysis,
so we should state which normalization of the Fourier transform we use. For
functions f, g : Zy — C we define the Fourier transform and the convolution as

HOEEDY f(n)e(—%”) and frgn = 3 fRgn—h),

neZN kEZN

so that Parseval’s identity and the convolution formula of the Fourier transform
take the forms

NP =N Y If@F and Fxg) = f©)EE).

neZy Eeln

PROPOSITION 2.1. Let functions f1, f»:Zn — R>o and parameters Ko > 1,
8 > 0, ¢ > 0 be given. Then there exist n = n(Ko,d8,¢) > 0 and Q C Zy,
Q| Kkp,5,¢ 1 with 1 € Q such that the following holds. Assume that, for a
function x = xq., : Z — Rxq obeying (2.1), we have:

) foxx(@) =8lxliforallt € (N/3,2N/3);
() D n/3<n<nya 1) = 8N;
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(i) Yeez, |FiEI < Koforje{l,2}andr € {3,4}.
Then
(V) f1 % fo(n) > 8%/3 for all but < €N values of n € [0.9N, N1.

Proof. This is inspired by and similar to [15, Theorem 2.3] of Matomiki
and Shao. See also [4, Proposition 5.1], where similar ideas were applied for
Roth-type problems. Take Q2 = {§ € Zy : |ﬁ($ )| = eo} U {1}, where gy will
be chosen small enough in terms of §, ¢ and Kg. Condition (iii) tells us that
2] < K0863 + 1. Let x = xq.,p : Z — Ry be as in the proposition (so that x
fulfills (2.1)). We will later choose 1 to be small enough in terms of §, & and K.
Introduce the functions

& = foxx and hy = fr — g.

llx Il
We have

~ o~ -~ 5(\
82 Hx and hp = fz(l - )
||1 lxllh

so that in particular |h2(§)| 2| f2 ).
Next we estimate from above and below the average (1/N) ZneZN | f1 *

hz(n)|2, starting with the lower bound. Owing to conditions (i) and (ii), for
n € [0.9N, N], we have

8 2
fi % gam) = —— fo x X fim >+ > fik) = 8% (23)
” || n—2N/2<§<n—N/3

since (N/3, N/2) C (n —2N/3,n — N/3) for n € [0.9N, N]. Denoting T =
{n € [0.9N, N1: fi * fo(n) < 8%/3} and using the simple inequality |a — b|? >
a2/2 — b2 and (2.3), we infer that

1 1 1
5 2 fixhmP > 5 Z(EM % g2(m)]> — | f1 * fz(n)|2>

IIGZN neT
8% 17 8% IT|
> (% - (% 2.4)
2 3 N 10 N
When it comes to an upper bound, Parseval’s identity gives

1 —_—
5 2o MirhmP = 1fixh@)

neZy Eely

= Y 1h®nE))?

E€ln

<e 2 Y IA@PPI@© P + Y 1A E e,
§¢Q2 £eQ
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Here the first sum can be bounded with the Cauchy—Schwarz inequality and (iii),
implying that

—~ ~ - 172 R 1/2
2 IF @ P m@)R < 85/2( Y7 (§)|3) ( 3 |h2(§)|4>
§¢Q E€ly £€Zy
<8k

The sum over & € 2 in turn can be bounded by using the fact that

’1 G

< 30n forevery & € Q,
1

the proof of which is contained in the proof of Theorem 2.3 in [15, §4]. After
this, we may again use the Cauchy—Schwarz inequality and (iii) to obtain

Y IAGPI@R < Gon* Y 1AE P AHE)

§eQ £eQ
< 10007%Ko.

At this stage, we fix the choices g =1 = 8882/1041(3, so that

1 2 1/2 2 1 4
5 Z [frxha () < 825" Ko + 100077 Ko < -8%. 2.5)

nEZN

Combining (2.4) and (2.5) above, we discover that |T| < 108~*- ;6% N = &N,
which concludes the proof. g

§3. Deducing Theorem 1.1 from the transference-type result. We will apply the
transference-type result (Proposition 2.1) to prove Theorem 1.1. This deduction
is done in this section assuming the conditions (i)—(iii) of the transference-
type result, and the rest of the paper is focused on verifying these conditions.
Naturally, the functions f; and f> in the transference-type result are taken to be
the characteristic functions of the primes of the form x> + y% + 1 (restricted to
a residue class), normalized in such a way that they have mean comparable to 1.
First, we introduce some notation.

Define the function

s(n) = 1‘[ . (3.1
pln
p=—1 (mod 4)
p#3

which excludes from the prime factorization of n the primes 2, 3 and those
primes that are = 1 (mod 4). Denote

S={a>+b>:a,beZ, (a,b)]|6C). (3.2)

We also define a property that we require from the linear functions we work with
in what follows.
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Definition 3.1. We say that a linear polynomial L with integer coefficients is
amenable if L(n) = Kn + b for some integers K > 1 and b, and:
O 6 |K;
i b, K)=0b-1s5(K)) =1
(i) b —1=12/3%(4h + 1) for some h € Z,3 { 4h + 1 and j,t > 0 with
2Jj+2321+1 | K.

What these conditions imply is that there are no local obstructions (modulo
divisors of K) to L(n) being prime and L(n) — 1 belonging to S (in particular,
L(n) — 1 crucially has an even number of prime factors p = —1 (mod 4) with
multiplicities by (iii)). We note that it is essential that b — 1 is allowed to be
divisible by a power of 3. Indeed, if L;(n) = Kn + b; are two amenable linear
functions with 3 | K and 3 1 by — 1,3 1 by — 1, then L;(m) + Ly(n) can only
represent numbers that are = 1 mod 3. We also note that in our application we
must allow K to be divisible by arbitrarily high powers of 2. This is due to the
fact that if L;(n) = 2°n + b; are amenable, then L;(n) — 1 = 2% (mod 2%12)
for some integers 0 < a; < s — 2, which implies that L|(m) + Lo(n) is never
=2 (mod 2%).

The majority of this paper is devoted to proving for functions f; related to
the characteristic function of & the following versions of the conditions (i) and
(iii) of the transference-type result. Throughout the rest of the paper, we use the
notation

U=2'-3 with5<J <1,
w=U- [] p with10" <w <« L. (3.3)

S<p<w

PROPOSITION 3.2. Let x : Z — R have Fourier complexity C < 1. Let
W be as in (3.3) with w > C%°, and suppose that the linear function Wn + b is
amenable. For an integer N > 1, set

W)\*/? N 2N
f(n) = (log N)”("’T) wntberwath-tes forn € (.= ) G4
and f(n) = 0 for other values of n € [0, N). Then, for N > Ny(w, C), we have
CN
> fx—n) > 50( > x—n) - 73)
n~N/3 n~N/3 v

fort € (N/3,2N/3) and some absolute constants 69 > 0, C > 0.

PROPOSITION 3.3. Suppose that the linear function Wn—+b is amenable with
W asin(3.3). Let N > 1 be an integer and g : Zy — R0 with0 < g(n) < f(n)
forn € [0, N) and f as in (3.4). Then, for allr > 2,

> REI <K,

§€ln

for some positive constant K, depending only on r.
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In this section, we show that Propositions 3.2 and 3.3 indeed imply
Theorem 1.1. First we prove some lemmas about local representations of integers
modulo powers of 2 and 3.

LEMMA 3.4. Let J > 5 and n # 0 (mod 2771 be integers. Then we may
write n = a + b for some integers a and b with a = 2" (mod 242y and b =
2/ (mod 2712) for some integers 0 < i, j < J — 3.

Proof. Since 277! { n, we may write n = 285, where 0 < g < J — 5 and
s # 0 (mod 16). It is easy to check that every such s may be written as s = a’ +b’
with ¢’ = 2/ (mod 21*2), b’ = 2/ (mod 2/1?) for some 0 < i, j < 3. Then
n=a+ b witha = 284’, b = 28D’ is a representation of the desired form. [

LEMMA 3.5. Let m’' be any integer such that m’ # 3, 6 (mod 9). Then there
exist integers x1, X2, x3 and x4 such that

m' = x? + x3 + x3 4 x2 (mod 3%),
x? 4 x3, x32 +x7 # 1 (mod 3),
x? 4 x3, x% + x7 # 0 (mod 3°).

Proof. One easily sees that x> +y? (mod 27) attains all residue classes except
those that are = 3 (mod 9) or = 6 (mod 9) as x and y vary. Now the lemma only
states that every m’ # 3,6 (mod 9) is the sum of two numbers, each of which
is 0, 2,5 or 8 (mod 9) and neither of which is 0 (mod 27). This can quickly be
verified by hand. ([l

Proof of Theorem 1.1 assuming Propositions 3.2 and 3.3. Given any small
& > 0, we must show that once N is large enough, the interval [0.9N, N] contains
at most e N integers m = 0 (mod 2), m £ 5, 8 (mod 9) that cannot be written as
m = p + ¢ with p and ¢ primes of the form x* + y> + 1.

Let U and W be given by (3.3) with J/ = [10/¢] and w < 1 large enough.
We start by showing that for any m € [0.9N, N], m = 0 (mod 2), m # 5,
8 (mod 9), m £ 2 (mod 27, we may find integers 0 < By, B, < W — 1 such
that m = B + B, and the linear functions Wn + B and Wn + B, are amenable.
The integers m = 2 (mod 27 can be disposed of since there are < (82 /10)N
such integers up to N.

To see that By and B, exist, write m = 2m’ + 2, so that m’ # 3, 6 (mod 9).
Then 27! t m’, so using Lemma 3.4 we may write m’ = a; +a» (mod 27) with
a; = 2' (mod 2°*2), ay = 27 (mod 2/12) for some 0 < i, j < J — 3. Moreover,
using Lemma 3.5, we may write m’ = a} +a) (mod 33) with a; and a} numbers
such that 33 faj, 334 a5, 2ay+1,2a2+1" # 0 (mod 3) and the largest powers of
3 dividing a| and a), have even exponents (take a} = x7 + x5 and @} = x7 + x}
in that lemma and notice that the largest power of 3 dividing x> + y has an even
exponent).

Now pick numbers b, for 5 < p < w such that b, # 0,1,m,m — 1
(mod p). By the Chinese remainder theorem, we can find an integer B such that
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B =2a; + 1 (mod 2’/), B = 24} + 1 (mod 33) and B = b, (mod p) for all
5 < p < w. Therefore, we have found some integers B := B and B, :=m — B
suchthatm = By + By, pt Bi, pt Bi—1for5< p <w,and B — 1 and B, — 1
satisfy condition (iii) in the definition of amenability.

Therefore, we have a representation of any m of the form above as

m = Bi(m) + B>(m) (mod W)

with Wn + Bi(m), Wn + B;(m) amenable linear functions and 0 < B;(m) <
W —1 (we use the notation B;(m) to emphasize that the B; depend on
m (mod W)). Foreach 0 < a < W — 1, we denote

B, ={m € [09N, N]: m = a (mod W)}.

We will show that each B, with a = 0 (mod 2), a # 5,8 (mod 9), a # 2
(mod 27) contains at most e(N/2W) values of m € [0.9N, N] that are not of the
form p 4 g with p and ¢ primes of the form x? 4 y? + 1, and afterwards we sum
this result over a.

If a satisfies the congruence conditions above, the polynomials Wn + Bj(a)
and Wn + B;(a) are amenable linear polynomials. Set M’ = | N/ W | and, for
£ e (1,2}, set

W)\ 2
fe(n) = (log N)3/2((p7 I Wn+Bo(a)eP, Wn+Be(a)—1eS
M 2M’
forn e | —,
3 3
with S as in (3.2) and let fy(n) = O for n € [0, M') \ (M'/3,2M'/3).

Concerning condition (ii) of the transference-type result, applying
Proposition 3.2 to the function x = 1, we see that

Y. hmz S,

10
M’ J3<n<2M'/3

but we evidently get the same outcome with summation over M'/3 < n <
M’ /2 (since one could clearly replace n ~ N/3 with N/3 < n < N/2 in
Proposition 3.2). This takes care of condition (ii).

Next, by Proposition 3.3,

Y 1f®I < Ko

é:GZM/

for some absolute constant Ky when r € {3, 4}, so condition (iii) also holds.
Letthen x = xq,; : Zm' — R0 be as in Proposition 2.1 (with x depending

on Ky and &y that appeared above), where Q2 C Z,y satisfies 1 € Q, |Q| <. 1

and 1 <, 1 < 0.05. According to (2.1), x is symmetric around the origin and

nz 12| n 12|
3 x<n><<—) M’<n(5> M’ < 0.05]x1l1 M.

8
ne[—M'/2,M' /2]
[n|=0.1M
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Keeping this in mind and using Proposition 3.2, forz € (M’/3,2M’/3) we obtain

cM
> fz(n)x(t—n>>ao( 3 X(t_n)_m>

n~M'/3 n~M'/3
8o cM’
= E( Z X(Z—”)—m)
nEZM/
8o,
> Oy
20 X1

for w large enough, the final step coming from (2.1), since

[T
Ixlh = (ﬁ) >
2 wO-1

for w large enough. This means that condition (i) of the transference-type result
holds with § = §¢/20.

From the transference-type result (Proposition 2.1), we conclude that f]
fo(n) > Oforalln € [0.9M', M'], n & T,, where T, is some set of integers with
|T,| < (¢/2)M’ = &(N/2W). This leads to n = ny + ny (mod M’) with

Whn; 4+ Bi(a) € P, Wn; + Bi(a) —1 €S 3.5

forn € [0.9M', M'], n & T,. Since nyj,ny € (M'/3,2M’/3), we can actually
say that n = n1 4 ny. What we showed at the beginning of the proof is that any
m € B,,m € [0.9N + 2W, N] with m = 0 (mod 2), m # 5,8 (mod 9) and
m #£ 2 (mod 27) can be written as m = Wn + By (a) + Bx(a) with n € [0.9M’,
M'] and Wn+ By (a) and Wn+ B, (a) amenable (the interval [0.9N, 0.9N +-2W]
contains < (&2 /10) N numbers and can hence be ignored). Then

m = (Wn + Bi(a)) + (Wna + Bz(a))

for some n1 and n; satisfying (3.5) whenever m € B, \ T, m € [0.9N +2W, N1,
m =0 (mod?2),m #5,8 (mod9) and m # 2 (mod 27), where T, ={a+Wrt:
T € Ty} satisfies |T)| < e(N/2W). Since

N €
Y. ITI<W.esn=2N,

2W
0<as<w—1
a=0 (mod 2)
a#5,8 (mod 9)
a#2 (mod 27

we conclude that all but < (/2 + e)N < eN even integers m € [0.9N, N]
satisfying m # 5, 8 (mod 9) can be written as m = p + g with p, g primes of
the form x2 + y? + 1. O

Remark 3.6. The proof of the ternary result, Theorem 1.2, goes along
very similar lines. One would replace Proposition 2.1 with the analogous
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ternary transference-type result, namely [15, Theorem 2.3]. The premise in both
transference-type results is essentially the same (except that [15, Theorem 2.3]
has one additional function f3), and therefore the differences in the proofs can
only arise when showing that the transference-type theorem implies the additive
result. In fact, these proofs are also very similar, and one would simply replace
Lemma 3.4 with a version where we want to represent an arbitrary integer n
as a sum of three numbers of the form 2! (mod 2/*2), and one would replace
Lemma 3.5 with a version where there is no restriction on m’ and there are six
variables x; (and one would define f3 analogously to fi and f>).

§4. Restriction theory for primes of the form x> + y*> + 1. The objective of the
current section is proving Proposition 3.3, after which proving Theorem 1.1 has
been reduced to demonstrating Proposition 3.2. As a byproduct of the arguments,
we will obtain Theorem 1.3. The proof of Proposition 3.3 is based on the Green—
Tao approach [4] that offers a way to estimate the Fourier norms of prime-related
functions and therefore to detect translation-invariant constellations within the
primes. The Green—Tao approach is based on proving a restriction theorem for
the Fourier transform from ¢’ (Zy) to ¢2(Zy) weighted by a certain “enveloping
sieve” that acts as a pseudorandom majorant for the characteristic function of
the primes of the desired form. Therefore, we start by asserting that there is a
suitable enveloping sieve S(-) for the primes of the form x% + y2 + 1.

PROPOSITION 4.1. Let W and w be as in (3.3), and suppose that B is an
integer for which Wn + B is an amenable linear function. Then, for any large
N, there exists a function f : N — Ry with the following properties (for some
absolute constants k1, ky > 0):

() ) > ki(log N)**(logw) =2 forn ~ N/3
when Wn + B € PN (S + 1),
(ii) anN B(n) < ka2N;
(iii) for every fixed € > 0, we have B(n) < N¥;
(iv) we may write, for z = NO-1

By =33 v(?]’)e<—@>, (4.1)

q<z? acZy 1

where v(a/q) < q°~' (and Z; is the set of primitive residue classes
(mod q));

(v) wehave v(1) = 1 and v(a/q) = 0in (4.1) whenever q is not square-free
orq | W,q #1.

The message of the previous proposition, which we will soon prove, is that
B(-) is an upper bound for the normalized characteristic function of the primes
x4+ y2 + 1 in a residue class, B(-) has average comparable to 1 and S(-) has a
Fourier expansion with small coefficients. The above result implies the following
restriction theorem, which is identical to [4, Proposition 4.2], except that () has
a different definition.
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PROPOSITION 4.2. Let 8 : N — R be as in Proposition 4.1. Let N > 1 be
large and let (a,),<n be any sequence of complex numbers. Given a real number
r > 2, for some C, > 0 we have

(Z o anﬂm)e(_ﬁ”)

Eeln n<N

1/2

rN\ 1/r
) < c(% 3 |an|2/3<n>)
n<N

Proof of Proposition 4.2 assuming Proposition 4.1. Our function 8(-) fulfills
the same axioms as in the paper of Green and Tao (except the pointwise lower
bound, which is not used for the proof of [4, Proposition 4.2]). Therefore, the
proof of [4, Proposition 4.2] goes through in this setting. 0

At this point, we show that Proposition 4.2 easily implies Proposition 3.3,
which corresponds to condition (iii) in the transference-type result.

Proof of Proposition 3.3 assuming Proposition 4.1. We already know that
if Proposition 4.1 is true, so is Proposition 4.2. We choose a, = g(n)/B(n)
whenever 8(n) # 0 and a, = 0 otherwise. Since 0 < g(n) < f(n) < Kl_lﬁ(n)
in the notation of Proposition 3.3, from Proposition 4.2 we immediately derive

" <Cr AT
(&ZZN'“’?)') (N g ﬁ(n))
B(m)#0

2 12
<o Z B(n) / < Cor i)
N 1 2

n<N

by part (ii) of Proposition 4.1. O

What remains to be shown is that the enveloping sieve promised by
Proposition 4.1 exists. This is based on an argument of Ramaré and Ruzsa [18]
(which incidentally developed the enveloping sieve for purposes unrelated to
restriction theory). The enveloping sieve f(n) turns out to be a normalized
Selberg sieve corresponding to sifting primes of the form p = x% + y? + 1,
p = B (mod W).

Proof of Proposition 4.1. We first introduce some notation. For a prime p, let
A, C Z, denote the residue classes (mod p) that are sifted away when looking
for primes of the form x> 4+ y% + 1 = B (mod W). In other words,

) for p < w,
A, =11{0} for p=1(mod 4), p > w,
{0,1} for p=—1(mod4), p > w.

Further, for square-free d, let

Ai = ﬂAp,

pld
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where Ay is interpreted as a subset of Zg. Set also A; = Z and Ay = 0
when d is not square-free. For d > 2, we have |A;| = w(d), where w(-) is
a multiplicative function supported on the square-free integers and having the
values

0 forp < w,

w(p)=131 forp=1(mod4), p> w,
2 forp=—1(mod4), p> w.

For later use, we also define

Ki=2Z. K,=Z,\ Ay, Ka=[(\K, foru@d?’=1 (42
pld

and let Ky = Z4 for u(d) = 0.
Let the Selberg sieve coefficients p; (not the same as sieve weights) be given
by

Gi(2) 0.1
pPa = (d)—=——, wherez=N"", G4(2) = E h($),
Gi1(z) P
[d,6]1<z
w(p)
h(§) = h d h = —
(%) | | (p) an (p) o)

plé

The above notations are otherwise the same as in [18, §4], except that A4 there
has been replaced with p; and L£; with A;. We define

2
ﬂ(n>=Gl<z>( > pd), 4.3)

d|P(z)
Wn+BeAy

where

Py= [] p

w<p<z

In [18], the factor G (z) does not appear in their definition of 8(n), but this is just
anormalization constant. In (4.3), the condition m € A, means that m (mod d) €
Ay. Now we can check parts (i)—(v) of Proposition 4.1.

For part (i), first observe that if Wn + B = X2+ y2 +1ePnNn(S+1)
with n ~ N/3, then x> 4+ y> + 1 # 0 (mod p) forw < p < z = N%! and
x4+ y2 # 0 (mod p) for p = —1 (mod 4), w < p < z, since (x,y) | 67.
This means that if Wn + B = x>+ y>+1 € PN (S + 1) with n ~ N/3, then
B(n) = G1(z). Now the assertion follows from

-1
Gim) > 1070 TJ (1—M> > 1072 (log N)*/? (log w) /2.
P

w<p<z
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Part (ii) in turn follows by applying the Selberg sieve [10, Ch. 7] to estimate

2
G1(Z)Z< > m) < 10"(log N)*2(log w) ™2

nN N PG
« <N I (1 _ —w(p)) +z3>
p

Wn+BeAy
w<p<z
log w ) 3/2

< 10 (log N)¥/?(log w) /2. N(
logz

< 100N,

Part (iii) is verified as follows. From the definition of pg, it is clear that |oy|
< 1, so that

2
ﬂ(n><Gl<z>( > 1). 4.4)
d|P(2)

Wn+BeAy

Note that if Wn + B € A, forsome w < p < z,then p | Wn+ Borp | Wn +
B—1, sothat p can be chosen in at most v(Wn+ B)+v(Wn+ B —1) ways, where
v(-) is the number of distinct prime factors. Since d is square-free and a product
of such primes p, d can be chosen in at most 2VW+B)+v(Wn+B=1) - pne/3
ways in (4.4). Therefore, (4.4) is < (log N)>/2N /3¢ « N¢.

Part (iv), which is the most crucial part concerning pseudorandomness, was
verified in [18]. Namely, our set of primes of the form Wn 4+ B = x> + y> + 1 is
“sufficiently sifted” in the sense of the definition given on [18, pp. 1 and 2] (to see
that, take in that paper A to be the set of primes of the form under consideration
up to N and x = %). This property is all that is needed to obtain (iv) with the
bound v(a/q) <« ¢~'/2, by [18, formula (4.1.19)]. It is clear that this can be
replaced with the stronger bound v(a/q) < ¢°~!, since we have defined the sets
K4 in (4.2) so that [18, formula (4.1.18)] holds for & = /2, instead of just some
0<é&<i.

We are then left with part (v). Equations (4.1.13) and (4.1.21) of [18] reveal
that (4.1) holds when v(a/q) is defined for (a, g) = 1 by

a 05 03 Ypex, e(ab/q)
v(—) =Gi1) Y Ky gl T
q o di ] 1Kyl

with
N d
pi= Y u(z)u(d)pd,
d=0 (mod ¢)
where the set /Cy is given by (4.2). As in [18, formula (4.1.17)], we have

2|5 A2)

bek, 4 beZy\Ky

<1Zg \Kgl < T 0™ = 1Kpel),
pllq
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which immediately gives v(a/q) = O unless ¢ is square-free and (g, W) = 1.
In addition, by formula (4.1.13) of the same paper (with the right-hand side
multiplied by G(z)), we have

a\ _ 4 2 ek, €¢(ab/q)
v(q) = Gi1(xw, —”qu , 4.5)

where by (4.1.14) we have

#
wh = Gl( P Zhw)pz(q 5),

and p, (g, §) satisfies (4.1.15). Putting ¢ = 1 into (4.1.15), we clearly get w’f =
1/G1(z), so that v(1) = 1 by (4.5). Il

We have now proved Proposition 3.3, which will be needed in the proof
of Theorem 1.1. As a consequence of the above considerations, we can now
establish Theorem 1.3, that is, Roth’s theorem for the subset &2 of primes.

Proof of Theorem 1.3. This is very similar to the proof of [4, Theorem 1.2].
Let A C Z7* have positive upper density in &?*. Then there is § > 0 (which
may be assumed small) such that | A N (N/3,2N/3)| > §|Z* N (N/3,2N/3)]
for N € N, where \ is some infinite set of positive integers. Let W, w and J
be as in (3.3) with J = [10/4].

Let Sp = SN {Wn + B : n > 1} for any set S and integer B. Note that if
n=x>+y2+1¢e (N/3,2N/3) is a prime with (x, y) = 1 and N > 10W, then
n,W)y=m—1,s(W)) =1and (n — 1,3) = 1,4 1 n — 1. Therefore,

Z, oG5l EF)H0en(35)

Wn+ B amenable

for N > 10W and N € NV, so using the pigeonhole principle and the lower bound
for |Z* N (N/3,2N/3)| coming from Proposition 3.2 with x = 1, we can find
a value of B € [1, W] such that the polynomial Wn 4 B is amenable and

‘AB N (ﬂ 2—N>‘ > 81 - 8(logw)>/? (4.6)

3'3 W (log N)3/2
for N € N’ with N/ an infinite set of positive integers and for some small
absolute constant §; > 0, since the Chinese remainder theorem shows that there
are < 1010W(10g w) /2 amenable functions Wn + B with 1 < B < W.

Next set

g(n) = 8(log N)**(log w) >"*1 ayn(v /3.2 /3) (1)
forNe N and1 <n <N
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with 6 > 0 small and extend g periodically to Zy. The assertion of the
theorem will follow from the Green—Tao transference principle [4, Proposition
5.1] as soon as we check formulas (5.3)—(5.6) of that paper for the functions
gn) and v(n) = PB(n)l;; n(n) (extended periodically to Zy) with B(-)
given by Proposition 4.1. We know (5.3) from Proposition 4.1 and (5.6) from
Proposition 3.3. Formula (5.5) follows from the properties (i)—(v) of 8(n) just as
in [4, Ch. 6]. We are left with (5.4), which follows (for a different value of §) for
N € N’ from (4.6). Now, as mentioned, [4, Proposition 5.1] yields the result,
since any triple of the form (a,a +d + j1N,a + 2d + j»N) is an arithmetic
progressionin Z ifa,a + 2d + j1N,a +2d + joN € (N/3,2N/3). U

§5. Reductions for finding primes in Bohr sets. The proof of Proposition 3.2
goes through an intermediate result (namely Proposition 5.1 below) that
resembles it and is slightly more technical, but at the same time easier to
approach. The proof of Proposition 5.1 uses among other things the circle
method, Bombieri—Vinogradov-type estimates and ideas similar to Iwaniec’s
proof [8] of the infinitude of primes x2 + y2 + 1, and will occupy §§6-10.

PROPOSITION 5.1. Let x : Z — Rxq have Fourier complexity C < 1. Let
N > 1 be an integer and W be as in (3.3) with w > C?°, and suppose that Wn+b
is an amenable linear function. There exists an integer Q < (log N)8, depending
only on x, with B <¢ 1, such that the following holds. For N > No(w, C),
[t] < 5N and cy € Q, we have

81 w2
2, x-m> <1ogN)3/2(<o(W>)

n~N
Q N
ol X reemeo(g))

n=co (mod Q)
n~N

Wn+beP
n=co (mod Q)

Wn+b—1eS

where 81 > 0 is an absolute constant and
Q= {co (mod Q) : Wco+b, Q) =Wco+b—1,5(Q)) =1}. (5.1)

We remark that, by the Chinese remainder theorem,

g-o I (1-3) T (1-2) 2

plo p plo p
piw piw
p=1 (mod 4) p=—1 (mod 4)

considering that (b, W) = (b — 1, s(W)) = 1 by the definition of amenability.
In this section, we will show that Proposition 5.1 implies Proposition 3.2, by
appealing to the following lemma.
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LEMMA 5.2. Let x : Z — Rxq have Fourier complexity at most C. Let N,
Q > 1 be such that N > 2Q32. Let Q be a collection of residue classes (mod Q)
such that forall q | Q, q # 1 and for all (a, q) = 1, we have

(oo

C()EQ

<ol Q|

for some ng > 0. Then, with the same notations as in Proposition 5.1, for some
absolute constant C' > 0 and for all integers t, we have

0
el YooY xt=m =) x(t—n)—C'(nC*N + QC*N'7?).
cpeQ n~N n~N
n=co (mod Q)
Proof. This is [15, Lemma 7.4]. O

Note that the conclusion of Proposition 3.2 (with N /3 replaced with N) can
be rewritten as

80 w2 CN
>, X(t_n)>(logN)3/2(go(W)) (g}:vx(t—n)—m) (5.3)

n~N
Wn+beP
Wn+b—1eS

for N > No(w,C) and t € (N,3N), with §y > 0 and C > 0 absolute constants.
In view of the previous lemma, Proposition 3.2 follows immediately from
Proposition 5.1 by splitting in (5.3) the sum over n on the left-hand side to a
sum over n in different residue classes (mod Q), provided that the premise of
Lemma 5.2 is true for ny = w™!/2. This is what we will prove in the remainder
of this section.

LEMMA 5.3. Let Q > 1 and let Q be defined by (5.1) (and W and w in
the definition of © given by (3.3)). Let a and q | Q be positive integers with
(a,q) =1, g # 1. We have

(oo

C()GQ

<w 29 (5.4)

Before proving this, we present another lemma, which will be used to prove
Lemma 5.3.

LEMMA 5.4. Let a and q be positive integers, q # 1, (a,q) = 1, and let
Wn + b be an amenable linear polynomial with W and w as in (3.3). Let V > 1
be an integer with (q, V) = 1. Then

‘ 3 e(?n)’ <T@ - lgw—t. (5.5)

n (mod q)
(WVn+b,q)=1
(WVn+b—1,s(q))=1
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Proof. Using Mobius inversion, the sum in question (without absolute values)

becomes
Sou@d Y wk Y e(‘—’n). (5.6)

dlg Ks(@) n (mod q) 1
WVn=—b (mod d)
WVn=—(b—1) (mod k)

Now consider the sum

3 e(fn). (5.7)
n (mod q) q
WVn=—b (mod d)
WVn=—(b—1) (mod k)

Note that the sum is non-empty only if (d, k) = 1. Let x1, ..., Xg4 k) (mod dk)
be the pairwise incongruent solutions to the system WVx = —b (mod d),
WVx = —(b — 1) (mod k) (if there are none, the sum (5.7) is empty). Since
dk = [d, k] | g, after writing n = x; + dkt for some 1 < j < R(d, k) and
1 <t < q/dk, (5.7) transforms into

R(d.k) R(d,k)

5 x ) E) s ) e

j=1 n (mod q) q j=1 q t (mod ¢ /dk)
n=x; (mod dk)

The inner sum is non-zero only when dk = ¢, in which case it is 1. Taking these
considerations into account, (5.6) has absolute value at most

Z R(d, k)| u(d)|| (k). (5.9
dlq
k|s(q)

dk=q

We estimate this differently depending on whether (¢, W) > 1 or (g, W) = 1.
In the former case, there is some prime p such that p | g, p | W, so dk = g tells
us that p divides either d or k. If p | d, then supposing that R(d, k) # 0, the
congruence WV x = —b (mod p) must be solvable. It however is not solvable,
since p t b for p | W by the amenability of Wn + b. If p | k, then k | s(q)
implies that p = —1 (mod 4), p # 3. If R(d, k) # 0, the congruence WVx =
—(b — 1) (mod p) has a solution, but p + b — 1 by amenability, so we have a
contradiction. We deduce that all the summands in (5.9) vanish for (g, W) > 1.

Then let (g, W) = 1. Asd, k | g in (5.9), we also have (d, W) = (k, W) =1
and (d,V) = (k,V) = 1. Now clearly both of the congruences WVx =
—b (mod d), WVx = —(b — 1) (mod k) have a unique solution, so if the
two congruences are thought of as a simultaneous equation, it has at most one
solution (mod dk). Therefore, R(d, k) < 1, which leads to (5.9) being at most

> 1< (),

dk=q

as asserted. O
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Proof of Lemma 5.3. This is similar to the argument on [15, p. 21]. We can
find unique ¢’ and Q' such that Q = gq’Q’ and (¢, Q') = 1 and all the prime
divisors of ¢’ divide ¢g. Writing co = c¢1q + ¢2Q’, ¢o runs through each residue
class (mod Q) exactly once as ¢ runs through residue classes (mod ¢’Q’) and
¢y runs independently through residue classes (mod ¢). Now the left-hand side
of (5.4) (without absolute values) becomes

%= 3 3 e(an,cz). (5.10)

c1 (mod ¢’ Q") ¢2 (mod q)
(Wqci1+b,0))=1 (WQ'cr+b,q)=1
(Wgci+b—1,s(Q"))=1 (WQ'crt+b—1,5(q))=1

Since (aQ’, ¢) = 1, the inner sum is exactly of the form appearing in Lemma 5.4.
Therefore,

PN Z t(Q)'1q>w-
c1 (mod ¢’ Q")
(Wqe1+b,0"=1
(Wqce1+b—1,5(Q"))=1

Since w > > 1010" , estimating the divisor function crudely yields

1B) < gow - ¢! > 1= 1420 -4q'q"! > 1
c1 (mod ¢’ Q") c1 (mod Q")
(Wgc1+b,0")=1 (Wgci1+b,0")=1
(Wgc1+b—1,5(Q"))=1 (Wgc1+b—1,5(0"))=1
w(p)
q>w Cl/qOIQ l_[ <1 - _>,
p
plQ’
p>w

where w(p) € {1,2} and w(p) = 2 precisely when p = —1 (mod 4). The
10
previous expression is, for g > w > 100",

< q'q"? n( w(P)) 0’ no_#)

plg plQ’
p>w p>w
w Q
=qo%l_[<l_ ;p))\ |1/|2’
pl
p>w
where the last step comes from (5.2). O

From Lemma 5.3, we conclude that proving Proposition 5.1 is enough for
establishing Proposition 3.2 (and hence Theorem 1.1).

§6. Weighted sieve for primes of the form p = x>+ y>+1. Next we investigate
primes of the form x2+ y%+ 1 in Bohr sets and prove Proposition 5.1 concerning
these, from which Theorem 1.1 will follow. We will prove in this section
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Theorem 6.5 about weighted counting of primes in the shifted set S + 1 =
{s + 1 : s € S}. The proof resembles Iwaniec’s proof [8] of the infinitude of
primes of the form xZ 4+ y2 + 1, as well as the later works [12, 24] on the
same problem in short intervals, but the theorem involves a weighted version
of the sieve procedure and hence requires a hypothesis about the weights. We
will later verify the conditions of this hypothesis for a weight function related
to the function x (n) in Proposition 5.1, and this will imply Proposition 5.1 and
consequently Theorem 1.1. To formulate Theorem 6.5, we first introduce the
hypothesis regarding our weight coefficients. To this end, we need a couple of
definitions.

Definition 6.1. Given a linear function L, let G(L) be the singular product

&) = 1_[ (1_|{n€Zp:L(n)zOorl(modp)H)(l_%)_1

p=—1 (mod 4) p p
p#3
< T (1_|{neZp:L(n)EO(modp)}|)(l_l)_1.
p#—1 (mod 4) p p

Definition 6.2. We say that a sequence (g(£))¢>1 of complex numbers is of
convolution type (for a given large integer N and constant o € (3, 4)) if

g = Y oubn
l=km
Nl/a<k<N1—1/0
for some complex numbers |k |, |Bx| < T(k)%logk.

Definition 6.3. For% < <p < % and o € (3,4), let H(p1, p2, o) be the
proposition

1 /m" dt 1 o log(r—1)
— — > — —
2/mh Jia=0 2o}y 1 —1/0)P

In the proof of Theorem 1.1, we will use the fact that

dr +1071%  (6.1)

H(% — &, % —& 3+ 8) is true for small enough ¢ > 0.

This holds for ¢ = 0 by a numerical computation and by continuity in a small
neighborhood of 0. Indeed, the difference between the integrals in (6.1) is then
> 1073, We are ready to state our Bombieri—Vinogradov-type hypothesis, whose
validity depends on the weight sequence (wy), as well as on the parameters p,
prand o.

HYPOTHESIS 6.4. Let L(n) = Kn + b be an amenable linear function with
K <« (logN )0(”. Let (wy)n~N be a non-negative sequence of real numbers



42 J. TERAVAINEN

and let 6 = (b — 1, K). Let ¢ > 0 be any small number. Let % < pr < p <
% —¢&,0 € (3,4). Then, for any sequence (g(£)) < yo9 of convolution type (with

parameter o ),

4 LIN 1 K Wy
IDEP DD g“)( 2 wn_go(d)<p(K/8)Z£10g(Kn/£)>

d<NPl egN()S n~N n~N
(d,K)=1 (€,K)=8 L(m)=tp+1
,d)=1 L(n)=0 (mod d)
< ZnNN @n
(log N)IOO ’
_ 1 K w >
SEM n
Ay . —
d;m d ( ;V " e e(K) EN log(Kn)
(d.K)=1 L(n)eP
L(n)=1 (mod d)
< Zn~N Wn
(log N)IOO ’
where A;’LIN are the upper bound linear sieve weights with sifting parameter

z1 = N5 and k;’SEM are the lower bound semilinear sieve weights with sifting

parameter zp = N/ (the weights Aj’SEM were defined in Theorem 1.5, and the

weights )\j’LlN are defined analogously by replacing = 1 by B = 2 in that

definition).

THEOREM 6.5. Assume Hypothesis 6.4 for a linear form L(n), sequence
(wn)n~N and parameters p1, p2, o satisfying H(p1, p2, o). Then

Yo onz Y w0+ O,
2
n~N (1Og N) n~N

L(n)eP
L(n)—1e8S

where 8¢ > 0 is an absolute constant.

Remark 6.6. We will be able to prove Hypothesis 6.4 in §10 for p; = % —&,

02 = % — e and o = 3 + ¢ when L(n) is suitable and w,, is of bounded Fourier
complexity. It would suffice to prove the same with p, = 0.385 instead of pp =
% —¢& =0.428... (since then H(p1, p2, o) is true). On the other hand, existing
Bombieri—Vinogradov estimates such as [20, Lemma 12] would only give us

0= % — ¢ =0.333..., which falls short of what we need.
Proof. Put

A={L(n)—1:n~ N, L(n) € P},
Py_1={peP:p=—1(@mod4), p # 3},
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P(z) = l_[ D,

p<z
PEPs 1

Pii={n=1:p|n= p=1(mod4))}.

If we weight the elements of A by v, = w(;-1(,1)), Where L~ is the inverse
function of L, the sifting function is

SAPs—1, = Y. o
n~N
L(n)eP
(L(n)—1,P(z))=1
Note that L(n) — 1 = 2# (mod 2#%2) for some B > 1 by the definition of
amenability, so that L(n) — 1 has an even number of prime factors that are =
—1 (mod 4) (counted with multiplicity). We have

Y on=S(A Ps_1, BKN)'/), (6.2)
n~N
L(n)eP
L(n)—1e8
since the right-hand side counts with weight @, the numbers L(n) — 1 =
2413%k ¢ A with k € 7?4 1> and we claim that these numbers are precisely
the numbers in S N A. We have 2%13%2k = L(n) — 1, so by amenability
ap = 0 (mod 2). It is a fact in elementary number theory that for k € 734’ |- both

k and 2k can be expressed in the form a® + b? with (a, b) = 1, and additionally
no number of the form 2¢13%2k with (k, 6) = 1 and o odd or k & 735{’1 is of the

form x2 + y2 with (x, y) | 6. Hence, both sides of (6.2) indeed count the same

integers.
Buchstab’s identity reveals that
S(A, Py—1, BKN)'?) = S(A, Py, Ny — 3 Y. o

n~N p2|L(n)—1
L(n)eP Nl/a<2pz<(3KN)l/2
(L(n)—1,P(p2)=1

P2€7944,—1

The condition p, | L(n) — 1 = 2 (mod 2f%2) implies that L(n) — 1 has either
exactly two prime divisors from P4 _ or at least four such prime divisors (with
multiplicities). The second case is impossible, since all the prime divisors of
L(n) — 1 that are from P4 _; are > py and p§ > NYo > L(2N) — 1. This
means that we may write L(n) — 1 = pypam’, p1 > pa2, p1 € Pa.—1, with m’
having no prime divisors from P4 _1. Now 8 | L(n) — 1 = Kn + b — 1 with
§=(0-1, K) and, since p; > p» > N'/° > K, we have 8 | m’. Hence, we
may write m’ = 8m, where m € 73;{,1 (we have 3 { m, since K is divisible by
a larger power of 3 than b — 1 is, by the definition of amenability. Similarly,
2t m). We claim that (m, K /§) = 1. Indeed, if p | m and p | K /8, we must have
p | (b —1)/5, which is a contradiction to (K, b — 1) = §. Now we have

S(A, Ps_1, BKN)/?) =5 —T. (6.3)
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Here
S = S(A, Ps_1, NV/°),
T=Y 3 <) SM®O.PW),N)
~N L(n)—1=6 el
ern)elP’ (;3,1;25731:?12"1 ©
NYo<pr<py
mele
with

L= {8pzm NV < py < BKNm—HY2,

K
P2 67)4,—1’7"'1 EPIJ, (m, E) = 1},

ME ={L(n):Ln)y=L¢p+1:n~N,pelP},
PO ={peP:(p.20=1, Q@)= [] »r

p<z
PEP®)

and M (£) has been assigned the weights v, = w1, so that
SIM®,P®),2)= Y. o

n~N
L(n)=(p+1
(L(n),0(2))=1

We carry out bounding S from below and bounding 7 from above separately.

Bounding S. Ford | P(z), (d, K) =1, let

1 K o
rA D= ;N ‘”"_w(dm(K),;Vlog(Kn)
L(n)eP

L(n)—1=0 (mod d)
and, for (d, K) > 1,letr(A,d) =0 (sinceif p | d, p | K and p € Py 1, then
p does not divide any element of A by the amenability of L(n)). Let o € (3,4)
be as in Hypothesis 6.4. The semilinear sieve [2, Theorem 11.13], with 8 = 1,
sifting parameter z = N'/? and level D = z°, 1 < s < 2, gives

Wp

K
S(A, Py _1, NVo)y > VSEM p1/o
(A, Ps )2 2% ZN (N'/7)

log(Kn) X

X (f(s) + O((log N)~%1y)
+ Y a7 MrAL ), (6.4)

déNS/"

n~

where )L;’SEM are the lower bound semilinear weights with sifting parameter
z = N'/? and we have introduced the quantities

A SEM,_\ _ b
Fs) = ns/1 Vit —1) and Vi@ = ll,_[ <1 CO(P)).

<z
p=—1 (mod 4)
ptK
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We take s = poo € [1, 2], where p» is as in Hypothesis 6.4. Now Hypothesis 6.4
permits replacing the last sum in (6.4) with an error of < ),y w,/(log N) 100
(since the terms of that sum in (6.4) vanish unless (d, K) = 1). Moreover, the
term VEEM(N 1/} can be computed asymptotically using [24, Proposition 1],
which implies that

-1 —yN\ 172
VM) = (1 +o(1) l_[ (1—;1) -2AC4,—1-(71e y) .

pIK P logz
p=—1 (mod 4)
where
1 1 1/2
A=— ] (1 — —)
2
2ﬁ p=—1 (mod 4) p
and

1
=11 (1 (- 1>2)

p=i (mod 4)

for i € {—1, 1}. Therefore, we end up with the bound

4ACys 1+ 0(1) K 1\
§> e o) —— [ (1-——
(log M)/ 9(K) p—1

pIK
p=—1 (mod 4)
Wp
x 2
oy log(Kn)
4ACy—1 +o(1) K 1 \"!
= ————>—1i(p2,0) l_[ - —
(log N)*/ oK)k p—1
p=—1 (mod 4)
X Z Wns (6.5)
n~N
where
1 PO dt
Ii(p2,0) = / )
2/p2 J1 At —=1)

Bounding T. Write, ford | Q(z),(d,K) =1, (¢,d)=1and (£, K) =,

1 K Wy
r(M©), d) = n;v O o(d) (K /5) erN ¢log(Kn/e)’
L(n)—1=tp

L(n)=0 (mod d)

For all other d such thatd | Q(z), let r(M(£), d) = 0 (since if (d, K) > 1, then
L(n) — 1 =4{¢p, L(n) =0 (mod d) is impossible). With these notations, for
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1 < s < 3 the linear sieve [2, Theorem 11.13] with 8 = 2 provides the bound

S(M(), P(£), N'/%) < VEIN(N'S 0)F(s)

(14 0(1)K o
9(K/8) = tlog(Kn/0)
+ > MM, ), (6.6)

dgNVS

where )L:l“LIN are the upper bound linear sieve coefficients with sifting parameter
2= N3, F(s) = 2e" /s and

1 1 1!
o= 1{=55) = 1 (-5=5) 1T{t=7=

PEP(L) 2<p<z
p<z 2<p<z
piK
Applying [24, formula (4.6)], we get the asymptotic

2C4,1Cq, 17 7§(K L)
logz ’

-1
where §(d) =[] pla (1 — ﬁ) .
p>2

VilN(z, )= (1 + o(1))
(6.7)

We take s = 5p1 € [1, 3] in the linear sieve. Then we have

YN N M@= Y TN Y oM@, d), 6.8)

LeL d<NPI d<NPI LN
d,K)=1 ,d)=1
(¢, K)=5

since 1. (¢) is supported on £ < 3K>N'~1/9 < N3/4+¢_ Concerning the error
sum in (6.6), observe that

Le(0) = Yoo dp (O lps M) n k=1,
L=k-6m
NYo<k<(BKN)'/2
k<GBKN/m)!/?

so 1.(¢) is of convolution type (for the value of o we are considering), except
for the cross condition k < 3K N/ m)!/%2. We use Perron’s formula in the form

1 M sin(tlogy) 1
1 == " (] [—
(1,00)()’) . /;N“ P + <N4|logy|)

2 N sin(] 1 1
=_/ sin(tlogy) .+ 4 IOgy|>
T Jy-s t N#|log y| N3

for N3 < y < N3,y # 1 to dispose of the cross condition. We choose
y = 3K N/k?m, which satisfies |y — 1| > 1/3KN? after altering N by < 1
if necessary, so that the error term in Perron’s formula becomes O(K/N 2y,
According to the addition formula for sine, we have
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sin(¢ log y) = sin(t log(3K N) — ¢t log k2) cos(t log m)
— cos(r1og(3K N) — t log k) sin(t log m),

which permits us to separate the variables k and m. Then we have

N3
o) = = / Ly @Popho - e@ 02w ar

T -4t
N t=k-5m
NYo<k<(BKN)Y/?

1
+0(N2—8>’

Where |oz(])(t)|, |,B,§1j)(t)| <landf — oc(J)(t) and t — ﬂ(j)(t) are continuous

and oz (t) is supported on NYo <k < BKN)Y/2, Substituting this to (6.8),
Hypothesis 6.4 tells us that

~N @, —
LeL d<N"1 (logN)

We sum (6.6) over £ € £ and make use of (6.7), after which we have obtained

D SM(), P(), N'%) < (F(s) + o(1))

tel
VLIN(V1/6 g
<p(K/5) 22 Elog(Kn/E) K )
~N (el
+0 Zn'VN Wn
(log N)*
2e¥ K K¢
:(_H(]))' ik
5p1 ¢(K/8) 7= Llog(KN/t)
2C4,1Cy, 177
X Z w, - =14 1Y © 0(—Z”NNC;';>.
= 1/5log N (log N)
We analyze the sum over £ in the above formula. Denoting £ = {£/§ :
e L}, itis
(K¢) 1 (K¢
Z lf— =(=+o0() Z %1(4/,1(/5):1,
= L1log(KN /L) ) e ¢ 1og(KN/E")

since § | K. The previous sum can be written as

Z u(m)f(Km)1gn k /8)=1

m

(I4+o0(1))
m<N172/0+£
1
x Z - (6.9)
log(N
NVo < e GRN )12 plog(N/pm)
p=—1 (mod 4)
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where u(m) is the characteristic function of Pj . To evaluate this sum, we study
the sum

> um)FKm)n k 75)=1- (6.10)

m<x

The sum can be written as

FK) D u(m)f(hk (m)Lan k=1 where yrx (m) = [ p
m<x plm
K

and the advantage is that f(yx (m)) is a multiplicative function. By Wirsing’s
theorem [23, Satz 1] applied to the non-negative multiplicative function i (m) =
u(m)f(Y g (m))1n, g /5)=1 (which is bounded by 2 at prime powers and fulfills
Zpgx h(p)logp = (% + o(1))x), we see that (6.10) equals

eV x hp) | h(p?)
(K +on® i T (142 M)

p<x
ptK /8
p=1 (mod 4)
e V/? x 1 1\ !
= (f(K) + o(1)) [1 <1 + —) [1 (1 - —) :
J7 logx <x p—2 DIk r
ptK ptK /8
p=1 (mod 4) p=1 (mod 4)

Applying Wirsing’s theorem reversely, this is

-1 —1
(K +o(1) 3 utmpfmy - ] (1+L> I (1_1) .
pIK

m<x pIK p= 2 p
p=1 (mod 4) PtK /8
p=1 (mod 4)

By [24, Lemma 3], we have

A X

D wmjom) = (o).

m<x

Now, using the same argument as in the proof of [12, Lemma 5], we compute
that (6.9) equals

A+ o(1) 1/0 log(t — 1)
2

Csa(logN)'2 2 ), 1(1—1/0)\/2

f(K) 1\ 1\ !
ST () T ()
K pIK

P
p=1 (mod 4) 20.98
p=1 (mod 4)
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Concluding the proof. Now we have
o 4AC, 1 +o(D) I (p1, 0) KF(K)

(log N)3/2 Sp(K/5)
1 \! 1!
< 1 (1+—2) I1 (1——) > won, (611
pIK P pIK Pl N
p=1 (mod 4) ptK /8
p=1 (mod 4)
where

1 7 log(t—1)
L(p1,0)=— | —————_dr.

201, ) 2p1f2 (1 1))/

We claim that the local factors in (6.5) and (6.11) are identical, or in other words

ne=3) 11 (55

pIK
p=—1 (mod 4)
1\! 1 \!
=T1(1-7) T(-7=)
pIK/8 P/ bk p-1
p>2
1 \! 1\"!
< ] <1+—> ] (1——) . (6.12)
pIK p=2 pIK p
p=1 (mod 4) prK /8

p=1 (mod 4)

By the identity (1 + 1/(p — ) l=1- 1/(p — 1), (6.12) is equivalent to

1\ ! 1\"! 1\ !
n(-5) =00-,) 10 ()
pIK pIK /8 pIK

PiK /8
p=1 (mod 4)

which in turn is equivalent to the non-existence of a prime p # 1 (mod 4) for
which p | K, p 1 K/8. If p > 5 were such a prime, we would have p | é, so
p | b — 1, which contradicts the definition of amenability. We also cannot have
p=2orp=23,since2| K/§and3 | K/ for § = (b — 1, K) by amenability.

Thus, no such p exists and (6.12) holds. Furthermore, it is clear that (6.12) is
at least 0.016(L). Consequently,

S—T = (0.01 +0(1)4AC4,—16(L)(I1(p2, 0) — I2(p1,0))

ZnNN @n

172
X (log N )32 + O(N'/7).

Owing to the fact that H(p1, p2, o) is assumed to be true, we have 11(p2, o) —
L(p1,0) > 10710, and this completes the proof of Theorem 6.5 in view of (6.2)
and (6.3). ]
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§7. Preparation for verifying the hypothesis. The sequence (w;) to which we
will apply Theorem 6.5 will be determined by a function x (n) having a Fourier
series of the form (2.2). In (2.2), it is natural to separate the phases «; into major
and minor arc parameters. This partition arises from the following lemma.

LEMMA 7.1. Let aq, ..., ac be real numbers with C < 1 and let W < 1 be
as in (3.3). Also let the constants A, B > 1 be related by B = A(3C)C. Then, for
any large N, there exists a positive integer Q < (log N)8 such that each oy may
be written as

W ( =1 l<q < N - (log N)100B W
- - Eks ak, =1, X X s 1€kl X
g E e %= Qlog wyroos> 1 N
and either qi | Q or qx = qi/(qx, Q%) > (log N)A.
Proof. This is [15, Lemma 3.2]. O

From now on, A (and therefore also B) will be large enough quantities (say A,
B > 10'9). Let us define the sequence (w,) to which we will apply Theorem 6.5
in order to prove Proposition 5.1. Let x : Z — R3¢ be any function with Fourier
complexity < C (i.e., x satisfies (2.2)). Given an integer ¢ with [t| < 5N, we
choose

(@)n~Nyjo = (x (& — (Qn +c0)))n~N/0Q>

where Q is determined by the «; in (2.2) with the help of Lemma 7.1 and ¢ € Q
with

Q={co(mod Q) : (Wco+b,0)=Wco+b—1,s(Q)) = 1}.

Recall that | Q)] is given by (5.2).
From now on, let

N
xza, L(n) = QWn+ Wco+b, coe Q.

To prove Proposition 5.1 and hence Proposition 3.2 and Theorem 1.1, it suffices
to show that for W as in (3.3) and G (L) as in Definition 6.1, we have

do - S(L)

> xt—(Qn+c) > )3/22)(0 (Qn + o))

n~x (
L(n)eP
L(n)—1eS

a 7.1
() .

since L(n) is amenable and since by (5.2)

o 11037 L0

p=—1 (mod 4) p#£—1 (mod 4)
pIQW pIOW
ptW ptw
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1\ 2 1\
S G I VI ()
p=—1 (mod 4) p p#—1 (mod 4) p

pIw rIW
wo\32 0
a (w(W)) 19
By Theorem 6.5 and the remark after it, formula (7.1) will follow once we have

verified Hypothesis 6.4 for our sequence (x(t — (Qn + cp)))n~x and linear
function L(n) and parameters

p1 = 1 — 10e, prp=3—10c and o =3+e. (7.2)

By formula (2.2) for x(n) and Lemma 7.1, it suffices to inspect Hypothesis 6.4
with the choices (7.2) for (e(én)),~x, Where £ is an arbitrary real number
satisfying, for some Q < 2(log x)?,

’5 oOWa - 2(10gx)102B
T e (1.3)
for (a,q) =1, g < ————=and ¢ | Q or ——— > (logx)*
(logx)ggB (6], QZ)

Moreover, we may assume in (7.1) that

D Xt = (Qn+co)) >

n~x

L
(log)&(L)’

since otherwise we have nothing to prove, and consequently it suffices to
prove Hypothesis 6.4 for (e(§n)),~y with (3, . w,)(log x)—100 replaced by
x(log x)~2% in that hypothesis.

n~x

§8. Bombieri-Vinogradov sums weighted by additive characters. We will
establish Hypothesis 6.4 in the setting of §7 subsequently in §10. For that
purpose as well as for proving Theorem 1.4 in §11, we need the following
Bombieri—Vinogradov-type estimates for type I and II exponential sums. We
employ for positive integers ¢ and v the notation

g = —3__
g )

LEMMA 8.1. Let M < N94 R < NO! and p < % — ¢ for some ¢ € (0, %).
Let £ be a real number with |& — a/q| < 1/(qv)? for some coprime a and
g € [1, N1 and some positive integer v < N\, Then, for any complex numbers
lot, | < r(m)zlogm andanyt € [N,2N], we have

Z max
(c,dv)=1

O<|r|<RALNP

Z oy e(Ermn)

N<mn<t
mn=c (mod dv)
m<M

RN 1/2 RN 1/2
< (—) (RMN"’ + + qv) (log N)'000
v vy
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Proof. We follow the proof of [15, Lemma 8.3]. It suffices to consider the
sum over 0 < r < R. Our task is to estimate

Sy = max Z ape(Ermn)
(c,dv)=1
d<N°r N<mn<t
mn=c (mod dv)
m<M

for r < R. The inner sum in the definition of S is a geometric sum in the variable
n, so evaluating it provides the bound

RN 1
SI" m i ’ .
< Z Z o |mm{rmdv ||r§mdv||}

d<NP m<M

Observe that [vE — av/q| < 1/g>. Based on this, writing d’ = rm d and using
a standard bound for sums over fractional parts [15, Lemma B.3] (taking x =
RN /v in that lemma), we get

s . [RN 1
dYos< Y ) mm{d/v,—”vgd/”}(logN)

r<R d’<RMNPr
RN RN -RMNP\'Y? (RN \'? 1000
< 2T +|—a (log N)
RN 1/2 RN 1/2
< (—) (RMN" + + qv> (log N)'000,
v gy
as wanted. O

LEMMA 8.2. Let M € [N'2,N3%] and Ay, Ay > 1, AjAy < N2,
AlA% < M /v for some positive integer v < N%'. Let & be a real number with
lE —a/q| < 1/(qu)? for some coprime a and q € [1, N1. Then, for any complex
numbers |ty |, |Bm| < 7(m)? logm and any integer ¢’ # 0 and numbert € [N,
2N], we have

)P DEED DR,

> amPueErmn)

O<|r|<R di~A dy~NAy N<mn<t
(dr,c'dv)=1 mn=c (mod dv)
mn=c’ (mod d»)
m~M

RN .
<« == min{F1, P2} (log N)1000

with
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Remark 8.3. In §10, we will only need the case R = 1, while the dependence
on v will be crucial. In §11, on the other hand, v = 1 but the dependence on R
will be crucial.

Proof. We follow the proof of [15, Lemma 8.4], which in turn is based on an
argument of Mikawa [16]. It suffices to consider the case r > 0. We will first
prove the lemma in the case F| = min{F}, F>}. Let us write

=2 2 e

Z amPue(Ermn)|,

di~Ay dry~NAy N<mn<t
(dr,c'dyv)=1 mn=c (mod djv)
mn=c' (mod dy)
m~M

so that ngR I, is what we are interested in. Since A A% < M/v, a formula
on [15, p. 37] tells us (withx = N, D = Ay, o = r&) that

I’ < N(logN)100<A1 Z Z 73(J)

di~A1 0<|jI<BAIN/A My

. RN 1 A M
X min THTE I +
r(div)?jl lr§(div)=[jlli v

(since the term (xz/Qz)(logx)_C“o present in that formula of [15] can be
replaced with (DMx/Q)(log x)'% without changing anything in the proof).
Using the Cauchy—Schwarz inequality, we obtain

1 1 1/2
I L <— R 2
(log N)ZOO ZI; r (log N)200 (Z r

r<R
< <RN>1/2(A1 Y Y Yao
di~NA1 0<|jI<BAIN/A Mv TSR
_ RN 1 A RMN\'?
X n 2 . 9 2 .
r(div)?ljl r&div)=|jll v

< (RN)W(AI > > 210)

di~A1 I<U<8A3RN/A My

{ RN 1 }+A1RM)1/2 S0
X min , 5 .
(dv)2’ |v2Edie| v

after writing £ = rj. When it comes to the sum above, we can estimate it using
the lemma on [16, p. 6] (with t3(-) replaced by t4(-)), stating that

1
A V4
PIPNICLL {dze ||s/d2£||}

d]’\'Al ~J

1/4

X X

< (A%J + x4 (q’ o A—) )aogx)”’o (82)
1
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for 1 < J < 10x and any real number &’ satisfying |&’ — a’/q’| < 1/¢"
for some coprime @’ and ¢’ < x. In the case ¢’ > x, (8.2) continues
to hold, by trivial estimates. We substitute (8.2) with x = RN/v?, & =
v’ and J < 8A3RN/AMv into (8.1) (we have J < 10(RN/v?), since
AlA% < M/v), making use of our assumption on &, which implies that
[v2E — (av?/(q, v)))/qv] < l/qg. This results in the claimed bound.

Then let F, = min{F7, F>}. In this situation, we use the orthogonality of
characters to bound the sum in Lemma 8.2 with

o2 2 max L Y e mpadermn).

r<Rdi~A| dr~A; N<mn<t
mn=c,(d;,dz) (mod v)
m~M

(8.3)

where ¢, (dy, d») is a suitably chosen integer coprime to v. Estimating the sums
over d and d» trivially and using the Cauchy—Schwarz inequality and expanding
a square, we find that (8.3) is, for some |, | < 7(n)? log n and some ¢, coprime
to v,

< AlAz(RM)l/z(Z > ‘ Y. BheGrmn)

r<Rm<M N/m<n<t/m
n=c,m~" (mod v)

= AlAz(RM)l/Z(Z Z By Bh,

r<R N/2M<n;<2N/M
ni=n, (mod v)
for ie{l,2}

2\ 1/2
) (lOg M)IOO

1/2
x Yy e(é‘rm(m—nz))) (log M)'?
m<M
N/n;<m<t/n;
mzcvrz;1 (mod v)
for €{1,2}

<<A1A2(RN)1/2<RM+Z Z T (n)

r<R 1<n<2N/M
n=0 (mod v)

RN 1 12
x min{— +1 }) (log M)'O1, (8.4)

ruv " vErn||

M
Tm=— Y )t

N
n=ni|—njp
ny,na<2N/M
We can write n = kv and £ = kr to bound (8.4) with
RN 1 172
K AIMRNP(RM A+ YT U@minl— +1, ——

£v? lv2&|

¢<2RN/Mv

x (log N)'O1, (8.5)
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where

U= Y Tw).

=010,
6<2N/ My

We apply [15, Lemma B.3] (with £ = 20) to (8.5). The weight function U (£) is
not a divisor function, but the only property of the weight function needed in that
lemma is a second-moment bound. Therefore, (8.5) can be bounded with

« MasRN)2( BN RN ey (RN Y
a2 M) 02

x (log N)'0%, (8.6)

once we prove that
» RN 100
E U)" < —(ogN) ™. (8.7)
Mv
¢<2RN/Mv
We calculate

> ( > T(lev))2

(<2RN/Mv > €=(,t,

€1<2N/Mv
RN T (€1v)T (€)v)
< 2 [le z/]l
U o <N/ M I
¢/ <2N/Mv
RN 1 T (€1dv)T (€,dv)
i 2og 2 e

d<2N/Mv = £, <2N/dMv
¢, <2N/dMv

RN 1 T (dv)\>
= >l > TP &8

d<2N/Mv "~ “M<2N/dMv

We can estimate the sum inside the square using

2 2
Z T (n) < M Z T(n1)"t(n2)

n ny—ny
n<2N/M n<2N/M
n=0 (mod ¢) ny<2N/M
ni=n, (mod c)
ny>ny

t(cn) + a)2t(cn’2 +a)?

<<%Z >

, w1
1<a<cn1<2N/Mc
ny<2N/Mc
ny>nj
M 4
<— Y Y tln+a
Nc
1<a<<cn<2N/Mc

M 1
<— Y tm*<-(ogh)"
Nc c
m<2N/M+c
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for ¢ < 2N/M, where we used Hilbert’s inequality [17, Ch. 7] in the third
last step. Taking ¢ = dv, and substituting to (8.8), we see that (8.7) holds, as
claimed. Therefore, we indeed have the bound (8.6) for (8.5) and that bound can
be rewritten as the desired bound F5. Ol

§9. Factorizing sieve weights. The linear and semilinear sieve weights will
play a crucial role in verifying Hypothesis 6.4, since we aim to split the
summation over d < x” in that hypothesis to summations over d; ~ Aj,
d» ~ A, for various values of A; and A,. If such a factorization can be
done, it provides more flexibility in our Bombieri—Vinogradov sums and hence
gives better bounds. This advantage can be seen from Lemma 8.2, which often
produces better bounds when A; and Aj are of somewhat similar size, as
opposed to the choice Ay = x”, Ay = 1. The following lemmas about the
combinatorial structure of sieve weights have been tailored so that the estimate
given by Lemma 8.2 will be <« Nv~'(log N)71% if A| and A, satisfy the
conditions for d; and d»> in Lemma 9.1 or 9.2 with D = xlfgz/M, 0=0,R=1
and g suitably large, and additionally p = %(1 —40) —¢ in the case of Lemma 9.1
orp = %(l — 40) — ¢ in the case of Lemma 9.2. It should be remarked that in
§10 we will only need the case & = 0 of the following lemmas, but for the proof

of Theorem 1.4 we will choose 6 = % —&.

9.1. Linear sieve weights.

LEMMA 9.1. Lete > 0 be small, 0 < 6 < 55 and p = (1 —40) — ¢. Let

DHUIN = (p; .. <x”.z >pr> o> pr,

Pl P2k— 2p2k | < xP forallk > 1}

be the support of the upper bound linear sieve weights with level x* and sifting
parameter 7| < xY2. Then, for any D € [x1/3, xP)], every d € DHLN can
be written as d = d\d», where the positive integers dy and d satisfy di < D,
d1d22 < x1_49_282/D. Moreover, we can take either di > x91or d) = 1.

Proof. The proof is similar to the proof of [2, Lemma 12.16] (which
essentially says that the linear sieve weights k+ LIN are well-factorable for any
sifting parameter z < x!/27%). We will actually show thatany d = p;--- p, €
DTN can be written as d = didy with dy < D, do < x/D and either
di > x%! or do = 1. After that statement has been proved, we have proved
the lemma, because then d1d22 < x2° /D < x1_49_252 /D. We use induction
on r to prove the existence of such d; and d,. For r = 1, we can simply take
di = p1and dp = 1, since p; < xP/3 < x1/0 1f r = 2, we can take d; = P1P2>
dy = 1, unless p1p> > D. In the case p;pz > D, in turn, the choice d; = pj,
dr = p> works, since p; < x'/¢ and p, < x?/p1p> < xP/D. Suppose then that
r 2 3 and that case r — 1 has been proved and consider the case r. We have
p1--- pr—1 € DTN 50 by the induction assumption pj - -- p,_1 = d{d} with
d; < D, d, < xP/D and either d] > x*! or d} = 1. We claim that we can take
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either d| = d| py,d> = d) ord| = di,dy = dj p,. Firstly, if d| < x%1 then dy=1
andd| = py--- py—1. Since r > 3, this yields p;py < %01
the choice d| = d|p,, d» = d} = 1 works because d; < x01p, < xO1 < D.
Secondly, if in the opposite case di > x01 neither of the choices for (dy, d»)
works, then dd,p? > xP. However, d|d)p? = pi--- p,—1p? < xP by the
definition of DN 50 we have a contradiction and the induction works. ]

, 80 py < x%05 Now

9.2. Semilinear sieve weights.

LEMMA 9.2. Let& > 0 be small, 0 < 6 < % and p = %(l —40) —¢. Let

—,SEM
D> =Ap1--p<xPiza=2p1 > > pr,

D1+ “p2k71p%k < xP forallk > 1}

be the support of the lower bound semilinear sieve weights with level x” and
sifting parameter 7o < x1/3-20-2¢2, Then, for any D € [x1/3_29_282, xP], every
d € D—SEM can be written as d = dyd», where the positive integers d| and dy
satisfy di < D, d1d22 < x1_49_282/D. Moreover, we can take either d| > x0-1
ord, = 1.

Remark 9.3. The exponent p = 3(1 — 40) — ¢ is optimal in Lemma 9.2.
Namely, if p = %(1 — 40) 4 3¢, then the lemma is false for D = x@3/D1—=40) 3pd
pipaps € DSEM bl by oy ~ %x(1/7)(1—49)+g‘

Remark 9.4. We remark that an argument almost identical to the proof of
Lemma 9.2 below shows that the lemma holds also for the set

DHSEM _ ¢ 1/2

ZpLz--
p1- "sz—zp%k_l < x” forall k

pl"‘pr<xp:x Prs

=
= 1,

which is the support of the upper bound semilinear weights, when p = %(1 —

40) — e, 0 < % and all the other parameters are as before. This observation
will be used in the proof of Theorem 1.5. This exponent is also optimal, as is
seen by taking p = %(1 — 460) + 2¢ and D = x@/A1=40) p1p2 € D+ SEM,
pr. pa ~ Lx(1/5)1=40)te.

Proof of Lemma 9.2. The proof resembles some arguments related to
Harman’s sieve [7, Ch. 3]. Let d = p1---p, € D—SEM_ The claim is that
the set {p1,..., pr} can be partitioned into two subsets S; and S in such a
way that the products P; and P, of the elements of S| and S, satisfy Py < D,
P P22 < x1_49_252/D and additionally P; > x%1or P, = 1. Note that for r = 1,
one can take S| = {p1} and S = ¥. Assume then that r > 2. If p1--- p, < D,
we may take S; = {p1,..., pr}, S2 = 0. Indeed, then P < D, P, = 1 and
P1P22 <D < x1*49*282/D. Now we may assume that p;--- p, > D. Since
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p1 < D, we can select the largest j for which py--- p; < D. Wehave j <r—1
and pj11 < pa < xP/3, 50

e p D
P1 Pj+1 > ‘

Dj+1 xP/3

pie-pj=

We claim that the choice S = {p1,..., pj}, 2 = {pj+1,..., pr} works. First
of all, we have P; > D/x?/3 > x%!. Supposing that the claim does not hold
for S; and S,, we have (P; P2)? > P1x1_49_282/D. Using PP, < x” and P >
D/xP/3, this yields x%° > x1_49_p/3_2‘92, from which we solve p > %(1 —460) —

gez, which is a contradiction to our choice of p. O

§10. Verifying the hypothesis.

10.1. Splitting variables. Based on §7, the proof of Hypothesis 6.4 for the
sequence (wp),~x and linear function L(n) defined in that section has been
reduced to showing that

A—,SEM( _ 1 ow e(&n) >
2 2 E L ow) 2 iogtow

d<x1‘72 n~x n~x
X . L P
(d,QW)=1 Ly tood d)
(10.1)
and
Z A;—,LIN Z g(g)( Z e(én)
d<xP! e<x!—® L=t
3 ‘ (n)=Ep+1
(d.QW)=1 (Z@%V)Vgﬁ L(n)=0 (mod d)
B 1 ow Z e(én) (10.2)
o(d) 9(QW/8) = Clog(QWn/O) '

n~x

are < x(logx)_zoo, where § = (Weo +b — 1, OW), (g(£))¢>1 is a sequence
of convolution type (with parameter o), the sieve weights )J’LIN , A;’SEM have
respective sifting parameters z; < x'/3%¢, z, < x1/G+e/2 p1 oy o are as in
(7.2) and £ is subject to (7.3). It would actually suffice to replace £ < x!~¢ by
£ < x99%¢ above, but this would not simplify the argument.

As mentioned in §9, we wish to split the sum over d into a double sum. This
is enabled by Lemmas 9.1 and 9.2. If D is as in Lemma 9.2 with 0 < 0 < <, we

¢ 30°
may write

log x \
—.SEM . g .
1A, | < min E 1< (10g2> min 5111’21&(2 E 1, (10.3)

d=d1d2 d:dle
di<D di~A
2 ~
didy <t WD @i
(dy,dr)=1

di >x%1 or dy=1
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where the maximum and minimum are over those Ay, A > 1 and D > 1 that
satisfy

2
X 1-46—-2¢

2
D e [x!/372072¢ xm] A<D, A1A3< —— (104
A1A; < xP2,  andeither A; > x%1 or Ay = 1.

By Lemma 9.1, formula (10.3) continues to hold with k;’SEM

A;“LIN and (10.4) replaced with

replaced with

1-46—2¢?
Delx!P.xr, A<D, MAI<—F—, (10.5)

A1A; < xP',  andeither A; > x%or Ay = 1.
We take & = O in this section, but in §11 we will employ the same formulas

with 6 > 0. As a conclusion, we see that (10.1) and (10.2) are bounded by
((log x)/(log 2))? times

ow e(&n)
)SRED SN SRR B
d~n dAs R @(d1d2)p(QW) — log(QWn)
— — n)e
T T L
(10.6)
and
S S I SRFCI (NP DY
di~A dr~NAy o<xl—e L n~x
(@ OM=T@EONET LOW=0 L)=0 (mod dids)
W
_ Q " L ) (10.7)
@(d1d2)p(QW/8) “— £log(QWn/l)

n~x

respectively, where A and A, are any numbers constrained by (10.4) or (10.5),
depending on whether we consider (10.6) or (10.7). At this point, it is also natural
to split into two cases depending on whether £ lies on a major arc or a minor arc
(that is, whether ¢ | Q or ¢/(g, Q%) > (log x)* holds in (7.3)).

10.2. Major arcs for the semilinear sieve. We first assume the major arc
condition g | Q in the definition of & in (7.3). By partial summation, (10.1)
becomes

2x
-/ e(iusur)d{ S g

d<xP2
(d,QW)=l1
w 1 1
D S L ]
r<n<t P(QW) ¢(d) £ log(QWn)
L(n)eP

L(n)=1 (mod d)
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Naming the function inside d{...} as G(¢), partial integration tells us that the
previous expression is

2x
= G(ZX)e(ﬂ:2II$IIX)¢2ﬂi||$||/ e(£lElHG @) dt
L (I + [IE]lx) max [G(7)]. (10.8)
x<t<2x

Since 1/log(QWn) = (1/QW) [y "V (du/logu) + O(1/n), putting ¢; =
Weg + b we have

— . SEM 1 ow: du
GO < ) I |‘ 2. - owa 1
d<x’ OWx<p<OWr ¢ owx logl
d,owW)=1 p=c1 (mod QW)
p=I1 (mod d)
+0x'?
< Z max |7 (QWt; QWd, r) ! Li(QWr)
~X X ; ,r T xs
=, oWa=1 P(QWd)
(d,QW)=1
+ max |(m(QWx; OWd,r) — —————Li(QWx)
d;,2 (r.QWd)=1 ew e p(QWd) ¢
X
(d,QW)=1
+0x'?
X

< (10g x)lOOOB

by the Bombieri—Vinogradov theorem [10, Theorem 17.1]. As £ is on a major
arc, by (7.3) we have [|£]] < 2(logx)'9?8/x, so (10.8) is <« x(logx)~10%0
Therefore, the major arc case for the semilinear sieve has been dealt with.

10.3. Major arcs for the linear sieve. Again assume that g | Q in (7.3). After
applying partial summation, (10.2) takes the form

2x
f e(insnt)d{ >t

d<xP1
d,QW)=1
ow g(0)
X( Z gt) = (d)p(QW/5) Z Clog(QWn/0)) )’
x<n<t ¢ ¢ x<n<t g
L(m)=tp+1 e<x! e
L(n)=0 (mod d) £,0W)=8
e<xle €. d)=1
L, 0W)=6

£, d)=1
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so we want this to be < x (log x) 292, Proceeding as in §10.2, it suffices to prove
for ¢ € [x, 2x] that

> ' Yo e lwow=s. =1

d<xP1 x<n<t
d,QW)=1 L(n)=tp+1
L(n)=0 (mod d)
ngl_a
_ ow Z g()
o d)p(QW/8) &= Llog(QWn/O)
o<xl—e
€, QwW)=48
«,d)=1
is < x(log x) 10008

We start by analyzing the second sum inside the absolute values in the
previous expression. Since QW <« (logx)B+! and ¢ < x!'7%, a change of
variables and the prime number theorem give

ow Z 1
p(QW/8) & Llog(QWn/t)

<n<t
ow ! du
- L O(QW
e(QW/3) Jy Llog(QWu/t) (ew)
1 owte/e
+ O(QW)

— @(OW/8) Jowxe logu

_ X —3000B
= o 2 1+0(£(1°gx) )

OWx<Lp<OWt

The error term remains still < x (log x) 20008 ,fter multiplying it by |g(€)|/¢(d)
and summing over d < x”1, £ < x17% . Hence, what we wish to show is that

> ‘ > sw- —w(Qvlvd/a) > g(m‘ (10.9)
d<x”1 OWx<lp<OWt OWx<lp<QWrt
d,0W)=1  ¢p=—1 (mod d) e<x!—e
Lp=c1—1 (mod QW) €, QW)=8
o<xl—e ,d)=1
€, QW)=4

,d)=1

is « x/(logx)"9%8 for t € [x,2x] and ¢; = Weo + b. Since (£, QW) = 6,
€¢,d) = 1 and (d,8) = 1, the congruences ¢p = —1 (mod d), ¢p
ci — 1 (mod QW) can be rewritten as £'p = —5~! (mod d), !p
(c;1 —1/8) (mod QW/8) with ¢ = ¢/§. By the Chinese remainder theorem,
these congruences are equivalent to ¢'p = ¢ (mod QWd/§) for some c
depending on Q, W, d and § and coprime to QWd/§. Concerning the second
sum inside absolute values in (10.9), we wish to add the constraint (¢'p,
QWd/8) = 1 to that summation (where again ¢’ = ¢/8). We know that (¢’,
QW/8) = (£, d) = 1 and clearly p > x¢in (10.9), so (p, QW) = 1. Therefore,
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we have shown that we may insert the constraint (¢ p, QWd) = 1 if the case
p | d has a small enough contribution to the aforementioned sum. That case
contributes at most

YooY e < xTE2,

pld £<2QWx/p
p=xf

which is « x!1=¢* when multiplied by 1/¢(QWd/§) and summed over d < x*'.
Summarizing, our aim has been reduced to showing that

max 8¢’
Z (c,OWd/8)=1 Z 806)

d<xP1 OWx/8<t p<QWt/8
d,0W)=1 ' p=c (mod QWd/8)
E/<x1—5/5

1
R D D
P(QWd/5) OWx/5<t p<QWi/§
('p,QWd/8)=1
r<x!=e/s

(10.10)

is < x/(log x)1000B for ¢ e [x, 2x].

To obtain this estimate, we apply [10, Theorem 17.4] to the sequences
(Otgf)e/gxlfe/s = (g(af/))z/gxlfs/(g and Bik=1 = (1p(k))k>1—that theorem
is applicable since the sequence (1p(k))i>1 is well-distributed in the sense
of [10, formula (17.13)] (with A = (logx) 290008 there) by the Siegel-Walfisz
theorem. Now, since in (10.10) we have ¢/ > x¢/2, p = xf p < % and
lap| < T(€)?logt’, the claimed Bombieri—Vinogradov-type estimate follows

immediately from the theorem cited above.

10.4. Minor arcs for the semilinear sieve. We assume then that £ is on a minor
arc, meaning that ¢ /(q, Qz) > (log x)41in (7.3). We study the sum (10.6). Using
partial summation, we see that

Z e(én)‘ < ﬁ

x<n<t

Z e(&n)
— K max
— log(QWn) x<r<2x
We have (g, QW) < W(g, Q) < Wq/(logx)4 < ¢, s0 g 1 QW. Taking this
and (7.3) into account, ||§|| > 1/q — 2(logx)1023/qx > 1/2q, so the second
expression inside absolute values in (10.6) is < ¢/¢(d) < x/(logx)**Bo(d).
Hence, it contributes < x (log x) 288 when summing over d.

When it comes to the first expression inside absolute values in (10.6), it equals

—&cy §
e(En) = e el — + 0(QW),
; &n) (QW pgij ow?)+oem
L(n)eP =c
L(m)=1 (mod dydy) ;_5611 ((Il:ll(?c(li d%)
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where the error O(QW) remains < x/2 when summed over d < x*2. With
partial summation, we may bound the sum on the right-hand side by

£
' n%” AW(QW”)

n=c; (mod QW)

n=1 (mod dd»)
20Wx dt

+/ Z A(n)e( § n) 5 + O (x1/?18),
OWx OWren<t oW ) tlog”t

n=c; (mod QW)
n=1 (mod d]dz)
the error coming from the values of n that are prime powers, and the error being
2 . . .
& x'7¢" after summing over d < x”2. This means that it suffices to prove that

§
A(n)e(—n)
d%l dzgiz ‘ QWénét oW

(d1,QW)=1 (d2,QW)=1 n=c; (mod QW)
(d1,dr)=1 n=l1 (mod d|d,)

< (10.11)

(log x)lOOO

uniformly fort € [QWx, 20 W x]. We may now apply Vaughan’s identity (in the
form of [10, Proposition 13.4] withy =z = (QWx)!/3 there), which transforms
the sum inside absolute values in (10.11) (up to error O (x'/3%%)) into a sum of
< (log x)'9 type I and type II sums of the form

ﬁé[ildz([) = Z amE(%)

OWx<mn<t
mn=c; (mod QW)
mn=1 (mod d d»)

m=M

and

3
ﬁ}llldz(f) = Z amﬂne(QmWn)

OWx<mn<t
mn=c; (mod QW)
mn=1 (mod d]dz)
m=M
with ||, |Bm| < 7(m)? log m some complex numbers and M < (2QW3)1/3 in
the case of E},l 4, (1), while M € [(QWx)'/?, (20Wx)*/ ] in the case of R} , (1).
Moreover, we may assume in the latter case that M € [(QWx) 12 20wWx)*3]
by flipping the roles of the variables if necessary. We may replace the type I and
type II sums with the (possibly larger) sums

S

Ry 4 (1) =MaX(c.dydy 0W)=1

OWx<mn<t
mn=c (mod dd, QW)
m=M £ (10.12)
R (1) =max(c.q, ow)=1 > “mﬁ”e(QWm") '

OWx<mn<t
mn=c (mod d; QW)
mn=1 (mod d»)
m=M
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We are now in a position to apply the Bombieri—Vinogradov Lemmas 8.1
and 8.2. Note that, by (7.3), we either have |§ — QWa/q| < 1/(QWq)2 or
g > x/2(log x)'2B(QW)2. If the latter happens, we have |e((£/QW)mn) —
e((a/q)mn)| < |E/QW —a/qimn < 8(QW)3(log x)?%*B /x for mn < 2Q0Wax.
This implies that e((§/QW)mn) can be replaced by e((a/q)mn) in the type I
and II sums. In conclusion, we can assume in any case that |§ — OQWa/q| <
1/(QWq)*.

The type I Bombieri—Vinogradov sums cause no problems, as Lemma 8.1
with the choices R =1, N = QWx,v=Q0W, M = x1/3+e p < % — ¢ tells us
at once that

oY R, < x/(ogn)t,

di~A dr~A>
(d1,OW)=1 (d2,0W)=1
(dy,dr)=1

since ¢/(q, (QW)?) > W 2(logx)? and A1 A, < xP2.
We know that (QWx)!/2 < M < (20Wx)*/? in the sum R} , (1). We divide
the analysis of this sum into three cases.

Case 1. Assume that M > x!1—P2—¢" A1 > (logx)A/10 Take D = xl_ez/M.
We know that x1/3_82(logx)_3 < D < x*? by the bound on M. In view of
(10.4) with 8 = 0, this means in particular that A; < xl_ez/M and A]A% <
xl_zez/D — Mx~¢". Now we apply Lemma 8.2 (in the case of F1) with R = 1,
N=0Wx,v=0W,p=p < % — ¢ to deduce that

! W2 —99B 2 /8
Z Z Rdldz(t) < x(( (log—x)A + (log x) (W) )

d]’VAl dzNAz
(d1,QW)=1 (d2,QW)=1
(d1,dr)=1

A M w2
+(1 +A1A%Q7) )(1ogx)10°0,

X

which is < x/(log x)A/1%0 for A large enough by the lower bound on A ;.

Case 2. Assume then that M > xl_pz_sz, A1 < (log x)A/19 Since A; < x01,
we know that A, = 1, so applying Lemma 8.2 (in the case of F,) we obtain, for
A large enough,

Z Z Rdldz )

di~Aq dr~

(d1, QW) 1, QW) 1
(di,dr)=1
< x(log )5 —W OW  (OWM  (QW)I/2 \'/2
(logx)A2 " M1/2 X (log x)%9B/2

and this is again < x/(log x)4/1%0 for A large.
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Case 3. Lastly, assume that M < x!=P2=¢* Then we estimate (10.1) instead of
(10.6). This amounts to just replacing dj ~ Ay, dr ~ Ay withdy < xP2,dy =1
throughout this subsection. We have x”? < xlfez/M and x”? < fogz, SO we
can bound the type II sums in the same way as for M > xl=p—e? (considering
again the cases Ay > (log x)A10 and A} < (log x)A/10 separately), so also
Case 3 contributes < x/(log x)A/100,

Consequently, we have shown that the contribution of the minor arcs for the
semilinear sieve is small enough.

10.5. Minor arcs for the linear sieve. We assume again that ¢/(g, Q%) >
(log x)“. We first look at the second expression inside absolute values in (10.7).
We have by partial summation

e(én) 1

> <
— Llog(QWn/t) — L&l
for £ < x'7¢ just as in §10.4. We showed earlier that 1/]|&]| < x/(logx)*?B
when q/(q, 0% > (log x)4, so the second expression inside absolute values in
(10.7) is < x/Lp(d)(log x)*88, which is <« x(logx)~°78 after summing over
d < xP' and over £ < x!7¢ weighted by |g(£)].

We may write the first expression inside absolute values in (10.7) as

—(c1 — D§ §
e(lQ—W) 3 g(ﬂ)e(QWKp) +0(QW) (10.13)

Ip~QWx

{p=c1—1 (mod QW)
{p=—1 (mod d)
nglfs

and the error O(QW) is <« x!/? after summing over d < x”'. We have ignored
the conditions (¢, QW) = §, (£, d) = 1 above, since if either of them fails,
¢p=c1— 1 (mod QW), p = —1 (mod d) is impossible.

Crucially, our assumption is that the sequence (g(£))¢>1 is of convolution
type, so the sum in (10.13) can be rewritten as

§
E o el —kmp |,
k,Bm (QW p
kmp~QWx
kmp=c;—1 (mod QW)
kmp=—1 (mod d)
km<x!—¢

where (o) is supported on x/? < k < (Qx)'~1/9 for o = 3 + . Putting
lg;k = Z Bm
r=mp
and splitting the previous sum dyadically, it becomes < log x sums of the form
3
Z akﬂ;ke(—kr ,
kr~QWx QW
kr=ci—1 (mod QW)

kr=—1 (mod d)
k=M
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where x1/7 < M < (Qx)'~1/% and, by changing the roles of the variables, we

may further assume that (QWx) 112 < M < Qx'=1/9 Now our bilinear sums are
exactly of the same form as in (10.12) (but with different M). Furthermore, we
may assume that |§ — QWa/q| < 1/(QWgq)? for the same reason as in §10.4. If
M > xl_pl_sz, denoting D = xl_sz/M € [x!/3, xP1], we again see that AlAg <
Mx—¢"in (10.5) (with & = 0). Therefore, we may apply the very same estimates
as in the Cases 1 and 2 of §10.4. If M < xl_pl_sz, we can apply precisely the
same argument as in Case 3 of the previous subsection, since x”! < x1-¢? /M
and x”! < Mx—%. Summarizing, we have showed that the minor arcs for the
linear sieve contribute < x (log x) 4719 which is small enough for large A.
We have now concluded the proof of Theorem 1.1, in view of Theorem 6.5
and Proposition 5.1. 0

Proof of Theorem 1.5. We take Q = W = 1 and L(n) = n in (10.1) and
replace L(n) = 1 (mod d) by L(n) = b (mod d) (with b # 0 an arbitrary
integer) there and note that the proof that (10.1) is <¢ x(log x)~C is verbatim
the same as the minor arc argument for the semilinear sieve in this section,
provided that £ is any real number with |§ — a/g| < 1/¢* for some coprime
a and g € [(logx)'%%0C  x(logx)~10%C], This proves Theorem 1.5 in the case
of lower bound sieve weights. The case of upper bound sieve weights follows

very similarly by replacing A;’SEM with A}"SEM and making use of a remark
after Lemma 9.2 (which is where the value p4 = % — & comes from). O

§11. The distribution of €p modulo 1. We show that our considerations on
primes x2 4+ y? + 1 in Bohr sets imply a result about the distribution of irrational
multiples of such primes, in the form of Theorem 1.4.

For proving Theorem 1.4, it suffices to prove that, given an irrational £ > 0,
there exist infinitely many integers N > 1 such that some prime p ~ N of
the form x2 + y2 + 1 satisfies [|Ep + «|| < N~?/2. Let xo be a 1-periodic
function which is a lower bound for the characteristic function of [—7/2, n/2]
withn = N 7. Specifically, as in [14], we choose xg so that

0<xo(®) <1, xo(t)=0 whenr ¢ [—g g}

xo0(t) = g + Z c(r)e(rt) withe(r) < n
[r|>0
and Z le(r)| <« R™' forR = nil(log nfl)c
|r|>R
for some large constant C. This construction goes back to Vinogradov’s work.
What we want to show is that
nN

Z x0p+«) = (SOW

p~N
peS+1

(11.1)
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for some absolute constant o > 0 and infinitely many N. From now on, we
choose a large integer ¢ satisfying |& — a/q| < 1/ for some a coprime to ¢
(there are infinitely many such ¢) and take

N = ¢°, R =n""0ogn™H¢ < N?(log N)C. (11.2)

Concerning the term on the right-hand side of (11.1), we note that

n N
E XO(S"+K)—§N<<77 E E e(&rn) +E
n~N 0<|r|[<R'n~N
1
<n Y. —— +nNQlogN) ¢
oo e

< nqlog2q +nN(log N)~©
< nN(log N)~¢

for2e <6 < % —¢&,s0(11.1) takes the form

8

Y 0P +K) > qonss D 0(En +6) (11.3)
plégil N

for some absolute constant §; > 0. This is what we set out to prove.

Proof of Theorem 1.4. Pick any amenable linear polynomial, such as L(n) =
Kn + 5 with K = 6*. By applying Theorem 6.5 to w, = xo(K&n + « + 5€)
and L(n), we see that (11.3) will follow (with N replaced by N/K) once
we establish Hypothesis 6.4 (with 6 = (K,5 — 1) = 4) for this sequence
(wp) and some parameters satisfying H(py, p2, o) under the conditions (11.2).
Taking the definition of yo(-) into account and making use of the classical
Bombieri—Vinogradov theorem, it suffices to prove Hypothesis 6.4 for w), =
ZO<|F|<R c(r)e(Ké&rn) (with the choices (11.2)). Hence, what we must show is
that

Z e(K&rn) — K Z e(Ké&rn)

Z |)»;’SEM| Z

ZQKN?l 0<|r|<R KZIgveJP’ ¢ (Kd) n~N lOg(Kn)
d,K)= Kn+4=0 (mod d)
and
PO
d<NP1 O<|r|<R
d,K)=1
K e(K&rn)
% ¢ e(Ké&rn) —
Z, g()( ; (K&rm) w(Kd>¥uog<Kn/&>‘
P n~N n~N
(Zd):l Kn+4={p

(€,K)=8 Kn+5=0 (mod d)
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are < N/(log N)'%, where A;’SEM has sifting parameter zo <« N'/7, while
A;’LIN has sifting parameter z; <« N'/3. We know that |[K& — a’/q’| < 6%/q"?
for some coprime a’ and ¢’ < N'/2, so the minor arc arguments from §10 allow
replacing the previous Bombieri—Vinogradov sums (up to error < N'~¢) with
the sums

—,SEM
Z |)‘d | Z Z e(Kérn)| and
d<N"™ 0<|r|<R n~N
d,K)=1 Kn+5€P
Kn+4=0 (mod d) (11.4)
,LIN .
> Y ' Yo Y eKérm)|
d<N”1 O<|r|<R ' ggNI-¢ n~N
@ K=l (€.d)=1 Kn-+d=tp
(¢,K)=5 Kn+5=0 (mod d)

Splitting the variables as in §10.1 and again employing the minor arc arguments
from §10, the sums in (11.4) reduce to < (log N) 10 sums of the same form as in
Lemmas 8.1 and 8.2 with

R<N(logN)C, v=1, ¢g=N'Y? M«N'
in the type I case, while

R<NY(ogN)C, v=1, ¢q=NV2 Mec[NV2 NY3+,
A1, Ay subject to (10.4)

(with x replaced by N in (10.4)) in the type II sums arising from the semilinear
sieve weights and

R<NYogN)C, v=1, ¢q=N2, Me[NV2 N34+,
A1, Ay subjectto (10.5)

(with x replaced by N in (10.5)) in the type II sums arising from the linear sieve
weights.
From now on, we fix the values

1

=13-20 1"

1 3
p1=z(1—40)—¢, p2 = -(1—40) —¢, o

2 7
The bound offered by Lemma 8.1 for the type I sums we face is evidently <«

N'=¢ for o < %. This takes care of the type I sums.
We turn to the type II sums that are of the same form as in Lemma 8.2.
Utilizing Lemma 8.2, such Bombieri—Vinogradov sums are bounded by

AM A1 A2 172 1 1 18
1000 2
< RN(logN) (( N + I ) + 1 + N2 (11.5)
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when AjAy < N2 and AyA% < M. For R < N?(log N)C, the estimate (11.5)
is « N1-0-1¢?, provided that

N1-20-¢ 5
M S, AATSMNTETE,
1
A >N« ¢ (11.6)

We deal with the type II sums in three cases. We will use p to denote either p;
or p3.

Case 1. Suppose that M > Nlﬂo*ze*gz,Al > N%!. By taking D =
N1=20=¢* /01 in (10.4)~(10.5) and using the fact that 1/o < 1 —20 —2é2,
we can indeed achieve (11.6) as long as D € [N'/3, N”] in the case of the

. . _79_ng2 . e .
linear sieve and D € [N'/3720=2¢" NP] in the case of the semilinear sieve.

The inequality D < N” holds due to our lower bound on M. The inequality
D > N'/5 holds for M < N3/4, which is true in the linear case. Similarly, the
inequality D > N/ 3-260-2¢" reduces to M < N?3+¢" and this holds in the
semilinear case. Therefore, in this case (11.6) is always valid, which means that
our type II sums are < N 1_0'182, which is what we wanted.

Case 2. Suppose that M > Nl—p—ZQ—sz’ Ay < N%!' 1In this case we know

that A, = 1 from (10.4) and (10.5). Now, choosing F; in Lemma 8.2, we obtain
for the type II Bombieri—Vinogradov sum the bound

1 1 M N4 \1/2 8 0.999
1
when 6 < 35-

Case 3. Suppose finally that M < N1-p=20—¢" A1 > N%!. Similarly as in
Case 3 of §10.4, we may take A; = N”, A, = 1. Again we require this choice to
fulfill (11.6). The first constraint in (11.6) follows directly from our upper bound
on M. Since M > N'/2, the second constraint in (11.6) holds for p < %—26 —&2
which certainly holds for our choices of p; and p,. This means that also in Case 3
we get good enough bounds for the type II sums. Putting everything together, in
each of the Cases 1-3 we get a good enough bound for the type II sums.

Combining the analyses of the Cases 1-3, we see that Theorem 1.4 will follow
with exponent 6 if H(p1, p2, o) is true foro = 1/(1/3 —260) + ¢, p1 = %(1 —
40)—¢ and pr = %(1 —46) —¢, provided that 6 < 81—0 —e¢. By continuity, it suffices
to check H(%(1 —46), 3(1 —46), 1/(1/3 — 26)) for 6 = g5 and this holds by a
numerical computation (the difference between the left- and right-hand sides of
(6.1) is then > 10~3). This completes the proof of Theorem 1.4. O
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ODD ORDER CASES OF THE LOGARITHMICALLY AVERAGED CHOWLA
CONJECTURE

TERENCE TAO AND JONI TERAVAINEN

ABsTRACT. A famous conjecture of Chowla states that the Liouville function A(n) has negligible
correlations with its shifts. Recently, the authors established a weak form of the logarithmically
averaged Elliott conjecture on correlations of multiplicative functions, which in turn implied all the
odd order cases of the logarithmically averaged Chowla conjecture. In this note, we give a new
proof of the odd order cases of the logarithmically averaged Chowla conjecture. In particular, this
proof avoids all mention of ergodic theory, which had an important role in the previous proof.

1. INTRODUCTION

Let A(n) be the Liouville function, defined as A(n) := (—=1)®™, with Q(n) being the number of
prime factors of the integer n counting multiplicity. The distribution of A(rn) has been extensively
studied. For instance, the statement

1

= D Man+b) = 0,cs(D)

X n<x
for any fixed a € N, b € Z is equivalent to the prime number theorem in arithmetic progressions
by an elementary argument. It was conjectured by Chowla [2] that we have the significantly more
general correlation estimate

(1) 12/1(a1n+b1)~-/1(akn+bk) = 0rseo(1)
X n<x

forany k > 1, ay,...,a, bi,...,br € N satisfying the non-degeneracy condition a;b; — a;b; # 0
for 1 <i < j < k. The non-degeneracy condition may be omitted when £ is odd, since a degener-
ate pair A(a;n + b;))A(a;n + b;) with a;b; — a;b; = 0 is constant in n and can therefore be deleted.
One can of course extend this conjecture to the case where the by, ..., by are integers rather than
natural numbers (after defining A arbitrarily on negative numbers), but this leads to an equivalent
conjecture after applying a translation in the n variable.

Chowla’s conjecture (1) can be thought of as a simpler analogue of the famous Hardy-Littlewood
prime k-tuple conjecture [13], [10, Section 1], which predicts an asymptotic for the correlations of
the von Mangoldt function A(n). Any rigorous implication between (1) and the Hardy-Littlewood
k-tuples conjecture, however, would require good savings of the type O((log x)~4) for the error
term 0,_,0,(1) in (1) and a large regime of uniformity in the parameters aj, . .., ax, by, . . ., by; none
of the currently known partial progress on Chowla’s conjecture for k > 1 fulfills these additional
requirements. Nevertheless, Chowla’s conjecture is subject to the well-known parity problem of

2010 Mathematics Subject Classification. 11N37.
Key words and phrases. Liouville function, Chowla’s conjecture, Gowers uniformity norms.
1
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sieve theory, which also obstructs sieve theoretic approaches to the Hardy-Littlewood prime k-
tuple conjecture. The parity problem states the fact, first observed by Selberg (see [8, Chapter
16]), that classical combinatorial sieves are unable to distinguish numbers with an odd and even
number of prime factors from each other.

One can also view Chowla’s conjecture as a special case of Elliott’s conjecture on correlations of
multiplicative functions (see [23, Section 1] for a modern version of this conjecture, avoiding a
technical counterexample to the original conjecture in [3]).

In [19], Matomiki, Radziwitt and the first author showed that Chowla’s conjecture holds on av-
erage over the shifts by, ..., by, and this was generalised by Frantzikinakis [5] to averages over
independent polynomials. Nevertheless, not much is known in the case of individual shifts, unless
one considers the logarithmically averaged! version of the conjecture, which states that

1 Alayn+ by)--- Aagn + by) _
@ e 2 = 0y sea(1),

n
n<x

provided again that a;b; — a;b; # 0 for 1 <i < j < k. These logarithmically averaged correlations
are certainly easier, since (1) implies (2) by partial summation. For the logarithmically averaged
variant (2) of Chowla’s conjecture, it was shown by the first author [21] that (2) is 0y—(1) for
k = 2, and we recently showed in [23] that the same conclusion holds for all odd k. Both of these
works actually handle more general correlations of bounded multiplicative functions, with [21]
having the same assumptions as in Elliott’s conjecture, and [23] having a non-pretentious assump-
tion for the product of the multiplicative functions (see [23, Corollary 1.4] for a precise statement).
In addition, it was recently shown by Frantzikinakis and Host [7, Theorem 1.4] that if one replaces
the weight % in (2) with 62:"" for any irrational a, then the analogue of (2) holds for all k. When it
comes to conditional results, Frantzikinakis [6] showed that the logarithmically averaged Chowla
conjecture would follow from ergodicity of the measure preserving system associated with the
Liouville function.

The proof in [23] of the odd order cases of the logarithmically averaged Chowla conjecture relies
on deep results of Leibman [17] and Le [16] on ergodic theory, and is not much simpler than the
proof of the structural theorem for correlations of general bounded multiplicative functions in that
paper. Here we give a different proof of the odd order cases of Chowla’s conjecture, which avoids
all use of ergodic theory, although it now requires the Gowers uniformity of the von Mangoldt
function, established by Green, the first author and Ziegler [10], [11], [12]. The proof we give
here is also shorter than the earlier proof, given the mentioned Gowers uniformity result. More
precisely, we will prove the following.

Theorem 1.1 (Odd order cases of the logarithmic Chowla conjecture). Let k > 1 be an odd natural

number, and let ay, ... ,a, by, ..., by be natural numbers. Then we have
1 A +by)---4 +b
1 Z (arn +by)- - Aagn + by) _ 0D,
og x n
n<x

Remark 1.2. As remarked previously, as we are dealing with an odd number of shifts of the
Liouville function, there is no need to impose any non-degeneracy assumptions on the coefficients
al,...,ak,bl,...,bk.

Iir1 < w(x) < xis any function tending to infinity, one could equally well consider (2) with a sum over &5 <n < x,

with the log x normalisation replaced by log w(x). In fact, this is what is done in [21], [23].
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Remark 1.3. Using the same proof as for Theorem 1.1, one could establish an analogous state-
ment for the Mobius function u(-), namely that
1 ulan + b)) - - - p(agn + br)™*
3
) log x Z n

= 0,500(1)

n<x

whenever cj > 1 are fixed integers with ¢ + -+- + c; odd and a;, b; are as above (see also [23,
Corollary 1.6]).2

Remark 1.4. From the proof of Theorem 1.1, we see that for the three-point case k = 3 of Theorem
1.1, we only need U3-uniformity of the von Mangoldt function, which was established in [9] and
is simpler than the general UX-uniformity result. In contrast, in [23] the k = 3 case was no easier
than the general case.

It was shown by the first author in [22] that the logarithmically averaged Chowla conjecture (2)
for all k is equivalent to two difficult conjectures, namely the logarithmically averaged Sarnak
conjecture [22, Conjecture 1.5] and the (logarithmic) local Gowers uniformity of the Liouville
function [22, Conjecture 1.6]. We manage to avoid these problems, since we will only be dealing
with odd values of k. Indeed, it is natural that the even order cases of Chowla’s conjecture are
harder than the odd order ones, since one can use the Kéatai-Bourgain-Sarnak-Ziegler orthogonality
criterion [15], [1] to show that the even order cases imply the odd order ones (see [23, Remark
1.7]). Another indication that the even order cases are more challenging is Elliott’s result [3] that
for odd k the lim sup of the absolute value of (2) is strictly less than 1; in the even order cases this
has not been shown in general. We also remark that the proof of Theorem 1.1 does not require the
Matomiki-Radziwitt theorem [18], in contrast to the k = 2 result in [21] which relied crucially on
this theorem.
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and encouragement and Maksym Radziwilt for suggesting the use of semiprimes in the entropy
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2. NOTATION

We use standard notation for arithmetic functions throughout this paper. In particular, A(n) is the
Liouville function, u(n) is the Mobius function, A(n) is the von Mangoldt function, and ¢(n) is the
Euler totient function. Various letters, such as m, n,d, a;, b;, are reserved for integer variables. We
use (n,m) to denote the greatest common divisor of n and m. The variable p in turn will always
be a prime; in particular, summations such as ¥ ,e4 f(p) will always be understood to restricted to
primes. We will use the standard Landau asymptotic notations O(-), o(-), with 0,_,o(1) for instance
signifying a quantity that tends to 0 as  — 0; we also use the Vinogradov notation X <« Y for

2The only small modification in the proof of (3) compared to that of Theorem 1.1 is in the approximate functional
equation (Theorem 3.1). The approximate functional equation holds in the same form for correlations of the Mobius
function, but in its proof the multiplicativity relation A(pn) = —A(n) is to be replaced with u(pn)* = (=1)‘u(n)* +O(1 ).
The contribution of O(1,,) is negligible by the triangle inequality and the fact that p will be moderately large.
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X = O(Y).

For a proposition P(n) depending on n, we denote by 1p(, the function that takes value 1 if P(n)
is true and O if it is false. We also use the expectation notations

ZneA f(n)
EBueaf(n) = =—/——
" ZnGA 1
and
Ynea B2
E%, f(n) = Som 2
neA p

whenever A is a finite non-empty set and f : A — C is a function. If we replace the symbol n by
p, it is understood that all sums involved are over primes, thus for instance

L2
1 pea p
E;SAJC(P) = ¥ 1

PEA p
Strictly speaking, this average may be undefined if A contains no primes, but in practice we will
always be in a regime in which A contains plenty of primes.

3. THE TWO KEY SUBTHEOREMS

Let k be a natural number, and let ay, ..., ax, by, ..., by be natural numbers. All implied constants
in asymptotic notation (and in assertions such as “X is sufficiently large depending on Y are
henceforth allowed to depend on these quantities. For any natural number a and any x > 1, define
the quantity

) fila) := B Aayn + aby) - - - Aagn + aby).
To prove Theorem 1.1, it will suffice to show that
(5) filh<xe

whenever ¢ > 0, k is odd, and x is sufficiently large depending on ¢ (and, by the preceding
convention, on k,ay,...,ax, bi,...,by).

To obtain (5), we will rely crucially on the following approximate functional equation for f,, which
informally asserts that f.(ap) ~ (=1)*f,(a) for “most” a and p:

Theorem 3.1 (Approximate functional equation). Let k,ay,...,ax, by, ..., by be natural numbers.
Forany 0 < ¢ < 1, x > 1, and any natural number a, one has
(6) Eoncpeametl fulap) = (1) fula) < &
for all natural numbers m < loglog x outside of an exceptional set M with
1 -3
%) ZZ<%’
meM

where the quantity fy(a) is defined in (4).

Results similar to these appear in [7, Theorem 3.6], [23, Theorem 3.6]. As in these references, we
will prove Theorem 3.1 in Section 4 via the entropy decrement argument introduced in [21]; we
will use the modification of that argument in [23] to obtain the relatively strong bound (7).

From (6) we have

1
By ey lfilap) = (1 fu(@) < &
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(since 1/p is comparable to 1/2" in the range 2" < p < 2™'!), and hence from the triangle
inequality we have

fil@) = (-1 B fx(ap) + O(e)

2’”<p§2m+l
for all m with 2 < (log x)!/? outside of the exceptional set M. The fact that the average on the

right-hand side is over primes will be inconvenient for our argument. To overcome this, we will
establish the following comparison.

Theorem 3.2 (Comparison). Let k,ay,...,ax, b1,...,by be natural numbers. Let 0 < € < 1, and
let

l<w<H_<H,<x
be parameters with w be sufficiently large depending on &; H_ sufficiently large depending on w, &;
H, sufficiently large depending on H_,w, g; and x sufficiently large depending on Hy, H_,w, €.
Set W := [1 < p- Then, for any natural number a < H,. and any m with H- < 2" < H., one has
1 1
E fdap) =E )" fxlan) + O(e)

2m< p<oml 2m<p<2mtly(n, W)=1

where the quantity fy(a) is defined in (4).

We will prove this assertion in Section 5. Our main tool will be the theory of the Gowers uniformity
norms, and in particular the Gowers uniformity of the W-tricked von Mangoldt function proven in
[10], [11], [12]. In contrast to Theorem 3.1, the bounds in Theorem 3.2 (particularly with regards
to what “sufficiently large” means) are qualitative rather than quantitative; this is primarily due to
the qualitative nature of the bounds currently available for the Gowers uniformity of the W-tricked
von Mangoldt function. A key technical point in the above theorem is that the parameter a is
permitted to be large compared to the parameter w (or W); this will be important in the argument
below.

In the remainder of this section we show how Theorem 3.1 and Theorem 3.2 yield (5) when k is
odd and x is sufficiently large depending on &.

Fix 0 < € < 1/2. We will need parameters

1
(8) —-<w<H <Hy<H3;<Hig<x
&

with w sufficiently large depending on ¢, each H; for i = 1,2, 3, 4 sufficiently large depending on
w,eand Hy,..., H;_1, and x sufficiently large depending on Hy, H3, Hy, Hy, w, €.
From Theorem 3.1 and the hypothesis that k is odd, one has

1
S = =Byl f(p1) + 0)
for all m in the range H; < 2" < H,, outside of an exceptional set M; with

Z % < &3,

meM,;

For m in this exceptional set, we of course have

fe(l) = —E% fe(p1) + O(1).

2m<pl <pm+l

Averaging over all such m and using the prime number theorem, we conclude (given the hypothe-
ses on the parameters (8)) that

©) FAD) = =B, Fp1) + 0(@).
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A similar application of Theorem 3.1 yields

(10) f) = -EE_ f(p) + Oe).
Also, applying Theorem 3.1 with a replaced by p;, we have

Flp)) = =By Fp1p2) + O(&)

for all primes p; with H; < p; < Hy; inserting this into (9), we obtain

1 1
(1) fll) = 4B L ENE o F(pipa) + O).

Crucially, the sign in (11) is the opposite of the sign in (10). To conclude the proof of (5) from
(10), (11), it will suffice to show that the average (10) involving primes p and the average (11)
involving semiprimes pj p, are comparable in the sense that

l l 1
(12) Eppepern o(P) =Bt ) g B f(p112) + O(e).

To do this, we use Theorem 3.2 several times. Firstly, from this theorem we see that

log log
zm <p<2m+l fx(p) 2n1 <n<2m+l (n,W)=1 fX(n) + 0(8)

whenever Hz < 2™ < Hy; averaging over m (and noting that the error terms that arise can be easily
absorbed into the O(¢) error) we conclude that

log log
H3<p<H4fx(P) Hz<n§H4:(n,W)=1fX(n) + 0(e).

Similarly, we have

1 1
B e xP1P2) =B o fpim) + Ole)

whenever H; < p; < H» (note that this is despite p; being large compared with w or W). Thus it
will suffice to show that

log _ mlog log
(13) EH3<n§H4:(n,W):1fX(n) - EHl<p1SH2EH3<n2$H4:(n2,W):If)‘(plnz) + 0(8)

By making the change of variables n = pn,, and noting that n is coprime to W if and only if n,
is, we can write
log _
EH3<n2§H4:(n2,W) 1fx(pln2) E p1H3<n<pHy:(n,W)= 1fx(")l71 lpl\n + 0(5)
and one can modify the range p1H3 < n < p1Hy to H3 < n < Hy incurring a further error of O(e).
We may thus rearrange (13) as

By e L)(gm) = 1) = O(e)

where g is the weight
.— wlog
g(”) = ]EH1<,,13H2P1 1p1|n~

By the Cauchy-Schwarz inequality and the boundedness of f, it thus suffices to establish the
bound
1 2 2
E133g<nsH4:(n,W)=l(g(n) - <xe
which will follow in turn from the bounds

1
(14) E133g<nsH4:(n,W):1g(") =1+0()

and

(15) Bttty 1807 = 1+ 0,
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The left-hand side of (14) can be rewritten as

log log 1
H1<p1§H2pl H3<n<Hy:(n,W)=1

piln
and the claim (14) follows since one can easily compute that
1 +O(?)

P1

log 1 _
H3<n<Hy:(n,W)=1"P1 In =

Similarly, the left-hand side of (15) can be rewritten as

EIOg log

7 mlog
Hi<pi <mPH, <p| <, P1P1 Epyenstiyowi=11

p1.piin

log 1+0(%)
Hi<n<Hy:(n,W)=1 p]p'1
can be bounded crudely by O(1/p;) when p; = p}. This concludes the proof of Theorem 1.1,
except for the proofs of Theorem 3.1 and Theorem 3.2 which will be accomplished in the next two
sections respectively.

and the claim (15) follows since E 1 p1p)ln is equal to when p; # p/, and

4. USING THE ENTROPY DECREMENT ARGUMENT
We now prove Theorem 3.1. Let k,ay,...,ax, b1,...,b, € a,x be as in that theorem. We may
assume that
(16) x > expexpexp(as )

since otherwise the claim is trivial by setting M to consist of all m < loglogx. We may also
restrict attention to proving (6) for m satisfying

1
17 H<m< —1logl
(17 exp(ag™”) <m < 100 oglog x

since all the m between Wlo loglog x and loglog x, or less than exp(as™>), can be placed in the
exceptional set M without significantly affecting (7). Finally, we can assume that £ < 1/2, since
for 1/2 < & < 1 the bound (6) holds from the triangle inequality.
For any prime p, one has the identity
A(n) = —A(pn)
for any natural number 7, and hence
Alayn +aby) --- A(agn + aby) = (—1)k/l(a1pn +apby) - - - Aagn + apby).

From (4) we thus have

fil@) = (=D'E,% Ay pn + apby) - Magpn + apby).

n<x

If p < log x, then (using (16)) we have ¥, ;< % S E-DIPN %, and hence® that

ElE g(n) = B8 g(n) + O(e)

n<px n<x

whenever g : N — C is bounded in magnitude by 1. Thus we have

fla) = (=D'E,%, Aaipn + apby)- - Maxpn + apby) + O(&)

n<px

for all p < log x. Making the change of variables n’ := pn, we conclude that

fe(@) = (1B A(a\n’ +apby)--- Aawn’ + apbi)pl pyw + O().

n'<x

3Here it is essential that we are using logarithmic averaging; the argument breaks down completely at this point if
one uses ordinary averaging.
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Replacing n’ with n, and comparing with (4) with a replaced by ap, we conclude that

ful@) = (=D fulap) = (- D'EE Aarn + apby) -+ Aaxn + apb)(plyn — 1) + (&),

The contribution of those n with n < x? is O(¢g), so we have

fula@) = (=Dffilap) = (-D'BE, _ Aarn + apby) -+~ Aaxn + apb)(ply, — 1) + O(&)

log

for all p < logx. If we set ¢, € {—1,0,+1} to be the signum of E =

apb)(plp, — 1), it will thus suffice to show that

Alan + apby) - Aagn +

(18) E2m<pszm+1cpE§g<nSx/l(a1n +apby) - Aagn + apbr)(ply, — 1) = O(e)

for all m obeying (17), outside of an exceptional set M obeying (7).
Let m obey (17). If j is a natural number less than or equal to 2" (and hence of size 0(10g1/ 10 X)),
one easily computes the total variation bound

1 1 1 log!'/10 x
- - - | <
XP<n<xf+j n X8+ j<n<x+j ntj X
and thus 10
1 1 ) log'"*" x
E ot 8 =B, 80+ j) + O (ng)

for any function g : N — C bounded in magnitude by 1. By (16), the error term is certainly of size
O(¢). In particular, the left-hand side of (18) can be written as

EzmspgzmﬂCPELOEgQLSx/l(dln +aj+apby)- - Aagn + arj + apbi)(plppsj — 1) + O(e)
forany 1 < j < 2™. Averaging in j and rearranging, we can thus write the left-hand side of (18)
in probabilistic language4 as

EZ, + O(¢),

where E denotes expectation, Z,, is the random variable

Z, = Ezm<ps2m+]Engme/l(aln +aij+apby)--- Aan + agj + apbi)(plpps; — 1),
and n is a random natural number in the interval (x®, x] drawn using the logarithmic distribution

xXE<n'<x
forall x* <n < x.
‘We now “factor” the random variable Z,, into a function of two other random variables X,;,, Y,,,,
defined as follows. Let B := max; b; and

k
C:= Z(ZaB + Day,
i=1

and let X,,, € {~1,+1}*" and Y,,, € [Tpm p<om+t Z[ pZ be the random variables

X := (Al@m + 1) 1<i<k:1<r<(2aB+1)a;2m

and
Y;n = (n m()d p)2m<pS2m+l .

4We will use boldface symbols such as n, X,,, Y,», Z,, to denote random variables, with non-boldface symbols such
as X,, being used to denote deterministic variables instead.
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Then we may write Z,, = F,,,(X,;, Y;n), where F, : {1, +1}¢%" x H2m<p52m+1 Z/pZ — R is the
function defined by

Fin((Di 1<isk <r<@aB+1aams (Mp)om e pomst)
= Ezm<p32m+lEjszrncpb1’alj+apbl o 'bk.aijrapbk(plpIanrj - 1)
for all b;, € {~1,+1} and n, € Z/pZ. It will now suflice to show that
EF, (X, Yi) = O(e)

for all m obeying (17), outside of an exceptional set M obeying (7).
At this point we recall some information-theoretic concepts:

Definition 4.1 (Entropy and conditional expectation). Let X,Y,Z be random variables taking
finitely many values. Then we have the entropy

1
H(X) := Z P(X = x)log FX=n

where the sum is over all x for which P(X = x) # 0. Similarly we have the conditional entropy

1
H(X|E) := Z P(X = x|E) log PX =3

for any event E of positive probability, and
HX]|Y) := Z P(Y = y)HX]Y =y).
y

Finally, we define the mutual information
IX:Y) =HX) - HX|Y) = H(Y) - H(Y|X),
and similarly define the conditional mutual information
IX:Y|Z)=HX|Z) -HX]|Y,Z) = H(Y|Z) - H(Y|X, Z).

For each m obeying (17), let Y., be the random variable Y., := (Y,)mw<m. We can control the
expectation EF,,,(X,,, Y,,) by the conditional mutual information I(X,, : Y,,|Y<,) as follows:

Proposition 4.2. Suppose m obeys (17) and is such that

m

2
(19) IX, : Yol You) < 88—,
m

Then one has

EF, (X, Ym) Ke.

Proof. We argue as in [23], which are in turn a modification of the arguments in [21]. Let U,
be drawn uniformly at random from []om.,<om+1 Z/pZ. We first show that for any sign pattern

X, € {=1,+1}¢%", one has
(20) P(IF (X, Up)l > &) < exp(—ce?2™ /m)

for an absolute constant ¢ > 0. If we write Uy, = (n)2n,<om+1, then the n,, are jointly independent
in p and uniformly distributed on Z/pZ. If X,, = (b ;) 1<i<k;1<r<(2aB+1)a;27» then one can write

Fm(Xma Um) = ]Ezm<p32m+lwp
where W, is the random variable

Wp = EjSZ”'Cpbl,u1j+apb1 te bk,akj+apbk(p1plnp+j - 1)
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Observe that the W), are jointly independent, bounded in magnitude by O(1), and have mean zero.
The claim (20) now follows from Hoeffding’s inequality [14].
Applying the Pinsker-type inequality from [23, Lemma 3.4] (see also [21, Lemma 3.3]), we con-
clude that
P(F (X, Y| 2 &) < < (H(Uyy) = H(Y) + 1)
g=2m

for any random variable Y taking values in []on.,<yn+1(Z/pZ); in particular, applying this to the
probability measure P'(E) := P(E|X,;, = X;u, Y< = Y<i), We have
P(|Fm(Xms Ym)| > elXp =X, Y = Y<m)
m
< Q_(H(Um) = HY X = X, Yau = Yo) + 1.
g¥m

Averaging over X,,, Y,,, we conclude that
m
822m

and hence (since F, is bounded by O(1), and m is large compared to 1/¢)

P(|Fm(Xm’ Ym)l > 8) <

HUR) = HY X, Yen) + 1),

m
E|Fm(Xm, Ym)l < ﬁ(H(Um) - H(Ym|Xms Y<m)) +e&.

We can write
H(Y [ Xon, Yam) = H(Y 1l Y <) = I 0 Yol YY)
and hence by (19) we have
m
822111
Uniformly for 1 < b < g < x®, we have the simple estimate
1 1 1
Y a-[zeo(4) ¥
x°<n<x q x¥<n<x
n=b (mod q)

2y E|F (X, Yl < HUR) - HYnYn) + &

so from the Chinese remainder theorem (and the prime number theorem), we see that the ran-
dom variable Y,,, after conditioning to any event of the form Y., = Y, is almost uniformly
distributed in the sense that

(22) P(Y,, = YulYou = Yeou) =

0 (GXP(O(Z'")))
[Toncp<om p xe '

We have for any distinct x, y € (0, 1] the elementary inequality’

1 1
xlog = — ylog -| < Clx — y| log < 2CIx -y
x y

Ix =l
for some constant C > 0, so if X and X’ are any random variables having the same finite range X,
then we can compare their entropies by
(23) H(X) - HX")| < 2C - max PX=x)-PX = x)|% - 1X].
XE.

From this and (22) we compute that

exXp(0(2")

HU») —HYulYm) < —27

SThis inequality follows from the mean value theorem applied to x — xlog ir
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Inserting this into (21) and using (16), (17) we conclude that

ElF, X Yn) < €
as required. O
Theorem 3.1 now follows from the preceding proposition and the following estimate.

Proposition 4.3 (Entropy decrement argument). One has

1
Z 1K YulY) <.

exp(as—3)<m< 1l log log x
Proof. For any m obeying (17), consider the quantity
HXn+11Y <ms1)-
We can view X,,+1 as a pair (X,;, X),), where
X, 1= (Aain” + 1)) 1<i<k;1<r<aB+1)a2"
andn’ :=n + (2aB + 1)2™. By the Shannon entropy inequalities, we thus have
HX,411Y <ms1) < HX|Y <nrt) + HX Y <)

If we write

amel =

then Y.,,+1 and Y’<m .1 define the same o-algebra (each random variable is a deterministic function

of the other), and so we have
H(Xm+1|Y<m+1) < H(Xle<m+1) + H(X;,1|Y/

<m+1)'

(n’ mod p),<pm

The total variation distance between n and n’ can be computed to be O(exp(O(2™))/x?). Since
Y41 takes on O(exp(O(2™))) values, we see from (23) that

H(Y H(Y<41) + O(exp(0(2™)) /1),

Similarly, since the random variables (X, Y<+1) and (X7, Y. ) take on O(exp(O(2™))) values
and are deterministic functions of n and n’, respectively, by (23) we again have

H(X],. Y., ) = HXn, Yaui1) + O(exp(02™) /%),
and hence on subtracting

HX,,IY., . ) = HXulY<ns1) + Oexp(0(2™)/x/%).

’ —
<m+l) -

Thus we have
HXo1]Y amie1) < 2HX Y i) + O(exp(0(27))/x72).
But we can write Y<,,+1 as a pair (Y, Y;), to conclude that
HXn Y < 1) = HXu|Y <) = I 2 Yol Yam).

Inserting this identity and rearranging, we conclude that

1 1 1
21K YY) < o HKl Y ) = 2o BtV ) + O(exp(0(2™))/x/?)

m om+1
and thus on summing the telescoping series
1
D 5l YalYa) < HX) + 1
m< ﬁ loglog x

(say). Since X takes at most exp(O(a)) values, we have H(X;) = O(a), and the claim follows. O
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5. USING THE GOWERS NORMS

We now prove Theorem 3.2. As stated previously, we will rely heavily on the theory of the Gowers
norms, which we now recall.

Definition 5.1 (Gowers norms). Given integers k > 1 and N > 1 and a function f : Z/|NZ — C,
we define the Gowers norms UX(Z/NZ) by
2—k
I loxznzy = | Brez/NzEn,....nez/Nz 1_[ CYfmn+w-h|

wel0, 1}

where C is the complex conjugation operator, |w| is the number of ones in w € {0,1}, h =
(h1,..., ), and - denotes the inner product of two vectors. One easily sees that || fllyxznz) i

a well-defined nonnegative quantity. We can then define the Gowers U¥[N]-norm of a function
f:A{l,...,N} — Cdefined on a finite interval by

17 - 1l
L T
UKIN] “l[l,N]“U"(ZN')

where N' = 3N, say (one easily sees that the definition is independent of the choice of N’ > 2N)
and f - 111 n] is to be interpreted as a function of period N', and hence as a function on Z,.

For the basic properties of Gowers norms, see [20, Chapter 11]. The main general fact we will
need about these norms is the following.

Lemma 5.2 (A generalised von Neumann theorem). For k € N, let 0,¢1,...,¢r : Z — C be
Sfunctions with |¢p;| < 1. Also let aj,bj,r; € Zfor1 < j <k, and W € Nwith W < N1 Then

EdS%EnsNQ(d)¢1(a1n + Wbid + 1) dp(akn + Whid + )| < CHQHU"[%] + ON—o0o(1)

for some constant C > 0 depending only on k and the numbers ay, . ..,ay, by, ..., by, but indepen-
dentof Wandry,...,r.

Without the W-aspect, this is standard; see for instance [4, Lemma 2]. However, the uniformity of
the bounds in W (and ry, ..., r¢) will be crucial in our arguments.

Proof. We shall adapt the proof of [22, Proposition 3.3]. By splitting the variable # into residue
classes (mod W) and setting N’ := % it suffices to show that

[Basn Enan ()1 (W(ain + bid) + 1) - - $p(W(agn + byd) + 7))
< Clbllgar + onr—oo(1)

for all integers r/, . .., ;.. To simplify notation, we will call N’ just N. By considering the functions
aj(n) =¢;(Wn+ r;), we see that it suffices to prove for all functions |¢;| < 1 that
(24 [Eq<nEn<nO(d)p1(arn + b1d) - - - prlagn + brd)| < ClI6l| gy + oOn—eo(D).

Since the statement of (24) involves the values of the functions 6 and ¢; only on (-HN, HN),
where H = max;<(|a;| + |b;]) + 1, we may assume that the functions 6 and ¢; are 2HN-periodic,
and hence they can be interpreted as functions on Z,yy. We are then reduced to showing that

k
Bz Bnezom @) on(@) | | ¢itan + dbi) o m(m)] < Clollsgg + onoo(1)
i=1
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for some constant C’, since one can then set C := (2H)>C’. By approximating 1o () with
a Lipschitz function, and then further with a finite Fourier series as in [10, Appendix C], and
redefining the functions ¢;, we may eliminate the factor 1joy)(n). Then, making a change of
variablesd = d| + --- + dy, n =n’ —d|b; — - - - — diby, we are left with showing that

(25) < C"NlBllgrpy + ON—eo(D),

for all n’ € Zoyn, where 6'(d) := 6(d)1[o,n1(d). By the Gowers-Cauchy-Schwarz inequality (see
e.g., [10, (B.7)]), we have

< ”9’“(/1‘(221-11\/)

Ba, ez (1 + -+ d) [ | oL, ... di))

for any functions ¢ and ¢l’. bounded by 1 in modulus and any linear forms L; : Z’;HN — ZoHN,
with L; independent of the ith coordinate. Applying this to the left-hand side of (25), where each
term involving ¢; is independent of the variable d;, we see that

< ||9/||Uk(ZZHN)'

k k
Ba,....diezopn® (dy + - - + d) 1—[ o [ai”/ + Z de(b; - bf)]
i=1 =

Then, by noting that

16 Lo, m Wy z,p) = 1Ollray - ook, < 161lpEas

the lemma follows.

Next, we need control on the Gowers norms for the primes.

Lemma 5.3 (Gowers uniformity of the primes). Let k € N, and let w € N be a large parameter.
Further, let W = [],<,, p, and let b € [1, W] be coprime to W. Then for any N large enough in
terms of w, the W-tricked von Mangoldt function

(26) Apw(n) = MA(W +b)

enjoys the Gowers uniformity bound
1Apw — 1||U/<+1[N] = Oy—oo(1).
Proof. This was proven in [10], subject to conjectures that were later verified in [11], [12]. O

We now prove Theorem 3.2. Let k,ay,...,ak, b1,...,br,e,w,H_, Hy, x, W,a, m be as in that the-
orem. Because A(p) = log(2") + O(1) when p is a prime with 2" < p < 2+ "and A is non-zero
for only 0Q2m/3) (say) other integers in the interval (2", 2m+1] we have

B B
2(:1g<P<2m+I fx(ap) = z(r)ng<dszm+l fX(ad)A(d) + 0(8)’

since m is assumed to be sufficiently large depending on &. The contribution to the right-hand side

of those d that share a common factor with W is negligible (as A(d) will then vanish unless 7 is a

power of a prime less than or equal to w), thus

1 W
Eypeynr fo@p) = o) B gy HADA@) + Oe).
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It therefore suffices to show that

1 w
2(’)7?<d§2’"+1:(d,W):le(ad)(WA(d) - 1) <e.

Partitioning into residue classes modulo W and using (26), it suffices to show that
1
Bt <ot 5 @Wd + D) Apw(d) = 1) < &
whenever 1 < b < W is coprime to W.
Fix b. By summation by parts, it will suffice to show that

Ei<n fx(a(Wd + b)) (Apw(d) - 1) < &

whenever 2"/W < H < 2™*!1/W. From (4), and replacing the average n < x with the average
x% < n < x, we have

filaWd + b)) = Blog Alain + Wabd + abby) . .. lagn + Wabyd + abby) + O(e),

xe<n<x

so it suffices to show that
27 EdSHElog (Ap,w(d) — DA(a1n + Wabyd + abby) ... Aaxn + Wabd + abby) < ¢.

xé<n<x
The quantity x (or x®) is large compared with aHW. Thus we can shift n by any quantity 1 <
n’ < aHW without affecting the above average by more than O(g). Performing this shift and then
averaging in n’, the left-hand side of (27) may be written as

B BuyenBu<aiw(Apw(d) — D[A(ain’ + Wabyd + ayn + abby) . ..

X8 <n<x

ANagn’ + Wabid + ain + abby)] + O(¢).

Applying Lemma 5.2 with N replaced by aHW, W replaced by aW, n replaced by n’, and the r;
replaced by a;n + abb; for 1, ..., k, we can bound this as

OIAp,w = Ulygra) + 0H-00(1) + O(E),
but by Lemma 5.3 this is O(g) as required.
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Abstract

We study logarithmically averaged binary correlations of bounded multiplicative functions g; and g,.
A breakthrough on these correlations was made by Tao, who showed that the correlation average
is negligibly small whenever g, or g, does not pretend to be any twisted Dirichlet character, in
the sense of the pretentious distance for multiplicative functions. We consider a wider class of
real-valued multiplicative functions g;, namely those that are uniformly distributed in arithmetic
progressions to fixed moduli. Under this assumption, we obtain a discorrelation estimate, showing
that the correlation of g; and g, is asymptotic to the product of their mean values. We derive several
applications, first showing that the numbers of large prime factors of n and n + 1 are independent
of each other with respect to logarithmic density. Secondly, we prove a logarithmic version of the
conjecture of Erdés and Pomerance on two consecutive smooth numbers. Thirdly, we show that if
Q is cube-free and belongs to the Burgess regime Q < x*~¢, the logarithmic average around x of
the real character x (mod Q) over the values of a reducible quadratic polynomial is small.

2010 Mathematics Subject Classification: 11N37 (primary); 11N60, 11140 (secondary)

1. Introduction

Let D = {z € C : |z] < 1} be the unit disc of the complex plane, and let g,
&> : N — D be multiplicative functions. We consider the logarithmically averaged
binary correlations

1 Z gi1(n)gx(n+h) (1.1)

log x n
g n<x

© The Author 2018. This is an Open Access article, distributed under the terms of the Creative Commons Attribution licence
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in any medium, provided the
original work is properly cited.
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with & # 0 a fixed integer and x tending to infinity. If 2 < 0 in (1.1), we can
extend g, and g, arbitrarily to the negative integers, since this affects (1.1) only
by o(1).

In a recent breakthrough work, Tao [30] showed that the correlation (1.1) is o(1)
as x — oo, provided that at least one of the two functions g; does not pretend to
be a twisted Dirichlet character, in the sense that

linriicEfltilréi; D(g;, x(n)n'; X) = oo, (1.2)

for all fixed Dirichlet characters y, with the pretentious distance ID(-) measured
by

B —\ 1,2
2:1 Re(f(P)g(P))> _ (1.3)

D(f, g X) == ( P

p<X

The main theorem in [30] that (1.1) is o(1) under the nonpretentiousness
assumption (1.2) is a logarithmically averaged version of the binary case of a
conjecture of Elliott. Elliott’s original conjecture [7, 8] (in the slightly corrected
form presented in [23]) states that for any integer k > 1, any multiplicative
functions gy, ..., g« : N — DD and any distinct integer shifts A4, ..., h; we have
the discorrelation estimate

1
— D gtk gin + ) = o(1) (1.4)

n<x

as x — oo, provided that at least one of the g; satisfies the nonpretentiousness
assumption (1.2). (In the case where the functions g; are allowed to depend
on x, one needs a slightly stronger pretentiousness hypothesis; see [29].) The
k = 1 case of Elliott’s conjecture is known as Haldsz’s theorem [15]. Already
for k = 2, there is not much progress towards the nonlogarithmic version of
Elliott’s conjecture (see though [7]). However, if one averages (1.4) over the
shifts hy, ..., hy € [1, H], with H = H(x) tending to infinity with any speed,
then Elliott’s conjecture holds on average by the work of Matomiki, Radziwitt
and Tao [23]. This was generalized by Frantzikinakis [11] to averages along
independent polynomials. In the case of logarithmically averaged correlations,
there has been a lot of recent progress, initiated by [30]; see [12, 31, 33].

We study in this paper the same logarithmically averaged correlation (1.1) as
Tao studied in [30], but for a wider class of real-valued multiplicative functions
(in [30] one works also with complex-valued functions). The multiplicative
functions g; : N — [—1, 1] that we consider are uniformly distributed in residue
classes to fixed moduli. Many of the most interesting bounded multiplicative
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functions have such a uniform distribution property; in particular, the Liouville
function A and the indicator function of x“-smooth numbers up to x have that
property. Also the real primitive Dirichlet character x, (mod Q) will be seen to
be uniformly distributed in arithmetic progressions on [x, 2x], provided that the
modulus O grows neither too slowly nor too rapidly in terms of x. Indeed, many
of the applications of our main theorem concern consecutive smooth (or friable)
numbers or quadratic residues.

The uniformity assumption we require of multiplicative functions is as follows.

DEFINITION 1.1 (Uniformity assumption). Letx > 1,1 < Q < x and n > 0. For
a function g : N — I, we write g € U (x, Q, n) if we have the estimate

H > g(n)—ix > g

x<n<2x x<n<2x
n=a (mod q)

gﬂ foralll <a <qg<0.
q

REMARK 1.2. Note that in this definition we do not send x to infinity (but
naturally we want x to be large). The fact that Definition 1.1 is not an asymptotic
relation is important, since later we shall to apply it to g(n) = l,<x nisx-smooths
which is a function dependent on x.

REMARK 1.3. Let g : N — [—1, 1] be a nonpretentious multiplicative function,
in the sense that for some small ¢ > 0 and some large x we have

ﬁllf D(g, x(m)n';x) > '
t1<x

for all Dirichlet characters x of modulus < e~'°. By expressing the condition
n = a (mod ¢g) in Definition 1.1 in terms of Dirichlet characters (after reducing
to a coprime residue class), and applying Hal4sz’s theorem, one sees that
g € U(x, &7, g). Therefore, the collection of uniformly distributed real-valued
multiplicative functions g : N — [—1, 1] contains all nonpretentious real
functions.

We use the notation o,_,((1) to denote a quantity depending on ¢ and tending
to 0 as ¢ — 0, uniformly with respect to all other parameters. With this notation,
our main theorem asserts the following.

THEOREM 1.4. Let a small real number ¢ > 0, a fixed integer h # 0, and a
function w : Ry; — Rwith 1 < w(X) < log(3X) and w(X) 22% 50 be given.
Let x > xo(¢g, h, w). Then, for any multiplicative functions g, g, : N — [—1, 1]
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such that g, € U(x, e, &), we have

1 gi(mgm+h (1 1
v D (5 (! 3 )

x/ox)<n<x x<n2x x<n2x

+ 05—)0(1)-

REMARK 1.5. Theorem 1.4 can be viewed as stating that the functions g; and g,
do not correlate with the shifts of each other. Note that in the case where the mean
values of g and g, on [x, 2x] are not o(1), Theorem 1.4 is not covered by the
logarithmically averaged Elliott conjecture from [30].

REMARK 1.6. In the case where g, and g, are complex-valued, one does not
always have the conclusion of Theorem 1.4. Namely, take g;(n) = n'’ and
g:(n) = n™ for some t,u # 0 with t + u # 0. One easily sees that g; and g,
are uniformly distributed in arithmetic progressions, and by partial summation the
shifted product g, (n)g,(n+1) = n'“* 40(1) has logarithmic mean value o(1) on
[x/@(x), x]. However, by the simple estimate (1/x) }_, . n' = (x'/(1 +it)) +
o(1), the product of the mean values of g; and g, on [x, 2x] is an oscillating
function.

REMARK 1.7. Although the statement of Theorem 1.4 does not hold for all
complex-valued multiplicative functions, one could show that it continues to hold
if g1, g2 : N — D take values in the roots of unity of fixed order. Indeed, the
only places in the proof of the main theorem where real-valuedness plays a role
are Lemmas 2.2, 2.5 and 3.4. The first two lemmas could be proved also for
functions g; taking values in the roots of unity of bounded order by applying
a standard generalization of [23, Lemma C.1] to such functions. For Lemma 3.4,
one would also apply this generalization of [23, Lemma C.1] together with an
extension of [22, Theorem 3] to multiplicative functions taking a bounded number
of complex values. For this last extension, one notes that the only place in the
proof of [22, Proposition 1] where real-valuedness is used is [22, Lemma 3], and
this lemma can also be made to work for functions taking values in the roots of
unity of fixed order. We leave the details to the interested reader.

REMARK 1.8. The bound w(X) < log(3X) in Theorem 1.4 is not restrictive in
reality, since if one wants an asymptotic formula for the logarithmic correlation
over the interval [1, x], say, one can sum together the asymptotics for the
correlations over [y/log(3y), y] for various y < x. It is nevertheless necessary
for technical reasons to have an upper bound on @ (X) in the main theorem, since
otherwise the asymptotic would not be valid for example for the correlations of
the indicator function of x“-smooth numbers.
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REMARK 1.9. One could prove the same correlation bound for the more general
logarithmic averages of g|(a;n+h;)g,(axn+hy) with (a;, hy) = (ap, h,) = 1 and
ai,a; > 1 and hy, h, fixed integers. This is due to the fact that the main theorem
in [30] deals with such correlations. To avoid complicating the notations, however,
we deal with the case a; = a, = 1 here.

One might wonder at first why in the asymptotic formula in Theorem 1.4 one
side of the formula involves the values of the functions g; on [x /w(x), x], whereas
the other side only involves the values on [x, 2x]. However, by a result we present
in Appendix A, essentially due to Granville and Soundararajan [13], the mean
value of a real-valued multiplicative function is almost the same over the intervals
[x/w(x), x] and [x, 2x], explaining the phenomenon.

Owing to Remark 1.3, the main theorem contains as a special case the
logarithmically averaged binary Elliott conjecture from [30]. This is not
surprising, since we use the same proof method. Of course, our interest lies
in those cases where the functions g, and g, are pretentious (in the sense that
(1.2) fails) but still satisfy our uniformity assumption.

It was recently shown by Klurman [20] that one can obtain an asymptotic
formula for the k-point correlations

1
=D filnt k) fint )

n<x

for any integers hy,...h;, when fi,...,ft : N — D are pretentious
multiplicative functions, in the sense that ID(f;, x j(n)n”f; x) < 1 for some
characters x;. This result does not imply Theorem 1.4, however, since our
theorem is in a nonasymptotic form, allowing the multiplicative functions g, and
&> to strongly depend on x. Indeed, allowing the multiplicative functions g; to
depend on x is crucial for applications to smooth numbers and to Burgess-type
bounds. The asymptotic formula in [20] is a sieve-theoretic product of local mean
values, but one cannot express the density of smooth numbers as such a product.

1.1. Applications of the main theorem. We have a number of corollaries to
Theorem 1.4. To state them, we recall the notion of logarithmic density of a set of
integers.

DEFINITION 1.10. The logarithmic density of aset A C N is

1
8(A) = lim -,

whenever it exists.



J. Terdviiinen 6

We prove using Theorem 1.4 the following theorem about the largest prime
factors of consecutive integers.

THEOREM 1.11 (Independence of the number of large prime factors of n and
n+1). Let w.y(n) := |{p > y : p | n}| be the number of prime factors of n
that are larger than y. Then, for any real numbers a, b € (0, 1) and any integers
0<k<1/a, 0< €< 1/b, wehave

Sd{neN:w.,c(n) =k, wo.p(n+1)=1¢})
=8{neN:w.,«(n) =k})-6({n e N: w.»(n) = £}).

Moreover, under the same assumptions, the set {n € N : @w.,«(n) =k, w.»(n +
1) = £} has positive asymptotic lower density.

REMARK 1.12. From the proof of Theorem 1.11 in Section 4, we can easily
deduce a discorrelation estimate for the ‘truncated Liouville function’ A.,(n),
which is a multiplicative function taking the value +1 at the primes p < y and
—1 at the primes p > y. This estimate takes the form

1 Z }">x5 (n))">x5 (I’l + ])

log x n

n<x

= 0;-0(1), (1.5)

for ¢ € (0, 1) and x > x((¢). This result may be compared with that of Daboussi
and Sarkdzy [3] and Mangerel [21], which states that if we define A_,(n) as the
completely multiplicative function taking the value —1 at the primes p < y and
+1 at the primes p > y (so that A_,(p) has the opposite sign as 1. ,(p)), then

1
= e M+ 1) = 0 (1); (1.6)

n<x

moreover, they proved this in a quantitative form. The proof of (1.6) is based on
sieve theory and is very different from the proof of (1.5).

Our next applications concern smooth numbers, so we introduce the function
P*(n), whose value is the largest prime factor of the positive integer n > 2 (and
P*(1) = 1). We say that a number 7 is y-smooth if P*(n) < y. The simultaneous
distribution of the function P*(-) at consecutive integers is the subject of several
conjectures. There is for instance a conjecture of Erdés and Pomerance [10],
asserting that the largest prime factors of n and n + 1 are independent events.
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CONJECTURE 1.13 (Erdés—Pomerance). For any a,b € (0, 1), the asymptotic
density of the set

(neN: P (n) <n*, P (n+1) <n’) (1.7)

exists and equals p(1/a)p(1/b), where p(-) is the Dickmann function (see [18,
Section 1]).

What we are able to prove, taking k = ¢ = 0 in Theorem 1.11, is a logarithmic
version of the conjecture.

THEOREM 1.14. Conjecture 1.13 holds when asymptotic density is replaced with
logarithmic density, that is, for any a, b € (0, 1) we have

1 1
8(fn e N: PT(n) <n‘, P*(n+1) <n")) = p(—)ﬂ(Z)
a
A closely related conjecture, formulated in the correspondence of Erdds and

Turdn in the 1930s (see [28, pp. 100-101], [9], [26, Section 1]) is that the
distribution of (P*(n), P™(n + 1)) is symmetric.

CONIJECTURE 1.15 (Erdés—Turdn). The asymptotic density of the set
(neN: P (n) < Pt(n+ 1)} (1.8)
exists and equals 1.

There has been some progress towards this conjecture. Erd6s and
Pomerance [10] showed that the lower asymptotic density of the set in (1.8)
is positive (in fact, at least 0.0099). The lower bound for the density was
improved to 0.05544 by de la Breteche, Pomerance and Tenenbaum [5], to
0.1063 by Wang [35], and a further improvement to 0.1356 was given by Wang
in [36].

We can prove Conjecture 1.15 if asymptotic density is again replaced with
logarithmic density.

THEOREM 1.16. Conjecture 1.15 holds when asymptotic density is replaced with
logarithmic density, that is,

s({neN:P*(n) < P*(n+ 1)) = 1.
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In fact, Theorem 1.14 implies Theorem 1.16, via the following theorem,
which was also conjectured by Erd6s [9] in the case of asymptotic density.
(ErdGs conjectured the existence of the density of integers n for which P*(n +
1) > Pt(n) -n%)

THEOREM 1.17. Let o € [0, 1] be a real number. Let u(x) := p((1/x) — 1)/x
for x € (0, 1), where p is the Dickmann function. Then we have

S(fneN:Pt(m+1)> Pt(n)-n"}) = / u(x)u(y)dxdy, (1.9)
To
where T, is the triangular domain {(x,y) € [0,1]* : y > x + a}. In particular,
the logarithmic density above exists.

REMARK 1.18. The appearance of the function u(-) is to be expected in
Theorem 1.17, since u is the derivative of x +— p(1/x), with the latter function
expressing the probability that P*(n) < n*.

We prove Theorem 1.11, and consequently Theorem 1.14, in Section 4, where
we also see that Theorem 1.17 quickly follows from the latter theorem. With
Theorem 1.17 available, Theorem 1.16 follows by taking « = 0 and noting that
then the integral in (1.9) is symmetric in x and y, implying that its value is % For
the details, see Section 4.

We can also prove another approximation to Conjecture 1.13. This was obtained
earlier by Hildebrand [17], using a combinatorial method, in the special case
(a,b) = (c,d) (Hildebrand’s proof also applies to so-called stable sets, with
power-smooth numbers being an example of such a set). The following theorem
also implies a result of Wang [36, Théoreme 2] on the integers n < x with
P} (n) < Pf(n+1) having a positive density, where P (n) = max{p < y: p |n}
and y > x°.

THEOREM 1.19. Let a,b,c,d € (0, 1) be real numbers with a < b and ¢ < d.
Then the set
neN:n*<Ptm) <n’,n° < P (mn+1) <nf}

has positive asymptotic lower density.

Note that Theorem 1.19 is not implied by Theorem 1.14, as there are sets of
positive logarithmic density having zero asymptotic lower density. Nevertheless,
the proof we use for the latter theorem also works for the former, owing to the
presence of an arbitrarily slowly growing function @ (X) in Theorem 1.4.
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Since we can prove satisfactory results for the distribution of the largest prime
factor function P*(-) at two consecutive integers, it is natural to ask about the
distribution of P*(-) also at longer strings of consecutive integers. A conjecture
of De Koninck and Doyon [4] states the following.

CONJECTURE 1.20 (De Koninck and Doyon). Let k& > 2 be an integer and
(ay, ...a) any permutation of the set {1, 2, ..., k}. Then the set

(meN:Pt(n+a) < - <P (n+a)} (1.10)

has an asymptotic density, and it equals 1/k!.

The case k = 2 of this is the earlier mentioned Conjecture 1.15 of Erdds and
Turan. Little is known about this conjecture for k > 3; it is not even known that
the sets in (1.10) have positive asymptotic lower density. Recently, Wang [36]
proved a result about orderings of P*(-) at consecutive integers, showing that

Pt(n+i) < m<151 P*(n+j) and P*(n+i)> max Pt(n+j) (1.11)

i i

hold with positive asymptotic lower density for any J > 3 and 1 < i < J.
The method of [36] is based on the linear sieve and Bombieri—Vinogradov
type estimates for smooth numbers. Applying Theorem 1.4 together with the
Matomiki—Radziwilt theorem [22] on multiplicative functions in short intervals
(and using the method of [24]), we can give a different proof of the J = 3 case of
Wang’s result. We leave the details of this special case of (1.11) to the interested
reader.

As our last application, we study character sums along the values of a reducible
quadratic polynomial n(n + h). A famous result of Burgess [1] states that for any
nonprincipal Dirichlet character y modulo Q we have

D x() Ko x! TV QUEDA
ySnEy+x

whenever r € N and Q is cube-free (that is, p® 1 Q for all primes p). In particular,
we have the important special case

> xom) =o(x), 3<Q<xt (1.12)

n<x

for cube-free values of Q, where x, is a real primitive Dirichlet character
modulo Q. Using Theorem 1.4, we can prove that a variant of the estimate (1.12)
continues to hold for character sums over the values of a reducible quadratic
polynomial.
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THEOREM 1.21 (Character sums over n(n + &) in the Burgess regime). Let ¢ > 0
be small, h # 0 a fixed integer, and 1 < w(X) < log(3X) any function tending to
infinity. For x > xo(e, h, w), let Q = Q(x) < x*~¢ be a cube-free natural number
with Q(x) 2% 0. Then, the real primitive Dirichlet character xo modulo Q
satisfies the estimate

1 h
s Y 2D,
ng(x) x/wx)<nx n

Moreover, if Q is as before and QNR stands for quadratic nonresidue (that is, an
integer n with xo(n) = —1), we have

1 11 2
Z == ]"[(1 — —) +o(1) (1.13)
log x n 4 p

n<x rlQ
n,n+1QNR  (mod Q)

and

1 2
;l{ngx:nandn—i-lQNR (mod Q)}| > l_[<1—;) (1.14)
riQ

REMARK 1.22. In light of Remark 1.7, we could also prove Theorem 1.21 for
primitive characters y modulo Q whose order is bounded (that is, characters x
such that x* is principal for some k < 1).

This theorem is related to [27, Problem 11], although there one asks for
cancellation in the ordinary average instead of the logarithmic one, and one
wants to take a maximum over A < Q (but there Q is restricted to primes and
0 < x? for some small § > 0). We also remark that in the much smaller
range Q = o(x*/(logx)) and with Q prime, one can use the Weil bound [19,
Theorem 11.23] to prove the above estimate. In the same range Q < x*¢ as in
Theorem 1.21, it was shown by Burgess [2] that

D D CICICES Y S

y<n<y+x

and the same estimate holds with n(n + h) replaced by any polynomial that
factorizes into linear factors and is not the square of another polynomial.

We note that Theorem 1.21 does not directly follow from the logarithmically
averaged binary Elliott conjecture proved in [30], since if the Vinogradov
quadratic nonresidue conjecture failed, it would be the case that

D(xp, 15 x) < 1. (1.15)
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The Vinogradov conjecture states that for any g > ¢(¢), there is a quadratic
nonresidue (mod ¢) on the interval [1, g°]. We of course do not expect (1.15)
to hold, but it cannot be ruled out with current knowledge. Furthermore, the
correlation asymptotic in [20] does not apply either to Theorem 1.21, since the
function y( depends heavily on the length x of the sum. Nevertheless, the function
Xo has mean value o(1) by the Burgess bound, and by a slight generalization
of that, it also has mean o(1) in fixed arithmetic progressions, which is what is
required to apply Theorem 1.4. For the details of the proof of Theorem 1.21, see
Section 4.

1.2. Structure of the paper. The main theorem, Theorem 1.4, will be proved
in Sections 2 and 3. In the former of these sections, the entropy decrement
argument from [30, 33] is deployed to replace the correlation average with a
simpler, bilinear average. The proof of one lemma in Section 2, concerning
stability of mean values of multiplicative functions, is postponed to Appendix A.
In Section 3, we use circle method estimates and a short exponential sum estimate
for multiplicative functions to show that the bilinear average we mentioned
has the anticipated asymptotic formula, concluding the proof. The proof of this
exponential sum estimate, which is a slight modification of the one by Matomiki,
Radziwilt and Tao [23], is left to Appendix B. In Section 4, we apply Theorem 1.4
to deduce the applications mentioned in the Introduction. Theorem 1.11 will
be proved first, and then Theorems 1.14 and 1.19 will be deduced from this.
Theorems 1.17 and 1.16 will in turn follow from Theorem 1.14. Theorem 1.21
will be deduced from the main theorem and the Burgess bound.

1.3. Notation. The functions g;, g : N — [—1, 1] are always multiplicative
functions. The pretentious distance D(f, g; x) between two multiplicative
functions is given by (1.3). We denote by w(n) the Mdbius function, by ¢(n)
the Euler totient function, and by P (n) the largest prime factor of n, with the
convention that P* (1) = 1. By (a, b), we denote the greatest common divisor of
a and b. For a proposition P(n), the indicator 1, is defined as 1 if P(n) is true
and as 0 if P(n) is false. By §(S) we denote the logarithmic density of S C N,
not to be confused with §,, 6, € [—1, 1], which are the mean values of g, and g,,
as defined in formula (2.1).

The variables p, pi, p,, ... will always be primes. We reserve various letters,
such as d, k, £, m, n, g for positive integer quantities. The variables x, y in turn
will be understood to be large, whereas ¢ > 0 will tend to zero. The integer 2 # 0
is always fixed, and the function w : Ry, — R is a growth function satisfying
1 < w(X) < log(3X) and tending to infinity with X.

We use the standard Landau and Vinogradov asymptotic notations O(-),
o(+), >, <, with the convention that the implied constants are absolute unless
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otherwise indicated. Thus for instance o,_,((1) denotes a quantity depending on ¢
and tending to 0 as ¢ — 0, uniformly with respect to all other involved parameters.
All the logarithms in the paper will be to base e, and the function log; x is the jth
iterate of the logarithm function. The function exp; x is analogously the jth iterate
of x — e*.

2. The entropy decrement argument and some reductions

Given a function w (X) having the same properties as in Theorem 1.4, we define
for a € Z the correlation sequence

1 Z g1(n)gx(n +a)

log w(x) n

fr,w(a) =

x/ox)<nx

As was noted in the Introduction, one can define this equally well for a < 0. Our
task is then to show that if

1 1
== ) a), hi=— ) pm) @.1)

x<n<2x x<n<2x

are the mean values of g; and g, (which depend on x), then | f, ,(h) — §:6,| =
0¢_0(1) under the assumptions of Theorem 1.4. By replacing ¢ with 1/ exp,(¢~%)
in Theorem 1.4, with exp, the second iterated exponential, we may in fact assume
that

g1 € U(x, exp,(e72), 1/ exp,(e2)); (2.2)

we do this for notational convenience. We may also assume that 2| < e~ !, since
h is fixed in Theorem 1.4 and ¢ is small.

We average f,,(h) over the primes belonging to a small scale using
multiplicativity, and then apply the entropy decrement argument to relate
fr.0(h) to a bilinear analogue (log P/P) ", , (81(p) "' &2(p)™"/P) fr.w(ph) of
the same sum (this is the same approach as in Tao’s paper [30], and in the later
works [31, 33]). Similarly to [30], we then apply the circle method and establish
a slight variant of the short exponential sum estimate for multiplicative functions,
due to Matoméki, Radziwilt and Tao [23], to finish the proof. Since Theorem 1.4
involves both pretentious and nonpretentious functions g;, we need to make a
distinction between them in certain parts of the argument. We also separate the
case where |g;(p)g2(p)| is small for many primes p from the opposite case, since
expressions such as g;(p)~'g2(p)~! naturally appear in the proof. To deal with
these distinctions for g;, we need the fact that the entropy argument works not
only in infinitely many dyadic scales [2™, 2"*!], but in fact in almost all of them
with respect to some measure. Such a strengthening was presented in [33]. We
begin with this entropy decrement argument.
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LEMMA 2.1 (Entropy decrement argument). Let ¢ > 0 be small, |h| < ¢! an

integer, x = xo(e, h, ), and o : Ry; — R a function with 1 < w(X) < X and

w(X) X% 0. Let g1, & : N — D be 1-bounded multiplicative functions and
¢, € D any complex numbers. Then for allm € M N[1,log, w(x)] we have

mlog?2 mlog?2
o 2 D) ) ==22= 0 e fuulph)
L p<mt! om p<2mtl
+05_>()(1),

with the set M C N being independent of ¢, and being large in the sense that

1

§ — el (2.3)
m>1 m

megM

Proof. This follows from the proof of [33, Theorem 3.6], but since that argument
uses generalized limit functionals, we outline how it goes through without
them. We also remark that, without the density bound (2.3), Lemma 2.1 follows
from [30, Section 3], and that in [32, Theorem 3.1] the lemma was proved in the
special case of the Liouville function.

We may assume that m > e~ ! for all m € M, since removing the numbers
m < ¢~ from M alters the sum in (2.3) by > . 1/m < &¢~'. We have the
multiplicativity property g;(p)g,;(n) = g;(pn) + O(1,,) for any prime p, so for
2m < p < 2" with ¢! < m < log, w(x) we have

Z g1(pn)g.(pn + ph)
n

81(P&P) - frolh) = (s

x/ox)<n<x

1 1
+ 0<logw(x) Z ;>

x/wx)<n<x

pln(n+h)
| n n+ ph
oy silpmg:(pnt ph) |
logw(x) = "
_ Ly a@sedh
logw(x) px/o(x)<n<px "
| g1 (M) g (n + ph)
1 e T o b1, + O(e),
log w(x) Z " et

x/ox)<n<x

where the last step comes from estimating the terms n € [x/w(x), px/w(x)] and
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n € [x, px] trivially. (This is the part of the argument where it is crucial to work
with logarithmic averaging.)

Define the modified functions gj-g) (n) by rounding g;(n) to the nearest element
of the Gaussian lattice €Z[i]. Then, averaging over p the above formula for

81(P)&(p) - frw(h), we get

mlog?2
om

Y g1 (&P - frwlh)

om <p<2m+l

mlog2 8" (g (n + ph)
Yoo, Y 2 Pl + O(e).

2 logw(x n
g ( )2m<p<2m+l x/o(x)<n<x

(2.4)

The concentration of measure argument in [33] tells that we may replace pl,,
with 1 4+ O(e) in (2.4), provided that the random variables

X, 0= (@7 M+ ))i<r<a 00 j<a4mp,
Y,: = (n (mOd p))2m<p<2m+1, Y., = (Ym’)m’<m

enjoy the conditional mutual information bound

m

I(Xm : Ym|Y<m) < 84 : Z (25)

(For the definition of conditional mutual information, see [33, Section 2].) We
thus need to show that the set M of m for which (2.5) holds satisfies (2.3). But
this was shown in [33, Proposition 3.5] (see also Remark 3.7 there), so we obtain
the claim. ]

Before utilizing Lemma 2.1, we show that the quantities 6; and §; in (2.1) are
the mean values of g; and g, also on many other intervals than [x, 2x]. For this
we use a slight generalization of a lemma due to Elliott [6] and Granville and
Soundararajan [13, Proposition 4.1]. Such results are also proved in Matthiesen’s
work [25] in a more general setting.

LEMMA 2.2 (Stability of mean values of multiplicative functions). Let g : N —
[—1, 1] be a real-valued multiplicative function, x > 10, and y € [1, log10 x]
arbitrary. Then, for a, q € N, we have

1 1
‘; > e - pym {0
x<n<2x x/y<n<2x/y
n=a (mod q) n=a (mod q)

<<q (log x)71/400.
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Proof. We prove this in Appendix A. ]

Owing to the above lemma, we can show that the uniformity assumption on g,
implies the seemingly stronger assumption that g, be uniformly distributed also
on intervals [x/w(x), x]. For this purpose, we need the following definition.

DEFINITION 2.3 (Stronger uniformity assumption). Let 1 < Q < x, n > 0, and
8 € C.Letw : Ry — Rbe afunction with I < w(X) < X forall X > 1. Fora
function g : N — C, we write g € U, (x, Q, n, §) if we have the estimate

X

<y<ax.

1 5
‘— > g(n)——‘gz forall1 <a <gq < Qand <
9l ¢ (x)

Y y<n<ay
n=a (mod q)

With the above notation, if §; and §, are as in (2.1), by Lemma 2.2 we have

&1 € Z/{w(.x, expz(‘g—z)v 2/ expz(g_z)v 81)9

L 0 (2.6)
& €U, (x,1,2/exp,y(e77),8,) forw(X) <log” X.

This property will be used several times in the rest of the proof of the main
theorem. In particular, we have for all y € [x(log x)~'°, x] the estimate

> g =6+ 0@y,
y<n<2y

where, as always, the O(-) constant is absolute. Summing this over the dyadic
intervals [y/2/*!, y/2/] for j > 0 and assuming that y > x(log(3x))~!, say, we
get

> gin) = (5, + 0(e))y.

n<y

Subtracting this formula for two different lengths of summation, we see that

Y g =8;(z—y)+ O(e2)

y<n<z

for all x(log(3x))~' < y < z < 2x. From this and partial summation, we obtain

! 3 g"’i") =5, +0() 2.7)

log @ (.X') x/wx)<n<x

for 1 < w(X) < log(3X), which also will be utilized in what follows.
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We return to applying the entropy argument. Defining the normalized
correlation sequence

x 1 (g1(n) — 81)(g2(n +a) — &)
Sfro(@) = m Z 1 ] n2 =
g x/wx)<nx

and using the simple identity XY = §,8,+8; (Y —8,)+86(X —61)+ (X —8,) (Y —8,),
we deduce from Lemma 2.1 that

mlog?2
2 8PP feulh)
2m<p<2m+l
mlog?2 mlog?2 ~
=808 D Gt D ¢pfun(ph)
amLp<omt! om p<2mtl
1 ~(n) =34,
+ O max ——— Z & +0£—>0(1)a
re{1,2) log w(x) n
x/ox)<nx
me MnNI[l,log,w(x)]. (2.8)

Formula (2.7) tells that the O (-) error term in (2.8) is 0,_,0(1). Then (2.8) takes
the form

mlog?2
e Y s fu)
2m<p<2m+l
mlog?2 mlog?2 ~
= 6162 ng Z Cp + 2mg Z cpfx,w(ph) + 05%0(1)
om <p<2m+l om <p<2m+l

(2.9)

form e M N[l,log, w(x)].

It is natural to predict that the average of the normalized correlation f, ,(h) in
(2.9) is small, and this is indeed what we prove in Section 3. Before we deal with
that term, we consider the main term arising in (2.9). One would like to choose
¢, = &1(p)~'g2(p)~" there, since then the main term becomes just §;8, +0.0(1).
However, it may be that |g;(p)| takes very small values (or even 0), in which case
¢, would be unbounded. To avoid this, we prove two lemmas, the first of which
tells that if the correlation average in Theorem 1.4 is not negligibly small, then
lg1(p)g2(p)| = % for most primes p. The second lemma in turn tells that if |§;|
and |4,| are not negligibly small, then g,(p)g>(p) behaves like 1 in most scales.
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LEMMA 2.4 (Dealing with small values of g;(p)). Let the notations be as in
Theorem 1.4. Suppose that

1 3 gmenth) .,

log w (x) n 210

x/ox)<n<x

Let exp,(e7!) < y < loglogx be arbitrary. Then there exists a set N' C [1, y]
such that for all m € N we have

m

2
1>2—-¢)-
Z > =e) mlog2’

om <I7<2m+]
lg1(p)g2(p)|>1/2

with N being large in the sense that

1

- >1—ec.
logy “~n

nel

N

Proof. Suppose for the sake of contradiction that such a set A/ does not exist.
Then by the prime number theorem we have

) 2"
Z 1>-- 2.11)
2 mlog?2
M p<2mt
181(P&2(p)I<1/2
for all m € N C [1, y] with NV being a set with the property
1 €
Z — = Elogy. (2.12)
meN m
In particular, from (2.11) we have
1 £
Y ixi
p  8m

2'”<p<2m+]
lg1(p)g2(p)I<1/2

for m € N,. Summing over m € N, and using (2.12), we conclude that
D

— 2z 7 10gy.
et p 16

1g1(p)g2(p)I<1/2
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Hence, for at least one of j = 1 and j = 2 we have

3 L& (2.13)
— > —logy. .
S > 33l08y
pgz,\*ﬂ

lgj (PI<1/¥2

Fix such j € {1, 2}. Let

< 1
P= {8‘10 <p <27 gi(p)l < —}

V2

and let pﬁ,(n) be the indicator function of integers n that are not divisible by p?
for any p € P. Note that if u%(n) = 1, then

1 wp(n)
lg;(n)| < (ﬁ) ,

where wp (n) is the number of prime factors of n from P. In particular, we have
lg;(n)| < &' whenever wp(n) > ¢ (and still 42, (n) = 1). In conclusion, if we
show that

1 1
— ) -<£ (2.14)
log w(x) ©Jotoen<s n
1 (m)=0

or wp (n)<e’]

then (2.10) is violated, giving the desired contradiction. We are now left with
showing (2.14), and for this we use some basic sieve theory. Note that

1 1 1 1 1
Loy by oy s
2 2
log »(x) S = 0g0®) | tramexe P pep P
125 (=0

Note also that if wp(n) = M and pc%j(n) = 1, then we may writen = p; - - - pym
with p; € P and wp(m) = 0. Hence, by the sieve of Eratosthenes and Mertens’
theorem,

> og<etmx ¥ D

pi--pum

x/o(x)<n<x Pl pu <O+ x/(@X) p1e-pru) <MKX/(p1-+-py)
wp(n)<e™! wp(m)=0
1 (m)=1

1 1
< ¢! max - (1 - —) log w(x)
S ID Dl | | Ut

Plyeees M <2«"+] peP
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exp(— Z %) -log w(x)

peP

1
P Pm

< e logy)* y P logw(x) <« £ logw(x)

by (2.13) and the fact that y > exp,(¢~"'). Combining the above estimates, we
obtain (2.14), and hence also the statement of the lemma. L]

LEMMA 2.5 (Dealing with pretentious functions). Let the notations be as in
Theorem 1.4. Suppose that |8,| > €* and |8,| > €% where 8, and 8, are as in (2.1).
Let expz(s‘l) < y < loglogx be arbitrary. Then there exists a set N c[1,y]
such that for allm € N' we have

mlog?2
2m

<Eé€,

Z (I —gi(p)gp))

om <p<2m+]

with N large in the sense that

1 1
E —>1—s.
logy o n

neN’

Proof. Note that 1 — g,(p)g2(p) = 0 always holds. Arguing just as in the proof
of Lemma 2.4, we see that if the statement failed, we would have

Z 1 —gi(pgp) > 5_21

p<2H!
In particular, by the inequality (1 —a) + (1 —b) > 1 —ab fora, b € [—1, 1], for
at least one of j = 1 and j = 2 we would have

1—g 2
3 1780 S & ey (2.15)
p 16

p<2H!

Now, by (2.15) and a version of Halasz’s theorem for real-valued multiplicative
functions [16], we have

1
16,1 = ‘;Zgj(n)

n<x

1 1—g;
< exp(-E Z g](p))

p<2H! p

e? 10
<K exp —mlogy Le

for y > exp,(¢7"), and this contradicts |§;| > &2, proving the lemma. ]
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Now we return to (2.9) and consider two cases separately. Suppose first that
1811, 182] > €*. Let y = exp,(¢~")% Then, if N C [, y] is the set in Lemma 2.5
and M is the set in Lemma 2.1 (which is independent of ¢,), taking ¢, = 1 we
deduce from (2.9) and Lemma 2.5 that

mlog?2

Feot) = =22 30 &1(0)&aP) frawh) + 0co(D)
2:n<p<2m+l
log?2 ~
=88+ Y fualph) +oo(D) (2.16)

om <p<2m+]

form € M N N’. We can pick some m € M NN" with m € [\/y, yl, since we
have the lower bound

1 1 ~100 1
E — >logy — -logy —¢ —¢clogy > - logy
m 2 3

meMNN’
mel/y,yl

for y = exp,(e )%

Consider then the case where either |§,| < &2 or |8, < &2. We may suppose that
(2.10) holds, since otherwise Theorem 1.4 holds by the fact that 6,6, + 0, _.o(1) =
0._.0(1) in this situation. Let y = exp,(¢~!)%. Takingm € M NN (with N C [1,
ylasinLemma2.4)and ¢, = g1(p)"'g2(P) " ig,(mepmi=1,2 in (2.9), we see from
Lemma 2.4 that

mlog?2
2m

fx,w(h) + 05%0(1) =

x <515z Yo @maenT+ ] (gl(p)gz(p))lﬂ,w(ph))-

21n<p<2m+l om <I7<2m+1
lg1(p)g2(p)121/2 lg1(P)g2(p)1=1/2

for m € M N N, which again contains an element m € [/¥, y] by the same
argument as above. We know that |(g;(p)g.(p))~'| < 2 for all 2" < p < 2"+!,

except for at most 10(2" /m) exceptions. Since by assumption §;5, = O(¢g), we
deduce that

mlog?2
2m

froh) =818, + > 24, fow(ph) + 0c0(1)

om <p<2m+l

form € M NN, where a, := %(gl(p)gz(p))" Ligi(mea(pyi=1,2- In conclusion,

regardless of the values of §;, Theorem 1.4 will follow once we prove that
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m S 6 Y (81(n) — 81)(g2(n + ph) — &)

_— = 0,0(1
2" log (x) n Oeo(D)

2m p<2mtl x/w(x)<n<x

(2.17)

for arbitrary a, € D and m € [exp,(e™"), exp,(¢~")?].

3. Circle method estimates

We proceed to prove (2.17) by applying the circle method and (slightly
modified versions of) the short exponential sum estimates for multiplicative
functions due to Matomiki, Radziwilt and Tao [23]. We start with two lemmas,
the first of which reduces (2.17) to bounding a short exponential sum and the
second of which shows that the set of large frequencies of the exponential sum
has small cardinality.

LEMMA 3.1 (A circle method estimate). Letn > & > 0 be small, h an integer with
1 < |h| < &7, and exp,(¢7") < H < logy. For any complex numbers a, € D,
introduce the exponential sum

Su®) = Y aye(po),
P<p<2P
where P := ¢'"H. Let By be the set of residue classes &€ € 7./ HZ that satisfy

hé& , P
—— | = . 1
SH( H)‘ n log H (3.1)

Then, for any functions g1, g, : N — C with |g|(n)|, |g,(n)| < 2, we have

log P
2L Y 6 Y g;(n>g;<n+ph>‘

P
P<p<2P  ysn<y+H

= son(-9)

ysn<y+H

<nH+10 )

§€ly

Proof. This follows from [30, Lemma 3.6], writing it using different notation. [

In order to make use of Lemma 3.1, we must know that the exceptional set =y
in that theorem is not too large. Indeed, we have the following bound.

LEMMA 3.2 (Cardinality of large Fourier coefficients). Let the notations be as in
Lemma 3.1, and assume that H is a prime. Then we have |Ey| < n=%.
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Proof. Since 1 < |h| < ¢! and H is a prime, the number of those £ that
satisfy (3.1) remains unchanged when # is replaced by 1 in that formula. In [30,
Lemma 3.7], it was proved using a fourth moment bound and the Selberg sieve
that | Sy (—&/H)| = n* P/ log Hfor <, 1 values of & € Z/HZ, but the same proof
gives the claimed quantitative bound. O

To make use of the two lemmas above, we split in (2.17) the sum over n into
sums of length H, where H is a prime belonging to [¢7!0 - 2", 2710 . 2], and
approximate the sum with an integral, after which (2.17) is reduced to

Z % Z (81(}1) - 51)(5’2(” + ph) _ 82) =y

logw(x) ~/J;/w(x) 2m g paml y<n<y+H
= 0,0(1). (3.2)

By Lemmas 3.1 and 3.2, it suffices to show that

’— Y (&) = 8)e(an)|dy = 0..o(1),  (3.3)

y<n<y+H

izt
aeR loga)(x) Jw(x) y

for H € [exp; %8"), exp;(2e 1)1, where exp, is the third iterated exponential.
Indeed, if the left-hand side of (3.3) is < F(g), where F(u) — 0 asu — 0is
a slowly decaying function, one can take n = F(&)*°! in Lemma 3.2 to deduce
(3.2). Covering the interval [x/w(x), x] with dyadic intervals, (3.3) will follow
from

11
= 2 (@) = 8ean)

ySn<y+H

dy = 0.—0(1) G4

forall X € [x/w(x), x/2] and all H € [exp;(367"), exp;(2¢™")]. This is what we
set out to prove, following [23].

It is natural to split the supremum over « in (3.4) to major and minor arcs,
defined using Dirichlet’s approximation theorem as

{HGR ‘ ——\—w1than q<W(aq)—1} and
w H
m —R\Dﬁc{ ‘9—— q—HWithan,qe[W,W},(a,q)=l},
with W := H exp(Sexp(2e™)).

(3.5)

In the case of the major arcs, the exponential e(«n) can essentially be replaced
with e(an/q), and this will lead us to study the distribution of the multiplicative
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function g, in arithmetic progressions over short intervals. For that purpose, we
prove a lemma that is closely related to [22, Theorem 1] and [23, Theorem A.1].
For this lemma, we need to introduce the same ‘nicely factorable’ set as in [22,
Section 2] and [23, Definition 2.1].

DEFINITION 3.3. Let 10 < P, < 0, < X and VX < X, < X, with 0, <
exp(y/log Xy). For j > 1, set

P;=exp(j¥(log 0))''log P),  Q; = exp(j*"(log 01)").
Letting J be the largest integer such that Q; < exp(y/log X,), we define

Spi.0,.x0.x as the set of those 1 < n < X that have at least one prime factor
from each of the intervals [P;, Q;] forall 1 < j < J.

For a specific choice of the parameters, present in the next lemma, we denote
H
S :=S8p.g,.xx. Where Pp =W 0, = W3’ Xo=VX. (3.6)

LEMMA 3.4 (Uniform distribution of multiplicative functions in short intervals).
Let ¢ > 0 be small, X > 100 large, and H € [exp, %8"), loglog X]. Let g :
N — [—1, 1] be a real-valued multiplicative function. Further, let b, g € N with
1<b<q<Wellog’ H 1og"" H). Then, if S is as in (3.6), we have

1 (21 1
e / Z > gwls—— Y gwlsm|dy < W
X y<n<y+H X<n<2X
n=b (mod q) n=b (mod q)
(3.7

REMARK 3.5. If the bound on the right-hand side of (3.7) was replaced with
W00 " the proof of the lemma would work even when g(n)1s(n) is replaced
with g(n). However, for larger values of ¢ we need to introduce the nicely
factorable set S to get better error terms.

Proof of Lemma 3.4. We first reduce to primitive residue classes b (mod ¢). Let
do = (b,q), by =b/(b,q) and g0 = q/(b, q). Then we have

1 1
Z 2 swlsm=— 3 gdm)ls@), (338

ySnsy+H y/dosn' S(y+H)/do
n=b (mod q) n=by (mod g)

since 1g(don’) = 1s(n’) for dy < g < W < P;. Since the residue class b
(mod ¢) is primitive, we may use a Dirichlet character expansion to write the



J. Terdviiinen 24

right-hand side of (3.8) as

1 1 B / / ,
H (90) Z X (bo) Z g(dyn)1s(m)x ()
(A x  (mod go) y/do<n' <(y+H)/do
1 1 B / / /
= Hoes 2 Xe0) ). gdn)ls@)x(). (39)
plq x  (mod go) 145y /do<n’ < (y-+-H) /do
tln'
(n'/t,do)=1

where ¢ | di° means that ¢ | df for some k. Since we have the condition
(n'/t,dy) = 1, we may use multiplicativity to write this as

1 d, d
Y kY EELOL S s,

¢(q0) % (mod go) 1ldg° ¥/ (o) <m< (y+H)/(do?)

(3.10)

where Yo (m) = 1¢,.4y=1 is the principal character (mod d,) and we used the fact
that 15(tm) = 1s(m) for ¢ having no prime factors that are larger than dy < g <
W < Pl By crude estimation, the contribution of the terms ¢t > H* to (3.10) is
<« H™*%, so we may assume that t < H®. We now wish to compare the short sums
in (3. 1()) to the corresponding long sums.

Suppose first that x is real-valued. Then we may apply the Matomiki—
Radziwilt theorem [22, Theorem 3] to the real-valued multiplicative function
gx ¥y conclude that

d
dot 3 g(m)1s(m)x Yo(m)

y/dot)ySm<(y+H)/(dot)

d
-2 Z g(m)1s(m)xo(m) + Ey u(y), (3.11)

X/(dot) Sm<2X/(dot)

for y € [X, 2X], with the error E, y(y) satisfying the L* bound

1 2X (10 H)l/3
}/ |E, u (NP dy < % + (log X) " « WP, (3.12)
X 1

since W € [log’ H,log'" H], and P, = W?* in our definition of S.

Suppose then that x is complex-valued. We again write (3.11), and want to
obtain an L? bound for the error E, 4 (y). By an argument of Granville and
Soundararajan (see [23, Lemma C.1]), the fact that g, is real and yx is complex
(and that ¢ < (log; X)'°) leads to

inf D(gx o, n'"; x) > \/loglogx. (3.13)

lrl<x
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Now we appeal to a variant of the Matomiki—Radziwill theorem, established by
Matomséki, Radziwilt and Tao in [23, Theorem A.2]. This result (applied with
h = H and h = X separately) gives

1 * . ]D) s nit; X 2
}/ |Ey n(Pdy < exp(— inf M)
X

lr1<X 2
(log H)'” :
o+ Gog X)), (3.14)
1

which is <« W~ by (3.13).

Now, for all characters x (mod gg), we have (3.11) with the error bound (3.12).
Note also that angC 1/dot = 1/do[],4,(1 +1/p + 1/p? + ) < logdy/dy.
Hence, applying the triangle inequality, and summing over x and ¢ | dj°, we see
that (3.10) equals

1 d, d
— '(b)Zg( DX DL 5™y 1 om)x o)

#(q0) x  (mod go) tldg° X/(dot)<m<2X /(dot)
+ E(y), (3.15)
with the error term E (y) satisfying

1 2X
}/ IE()|*dy < WO,
X

We can then reverse the deduction that led to (3.10) to conclude that (3.15) (and
hence (3.8)) equals

1

< 2 8Mlse) +EQ).
X<n<2X
n=b (mod q)

This completes the proof. O

The major arc case a € 2 of (3.4) is dealt with the following Lemma, whose
proof uses Lemma 3.4 as an ingredient.

LEMMA 3.6 (Major arc estimate). Let € > 0 be small, x > 100 large, w(X) as
in Theorem 1.4, and H € [exp;(3¢7"), exp;(2¢ ™). Let g1 : N — [—1,1] be a
multiplicative function satisfying g, € U,(x, exp,(e2),2/exp,(c¢72), 8;). Then
we have
1 2X
vem X

1
Y (gi(n) = 8e(an)|dy = 0.o(1)

ysn<y+H

forall X € [x/w(x), x/2], with the major arcs N as in (3.5).
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Proof. This is proved in Appendix B. ]
The minor arc case o € m of (3.4), in turn, is taken care of by the next lemma.

LEMMA 3.7 (Minor arc estimate). Let & > 0 be small, x > 100 large, and suppose
that H € [exp3(%8_1), loglog x]. Then, for any multiplicative function g; : N —
[—1, 1] and for any &, € [—1, 1] we have

1 2X

sup —
aem X X

1
o D (gi(n) = 8pe(an)|dy < (log H)™/" (3.16)

ysn<y+H

forall X € [ﬁ, x], with the minor arcs m as in (3.5).

Proof. This is proved in Appendix B. ]
With these lemmas available, Theorem 1.4 quickly follows.

Proof of Theorem 1.4. We reduced the proof of the theorem to proving (3.4).
As was observed after Lemma 2.2, we may assume that we have g; € U, (x,
exp,(e72), 2/ exp,(—&72), 8;). Now, if @ € 9 in the supremum present in that
formula, we appeal to Lemma 3.6. In the opposite case @ € m, we appeal to
Lemma 3.7. In both cases, we get a bound of 0,_,((1) for the left-hand side of
(3.4). This finishes the proof. ]

4. Proofs of the applications

Proof of Theorem 1.11. Given any real numbers z, w € [—1, 1], define the
multiplicative functions g, g, : N — [—1, 1] by setting at prime powers

1 if p <x® )
P gz(Pj)=:

z if p > x4,

; b
gi(p’)) = 1 ?fpgxb
w if p > x”.
We apply Theorem 1.4 to g and g,, and then use a generating function argument
to deduce Theorem 1.11. In order to use Theorem 1.4, we must verify that g, €
U(x, e !, e) forall x > xy(e).

First observe that g, (n) = z*-™, so for any ¢, ¢ € N we have

% Yo am= ) zké Yo lewme

x<n<2x 0<k<l1/a x<n<2x
n=c (mod q) n=c (mod q)



Binary correlations of multiplicative functions 27

From this we see that g; € U(x, ¢!

show that

, &) for all x > xq(e) will follow, once we

1 1
T Z Lo =k = q_x Z Lo wm=k + 04(1)

x<n<2x x<n<2x
n=c (mod q)

as x — oo for all fixed ¢, ¢, k € N. Write dy = (¢, q), ¢’ = ¢/dy, q¢' = q/dy. Then
we have

1 1
; Z Lo =k = )_c Z Lo =k == Sk, 4.1)
x<n<2x x/do<n’'<2x/dy
n=c (mod q) n'=c¢’  (mod q’)

because w.(don’) = w. . (n') for all dy < x*. Let b~! (mod ¢g) denote the
inverse of b modulo g. Using the fact that 1,,__, (=0 = 1 p+@)<xe, We have

= Y % > Lptmce +0q (1),

x4<py<-<pp<x x/dopi--pr <m<2x/dyp1- pk
1Pk SX m=c(p1-pr)~"  (mod q")

with the o(1) term coming from those numbers n’ < x such that p? | n’ for some
p > x°. Asis well known, smooth numbers are uniformly distributed in arithmetic
progressions to fixed moduli (see for instance [18, Formula (6.1)]), in the sense
that

1 1 /1
;I{y <n<2y:Pfm) <y n=c (modq)}| = ;/)(;) +o,(1), 4.2)

foru € [0, 1] and y — oo, with p(-) being the Dickmann function. Therefore,

1 1 log -——
g — PPk (D). 4.3
k q/d() Z P1-- Dk (p( alogx )+0q( )> ( )

xt<pr<--<pp<x
Pl PRSX

One easily sees that x — p(x) is a Lipschitz function, so that |p(u) — p(v)| <
Clu — v| for all u, v > 0 with some constant C > 0. Hence, we can use the
prime number theorem in the form that the nth prime is asymptotic to n logn and
approximate the term involving p(-) in (4.3) to deduce that

X

1 1 log .~
S, = § LTk (1).
T gdok! An1-~-nk<1ogn1>---<lognk>p< alogx >+0"( )

(4.4)
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Here we have estimated trivially as o, (1) the contribution of the tuples (n,, ...,
ni) with two of the n; equal, or with n; € [x“/2logx, x“] U [x/21logx, x] for
some i, as for them it is not necessarily the case that the n;th prime belongs to
[x“, x]. Approximating the expression (4.4) with an integral, again using the fact
that p(-) is Lipschitz, it equals

log
11 P(ior
S = — - — (Goroet) dx + 0, (1)
q/dO k! xagxiix Xy xk(logxl) A (logxk)
XX KX
1 1 1—uy—-—up
= gdy Kl Ja< <1p( ) )d“+oq’(1)7
9% : MT+!~’4;LNM:§\1 U Uk
where the last integral comes from a change of variables u; = logx;/logx.

Combining (4.1) with the previous equation, we have shown that

1 Ly +0,(1) 1 Iy +o0,(1)
)_c Z 1w>.m(n):k = —q’ - Z 1w>x;7(n):l = —q,

qk! X ql!
x<n<2x x<n<2x
n=c (mod q) n=c (mod q)
where
1—uy——up
p(==)
I, = du. 4.5)
’ a<uy,..ouy <l Uy~ Uy,
iy <1

This implies that g; € U (x, e~ e) forall x > xo(e).

Now that we have shown that g, and g, satisfy our uniform distribution in
arithmetic progressions assumption, Theorem 1.4 with w(X) = log(3X) gives

705 () o b (n+1)

Ly s@eerd 1y
log, x n log, x n

x/logx<n<x x/logx<n<x

:<l )3 Zw>xa<n>)<l )3 ww>,b(n>)
xxénéZx X

x<n<2x

+ o(1). (4.6)

Note that the numbers n € [x/logx, x] with w.,«(n) # w.,«(n) have a prime
divisor on the interval [(x/log x)“, x“], so their contribution to the left-hand side
of the above sum is bounded by

1 1
) > —=o().
log, x n
(x/logx)¢ L p<xd x/logx<n<x
pln
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We can do a similar computation to exclude the terms with @.. ,« (1) # ®.,« (1) on
the right-hand side of (4.6). Applying the same arguments also to w. »(n), (4.6)

takes the form

1 Z7@>nt (1) @b (1) 1 1
— @5 pa (1) w_ b (1)
B — — Z — w =n
Z X x<§<:2x X Z

n

1Og2x x/logx<n<x x<n<2x
+ o(1). (4.7)
By the preceding considerations,
1 Wopa(n) __ k Ia,k 1 4 8
§Zz —Zz-k!—l—o() (4.8)
X<n<2X O<k<l

as X — oo, with 1, ; as in (4.5), so summing this dyadically we find that (4.8) also
holds with the summation range being 1 < n < X. Thus, by partial summation,

1 Z@>nd (n) ‘ Ia,k +o(1)
1ogxZ L AT
n<x 0<k<l1/a (4 9)
1 w®-nb I+ o0(1 ’
e B R i L
g n<x 0<L<1/b :

Based on (4.7) and (4.9), if we put

Z 1w>,lu (n)=k lw>nb(n+l)=€

Cre(x) i = )
log, x n
x/logx<n<x
1 Lo (m)=k 1 Lo_ ,m)=t
ai(x) 1 = = s be(x) = = ,
log x ; n log x ; n

then we have

Y cew’ =< > ak(x)zk)( > bz(x)wf) +o(1)

0<k<1/a 0gk<l/a 0<e<t
0<t<1/b b

for all z, w € [—1, 1]. Expanding out, we see that

D (ere@) — ar(0)be(x) w" = o(1). (4.10)

0<k<l1/a
0<e<1/b
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We show that ¢, ,(x) = ax(x)b,(x) + o(1). Suppose for the sake of contradiction
that this is not the case. Then, by compactness, we can find a sequence x; tending
to infinity such that the numbers Dy, := lim; o (cro(x;) — ar(x;)be(x;)) exist,
and at least one of them is nonzero. Taking limits in (4.10), we infer

Z Dk,ngw[ = 0

0<k<1/a
0<t<1/b

forall z, w € [—1, 1]. We now have a polynomial in two variables vanishing in an
open set, so its coefficients Dy , must all be zero, which is a contradiction. Thus
we have

cre(x) = ar(x)be(x) + o(1) = §78; + o(1) (4.11)

forall0 <k < 1/a,0 <€ < 1/b, with §f := I, /k! and &5 := 1, , /L.
Using (4.11) for x € {y1, y2, ..., ys_1}, where y; = x, y;41 = y;/logy; and
y; € [/log x, log x], it follows that

1 Z Lo amy=k Lo_p(nt1)=t
log x n

n<x

1 J—1
= = loglogy; - (5/8; +o(1))
ogx ‘5

1
e5t 1 3 Yi
= (8182 +0(1))@ 10g_

J—
— Yj+1

J

= 6785 4+ 0(1) = a; ()b (x) + o(1)

by telescopic summation. Taking limits as x — oo from this, we reach the
statement of the theorem about logarithmic densities.

For the part of the theorem involving asymptotic density, we apply the same
argument as above, but with 1 < w(X) < log(3X) an arbitrary function tending
to infinity (instead of w (X) = log(3X)). We again have

1 lw a(n)= lw n =
Z >na (M= to_p (n41)=¢ — 8;“8; + 0(1) (412)
log w(x) - n
x/o(x)<n<x
In particular, we get

1 1, . Jogw(x)
1 lw e 1w . _ 2 _8* * S, 4.13
e DIIRRIRRES LOS e o

n<x

for all large enough x (where large enough depends on the function w(X)). Now,
supposing that the part of Theorem 1.11 concerning asymptotic density fails, there
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is a function 1 (x) tending to infinity such that the left-hand side of (4.13) is
< 1/v(x) for infinitely many integers x. However, taking @ (x) = v (x) in (4.13),
we get a contradiction as x — oo. Hence, there exists some ¢y, > 0 such that the
left-hand side of (4.13) is > ¢, for all large enough x, which was to be shown. [

Our theorems on smooth numbers follow rather quickly from Theorem 1.11. In
fact, one could also deduce these applications directly from Theorem 1.4, using
the fact that smooth numbers are uniformly distributed in arithmetic progressions.
We leave the details of this alternative argument to the interested reader.

Proof of Theorem 1.14. 1t follows from (4.2) with ¢’ = 1 and partial summation
that the set {n € N : P*(n) < n“} has logarithmic density p(1/a). Taking k =
£ = 0 in Theorem 1.11 and noticing that w. ,(n) = 0 if and only if P™(n) < y,
the conclusion is immediate. O

Theorem 1.16 is a corollary to Theorem 1.14, as we see next.

Proof of Theorems 1.16 and 1.17. As mentioned in the introduction, taking @ = 0
in Theorem 1.17 implies Theorem 1.16, since by symmetry

1 1
d d = — d d = -,
Aqy)e[oql]zu(x)u(y) xdy /u,y)e[o,uzu(x)u(y) xdy 5

X2y

where the last equality comes from the fundamental theorem of calculus and the
fact that u(x) = (d/dx)p(1/x). Thus it suffices to prove Theorem 1.17. Let
0 < a,b,c,d < 1 be given real numbers with a < ¢ and b < d. Applying
the inclusion—exclusion formula to the sets {n € N : P*(n) < n’},...,{n €
N : P*(n) < n?} and employing Theorem 1.14 and the fundamental theorem of
calculus, we see that

) ) D) o0
AN )
=/a / w()u(y) dx dy.
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In other words, for any rectangle R C [0, 1] parallel to the coordinate axes we
have

8({11 CN. <log P+(n), log P*(n + 1)) c R}) :/ w()u(y) dx dy.
logn logn R
(4.14)

Now, if S < [0, 1]? is any set such that 1g is Riemann integrable, we can
approximate S from the inside and outside with finite unions of rectangles, so
by the monotone convergence theorem we see that (4.14) continues to hold for
such sets S. Taking S = T,,, Theorem 1.17 is proved. L]

Proof of Theorem 1.19. Let 1 < w(X) < log(3X) be a function tending to infinity.
Defining F,(n) := 1p+u)<an, by the inclusion—exclusion principle we have

Z Lp+myerna,nb1 1 P+ (n4-1)ene nd)

n
x/wx)<nx

Z Fobm)Fgn+1) = F,(m)Fg(n+1) — Fp(m)Fe(n + 1) + Fa(n)Fe(n 4 1)

n
x/o(x)<nx

From (4.12) (with k = £ = 0), it follows that the previous expression is log w (x)
times

)+ EIo2) A ) o) o
) ANADA) e

In particular, as in (4.13), we get

Z Lp+(myetna.nty L p+(nt1yetne nd) S lc @.b.c d)logw(x) 4.16)
n = 2 0 s Uy, Uy a)(x> ) .

n<x

where cy(a, b, ¢, d) > 0 is the constant in (4.15), and since w(X) was allowed
to tend to infinity as slowly as we please, the left-hand side of (4.16) is lower-
bounded by some positive constant, as asserted. O

Lastly, we deduce our quadratic character sum bound from the main theorem.

Proof of Theorem 1.21. The first part of the theorem will follow directly from
Theorem 1.4, once we show that for any fixed a, ¢ € N we have

> xom) =o(x)

x<n<2x
n=a (mod q)
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as x — oo. Denoting dy = (a, q), a’ = a/dy, ¢' = q/d,, and using complete
multiplicativity, it suffices to show that

Y xo(m) =o(x).
x/dosm<2x /do
m=a'" (mod q’)
Expanding the congruence condition in terms of Dirichlet characters, we are left
with showing that

> xom)y(m) = o(x) (4.17)

x/do<m<2x/dy

for all Dirichlet characters iy (mod ¢’). Note that the character x* := xo¥ has
modulus Q* := Qgq’ < x**/2if x is large enough. In addition, the character x, ¥
cannot be the principal character, since then x, would be induced by ¥, which has
modulus ¢’ < Q (since Q(x) is assumed to tend to infinity with x), contradicting
the assumption that x, is primitive. The number Q* is not necessarily cube-
free, but we can apply a slight generalization of the Burgess bound from [19,
formula (12.56)] to bound the left-hand side of (4.17) with

x 1—(1/r) R R
Ly (d—) g"/m(QF) VAT — o(x)
0

for r = 10| &e~2], say. Now the first part of the theorem has been proved.
For the proof of (1.13), note that the quantity on the left-hand side of that
formula is

1 Z 1 1—xo(n) 1—xo(n+1)

log x ~ n 2 2
(n(n+1),0)=1
_ 1 Z l 1 Z Xo@®) xo(n +1)
4log x n 4logx n
n<x n<x
(n(n+1),0)=1
1 xo(m)xo(n +1) 1 XoMxom+1)
410gxn2<; n +4logx; n ’

where y, stands for the principal character (mod Q). Here the first term equals
the right-hand side of (1.13) by elementary sieve theory. The other three terms
are seen to be o(1) just as in the first part of the theorem (in order to apply
Theorem 1.4, it suffices that one of x, and o is uniformly distributed in
arithmetic progressions).



J. Terdviiinen 34

For the last part of the theorem, namely proving (1.14), we apply the same
argument as in the second part to show that

1 Lun+i QNR (mod Q) 1 2
_ _ = = 1—— 1).
log w(x) Z n 4 lI_Q[ p +o()

x/ox)<nx

Since w(X) is any function tending to infinity slowly, we can apply exactly the
same argument as at the end of the proof of Theorem 1.11 to conclude that (1.14)
holds. -
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Appendix A. Stability of mean values of multiplicative functions

We prove Lemma 2.2, which was used in the proof of Theorem 1.4 and tells
that mean values of the functions g; over the arithmetic progression a (mod q)
vary very slowly in terms of the interval over which the mean value is taken. The
case ¢ = 1 of the lemma was proved by Elliott [6] and refined by Granville and
Soundararajan [13, Proposition 4.1] (see also [14, Theorem 4]). Also Matthiesen’s
work [25] contains estimates of the type of Lemma 2.2, but for the sake of
completeness we give a proof here. We have not aimed to optimize the error terms
in the lemma.

Proof of Lemma 2.2. By writing

}C > g(n)=% > g(’”‘% D)

x<n<2x n<2x n<x
n=a (mod q) n=a (mod q) n=a (mod q)
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and the same with x/y in place of x, we see that it suffices to show that

1 1
“ Yosm——— > gm)| <, (logx). (A1)
* n<x X/y n<x/y
n=a (mod q) n=a (mod q)

for y € [1,2log" x]. Putting dy := (a,q), a' := a/d, and q' := q/d,, (A.1)
becomes

1 !’ 1 /
’; > gldn') = = Do gldm)

n'<x/do n'<x/doy
n'=a’  (mod q’) n'=a’  (mod q’)

<<q (logx)_l/400.

Making use of the orthogonality of Dirichlet characters and the triangle inequality,
it suffices to show that

<<q (log x)71/400.

1 1
‘; D gdo)x() = —= 37 gldn)x ()

' <x/dy / n'<x/doy

for all Dirichlet characters x (mod ¢’). Writing n’ = rm, where (m, dy) = 1
and r | d$° (meaning that r | dj for some k), and using the fact that g(dorm) =
g(dor)g(m), the previous bound will follow from

1
2 0

rldg°®

ﬂ _ﬂ —1/400
= D gmxm) > g(m)x(m)‘«q (log x)~1/40,

X
m<x/dor /y m<x/dory
(m,dy)=1 (m,dp)=1

(A.2)

The terms r > log x can be discarded, since

1 1 1 1
Z — < (10gx)_”2d— l_[ (1 + — 4+ ; + .. ) <, (logx)_l/z,

rd I
rlage "0 0 pdo p

r>logx
since dy < g. Writing x" := x/dor >, x/logx and applying the triangle

inequality to (A.2), together with the simple fact that Z,‘ i 1/r <, 1, it suffices
to show that

1

N g(m)X(m)l/fo(m)‘ <, (log x) /4%
X[y

1
= D gm)x (m)u(m) —

m<x’

m<x'/y

(A3)
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forall x/logx <, x' <x,1 <y < 21log' x and for all characters x (mod gq),
with 1 the principal character (mod dp). Note that

D(gxvo, f:x) =D(gx, f;x) — O4(1) (A.4)

for any function f : N — D, so we may replace v, with 1 in any computations
involving the pretentious distance.

Consider the character y (mod g) for which the left-hand side of (A.3)
is maximal. If x is complex, we may apply an argument of Granville and
Soundararajan (see [23, Lemma C.1]) and the assumption that g is real-valued
to obtain the pretentious distance bound

VM = \i&f ]D(gxlpo, n'; x_/) = inf D(gx,n"; x) — O,(log, x)
1< y

[t]<x
1
> —/loglog x

10

by (A.4), since ¢ is fixed and x is large enough. Thus by Hal4sz’s theorem [34,
Ch. I11.4], we may bound (A.3) by < Me ™ « (logx)~'/?%,

In the opposite case that x is real in (A.3), we appeal to [13, Proposition
4.1], provided that D(gxvo; 1; x) < 2,/loglogx holds. This gives a bound of

3

< (logx)~"/1° for (A.3), so we may assume that D(g x ¥o; 1; x) > %,/log log x.
But since g is real-valued, again by [23, Lemma C.1] we have

VM : = inf ]D)(gxt/lo,n”; ;—) = inf D(gx, n"; x) — O,(log, x)

[tI<x ! [tI<x
1 1
> F)]D)(gx, I;x) — O,(log; x) > 1—6\/10g10gx

for all large enough x. Now, again applying Hal4sz’s theorem, (A.3) is bounded
by « Me ™™ « (log x)~'/4%, This shows that (A.3) always holds, which proves
the lemma. 0

Appendix B. Short exponential sum bounds for multiplicative functions

We prove the short exponential sum estimates over major and minor arcs that
were employed in the proof of Theorem 1.4 in Section 3. The proofs of both
lemmas follow the ideas of Matoméki, Radziwilt and Tao [23] for estimating short
exponential sum bounds weighted by a multiplicative function, but require some
small modifications to the arguments.
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Proof of Lemma 3.7. Since o € m, we have the trivial estimate

Z e(an)

ys<n<y+H

1 H 110,
< ﬂ <L = << H(log H)™

so by the triangle inequality we may assume that §; = 0 in (3.16). We introduce
the same nicely factorable set S := Sp, o, x,,x as in (3.6). By a simple sieve
estimate [23, Lemma 2.3], we have

log log H
Y -1s) « ————X. (B.1)
log H
n<X+H
Hence, by the triangle inequality,
2 loglog H
- / g (1 — Ls(m)elan)|dy <« 222 « (log H) /",
log H
)<n<V+H
This means that (3.16) has been reduced to
1 1
s | g Y simlsme(an)|dy < (log H)™/".  (B.2)

ysn<y+H

This estimate would follow directly from [23, Section 3] (with d = 1 there), if the
function g; was completely multiplicative, but we show that the argument goes
through even without that assumption.

Let S’ be the set of those n < X that have a prime factor from each of the
intervals [P;, Q;] (defined in Definition 3.3) for j > 2. We have the Ramaré
identity

B g1(mp)ls(mp)
g1(mls(n) = Z {P < p1 < Q1:p|n}

n=mpeS
Pi<p<On
1 !
_ Z gl(m)gl(z) s1(m) n 0( Z 1p2n>
n:)(mp 1+|{P1 P1 Ql P1 |m}| PI<p<O
ptm
Pi<p<O)
m ls/(m
_ Z g1(m)g(p)ls(m) +0< Z lpzn).
= VTP S pr < Qiipr [ m pe
NN
Pi<p<O

By trivial estimation,

X
Z Z 1y, K Z 7 <K XW™2 « X (log H)™Y/1°,

n<X+H PI<p<O) p=2h
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so proving (B.2) has been reduced to proving

0 (.X) 1x<mp§x+H dx

Z Z ls/(m)gi(m)gi(p)e(mpa)
PI<p<Or m I+ {P<p <Q;:p|m)

< HX(log H)V1°

for all measurable functions |6(x)| < 1 supported on [0, X]. This is same
expression as in [23, Section 3], so the proof continues from here in an identical
manner (since the rest of the argument does not use multiplicativity). O

Proof of Lemma 3.6. We follow the proof of the major arc exponential sum in [23,
Section 4]. However, here we need to be a bit more careful when approximating
the exponential e(an) with e(an/q), as we do not want to lose a factor of W/q
that would come from a partial summation approximation of e(an).

By our assumption g, € U, (x, exp,(¢72), 2/ exp,(¢72), §;) and formula (B.1),
it suffices to show that

2X
= f D (gim)1sn) — 8)e(an) | dx = 0._o(1), (B.3)
x<n<x+H
where the nicely factorable set S is as in (3.6) and
) = > aimlsn)
1= g1(n)ls(n).
X<m<2X
Let H' := H/W?3. By exchanging the order of integration and summation, we
have
1 x+H 1 J N o H'
H “=H" @ H
x<n<x+H )<n<v+H’

for any a, € D. Applying this, we see that the left-hand side of (B.3) is

2X x+H 1 |
= _/ / H Z (g1(n)1s(n) — 8)e(an) dy‘ dx + 0<W>

y<n<y+H'
2X
<z [ /

1
> @mlstm -8 )e( ; )‘dydx + O<W2)
where we used the fact that any n € [y, y + H'] obeys

ysnSy+H'



Binary correlations of multiplicative functions 39

e(an) = e(ay) e(@(n — y))

_ e(oey)€<§(” - y)) + 0(%)
(M)

2n W 27r
In —y| < -H' .
qH W2

By exchanging the order of integration above, it suffices to show that

/ZX
forall ] <a < g < W =log’ H, and with H' = H/W?, as before. By splitting
into residue classes (mod ¢), (B.4) would follow from

_/2X

forall 1 < a < g < W. Applying the triangle inequality and Lemma 3.4 (and the
fact that g < W), it suffices to show that

by the inequality

<2

e(a(n — y)) — e(?(n - y))

a
a__
q

(g1(n)1s(n) — & )e( p )‘dx Le. (B.4)

X<n<x+H’

1
simlstn - —= > gim)lsm)

H
,\<n<x+H’ X<n<2X
n=b (mod q)

dx < £ (B5)
q

1 £
L 2 slst—— 3 amlsm|<—. (B
X<n<2X q X<n<2X q
n=b (mod q)

As in [23, Section 2], the fundamental lemma of sieve theory gives for ¢ < W the
estimate

X loglogH e
Yo -lst) <SS < =X
X<n<2X q 10g H 4q
n=a (mod q)

Taking this into account on both sides of (B.6), that claim is reduced to

1 1 €
X E gi(n) X E gi(n)| K p
X<n<2X X<n<2X
n=b (mod q)

for X € [x/w(x),x], and this follows immediately from our uniform
distribution assumption g; € U, (x,exp,(¢72),2/exp,(¢72),8;) and the fact
that ¢ < log’ H < exp,(10e~"). The proof is complete. L]
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