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Abstract. The differences between the exact matrix of the
Compton scattering and the Rayleigh matrix of Thomson scat-
tering have been investigated. We present the Compton scatter-
ing formalism and, to illustrate this, compute the polarization of
radiation from a two-phase accretion disc as a function of fre-
quency and emission angle. The disc was assumed to be plane
Parallel and consisting of two parts: 1. optically thick and cool
inner disc emitting black body radiation and 2. hot optically thin
accretion disc corona (ADC). The central object was assumed
not to contribute to the X-ray luminosity and we neglected the
radiation of the corona. The radiative transfer equation of pola-
rized light was solved in the approximation of single scattering
taking into account the exact Compton matrix. It is shown that
for high electron temperatures or for large differences between
the disc and coronal temperatures the Rayleigh matrix predicts
much larger polarization values than the Compton matrix.

Key words: accretion discs — X-rays: general — polarization —
scattering — X-rays: galaxies

1. Introduction

Compton scattering of polarized radiation (in the astrophysical
context) has been considered in very few papers. The main rea-
son for this is the lack of practical needs. Polarization in the
region of spectrum (X-rays) where Compton scattering plays
a major role is very difficult to observe. The launch of the
Spectrum-X-Gamma satellite (1995) with the X-ray polarime-
ter (Kaaret et al. 1990) and other instrumentation (Schnopper
1990; Vilhu et al. 1990) will change the situation. Polariza-
tion of a few percent can be detected for sources as bright as
Her X-1, co-adding for example the pulse-off phases to study
the disc polarization. Information of the direction and magni-
tude of polarization would help to discriminate between various
theoretical models of X-ray sources.

Among the first who drew attention to the importance of
X-ray polarimetry for astrophysics was Rees (1975). The first
model describing the polarization of radiation from accretion
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discs appeared in the work of Lightman & Shapiro (1976). They
assumed that the disc consists of two parts. The polarization
of the optically thin hot central region was calculated using
the results of Angel (1969). The polarization properties of the
optically thick outer region are well known from the classical
works of Chandrasekhar (1960) and Sobolev (1956). The signs
of the polarization in these two regions are different.

Loskutov & Sobolev (1982) considered multiple Thomson
scattering in a slab where the temperature varied with opti-
cal depth. The linear integral equations for the emergent in-
tensity were solved. Williams (1984) calculated the polariza-
tion of radiation escaping from an infinite plane parallel atmo-
sphere of cool electrons with high energy photon source. Su-
nyaev & Titarchuk (1980, 1985) calculated theoretical spectra
and polarization using the model of Comptonization of low-
frequency radiation on hot electron gas. The results agree well
with the observed spectra of many X-ray sources. Phillips &
Mészdros (1986) solved the same problem utilizing a Feautrier
method as well as iteration scheme based on an expansion in
scattering orders.

All the authors above used the Rayleigh matrix to describe
the polarization. It is a good approximation if the electron tem-
perature is comparable to or less than the photon energy. In the
case of hot electrons (k7. > 50 keV), where the photon fre-
quency can increase several times after one scattering, the real
polarization matrix of the Compton scattering is quite different
from the Rayleigh matrix for Thomson scattering. To illustrate
the difference between the Compton matrix and the Rayleigh
matrix we calculate the polarization degree as a function of fre-
quency and inclination angle for the simple two-phase accretion
disc model: a cool disc emitting soft black body radiation sur-
rounded by a hot ADC. We included only the disc luminosity
and the scattered (Comptonized) radiation from the corona and
studied only the single scattering case. In a forthcoming paper
we plan to include multiple scattering in the treatment.

Of course, using such a simple model one cannot fit the
observational spectra of X-ray sources. To explain the X-ray
spectra of AGN’s and X-ray binaries complex multi-component
disc models should be introduced. Usually these are mixtures
of hot and cool gases with direct, scattered and reflected inten-
sity components (see e.g. Fabian & George 1991; Nandra et al.
1989). In these models the multiple Compton scattering by hot
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Fig. 1. a and b. Intensity of the scattered radiation (arbitrary units) as
a function of the cosine of the scattering angle and frequency for two
electron temperatures: a kT =5 keV and b k7¢ = 100 keV. The initial
photon beam energy hig = 1 keV, o = hvo/mec?

electrons (Comptonization) gives rise to the power-law shaped
spectrum, into which the direct and reflected disc spectra are
added.

In many X-ray sources hot electron gas exists in the form
of the accretion disc corona. Such models are commonly used,
for example, for the interpretation of spectra of low-mass X-ray
binaries (White & Holt 1982; White et al. 1986; Ponman et al.
1989). Mihara et al. (1991) modelled the low state of Her X-1
by a scattered ADC component. The possibility of existence
of very hot coronae in the sources with disc accretion onto a
black hole was studied in many papers (e.g. Bisnovatyi-Kogan
& Blinnikov 1977; Ostriker et al. 1991). Two-phase models si-
milar to ours have been used to explain the X-ray emission from
Seyfert galaxies (Haardt & Maraschi 1991; Wandel & Liang
1991; Wandel & Urry 1991) and quasars (Czerny & Elvis 1987).
Our polarization computations apply to the first scattering region
of these models. Such computations are usually carried out using
the Monte Carlo techniques (e.g. Pozdnyakov et al. 1983) but
this method frequently gives only numbers and does not expose
the physical nature of the phenomena. Therefore we use the
radiative transfer equation method.
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The aim of the paper is to present the Compton scatter-
ing formalism for the transfer equation of polarized light and to
compare the true Compton scattering matrix to the Rayleigh ma-
trix commonly used in the literature (e.g. Sunyaev & Titarchuk
1985). We formulate the kinetic equation of the Compton scat-
tering and the exact expressions for the scattering matrix in
Sect. 2. Differences between the exact Compton scattering ma-
trix and the Rayleigh matrix are studied in Sect. 3. In Sect. 4
we describe the ADC model and solve the equation of radiative
transfer in one scattering approximation. The results of calcu-
lations of the polarization degree are discussed in Sect. 5.

2. The kinetic equation and the scattering matrix

Let the free non-degenerate electron gas occupy some volume.
We assume that the electron energies are distributed in accor-
dance with the relativistic Maxwellian distribution given by

_ mec?

Y mec?
o = Y=

ko). )

where 7. is the temperature of the electron gas, -y is the electron
energy in units of the rest energy m.c? and K is the Macdonald
function.

We choose in the frame, connected with the electron gas, an
orthogonal basis 1;,1,13 = 1. The momentum of the scattered
photon is k = zw, where x = hv/ mecz. The direction of the
photon propagation is characterized by the cosine of the angle
between w and 1 ( = w - [) and the azimuth ¢:
w=11—-n*cospl +sinpbL)+nl 2
The ”external” polarization basis for the photon with momentum
k can be written in the form

1 - nw w x1

For the initial photon with momentum Kk; all designations are
the same, but with subindex 1: w1, 1y, ¢; etc. The cosine of the
scattering angle is

p=nm+ V1 =121 —mncos(p — o1).

The radiation field and the polarization degree at each point r at
time ¢ are characterized by the vector of the Stokes parameters
I(z,w,r,t)=(,Q,U, V).

The relativistic kinetic equation describing propagation of
polarized light through the gas of electrons (in the linear ap-
proximation) can be written in the following form (Nagirner &
Poutanen 1991, 1993b):

e (w) = , €5 (w) =

3

“

E E +wVI = —nea(a:)f
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Fig. 2. a and b. Polarization of scattered radiation. The case of an unpolarized initial beam. a kT; = 5 keV and b k7, = 100 keV. The Rayleigh

matrix gives results close to those of case a
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Fig. 3. a and b. Same as Fig. 2, but for the case of the linear polarization normal to the plane of scattering. For the Rayleigh matrix P = 100%

Here I’ = I(x;,wy,r, t), 0 is the Thomson cross-section, 7. is
the electron density, and

31

> 9 2 . 1+2
‘7(33):‘701;1;2‘/1 f(W)d’Y[(x’y+§+Ev)ln +22(y + 2)

1+2z(y — 2)

2
— 2xz+2(z — =) In(1 + 4z + 422)
X
z(v+2z) d
2 / In(1 + 25)—6
z(y—2) f

is the Compton cross-section.
In order to write the expression for the rotation matrix £ X)s

we introduce the “internal” polarization basis for the scattered
photon:

Y+

b o4ty 1T
¢ Zl+433’y+4:1:2

(6)

eiln(w) — Wi — pw

V1= p?

, € 12n(w) =

O]

The “external” and “internal” polarization bases for a photon
with momentum k; = z;w; are obtained by replacing (w, )
with (w, m). The rotation matrix

1 0 0 0
0 cos(2x) sin(2x) O
0 —sin(2y) cos(2y) 0
0 0 0 1

L) = (8)

describes the transformation of the Stokes parameters after ro-
tating the polarization basis by the angle x. We define x as the
angle between e i1“(@;:) and e {*(w) and x as the angle between
e!"(w;) and e (w;).

The polarization matrix, averaged over the electron energy
distribution f(vy), can be presented as a single integral:

S S 0 0
& St S0 0
00 0 Sy
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where
R RO O
A _|RiRg0 0
R(l‘,l‘l,/,b,’)/)— 0 0 RU 0 (10)
0 0 0 Ry
and
Yo = [&— 21 +QU+2/9"1/2, gq=zm(1—p), (1D

Q* =22+ a:% — 2zl

The matrix f%(m, X1, 14, 7) is the Compton scattering matrix of
polarized radiation on an isotropic electron gas with a fixed
energy ~. It was obtained in the work by Nagirner & Pouta-
nen (1991, 1993b). We use the following expressions to calcu-
late five functions which enter Eq. (10):

R =R, + Ry,
RI =R3+RC,
- - 2
Ry = 2+2% 792 "= Q00 +w —4| + X 12R, (12)
Q rq rq vgq
RQ =RU+Ra,
Ry =Ry — qR,,
where
(u? — @*)(u* + 5v) Q?
Ra = U U 3
2¢%0° pene
2 u 2
= —+—{1~-- 13
o Q+v< Q)’ (1
2"
RC = “Z (u Q _2>7
vq rq
and
u=a —a=@+x)2y+z; —x)/(a+ay),
v =aa;, r=0+w/(1—pw), (14)
a* = (v—x)2+r, a%=('y+x1)2+r.

Methods for computing the integral over the Maxwellian
electron distribution are proposed in the works of Kershaw et
al. (1986) and Nagirner & Poutanen (1993a). Using these re-
sults it is possible to compute the integral in Eq. (9) with arbi-
trary values of z,z; and p. If the electron temperature is not
very high (k7. < 100 keV) we can use the Gauss-Laguerre
quadrature formula.

3. A monochromatic beam of photons: comparison with the
Rayleigh matrix

In this chapter we study in detail the properties of the Comp-
ton scattering matrix. We assume a uniform spatial distribu-
tion of Maxwellian electrons and consider the scattering of the
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monochromatic beam of photons on these electrons. For the
Stokes parameters of the initial radiation we take the following
form:

1o
qo0
Ug
Vo

Io(x1,m, 1) = o(x1 — x0)0(Mb (), (15)

where ¢ is the Dirac delta function. To represent the vector of
Stokes parameters of the initial photon with momentum k; =
21w in the “external” polarization basis we choose the vector
1 in the plane of scattering in the following manner: 1 - w; =
0, (wxwI=0.The L matrices in Eq. (5) are transformed to
unit matrices and we obtain the Stokes vector of the scattered
radiation:

Ii(2) < 22S(z, xo, 1) , (16)

where 1 is the cosine of the scattering angle.
In the case of Thomson scattering, instead of matrix S we
use the Rayleigh matrix

I+ p2=10 0

2 2
Z=10 0 20 0 an
O 0 0 2u

First of all we are interested in polarization in thatregion of
angles and frequencies where the intensity is large. In Fig. 1 we
show the dependence of the intensity of scattered radiation as a
function of scattering angle and photon energy. We consider the
case of an unpolarized initial beam. The energy of the photons is
equal to 1 keV. It is easy to see that after the scattering forward
(0 ~ 1) the photon frequency changes a little, but scattering
back (1 ~ —1) can greatly change the photon energy.

We consider four different cases where simple treatments
and easy comparisons with the Rayleigh matrix for Thomson
scattering are possible. -

3.1. Unpolarized initial beam

For the Stokes vector of the initial radiation we take in Eq. (15)
ig =1, ¢qo = uyp = vy = 0. The Stokes vector of scattered
radiation [;(z) is proportional to z2(S, S, 0, 0). The degree of
polarization is P, = S;/S. In the case of Thomson scattering
P7 = (> — 1)/(1 + 1i?). The results are shown in Fig. 2. For
kT, = 5 keV the polarization degree is nearly the same as for
Thomson scattering but for a hot electron gas (k1. = 100 keV)
it is two times smaller.

3.2. Linear polarization normal to the plane of scattering

In this case ig = gy = 1,~u0 = v = 0 and the scattered Stokes
vector is the following: I} (z) o (S + Sy, Sy + 50,0, 0)T. The
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Fig. 5. a and b. Same as Fig. 2, but for the case of the circular polarization. Rayleigh matrix gives nearly the same results

degree of polarization is P, = (Sq+51)/(S+5) (Fig. 3). For the
Rayleigh matrix Pﬁ%) = 1. In this case the polarization degree
differs by many orders from the polarization due to the Thomson
scattering already for k7, = 5 keV in a wide interval of energies
and angles.

3.3. Linear polarization at the angle 45° with the plane of scat-
tering

In this case ig Ug Lgp = 1w 0 and
Ii(z) « x*(S, S, Sy, 0)T. The degree of polarization is P, =
/St + S%/S (Fig. 4). For the Rayleigh matrix P;”* = 1. The
differences from the Rayleigh scattering matrix are very sig-
nificant for k7, = 100 keV. For kT, = 5 keV the polarization

degree is close to 100%.

3.4. Circular polarization

In this case ig = v9 = 1,90 = ug 0 and I1(z)
z%(S,0,0, Sy)". The polarization degree is Py = Sy/S (Fig. 5)

and there are no essential differences from P‘;l%g =2u/(1 + u?)
even for kT, = 100 ke V.

4. Radiative transfer equation for ADC model

We consider a two-temperature model for a plane-parallel accre-
tion disc. The cool inner disc with temperature Ty, is optically
thick. The outer disc is a hot corona (ADC), with electron tem-
perature 7, (Fig. 6). We assume that the optical depth of the
ADC with respect to the electron scattering is small (7p < 1).
The X-ray luminosity was assumed to be produced by the disc
with possible single Compton scattering in the corona. The di-
rect coronal and central object luminosity were neglected. We
did not take into account the frequency dependence of the scat-
tering cross-section.

The unit vector of the surface normal is 1 = (0,0, 1),
and ¢ is the inclination angle of the accretion disc. Two

vectors w (v/1—n%cosp, /1 —n?sinp,n) and w; =
(v/1 = n¥cospr, /1 —n¥singy,n) define the photon prop-
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agation directions, = and x; are the energies after and before
the scattering, respectively. The cosine of the scattering angle is
given by Eq. (4). Let the functions (7)) and p(n) define the an-
gular distribution of the intensity and the polarization degree of
the radiation emitted from the surface of the inner disc. We as-
sume that the frequency distribution of the cool initial radiation
is represented by the Planck function B;(Tph).

Using Eq. (5) we obtain the transfer equation of the pola-
rized light in a plane-parallel steady-state atmosphere with a
source of linear-polarized radiation at the boundary (7 = 0)
between the corona and the cool disc

~ S Sp S350
dr - dzy So1 Sn S 0 7
= =7 2 d2 I/
Tar T /0 / 531 532 S3 0
0 Sy
1
+ BuTu)soembin | P as)
0

Here d7 = ggn.dz, O(n) is the step function (equal to 1 if
n > 0and 0if n < 0) and

Sz = Srcos2xq,

S13 = Sisin2yy,

S21 = Sycos2y,

S31 = Sysin2y, (19)
Sp = [y c0s2(x — x1) + S cos 2(x + x1)]/2,

Sy = [Sesin2(x1 — x) + S—sin 2(x + x1)1/2,

Sy = [Sysin2(x — x1) + S- sin 2(x + x1)1/2,

S33 = [Sycos2(x — x1) — S— cos 2(x + x1)1/2,

J. Poutanen & O. Vilhu: Compton scattering of polarized light in two-phase accretion discs

where S+ = Sg = Sy. The S-functions depend on x, z; and .
Expressions for the cosines can be written as:

m — KN
cosy = ,
X V1= p?/1—n%
= K
cosx] = , (20)
X1 T2 2 T2 7
cos(x £ xDA Fp) = V1I—n2/1—-nf
+m F 1) cos(p1 — ),
xsin(x £ x)(1 F p) = (m F n)sin(er — @)
The boundary conditions for Eq. (18) are
I, —n,7=0)=I@zn7=m1)=0, 0<p<l. (2D

We have not considered the fourth Stokes parameter V', be-
cause the radiative transfer equation for V is independent of
the other parameters (/, (), U), and in our problem there are no
sources of circular polarization.

The intensity of the scattered radiation is independent of the
azimutal angle. After the integration over ¢, it becomes clear
that Eq. (18) can be replaced by a pair of equations for I and
() (Chandrasekhar 1960). Therefore we can rewrite it for the
vector I = (I, Q)" in the form

dI . * q A
g = —I+:c2/ —le—/dzwlsLI’
T 0o I

+ Bo(Ty)5(r)Ombin) <p(1m), 22)

where
g = S S
FT\ S S )

The polarization degree is defined as P = /1. It is positive
if the electric vector is predominantly in the meridional plane,
which is defined by 1 and the vector of the photon momentum,
and negative if it lies in the perpendicular direction.

Since the optical depth of our ADC is small, we take into

account only one scattering. The radiative transfer equation for
the unscattered radiation is

dly - 1
Ul —Io + By(Tpn)o(T)O(mb(n) <p(77)> ) (23)
and can be easily solved:
- _ Bo(Tpn)®mb(me="/" ( 1 >
IO(:C> 7, T) = n p(n) . (24)

The equation for the vector of Stokes parameters after one

scattering is
/ / d?wiSLTS.

(25)
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Fig. 7. a—c. a Polarization degree of an accretion disc in the case of
unpolarized radiation from the inner cool disc for three values of in-
clination angle (n = cosi). Here kT, = 0.7 keV, kT = 50 keV
and 1o = 0.1. Dotted lines correspond to the Rayleigh scattering mat-
rix; solid lines correspond to the exact Compton matrix. b Same as
in a, but initial radiation is polarized in accordance with the Chan-
drasekhar-Sobolev distribution. ¢ Frequency distribution of radiation
flux nI(n) for the case of polarized initial radiation. For n = 0.1 we
show the contribution of the unscattered (Io) and single scattered (1)
components to the total radiation Igym
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Using (24) we obtain the solution

1 —T/m _ a—T/n

e e
Bm,(Tph)/dmm
0 m—"n

2 R 1
b(Th)/O dp1Sy <p(771)> . (26)

The numerical computation of integrals in Eq. (26) can be per-
formed using Gaussian and Simpson quadrature formulae. In
Sect. 5 we consider numerical results of calculating the polari-
zation degree and intensity for different cases of T, and Tpy,.

- *d
Il(x77777)=x2/ %
0 I

5. Results

We consider two cases of the initial radiation from the disc.
In the first case a we assume that b(n) = 1, p(n) = 0, which
means that the disc emits unpolarized radiation isotropically. In
the second case b we assume that the angular distribution of the
initial radiation is the same as in the classical problem of the
scattering of polarized light in the plane-parallel semi-infinite
electron atmosphere (Chandrasekhar 1960; Sobolev 1956). The
angular distribution in that case can be approximated by the
simple formula b(n) = 1 + 2.067. The polarization degree has
a maximum in the disc plane p(n = 0) = 11.7% and is equal to
zero along the normal due to symmetry.

We compute two examples of accretion discs: kT, = 0.7
keV, KT = 50 keV and 79 = 0.1 (Fig. 7) and T}, = 0.05 keV,
kT, =250keV and 75 = 0.1 (Fig. 8). The first set of parameters
is typical for the galactic black hole candidates (Grebenev et
al. 1991; Tanaka 1989), the second set we have taken from the
paper by Haard & Maraschi (1990), where the models of Seyfert
galaxies were considered. We calculate the polarization degree
in two ways: in the first we use the exact matrix S(z, z;, w)andin
the second we replace itby S(z, 1, )% /(1+%), which means
that we use the exact redistribution function of the Compton
scattering to calculate the intensity, but the polarization structure
is computed using the Rayleigh matrix.

The radiation emitted from the disc, and scattered on the
hot electron gas of the ADC, is shifted towards higher energies.
Therefore, with an increasing frequency, the contribution of the
scattered component increases and the degree of polarization
changes quickly with frequency. The decline at still higher fre-
quencies can be understood by the properties of the Compton
cross-section. The intensity depends weakly on i = cos ¢, but
the polarization degree is very sensitive to <.

6. Conclusions

We have investigated the properties of the polarization matrix of
Compton scattering on isotropic Maxwellian electron gas. It was
shown that the differences from the Rayleigh matrix are large
for hot electrons. We calculated the polarization degree in the
X-ray region as a function of the frequency and inclination angle
in a model accretion disc with hot corona. We assumed that the
optical depth of the hot ADC is rather small and we solved the
radiative transfer equation in a single scattering approximation.
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Fig. 8. a—c. Same as Fig. 7, but for kT, = 0.05 keV and kT; = 250
keV

The calculations were made for two cases of initial black body
radiation from the relatively cool disc: a) unpolarized radiation
and b) radiation polarized in accordance with the Chandrasekhar
law (optically thick plane parallel electron atmosphere). For
high electron temperatures the Rayleigh matrix predicts much
larger polarization values in the region of the first scattering than
the Compton matrix. Future polarimetric observations need the
theory of multiple Compton scattering of polarized light taking
into account the exact scattering matrix, as formulated in the
present paper.
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