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We derive the relativistic kinetic equation for Compton scattering of polarized radiation in strong

magnetic field using the Bogolyubov method. The induced scattering and the Pauli exclusion principle are

taken into account. The electron polarization is also considered in the general form of the kinetic equation.

The special forms of the equation for the cases of the nonpolarized electrons, the rarefied electron gas and

the two-polarization mode description of radiation are found. The derived equations are valid for any

photon and electron energies and the magnetic field strength below about 1016 G. These equations provide

the basis for formulation of the equation for polarized radiation transport in atmospheres and magneto-

spheres of strongly magnetized neutron stars.
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I. INTRODUCTION

Observations of the soft gamma-ray repeaters and
anomalous X-ray pulsars showed that these objects can
be associated with the strongly magnetized neutron stars
(NSs) with the magnetic field exceeding the Schwinger
critical value of Bcr ¼ m2

ec
3=eℏ ¼ 4:412� 1013 G [1,2].

This has revived the interest in theoretical studies of the
interaction processes between radiation and matter in such
fields [3].

Compton scattering is an important process shaping the
radiation spectra of the NS atmospheres. Its properties in
the magnetic field differs substantially from the case when
the magnetic field is absent. Even the classical nonrelativ-
istic limit of the scattering cross section has a resonance at
the energy related to the Lorentz frequency and is strongly
dependent on the photon energy, polarization, and the
B-field strength [4,5]. While the classical description has
been useful for understanding the approximate effects of
energy, angle, and polarization dependence of the cross
section in the magnetic field, it does not include the pos-
sibility of the electron excitation to a higher Landau state
corresponding to the resonances at higher harmonics,
which required fully relativistic treatment. In the relativis-
tic regime the recoil of the electron is important and the
natural line width of the cyclotron resonances depends on
the spin of the electron. The relativistic scattering cross
section for the simplest case of ground-to-ground state
scattering in the magnetic field was derived in [6]. These
results were extended to a more general case of scattering
to arbitrary Landau states in [7,8] and discussed further
in [9]. The derived expressions have been applied to

modeling the cyclotron line formation in accreting neutron
star atmospheres, but only for the case of one-dimensional
thermal electron distribution because of the complexity
of the expressions [10–14]. When the incident photons
propagate along the magnetic field, the resonance appears
only at the fundamental frequency and scattering to the
higher Landau levels can effectively be neglected. This
allows to simplify the expressions for the relativistic cross
sections and to approximate them by analytical formulas
[15].
The transport of photons through the atmosphere in-

volves multiple scattering, which have to be considered
either by the Monte Carlo methods or using the kinetic
equations. The former approach was used for a qualitative
study of the line formation process in Her X-1 [16,17], but
it becomes impractical for a large optical depth and when
the induced scattering has to be accounted for, and there-
fore has a limited field of applications. In the cold plasma
approximation, assuming the coherent scattering, the ra-
diative transfer equation can be formulated as a set of
coupled equations for two normal polarization modes
[18]. The influence of the electron temperature on the
radiation transport can be accounted by the Fokker-
Planck approximation, for example, by modifying the
Kompaneets equation [19] to allow for the resonances in
the scattering cross section [20]. Such a treatment, how-
ever, does not account for the effects of the photon angular
distribution and polarization. Photon polarization, how-
ever, influences the photon redistribution over the energy
[21,22].
In a sufficiently strong magnetic field, owing to the large

Faraday depolarization, the radiation can be described in
terms of two polarization modes. Under certain conditions
(depending on the field strength, photon energy, and propa-
gation direction), however, the vacuum resonance is ac-
companied by the phenomenon of mode collapse and the
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breakdown of Faraday depolarization [23–25]. In this case
the two-mode description fails and instead the kinetic
equations have to written in terms of the Stokes parameters
or the coherency matrix. In the case when the induced
scattering needs to be accounted for, the situation compli-
cates further as there is no intuitive way to get such an
equation.

The aim of this paper is to derive from first principles a
general kinetic equation for Compton scattering in any
magnetic field accounting simultaneously for photon po-
larization in terms of the Stokes parameters, for the in-
duced scattering and the Pauli exclusion principle for
electrons. We use methods of quantum statistics and follow
an approach similar to that used for derivation of the
kinetic equation for Compton scattering without magnetic
field [26]. The resulting equations are valid for any photon
and electron energies, and for the magnetic field strength
below about 1016 G. In the most general case, the electron
polarization is also taken into account. We also consider
several special cases and derive the kinetic equations
when the electron gas is nonpolarized and rarefied as
well as when the radiation can be presented via two polar-
ization modes. The derived equations provide the basis for
construction of the models of radiation transport in atmos-
pheres and magnetospheres of strongly magnetized neu-
tron stars.

II. DESCRIPTION OF THE ELECTRON
AND PHOTON GASES

We use the system of units where ℏ ¼ c ¼ me ¼ 1. We
assume that the magnetic field is locally homogeneous,
which is justified, because the scales of changes of the
B-field are orders of magnitude larger than the microscopic
magnetic scale for conditions in atmospheres of NS and
even the geometrical depth of the atmosphere. The mag-
netic field is described by the dimensionless parameter
b ¼ B=Bcr. We choose the reference frame in any space-
point so that the z-axis coincides with the magnetic field
direction. The following assumptions about the time scales
are used:

(1) The typical time scale on which the distribution
function changes (for electrons and photons) is
much larger than the typical time scale between
the interactions.

(2) The plasma is sufficiently rarefied, so that we can
use a generalization of the Bogolyubov method for
the case of quantum statistics to derive the kinetic
equation.

(3) The typical time scale of a single interaction is much
smaller than the typical time scale between the
interactions.

A. Descriptions of single particles

The electron states are described by the wave-functions
�n�ðr; Y; ZÞ. Its arguments are the space-time coordinates,

the momentum projection Z on the direction of the mag-
netic field, Y describing location of the center of electron
gyro-orbit (its y-coordinate), the Landau level n, and the
spin projection � on the magnetic field direction (� ¼ �1
in ℏ=2 units). Dimensionless energy of an electron in this
case,

RnðZÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Z2 þ 2bn

p
; (1)

is independent of Y. The energy levels are degenerate with
the spin projection on the magnetic field direction, except
for the ground Landau level with n ¼ 0, where � can have
only one value �1. The full electron wave function is
presented through the partial solutions of the Dirac equa-
tion for the electron in the magnetic field:

c ðrÞ ¼ X
n;�

Z dYdZ

RnðZÞ�n�ðr; Y; ZÞbn�ðY; ZÞ; (2)

where bn� are coefficients.
The photon state is described by four parameters: the

wavenumber k, the two angles � and ’, which define the
direction of the photon momentum, and the polarization
state s ¼ 1,2. The 3-dimensional photon momentum can
be represented as

k ¼ ðkx; ky; kzÞ ¼ kðsin� cos’; sin� sin’; cos�Þ: (3)

The corresponding photon 4-momentum is k ¼ fk; kg;
k ¼ jkj. Photon polarization is described by the polariza-
tion basis. It consists of two unit vectors, which are or-
thogonal to the photon momentum k:

e1 ¼ ðsin’;� cos’; 0Þ;
e2 ¼ ðcos� cos’; cos� sin’;� sin�Þ:

(4)

The 4-vector potential can be defined as:

A sðrÞ ¼ ese
�ik�r; es ¼ f0; esg; s ¼ 1; 2: (5)

We note that the photons are described in the same manner
as in the case when the magnetic field is absent. We assume
that the dispersion relation for the photons in magnetized
vacuum does not differ from the dispersion relation in the
case when the magnetic field is absent. This approximation
constrains the strength of the field and energies of photons.
For estimations one needs to know vacuum dielectric
tensor and the inverse permeability tensor for the case of
magnetized vacuum [27,28]. It is known that the indices of
refraction differ from unity by more than 10% only for the
fields with strength b > 300 [29]. This restricts application
of the developed formalism to B & 1016 G.

B. Description of the particle ensembles

1. Wave functions

We describe particle ensembles by density matrix using
the rules of quantum statistics. Let us define the wave
functions for the case of limited number of particles.
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These functions will be used for construction of the density
matrix. The wave function for a limited number of particles
with defined characteristics of each of them, can be found
from the vacuum wave function by applying the operators
of creation and annihilation. Let �aðsÞðkÞ and aðsÞðkÞ be the

creation and annihilation operators of a photon in the
state with polarization s and 3-momentum k. According
to the methods of second quantization [30], these operators
satisfy the relation

aðsÞðkÞ �aðs0Þðk0Þ � �aðs0Þðk0ÞaðsÞðkÞ ¼ k�ðk� k0Þ�s0
s : (6)

Let byn�ðY; ZÞ and bn�ðY; ZÞ be creation and annihilation
operators of an electron on the Landau level n in polariza-
tion state � with momentum projections Y and Z. These
operators satisfy the following relation

bn�ðY; ZÞbyn0�0 ðY0; Z0Þ þ by
n0�0 ðY0; Z0Þbn�ðY; ZÞ

¼ RnðZÞ�ðY � Y0Þ�ðZ� Z0Þ�n0
n �

�0
� : (7)

The system of N photons with fixed parameters
fs1; k1; . . . ; sN; kNg is described by the wave function

�s1...sN ðk1; . . . ; kNÞ ¼
1ffiffiffiffiffiffi
N!

p �aðs1Þðk1Þ . . . �aðsNÞðkNÞ�0; (8)

where �0 is the vacuum wave function of the photon
gas. Analogously, the system of N electrons with fixed

parameters fn1; �1; Y1; Z1; . . . ; nN; �N; YN; ZNg is de-
scribed by the wave function

��1...�N
n1...nN ðY1; Z1; . . . ; YN; ZNÞ
¼ 1ffiffiffiffiffiffi

N!
p byn1�1

ðY1; Z1Þ . . . bynN�N
ðYN; ZNÞ�0: (9)

where �0 is the vacuum wave function of the electron-
positron gas. The wave function for arbitrary state of
particles can be presented as a sum of the wave functions
with fixed particle parameters. For example, the state of N
photons is described by the function

�N ¼
Z YN

j¼1

dkj
kj

cs1...sN ðk1; . . . ;kNÞ�s1...sN ðk1; . . . ;kNÞ; (10)

where cs1...sN ðk1; . . . ; kNÞ are the weight coefficients. The

wave function for an arbitrary state of N electrons can be
represented as

�N ¼
Z YN

j¼1

dYjdZj

RnjðZjÞ c
�1...�N
n1...nN ðY1; Z1; . . . ; YN; ZNÞ

��
�1...�N
n1...nN ðY1; Z1; . . . ; YN; ZNÞ: (11)

The wave function for state with N photons and Nþ elec-
trons can be written as

�N;Nþ ¼
Z YN

i¼1

dki
ki

YNþ

j¼1

dYjdZj

RnjðZjÞc
�1...�Nþ
n1...nNþ ;s1...sN ðY1;Z1; . . . ;YNþ ;ZNþ ;k1; . . . ;kNÞ�s1...sN ðk1; . . . ;kNÞ�

�1...�Nþ
n1...nNþ ðY1;Z1; . . . ;YNþ ;ZNþÞ:

(12)

2. Density matrix

The density matrix is defined as an averaged dyad product of the state vector with its conjugate. For the system
consisting of N photons and Nþ electrons it can be written in the form

�N;Nþ ¼ 1

N!Nþ!

Z YN
i¼1

dki
ki

dk0i
k0i

Z YNþ

j¼1

dYjdZj

RnjðZjÞ
dY0

jdZ
0
j

Rn0jðZ0
jÞ
hc��

0
1
...�0

Nþ
n0
1
...n0Nþ ;s0

1
...s0N

ðY0
1; Z

0
1; . . . ; Y

0
Nþ ; Z

0
Nþ ; k

0
1; . . . ;k

0
NÞ

� c
�1...�Nþ
n1...nNþ ;s1...sN ðY1; Z1; . . . ; YNþZNþ ;k1; . . . ; kNÞi�s1...sN ðk1; . . . ;kNÞ�s01:::s

0
N
ðk01; . . . ; k0NÞ

��
�1...�Nþ
n1...nNþ ðY1; Z1; . . . ; YNþ ; ZNþÞ�

�0
1
:::�0

Nþ
n0
1
:::n0Nþ

ðY0
1; Z

0
1; . . . ; Y

0
Nþ ; Z

0
NþÞ: (13)

The expressions in the triangle brackets are the elements of
the density matrix kernel.

3. Algebra of the density matrix kernels

From now on we will operate only with density matrix
kernels. All the equations and the final results are written
through these kernels. It is easy to make a transformation
from the simplest kernels to the distribution functions
or to the coherency matrix. Let us write the density

matrix kernel for the system of N photons and Nþ
electrons

�
s0
1
...s0N;�

0
1
...�0

Nþ ;n0
1
...n0Nþ

s1...sN;�1...�Nþ ;n1...nNþ
k01 . . . k

0
N

k1 . . . kN

��������Y
0
1 . . .Y

0
NþZ

0
1 . . .Z

0
Nþ

Y1 . . .YNþZ1 . . .ZNþ

 !

�
�
c�

�0
1
...�0

Nþ
n0
1
...n0Nþ ;s0

1
...s0N

ðY0
1; Z

0
1; . . . ; Y

0
NþZ

0
Nþ ;k

0
1; . . . ; k

0
NÞ

� c
�1...�Nþ
n1...nNþ ;s1...sN ðY1; Z1; . . . ; YNþZNþ ; k1; . . . ; kNÞ

�
:

(14)
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Further, let us write some useful relations for the kernels.
For the sake of simplicity we consider only the photon gas.
These relations can be generalized trivially to the case of
the electron-photon gas. The kernel for the system of N
photons can be written through the density matrix:

�
s0
1
...s0N

s1...sN

k01...k
0
N

k1...kN

 !
¼ N! ��s01...s

0
N
ðk1; . . . ;kNÞ

� �N�s0
1
...s0N ðk01; . . . ;k0NÞ: (15)

Hereinafter we call it theN-particle kernel. It is normalized
to unity:Z YN

i¼1

dki
ki

�s1...sN
s1...sN

k1 . . . kN
k1 . . . kN

� �
¼ Spð�Þ ¼ 1: (16)

For any m � N the m-particle kernel can be calculated as

�
s01...s

0
m

s1...sm

k01 . . .k0m
k1 . . .km

 !

¼ 1

ðN�mÞ!
Z YN

i¼mþ1

dki
ki

��
s0
1
...s0m;smþ1...sN

s1...sm;smþ1...sN

k01 . . .k
0
mkmþ1 . . .kN

k1 . . .kmkmþ1 . . .kN

 !
: (17)

The 1-particle kernel can be expressed through the
N-particle kernel as

�s0
s

k0

k

 !
¼ 1

ðN�1Þ!
Z YN

i¼2

dki
ki

�
s0s2...sN
ss2...sN

k0k2 .. .kN
kk2 .. .kN

 !
: (18)

It is normalized to the total number of the particles:

Z d3k

k
�s
s

k
k

� �
¼ N: (19)

The diagonal elements of 1-particle kernel compose the
coherency matrix in the case of photon gas.

4. Transformation from the simplest kernel to the
distribution functions

The transformation from 1-particle density matrix to the
distribution function in the case of electrons in the case of
field-free space can be made using the Wigner function.
The Wigner function is defined as

�ðp; rÞ ¼
Z

dv expðip � vÞ�sðrþ v=2; r� v=2Þ; (20)

where �sðrþ v=2; r� v=2Þ is a 1-particle density matrix
in the coordinate representation. The momentum and co-
ordinate representations are connected through the Fourier
transforms:

�sðr;r0Þ¼ 1

ð2�Þ6
Z dpdp0ffiffiffiffiffiffiffiffiffiffiffi

p0p
0
0

q expð�iðp �r�p0 �r0ÞÞ� p0
p

� �
:

(21)

Then one can rewrite the Wigner function using the density
matrix in the momentum representation:

�ðp;rÞ¼ 1

ð2�Þ6
Z dp1dp

0
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p01p
0
01

q expð�iðp1�p0
1Þ �rÞ

��

�
p�p1þp0

1

2

�
�

p0
1

p1

 !
: (22)

The inverse transformation from theWigner function to the
density matrix in momentum representation reads

�
p0
1

p1

 !
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p01p

0
01

q
ð2�Þ3

Z
dpdr expðiðp1 � p0

1Þ � rÞ

� �

�
p� p1 þ p0

1

2

�
�ðp; rÞ: (23)

The time scale of the electron-photon interaction is much
smaller than the time scale of noticeable changes of the
distribution functions. Therefore, in the last equation one
can assume that the Wigner function does not depend on
the space variables. In this case, the integration could be
made easily and we can write

�
p0
1

p1

� �
¼ p01�ðp0

1 � p1Þ�ðp1Þ: (24)

Then one can convert the 1-particle density matrix kernel
to the distribution function in the case of spinless particles
or to the coherency matrices in the case of particles with
nonzero spin. In the last case a trivial generalization is
used:

�
�0
1

�1
p0
1

p1

� �
¼ p01�ðp0

1 � p1Þ��0
1

�1ðp1Þ: (25)

Eqs. (24) and (25) can be written immediately from the
physical meaning of the density matrix and the assumption
that the time scale of the interaction and the time between
interactions are mush smaller than the time scale of notice-
able changes of the distribution function.
One can also write similar relation for the case of

electrons in the external magnetic field. If we consider a
noninteracting electron in the B-field not accounting for
cyclotron radiation (which should be described by another
kinetic equation), then the electron should conserve its
z-momentum and the Landau level. This means that the
kernel should be diagonal over both Z and n, because it is
not possible to have mixed states corresponding to differ-
ent values of the z-projection of momentum or the Landau
level. Nondiagonal elements in the kernel can appear only
if one accounts for interactions between particles, but
because of the smallness of the interaction time scale the
kernel should be diagonal over z-projection of momentum
and the Landau levels. In this case the relation will have
the following form (a detailed derivation is given in
Appendix A):
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��0n0
�n

Y0Z0
YZ

� �
¼ RnðZÞ�n0

n �ðY0 � YÞ�ðZ0 � ZÞ��0
�nðY; ZÞ;

(26)

where � and �0 describe the electron spin-states, n and n0
are the Landau levels, Z and Z0 are the momentum projec-
tions and RnðZÞ is the electron energy given by Eq. (1).

A transformation from the 1-particle density matrix to
the distribution function in momentum space is trivial,
but one must again assume that the typical time scale of
changes of the distribution function is much larger than the
typical time scales of interaction between the particles.

C. Description of the interaction

1. Description of the single interaction

Let us mark parameters of the particles before the inter-
action with the subscript ‘‘i’’ and particles after interaction
with the subscript ‘‘f.’’ There are three conservation laws
for Compton scattering in the magnetic field. They are the
energy conservation, the conservation of the momentum
along the magnetic field and the conservation of the trans-
versal momentum:

Ri þ ki ¼ Rf þ kf; Zi þ ki cos�i ¼ Zf þ kf cos�f;

Yi þ ki sin�i sin’i ¼ Yf þ kf sin�f sin’f: (27)

Let us use special designation for product of �-functions
which are describing these conservation laws:

�ðn;Y;Z;kjn0;Y0;Z0;k0Þ
��ðRnðZÞþk�Rn0 ðZ0Þ�k0Þ�ðZþkcos��Z0�k0cos�0Þ

��ðYþksin�sin’�Y0�k0sin�0sin’0Þ: (28)

A single interaction can be described by the S-matrix. The
elements of the S-matrix can be calculated using methods
of quantum electrodynamics. In the simplest case the
elements of the S-matrix can be obtained using second-
order perturbation theory. In this case Compton scattering
can be represented by two Feynman diagrams with two
vertices in both of them and one can write an expression for
the S-matrix elements:

Sfi ¼ �4�i�
Z

d4r1d
4r2 ��fðr2Þ

�
n
½�Ay

f ðr2Þ�Gðr2; r1Þ½�Aiðr1Þ�
þ ½�Aiðr2Þ�Gðr2; r1Þ½�Ay

f ðr1Þ�
o
�iðr1Þ; (29)

where �A is the Dirac inner product of a 4-vector and

�-matrix, and Gðr2; r1Þ is a relativistic electronic propa-

gator in the presence of a constant magnetic field, �iðrÞ
and �fðrÞ are the electron wave-functions in coordinate

representation, and � ¼ e2 is the fine-structure constant.
The S-matrix elements and the cross-sections for Compton
scattering in magnetic field contain resonances which have

to be regularized [31]. The calculations are not trivial and
have been performed only in special cases [6–8,15].

2. Evolution of the density matrix

The evolution of the density matrix can be described by
equation:

i
@�ðtÞ
@t

¼ HðtÞ�ðtÞ � �ðtÞHðtÞ; (30)

where the Hamiltonian is

HðtÞ ¼ �e
Z

dr �c ðrÞ�AðrÞc ðrÞ: (31)

Equation (30) is written here in noncovariant form, but
it can be transformed to the explicitly covariant form
using the Tomonaga-Schwinger equation [30]. It means
that the form of the equation is covariant for the longitu-
dinal Lorentz transformations (along the magnetic field
direction). The solution of Eq. (30) can be presented by
the operator of evolution Uðx; yÞ:
Z t

t0

@�ðt0Þ
@t0

dt0 ¼�ðtÞ��ðt0Þ¼Uðt;t0Þ�ðt0Þ��ðt0ÞUðt;t0Þ:
(32)

On the other hand, the operator Uðt; t0Þ can be represented
in the following form:

Uðt; t0Þ ¼
Z t

t0

dt0
Z t

t0

dt00
Z
V
dr0

Z
V
dr00Sðr0; r00Þ

¼
Z
V
d4r0

Z
V
d4r00Sðr0; r00Þ; (33)

where V ¼ ½t0; t� � V is the volume in Minkowski space
and

Sðr0; r00Þ ¼ i
e2

ð2�Þ9
Z dYdZ

R

dY0dZ0

R0
dk

k

dk0

k0
by
n0�0 ðZ0Þ

� bn�ðZÞ �aðs0Þðk0ÞaðsÞðkÞN n0�0s0
n�s

k0

k

Y0

Y

Z0

Z

��������r0

r00

� �
:

(34)

The space integral of N can be represented through the
elements of the scattering M-matrix:

Z
V
d4r0

Z
V
d4r00N n0�0s0

n�s

k0

k

Y0

Y

Z0

Z

��������r0

r00

� �

¼ð2�Þ8�ðn;Y;Z;kjn0;Y0;Z0;k0ÞM�0s0
�s

n0Y0Z0

nYZ

��������k
0

k

� �
; (35)

then Uðt; t0Þ can be rewritten in the following form

Uðt; t0Þ ¼ i

2�
�
Z dYdZ

R

dY0dZ0

R0
dk

k

dk0

k0
by
n0�0 ðZ0Þ

�bn�ðZÞ �aðs0Þðk0ÞaðsÞðkÞM�0s0
�s

n0Y0Z0

nYZ

��������k
0

k

� �
: (36)
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Let us assume that the typical time scale of the density
matrix changes is much larger than the typical time scales
of a single interaction. In that case changes in the dis-
tribution on a macroscopically small times scale can be
represented through the S-matrix because M-matrix can
be considered as the scattering S-matrix divided by the
fine-structure constant:

M
�fsf
�isi

nfYfZf

niYiZi

��������kfki
� �

� Mfi ¼
Sfi
�

; (37)

and the time interval ½t0; t0 þ t� is considered as a macro-
scopically small time. Eqs. (32) and (36) determine the
solution formulated through the elements of the scattering
matrix. We reformulate these equations below in terms of
the kernels of the density matrix.

III. DERIVATION OF THE KINETIC EQUATION
FOR THE PHOTON GAS

A. Methodology of the kinetic equation derivation

1. Summary of our assumptions and the
Bogolyubov method

We derive kinetic equation using a generalization of the
Bogolyubov method (for the case of quantum statistics). At
the first step we formulate Liouville’s theorem in terms of
the kernels of density matrix. One can derive the equations
for kernels of different orders (1-particle, 2-particle and
other) by integrating over the parameters of different num-
bers of particles. We use this method to obtain the system
of kinetic equations. If the full ensemble contains N

particles, the system of equations contains N equations.
In the case of the rarefied gas one can use only a few first
equations from the Bogolyubov hierarchy. The criterion
of rarefaction can be formulated through the ‘‘gaseous
parameter,’’ which depends on the concentration of the
particles and the cross sections of their interaction:

�gas � ffiffiffiffiffiffi
�T

p ðnenphÞ1=6 	 1; (38)

where �T is the Thomson cross section, ne and nph are the

electron and the photon concentrations, correspondingly.
According to the principle of weakening of correlations,
which is satisfied for sufficiently rarefied gases, the corre-
lations are accounted for only in the equation for the
1-particle matrix via kernel by entering the right-hand
side (rhs) of the aforementioned equation. This kernel is
assumed to characterize the electron and photon states after
the interaction. It can be represented via the same kernel
before the interaction and the correlation function. To
derive the kinetic equation for the typical conditions in
the neutron star atmospheres, it is enough to use only the
first and the second equation from the Bogolyubov
hierarchy.

2. Formulation of Liouville’s theorem and the equations
of Bogolyubov hierarchy

We use the following notations: R�RnðZÞ, R0�Rn0 ðZ0Þ,
etc. There are N photons and Nþ electrons in the system.
The equation, describing the change of (N þ Nþ )-particle
kernel during macroscopically small time T0 is written as
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: (39)

This equation is a formulation of Liouville’s theorem in terms of the density matrix kernels. It can be used to find the
equation describing the evolution of 1-particle photon kernels on the time interval ½�T0=2; T0=2�, which is the first
equation of the Bogolyubov hierarchy.

We integrate Eq. (39) over the parameters of (N � 1) photons and Nþ electrons:

MUSHTUKOV, NAGIRNER, AND POUTANEN PHYSICAL REVIEW D 85, 103002 (2012)

103002-6



�
s0
1
s1

k01
k1

��������T0

2

� �
��

s0
1
s1

k01
k1

���������T0

2

� �
¼ 1

ðN�1Þ!Nþ!
i
�

2�

Z dYdZ

R

dY0dZ0

R0
dk

k

dk0

k0
�ðn;Y;Z;kjn0;Y0;Z0;k0Þby

n0�0 ðY0;Z0Þ

�bn�ðY;ZÞ �as0 ðk0ÞasðkÞM�0s0
�s

n0

n

Y0

Y

Z0

Z

��������k
0

k

� � XNþ

iþ¼1

Z YN
i¼2

�
dki
ki

dk0i
k0i

� YNþ

iþ¼1

�
dYiþdZiþ

Riþ

dY0
iþdZ

0
iþ

R0
iþ

�

�
	
�n0
n0iþ

��0
�0
iþ
�ðY0 �Y0

iþÞ�ðZ0 �Z0
iþÞ
�
�s0
s0
1
�ðk0 �k01ÞPs

s1

�
k

k1

��������1;1;J;G
�

þXN
i¼2

�s0
si�ðk0 �kiÞPs0

1
s1

�
k01
k1

��������i;iþ;J;G
��

��n
niþ

��
�iþ

�ðY�YiþÞ�ðZ�ZiþÞ

�
�
�s
s1�ðk�k1ÞRs0

1

s0
k01
k0

��������1;1;J0;G0
� �

þXN
i¼2

�s
si�ðk�kiÞRs0

1
s1

k01
k1

��������i;iþ;J0;G0
� ��


; (40)

where the kernels under the integral in the rhs of the equation correspond to time t ¼ �T0=2 and where we used special
designations for kernels describing the system of N photons and Nþ electrons:
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where J ¼ ðs; kÞ andG ¼ ð�; n; Y; ZÞ are parameters of photons and electrons, respectively. Let us denote the terms under
the sum

P
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i¼2 by �. One can transform it:
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:

Creation and annihilation operators with the elements of scattering matrix were placed under the integral in the last
transformation. Indices in the round brackets indicate the positions of pairs of parameters (s� s0), (n� n0), (Y � Y0),
(Z� Z0), (�� �0) and (k� k0). One notices that all the terms in the sum� cancel out, giving� ¼ 0. The remaining part
of the equation can be rewritten as
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Thus, we have obtained the first equation of the Bogolyubov hierarchy describing the evolution of 1-particle density matrix
kernel through the 2-particle density matrix kernel.

Let us now obtain the second equation of the Bogolyubov hierarchy for the 2-particle kernels. We proceed with the
integration and the summation over the parameters of (N � 1) photons and (Nþ � 1) electrons in Eq. (39):
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(42)

The terms with a double sum
P

N
i¼2

PNþ
iþ¼2 cancel each other. Other terms are transformed into the form containing 2- and

3-particle kernels. As a result, we obtain the equation for the 2-particle density matrix kernel:
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Thus, we have derived the equations for kernels of
1-particle density matrix of photons (41) and for the
2-particle density matrix (43), which includes both the
photon and the electron parameters.

B. Completion of the derivation

1. Expression for the 2-particle kernels through
the 1-particle kernels

Equations (41) and (43) are the first two equations of the
Bogolyubov hierarchy. The hierarchy can be continued,
but using the principle of weakening of correlations, we
have stopped at the first two equations. To obtain an

equation describing the evolution of the 1-particle kernel
through the 1-particle kernels, one must use these two
equations. We use the ‘‘molecular chaos’’ approximation,
according to which there is no correlation between the
distribution functions of photons and electrons before in-
teraction. This approximation works better in the case,
when the typical time between the interactions is much
larger than the typical time of an interaction. The indepen-
dence of the photons and electrons distributions can be
expressed through the following equation:
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The 2-particle kernels of the photon gas and the 2-particle kernels of the electron gas are presented through 1-particle
kernels according to the properties of symmetry and antisymmetry of bosonic and fermionic wave functions:
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These equations become more accurate, when photons and electrons gases are sufficiently rarefied. Transformations of the
3-particle kernels in Eqs. (41) and (43) are simple because there are no pure photon or pure electron kernels among them
and one can rewrite them easily through the 1- and 2-particle kernels. Then we use Eqs. (44) and (45) to complete the
transformation.

2. Closure of the Bogolyubov hierarchy

Substituting Eq. (43) to Eq. (41), we get:
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n� ðp000
YZ � pYZÞ�ss00�00n00

s1s
000�0n0

kk00

k1k
000

��������Y
00Z00

Y0Z0

� �

þ k0k000�s000
s ðk� k000Þ�s00�n�00n00

s1�
0n0�000n000

k00

k1

�������� YZY00Z00

Y0Z0Y000Z000

� �
� k0k00�s00

s1 ðk1 � k00Þ�s�n�00n00
s000�0n0�000n000

k

k000

�������� YZY00Z00

Y0Z0Y000Z000

� �

� k0R00�n00�00
n0�0 ðp0

YZ � p00
YZÞ�ss00�000n000

s1s
000�n

kk00

k1k
000

��������Y
000Z000

YZ

� ��
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� ��

; (47)

where we introduced a symbol for the product of several Kronecker’s deltas: �
	1...	N
�1...�N

� Q
N
i¼1 �

	i
�i
, a symbol for the product

of Kronecker’s deltas and a �-function: �
	1...	N
�1...�N

ðaÞ � �
	1...	N
�1...�N

�ðaÞ, and pYZ � ð0; Y; ZÞ is the electron momentum.
Using Eqs. (44)–(46), one can transform 2- and 3-particle kernels in the rhs of the equation to the 1-particle

kernels. Then using Eq. (25), the equation can be represented in terms of the coherency matrix. After some algebra
we get:
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�
s0
1
s1

k01
k1

��������T0

2

� �
� �

s0
1
s1

k01
k1

���������T0

2

� �
¼ i

�

2�

X
n;n0

Z dYdZ

R

dY0dZ0

R0
dk

k

dk0

k0
�ðn; Y; Z;kjn0; Y0; Z0; k0ÞA1

þ �2

4�2

X
n;n0;n00;n000

Z dYdZ

R

dY0dZ0

R0
dY00dZ00

R00
dY000dZ000

R000
dk

k
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dk00
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dk000

k000

� �ðn; Y; Z; kjn0; Y0; Z0; k0ÞM�0s0
�s

n0Y0Z0

nYZ

��������k
0

k

� �
�ðn00; Y00; Z00; k00jn000; Y000; Z000; k000Þ

�M�000s000
�00s00

n000Y000Z000

n00Y00Z00

��������k
000

k00

� �
fB1 þB2 þB3 þB4 þB5 þB6g; (48)

where

A 1 ¼ M�0s0
�s

n0Y0Z0

nYZ

��������k
0

k

� �
R0�n0

n ðpYZ � p0
YZÞ��

�0n0 ðpYZÞ½k0�ðk0 � k01Þ�ðk� k1Þðk1�s1
s0
1
�s
s1ðk1Þ � k�s

s1�
s0
1

s0 ðk0ÞÞ�; (49)

B1 ¼ k0k000�ðk00 � k000Þ�n000
n ðpYZ � p000

YZÞ�n00
n0 ðp0

YZ � p00
YZÞ�s00

s000 ðk000ÞðR0R000��000
� ��00

�0n0 ðp0
YZÞ

� RR00��00
�0 ��000

�n ðpYZÞÞðk�ðk01 � k0Þ�s
s1ðk� k1Þ�s0

1

s0 ðk0Þ � k1�ðk1 � kÞ�s0
s0
1
ðk0 � k01Þ�s

s1ðk1ÞÞ; (50)

B2 ¼ R0�n0
n ðpYZ � p0

YZÞ��
�0n0 ðp0

YZÞR000�n00
n000 ðp000

YZ � p00
YZÞ��00

�000n000 ðp000
YZÞ½�s0

s0
1
ðk0 � k01Þðk0k00k000�s00

s1 ðk1 � k00Þ�ðk� k000Þ�s
s000 ðk000Þ

� k1k
0k000�s000

s ðk� k000Þ�ðk00 � k1Þ�s00
s1 ðk1ÞÞ þ �s

s1ðk� k1Þðkk0k00�s000
s01
ðk01 � k000Þ�ðk0 � k00Þ�s00

s0 ðk0Þ
� kk00k000�s00

s0 ðk0 � k00Þ�ðk01 � k000Þ�s0
1

s000 ðk000ÞÞ�; (51)

B3 ¼ �s
s1ðk� k1Þkk0R0R000�ðk0 � k00Þ�ðk01 � k000Þ�n00

n0 ðp0
YZ � p00

YZÞ�n000
n ðpYZ � p000

YZÞ�s00
s0 ðk0Þ��00

�0n0 ðp0
YZÞ½k000��000

� �
s0
1

s000 ðk000Þ
þ k000�s000

s0
1
ð��000

� � ��
�000n000 ðp000

YZÞÞ�; (52)

B4 ¼ �k1k
0k000R0R000�s0

s0
1
ðk0 � k01Þ�ðk� k000Þ�ðk1 � k00Þ�n000

n ðpYZ � p000
YZÞ�n00

n0 ðp0
YZ � p00

YZÞ�s00
s1 ðk1Þ��00

�0n0 ðp0
YZÞ

� ½��000
� �s

s000 ðk000Þ þ �s000
s ð��000

� � ��
�000n000 ðp000

YZÞÞ�; (53)

B5 ¼ k0k000�ðk� k000Þ�ðk1 � k00Þ�s0
s0
1
ðk0 � k01Þ�n000

n ðpYZ � p000
YZÞ�n00

n0 ðp0
YZ � p00

YZÞ�s
s000 ðk000Þ½RR00k1��00

�0 �s00
s1 ðk1Þ��000

�n ðpYZÞ
þ k00R000�s00

s1�
�
�000n000 ðp000

YZÞðR00��00
�0 � R0��00

�0n0 ðp0
YZÞÞ�; (54)

B6 ¼ �kk000�ðk01 � k000Þ�ðk0 � k00Þ�s
s1ðk� k1Þ�n000

n ðpYZ � p000
YZÞ�n00

n0 ðp0
YZ � p00

YZÞ�s0
1

s000 ðk000Þ½RR00k0��00
�0 �s00

s0 ðk0Þ��000
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s0 �

�
�000n000 ðp000

YZÞðR00��00
�0 � R0��00

�0n0 ðp0
YZÞÞ�: (55)

3. Simplification of Equation (48)

The presence of the �-functions under the integrals in Eq. (48) allows us to reduce a number of integrations. Let us define
two singular measures 
1 and 
2:

d
1 ¼ dYdZ

R

dY0dZ0

R0
dk

k

dk0

k0
�ðn; Y; Z;kjn0; Y0; Z0; k0Þ; (56)

d
2 ¼ dYdZ

R

dY0dZ0

R0
dY00dZ00

R00
dY000dZ000

R000
dk

k

dk0

k0
dk00

k00
dk000

k000
�ðn; Y; Z;kjn0; Y0; Z0; k0Þ�ðn00; Y00; Z00; k00jn000; Y000; Z000; k000Þ:

(57)

The terms from the rhs of Eq. (48) can be written as:

MUSHTUKOV, NAGIRNER, AND POUTANEN PHYSICAL REVIEW D 85, 103002 (2012)

103002-10



X
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��
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1
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s0 ðk1Þ� (58)

X
n;...;n000

Z
d
2B1 ¼
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� �

M�000s000
�00s00

n0Y0Z0

n0Y0Z0

�������� k

k1

� �

� ð�s00
s1�

s
s000 ðkÞ � �s000

s �s00
s1 ðk1ÞÞ þM�0s0

�s1

nYZ

nYZ

�������� k

k1

� �
M�000s000

�00s00
n0Y0Z0

n0Y0Z0

��������k1k
� �

ð�s000
s01
�s00
s0 ðkÞ � �s00

s0 �
s0
1

s000 ðk1ÞÞ
�
; (60)
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1
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s1 ðk1Þ��000
�n ðZÞ þ �s00

s1�
�
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k
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�s1
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k1
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M�000s000

�00s00
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��������k1k
� �

�
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1
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� ½��00
�0 �s00

s0 ðkÞ��000
�n0 ðZ0Þ þ �s00

s0 �
�
�000n0 ðZ0Þð��00

�0 � ��00
�0nðZÞÞ�: (64)

We use the rhs of Eqs. (58)–(64) in the rhs of the final kinetic equation. One can notice that the rhs of expression (59)
vanishes after summation over the electron spin states and the photon polarizations.

4. Transformation of the left-hand size of Eq. (48)

It is necessary to rewrite the lhs of Eq. (48) in terms of the distribution function. Then one can rewrite lhs through the
differential operator. The later transformation is similar to the one, which is made in the quantum field theory for transition
from the limited space-box to the infinite space. Finally, we get:

�
s0
1
s1

k01
k1

��������T0

2

� �
� �

s0
1
s1

k01
k1

���������T0

2

� �
¼ T0

d

dt
�
s0
1
s1

k01
k1

��������t
� �

¼ T0k1�ðk01 � k1Þ ddt �
s0
1
s1ðk1Þ ¼ k1�ðk01 � k1Þ 2�c

dr

dt
�
s0
1
s1ðk1Þ; (65)

where in the later transition the relation �ðk1 � k01Þ ¼ cT0=ð2�Þ is used. Then one can restore the dependence of the
photon matrix on time and space coordinates. After rewriting the derivative over the line of sight as the full derivative, the
lhs of the equation takes the covariant form

k1�ðk01 � k1Þ 2�c
dr

dt
�
s01
s1ðk1Þ ¼ 2��ðk1 � k01Þ

k1
c

@

@t
þ k1

� �
�
s01
s1ðk1; r1; tÞ � 2��ðk1 � k01Þk1r�s01

s1ðk1; r1; tÞ: (66)
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IV. DIFFERENT FORMS OF THE KINETIC EQUATION

A. Kinetic equation for coherency matrix

1. The general form of the kinetic equation

Now one can write the final form of the kinetic equation. In the most general case, we formulate it for the coherency
matrix, where the polarization of electrons is taken into account (i.e. for the situation when there can be nontrivial spin-
distribution of the electron gas). The equation for the case of polarized electrons is:

k 1r�s01
s1ðk1; r1; tÞ ¼ I1 þ I2 þ I3; (67)

where

I1 ¼ i�
1

ð2�Þ2
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� �

� �
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; (69)
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There are three terms in the rhs of Eqs. (67). The first and
the second terms describes redistribution only over polar-
ization. The last one describes the general redistribution of
the photons over quantum states (energies, momentum
directions and polarization).

2. Equation for the case of nonpolarized electrons

The kinetic equation in the case nonpolarized electrons
one can deduced from Eq. (67) by averaging over the spin
states of the electrons. There is a relation between the
distribution function of the electrons fnðZÞ and the diago-
nal elements of the electron coherency matrix:

fnðZÞ ¼ �1
1nðZÞ þ �2

2nðZÞ; (71)

where �1
1nðZÞ ¼ �2

2nðZÞ. The distribution function is nor-
malized to the total number of the electrons:

X
n

Z
dZfnðZÞ ¼ Ne: (72)

Then equation for the case of nonpolarized electrons is:

k 1r�s0
1
s1ðk1; r1; tÞ ¼ J1 þ J2 þ J3; (73)

where

J1 ¼ i
�

ð2�Þ2
X
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R
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2

�
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; (74)
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J2¼ �2
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J3 ¼ �2

ð2�Þ3
X
n;n0

Z dYdZ

R

dY0dZ0

R0
dk

k
�ðRþk�R0 �k1Þ

��ðZþkcos��Z0 �k1 cos�1Þ12
	
½fnðZÞ�fn0 ðZ0Þ�

�½Ts000s0
s00s1

�
s0
1

s000 ðk1ÞþT
s0
1
s0

s00s000�
s000
s1 ðk1Þ��s00

s0 ðkÞþ2T
s0
1
s0

s00s1
�s00
s0 ðkÞ

�fnðZÞ
�
1�f0nðZ0Þ

2

�
�fn0 ðZ0Þ

�
1�fnðZÞ

2

�

�½Ts000s00
s00s1

�
s0
1

s000 ðk1ÞþT
s0
1
s

ss00�
s00
s1 ðk1Þ�



; (76)

where we use a notation for the product of pairs of the
scattering matrix elements:

Tik
jm � M�i

�0j
n0Y0Z0

nYZ

��������k1k
� �

M�0k
�m

nYZ

n0Y0Z0

�������� k

k1

� �
: (77)

After averaging over the spin states of the electrons, the
last term in the rhs of the kinetic equation simplifies. The
�-functions under the integrals in the rhs of Eqs. (67) and
(73) can be use to reduce the number of integrations and to
simplify the sum.

3. Equation for the case of nonpolarized rarefied
electron gas

Another form of the kinetic equations can be obtained in
the case of rarefied electron gas. Neglecting in Eq. (73) the
terms containing squares of the electron distribution func-
tion, we get

k 1r�
s0
1
s1ðk1; r1; tÞ ¼ K1 þ K2 þ K3; (78)

where

K1 ¼ i
�

ð2�Þ2
X
n

Z dYdZ

R

fnðZÞ
2

�
�s
s1ðk1ÞM

�s01
�s

nYZ

nYZ

��������k1k1
� �

� �
s0
1

s0 ðk1ÞM�s0
�s1

nYZ

nYZ

��������k1k1
� ��

; (79)

K2 ¼ 0; (80)

K3¼ �2

ð2�Þ3
X
n;n0

Z dYdZ

R

dY0dZ0

R0
dk

k
�ðRþk�R0�k1Þ

��ðZþkcos��Z0�k1 cos�1Þ
�1

2
ffnðZÞ�s00

s0 ðkÞ½2T
s0
1
s0

s00s1
þTs000s0

s00s1
�
s0
1

s000 ðk1Þ

þT
s0
1
s0

s00s000�
s000
s1 ðk1Þ��fn0 ðZ0Þ½�s0

1

s000 ðk1ÞðTs000s00
s00s1

þTs000s0
s00s1

�s00
s0 ðkÞÞ

þ�s000
s1 ðk1ÞðT

s0
1
s

ss000 þT
s0
1
s0

s00s000�
s00
s0 ðkÞÞ�g: (81)

We notice that the first term of Eq. (73) has not changed,
while the second term has now disappeared.

4. Kinetic equation in terms of two polarization modes

In the case of nonpolarized rarefied electron gas,
Eq. (78) can be simplified further if one assumes the
absence of correlations between the two linear polarization
modes: �2

1ðkÞ ¼ �1
2ðkÞ ¼ 0. Then one can use only one

polarization index for the diagonal elements of the coher-
ency matrix: �iðkÞ � �i

iðkÞ. The kinetic equation then gets
the form:

k 1r�s1ðk1; r1; tÞ ¼ L1 þ L2 þ L3; (82)

where L1 ¼ 0 and L2 ¼ 0, and

L3 ¼ �2

ð2�Þ3
X
n;n0

Z dYdZ

R

dY0dZ0

R0
dk

k
�ðRþ k� R0 � k1Þ

� �ðZþ k cos�� Z0 � k1 cos�1Þ
� Ts1s

ss1 ffnðZÞ�sðkÞ½1þ �s1ðk1Þ�
� fn0 ðZ0Þ�s1ðk1Þ½1þ �sðkÞ�g: (83)

This form of the equation is obvious and can be written
immediately using physical arguments [22]. In this case the
two modes are considered independently and a possibility
of correlation between their phases is not taken into
account.

B. Kinetic equation in terms of Stokes parameters

Equations (67) and (73) can be rewritten in terms of
Stokes parameters. Transformation to this form can be
done using trivial linear transformation. Elements of the
coherency matrix f�i

jðkÞg and the Stokes vector N ¼
ðnI; nQ; nU; nVÞT are connected by relations:
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nI ¼ ð�1
1 þ �2

2Þ=2; nQ ¼ ð�1
1 � �2

2Þ=2; nU ¼ ð�2
1 þ �1

2Þ=2; nV ¼ ið�2
1 � �1

2Þ=2; (84)

�1
1 ¼ nI þ nQ; �2

2 ¼ nI � nQ; �2
1 ¼ nU � inV; �1

2 ¼ nU þ inV: (85)

1. General equation for the case of polarized electrons

Using Eq. (67), one can find the kinetic equation in the case of polarized electrons in terms of Stokes parameters:

k 1rN1 ¼ IP1 þ IP2 þ IP3 ; (86)

where

IP1 ¼ i
�

ð2�Þ2
X
n

Z dYdZ

R
f��0nðZÞF̂N1; (87)

IP2 ¼ 1

2

�2

ð2�Þ3
X
n;n0

Z dYdZ

R

dY0dZ0

R0
dk

k
�ðk� k1Þ�ðk cos�� k1 cos�1Þf��0nðZÞf�

00
�000n0 ðZ0Þ½F̂ 0Nþ F̂ 00N1�; (88)

IP3 ¼ 1

2

�2

ð2�Þ3
X
n;n0

Z dYdZ

R

dY0dZ0

R0
dk

k
�ðRþ k� R0 � k1Þ�ðZþ k cos�� Z0 � k1 cos�1Þ

� f½��000
� f�

00
�0nðZÞ � ��00

�0 f�
000

�n0 ðZ0Þ�R̂N1 þ 2f�
00

�0nðZÞ½��000
� � f��000n0 ðZ0Þ�R̂0N� 2f��000n0 ðZ0Þ½��00

�0 � f�
00

�0nðZÞ�R̂00N1g; (89)

where N ¼ NðkÞ andN1 ¼ Nðk1Þ are the Stokes vectors, F̂ , F̂ 0, F̂ 00, R̂, R̂0
and R̂00

are 4� 4 complex matrices acting
like linear operators from the real 4-dimensional space to the real 4-dimensional space. The expressions for these matrices
can be found in Appendix B.

2. Equation for the case of nonpolarized electrons

The equation for the case of nonpolarized electrons can be derived from Eq. (73):

k 1rN1 ¼ JP1 þ JP2 þ JP3 ; (90)

where

JP1 ¼ i
�

ð2�Þ2
X
n

Z dYdZ

R

fnðZÞ
2

F̂N1; (91)

JP2 ¼ 1

2

�2

ð2�Þ3
X
n;n0

Z dYdZ

R

dY0dZ0

R0
dk

k
�ðk� k1Þ�ðk cos�� k1 cos�1Þ fnðZÞ2

fn0 ðZ0Þ
2

½F̂ 0Nþ F̂ 00N1�; (92)

JP3 ¼ 1

2

�2

ð2�Þ3
X
n;n0

Z dYdZ

R

dY0dZ0

R0
dk

k
�ðRþ k� R0 � k1Þ�ðZþ k cos�� Z0 � k1 cos�1Þ

	
½fnðZÞ � fn0 ðZ0Þ�R̂N1

þ fnðZÞ
�
1� fn0 ðZ0Þ

2

�
R̂0N� fn0 ðZ0Þ

�
1� fnðZÞ

2

�
R̂00N1



; (93)

where F̂ , F̂ 0, F̂ 00, R̂, R̂0
, and R̂00

are 4� 4 complex matrices that can be found in Appendix C.

3. Equation for the case of nonpolarized rarefied electron gas

We derive the equation for the case of rarefied electron gas by neglecting terms containing squared electron distribution
functions in Eq. (90). The equation takes the following form:

k 1rN1 ¼ KP
1 þ KP

2 þ KP
3 ; (94)

where

KP
1 ¼ i

�

ð2�Þ2
X
n

Z dYdZ

R

fnðZÞ
2

F̂N1; (95)
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KP
2 ¼ 0; (96)

KP
3 ¼ 1

2

�2

ð2�Þ3
X
n;n0

Z dYdZ

R

dY0dZ0

R0
dk

k
�ðRþ k� R0 � k1Þ�ðZþ k cos�� Z0 � k1 cos�1Þ

� ½ððfnðZÞ � fn0 ðZ0ÞÞR̂� fn0 ðZ0ÞR̂00ÞN1 þ fnðZÞR̂0N�; (97)

where F̂ , R̂, R̂0
and R̂00

are the same 4� 4 complex
matrices as in Eqs. (90)–(93) and presented in Appendix C.

V. SUMMARY

We have deduced a kinetic equation for Compton
scattering of polarized radiation in magnetic field.
Polarizations of photons and spin states of electrons, the
induced scattering and the Pauli exclusion principle were
taken into account. The equations are written for both the
coherency matrix and the Stokes parameters. Additional
forms of the equations valid for the two-polarization mode
description of radiation are also derived. The equations for
both polarized and nonpolarized electrons were obtained.
There are no significant (for the conditions in neutron stars
atmospheres) limitations on the energies and the concen-
trations of the electrons and the photons. The assumptions
made are usual for the kinetic theory and related to the
typical time scales of the problem and do not limit signifi-
cantly the applicability range.

The equations describe the interaction of radiation and
electrons in strong magnetic field up to about 1016 G.
There is no low limit on the B-field strength. At the same
time, the derived equations become rather cumbersome in
the case of weak magnetic field, because the electrons can
occupy high Landau levels and there will be many terms in
the rhs of the equation, where the summation over the
Landau levels is carried out. On the other hand, in the
case of strong magnetic field in neutron star atmospheres
electrons typically occupy only ground Landau level (or
only a few low levels), because of a rather low electron
temperature and absence of high-energy photons.
Therefore, the sums over n and n0 have only a few terms,
which simplifies the equations significantly.

The most general form of the kinetic Eq. (67) has three
terms. The second and the third terms there contain the
products of two elements of the scattering matrix. These
terms can be rewritten through the interaction of cross
sections. On the contrary, the first term in the rhs of
Eq. (67) contains single elements of the scattering matrix.
This term describes changes of the photon polarization
with no corresponding changes in energy and the momen-
tum direction. The polarization change term has the fol-
lowing form: the changes of the diagonal elements of the
coherency matrix depend only on the nondiagonal ele-
ments and changes of the nondiagonal elements depend
only on the diagonal ones. This term describes the rotation
of the polarization plane when radiation can be well de-

scribed only by the Stokes parameters, and it disappears,
if the kinetic equation is reformulated in terms of two-
polarization modes. It is possible that this term provides
correction to the depolarization in the region of vacuum
resonance, which most likely will not be large because of a
small optical depth of this region.
The second term in the rhs of Eq. (67) describes redis-

tribution of photons with only changes in polarization. It
contains the products of the electron distribution functions
and disappears in the Eq. (78) for rarefied electron gas. The
last term in the rhs of Eq. (67) describes the general
redistribution of photons over energy, directions and polar-
izations. This term can be simplified significantly for the
cases of nonpolarized electrons (73), rarefied electron gas
(78) and for the two-polarization mode description of
radiation (82). In the latter case this term is the only term
in the rhs of the kinetic equation and coincides with
previously known expressions. The derived equations
form the basis for the construction of models of the radia-
tive transfer in strongly magnetized neutron stars atmos-
pheres and magnetospheres.

ACKNOWLEDGMENTS

This study was supported by the CIMO Grant No. TM-
10-7326 (A.M.) and the Academy of Finland Grant No.
127512 (J. P.). We are grateful to Dmitry Yakovlev, Yuri
Shibanov, Dmitry Rumyantsev, Valery Suleimanov, and an
anonymous referee for a number of useful comments.

APPENDIX A: TRANSFORMATION FROM
DENSITY MATRIX KERNEL TO DISTRIBUTION

FUNCTION FOR THE ELECTRON IN
MAGNETIC FIELD

The transformation from the kernel of density matrix
to the distribution function for the case of charged particles
in magnetic field is slightly more complicated than in the
field-free case. We use the Landau gauge, with the electron
momentum is described by two continuous components
Y and Z (corresponding to the y- and z-coordinates)
and one discrete component, which corresponds to the
x-coordinate. A transformation from the coordinate repre-
sentation to the momentum representation cannot be done
using Fourier transforms. Instead one should use a trans-
formation based on the Ritus eigenfunctions which diago-
nalize the mass operator of electrons in presence of the
external magnetic field [32].
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The kernel of the electron density matrix in the coordinate representation can be obtained from the kernel in the
momentum representation:

��0
� ðr0; rÞ ¼ X

n;n0

Z dYdZffiffiffiffiffiffiffiffiffiffiffiffiffi
RnðZÞ

p dY0dZ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rn0 ðZ0Þp eiðY0y0�YyþZ0z0�ZzÞ�n0 ðu0Þ�nðuÞ��0n0

�n

Y0Z0

YZ

� �
; (A1)

where u ¼ x� Y=b, u0 ¼ x0 � Y0=b and �nðxÞ are the functions related to the parabolic cylinder functions:

�nðxÞ ¼ 1ffiffiffiffiffiffiffi
2�4

p ffiffiffiffiffi
n!

p DnðxÞ:

These functions compose the complete system satisfying the relations

Z 1

�1
�nðxÞ�n0 ðxÞdx ¼ �n0

n ;
X1
n¼0

�nðxÞ�nðx0Þ ¼ �ðx0 � xÞ:

The inverse transformation from the kernel in coordinate representation to the kernel in momentum representation can
be written in the following way:

��0n0
�n

Y0Z0

YZ

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rn0 ðZ0Þp ffiffiffiffiffiffiffiffiffiffiffiffiffi

RnðZÞ
p

ð2�Þ4
Z

d3rd3r0e�iðY0y0�YyþZ0z0�ZzÞ�n0 ðu0Þ�nðuÞ��0
� ðr0; rÞ: (A2)

One can define the Wigner function for the electrons in magnetic field:

��0
�nðr; Y; ZÞ ¼

Z
dvydvze

iðYvyþZvzÞ
Z

dx0�nðu0Þ��0
� ðx0; y� vy=2; z� vz=2; x; yþ vy=2; zþ vz=2Þ; (A3)

and rewrite it using the density matrix in momentum representation

��0
�nðr; Y; ZÞ ¼ ð2�Þ2X

n0

Z dY1dZ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rn0 ðZ1Þ

p dY0
1dZ

0
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

RnðZ0
1Þ

p ei½ðY0
1�Y1ÞyþðZ0

1�Z1Þz��
�
Y � Y1 þ Y0

1

2

�
�

�
Z� Z1 þ Z0

1

2

�
�n0 ðuÞ��0n0

�n

Y0
1Z

0
1

Y1Z1

� �
:

(A4)

The inverse transformation from Wigner function to the kernel in momentum representation is

��0
� ðr0; rÞ ¼ X

n

�nðu0Þ
Z

dYdZe�i½ðy�y0ÞYþðz�z0ÞZ���0
�nðr; Y; ZÞ: (A5)

From (A2) and (A5) one can obtain relation for kernel in momentum representation through the Wigner function:

��0n0
�n

Y0Z0

YZ

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rn0 ðZ0Þp ffiffiffiffiffiffiffiffiffiffiffiffiffi

RnðZÞ
p

ð2�Þ4
Z

d3rd3r0e�iðY0y0�YyþZ0z0�ZzÞ�n0 ðu0Þ�nðuÞ
X
n00
�n00 ðu0Þ

�
Z

dY00dZ00e�i½ðy�y0ÞY00þðz�z0ÞZ00���0
�n00 ðr; Y00; Z00Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rn0 ðZ0Þp ffiffiffiffiffiffiffiffiffiffiffiffiffi

RnðZÞ
p

ð2�Þ2
Z

d3rei½ðY0�YÞyþðZ0�ZÞz��nðuÞ��0
�n0 ðr; Y0; Z0Þ: (A6)

To understand how to simplify Eq. (A6), let us consider a 1-dimensional problem, where the electron is described by its
x-coordinate. The expansion of the density matrix kernel in coordinate representation is given by the following expression

�ðx0; xÞ ¼ X
n;n0

�n0 ðx0Þ�nðxÞ�n;n0 : (A7)

The inverse transformation is

�n;n0 ¼
Z

dx0dx�n0 ðx0Þ�nðxÞ�ðx0; xÞ: (A8)

Combining (A7) and (A8) one gets:

�ðx0; xÞ ¼ X
n;n0

�n0 ðx0Þ�nðxÞ
Z

dx000dx00�n0 ðx000Þ�nðx00Þ�ðx000; x00Þ ¼
X
n0
�n0 ðx0Þ�n0 ðxÞ; (A9)
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where

�n0 ðxÞ ¼
X
n

�nðxÞ
Z

dx000dx00�n0 ðx000Þ�nðx00Þ�ðx000; x00Þ ¼
Z

dx000dx00�n0 ðx000Þ�ðx00 � xÞ�ðx000; x00Þ ¼
Z

dx0�n0 ðx0Þ�ðx0; xÞ:

(A10)

If one considers the density matrix on a sufficiently short time scales, then there are no mixed states in the Landau levels
and the coefficients �n;n0 in Eq. (A7) have only diagonal terms �n;n0 ¼ �n0

n �n;n. Therefore,

�ðx0; xÞ ¼ X
n;n0

�n0 ðx0Þ�nðxÞ�n;n: (A11)

Substituting this to Eq. (A10), we get

�nðxÞ ¼ �nðxÞ�n;n: (A12)

This proves that in a more general case ��0
�n0 ðr; Y0; Z0Þ ¼ �n0 ðuÞ��0

�nðZ0Þ. This simplifies relation (A6):

��0n0
�n

Y0Z0

YZ

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rn0 ðZ0Þp ffiffiffiffiffiffiffiffiffiffiffiffiffi

RnðZÞ
p

ð2�Þ2
Z

d3rei½ðY0�YÞyþðZ0�ZÞz��nðuÞ�n0 ðuÞ��0
�n0 ðZÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rn0 ðZ0Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
RnðZÞ

q
�ðY0 � YÞ�ðZ0 � ZÞ�n0

n �
�0
�n0 ðZ0Þ ¼ RnðZÞ�ðY0 � YÞ�ðZ0 � ZÞ�n0

n �
�0
�nðY; ZÞ: (A13)

This completes the proof of Eq. (26).

APPENDIX B: EXPRESSIONS FOR MATRICES IN EQUATIONS (87)–(89)

The expressions for the matrix F̂ ¼ fFijg in Eq. (87) can be written in the following form:

F1k ¼ Fk1 ¼ Fmm ¼ 0; ðk;m ¼ 1; 2; 3; 4Þ; F23 ¼ h 1
2
i � h 2

1
i; F24 ¼ �i h 1

2
i þ h 2

1
i

� �
;

F32 ¼ �F23; F34 ¼ i h 1
1
i � h 2

2
i

� �
; F42 ¼ �F24; F43 ¼ �F34;

(B1)

where we defined �
j
k

�
� M�0j

�k

�
nYZ

nYZ

��������k1k1
�
: (B2)

The elements of matrices F̂ 0 ¼ fF0
ijg and F̂ 0 ¼ fF00

ijg can be represented as

F0
11

F0
21

 !
¼ 2ð�11

11 þ �12
21 � �21

12 � �22
22Þ;

F0
12

F0
22

 !
¼ 2ð�11

11 � �12
21 � �21

12 
 �22
22Þ;

F0
13

F0
23

 !
¼ 2ð�12

11 þ �11
21 � �22

12 � �21
22Þ;

F0
14

F0
24

 !
¼ 2ið�12

11 � �11
21 � �22

12 
 �21
22Þ;

F0
31

F0
41

 !
¼ 2

1

i

 !
ð�21

11 þ �22
21 � �11

12 � �12
22Þ;

F0
32

F0
42

 !
¼ 2

1

i

 !
ð�21

11 � �22
21 � �11

12 
 �12
22Þ;

F0
33

F0
43

 !
¼ 2

1

i

 !
ð�22

11 þ �21
21 � �12

12 � �11
22Þ;

F0
34

F0
44

 !
¼ 2

i

�1

 !
ð�22

11 � �21
21 � �12

12 
 �11
22Þ;

(B3)

F00
jj ¼ ��1s

s1 � �1ss1 � �2s
s2 � �2ss2 ðj ¼ 1; 2; 3; 4Þ;

F00
12 ¼ F00

21 ¼ ��1s
s1 � �1ss1 þ �2s

s2 þ �2ss2 ; F00
13 ¼ F00

31 ¼ ��1s
s2 � �2ss1 � �2s

s1 � �1ss2 ;

F00
14 ¼ F00

41 ¼ ið�1s
s2 � �2ss1 � �2s

s1 þ �1ss2 Þ; F00
23 ¼ �F00

32 ¼ ��1s
s2 � �2ss1 þ �2s

s1 þ �1ss2 ;

F00
24 ¼ �F00

42 ¼ ið�1s
s2 � �2ss1 þ �2s

s1 � �1ss2 Þ; F00
34 ¼ �F00

43 ¼ ið��1s
s1 þ �1ss1 þ �2s

s2 � �2ss2 Þ;

(B4)

where
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�jl
km � M�0j

�k

nYZ

nYZ

��������k1k
� �

M�000l
�00m

n0Y0Z0

n0Y0Z0

�������� k

k1

� �
; �jlkm � M�000j

�00k
n0Y0Z0

n0Y0Z0

��������k1k
� �

M�0l
�m

nYZ

nYZ

�������� k

k1

� �
: (B5)

The matrix R̂ is a sum of the products of the elements of vector N (the Stokes parameters) and four matrices

R̂ ¼ R̂InI þ R̂QnQ þ R̂UnU þ R̂VnV: (B6)

The elements of the matrices R̂I;Q;U;V are:

R11

R12

 !ðIÞ
¼ A11

11 � A21
12 þ A12

21 � A22
22;

R13

R14

 !ðIÞ
¼ 1

i

 !
ð�A11

12 þ A21
11 � A12

22 þ A22
21Þ;

R21

R22

 !ðIÞ
¼ A11

11 
 A21
12 þ A12

21 
 A22
22;

R23

R24

 !ðIÞ
¼ 1

i

 !
ðB21

11 
 B11
12 þ B22

21 
 B12
22Þ;

R31

R32

 !ðIÞ
¼ �C21

11 þ C11
12 � C22

21 þ C12
22;

R33

R34

 !ðIÞ
¼ 1

i

 !
ð�C11

11 þ C21
12 � C12

21 þ C22
22Þ;

R41

R42

 !ðIÞ
¼ �D21

11 þ C11
11 �D22

21 þ C12
21;

R43

R44

 !ðIÞ
¼ 1

i

 !
ð
D11

12 � C21
12 
D12

22 � C22
22Þ;

(B7)

R11

R12

 !ðQÞ
¼ A11

11 � A21
12 � A12

21 
 A22
22;

R13

R14

 !ðQÞ
¼ 1

i

 !
ð�A11

12 þ A21
11 
 A12

22 � A22
21Þ;

R21

R22

 !ðQÞ
¼ A11

11 
 A21
12 � A12

21 � A22
22;

R23

R24

 !ðQÞ
¼ 1

i

 !
ðB21

11 
 B11
12 � B22

21 � B12
22Þ;

R31

R32

 !ðQÞ
¼ �C21

11 þ C11
12 
 C22

21 � C12
22;

R33

R34

 !ðQÞ
¼ 1

i

 !
ð�C11

11 þ C21
12 
 C12

21 � C22
22Þ;

R41

R42

 !ðQÞ
¼ �D21

11 þ C11
11 
D22

22 � C12
21;

R43

R44

 !ðQÞ
¼ 1

i

 !
ð
D11

12 � C21
12 �D12

22 þ C22
22Þ;

(B8)

R11

R12

 !ðUÞ
¼ A11

21 � A21
22 þ A12

11 � A22
12;

R13

R14

 !ðUÞ
¼ 1

i

 !
ð�A11

22 þ A21
21 � A12

12 þ A22
11Þ;

R21

R22

 !ðUÞ
¼ A11

21 
 A21
22 þ A12

11 
 A22
12;

R23

R24

 !ðUÞ
¼ 1

i

 !
ðB21

21 
 B11
22 þ B22

11 
 B12
12Þ;

R31

R32

 !ðUÞ
¼ �C21

21 þ C11
22 � C22

11 þ C12
12;

R33

R34

 !ðUÞ
¼ 1

i

 !
ð�C11

21 þ C21
22 � C12

11 þ C22
12Þ;

R41

R42

 !ðUÞ
¼ �D21

21 þ C11
21 �D22

11 þ C12
11;

R43

R44

 !ðUÞ
¼ 1

i

 !
ð
D11

22 � C21
22 
D12

12 � C22
12Þ;

(B9)

R11

R12

 !ðVÞ
¼ ið�A11

21 
 A21
22 þ A12

11 � A22
12Þ;

R13

R14

 !ðVÞ
¼ i

1

 !
ð�A11

22 
 A21
21 þ A12

12 � A22
11Þ;

R13

R14

 !ðVÞ
¼ ið�A11

21 � A21
22 þ A12

11 
 A22
12Þ;

R23

R24

 !ðVÞ
¼ i

1

 !
ð
B21

21 þ B11
22 � B22

11 � B12
12Þ;

R31

R32

 !ðVÞ
¼ ið
C21

21 � C11
22 � C22

11 þ C12
12Þ;

R33

R34

 !ðVÞ
¼ i

1

 !
ð�C11

21 
 C21
22 þ C12

11 � C22
12Þ;

R41

R42

 !ðVÞ
¼ ið
D21

21 � C11
21 �D22

11 þ C12
11Þ;

R43

R44

 !ðVÞ
¼ i

1

 !
ðD11

22 � C21
22 �D12

12 
 C22
12Þ;

(B10)

where we introduced the following combinations of the scattering matrices:
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Ajl
km ¼ M�000j

�00k
n0Y0Z0

nYZ

��������k1k
� �

M�0l
�m

nYZ

n0Y0Z0

�������� k

k1

� �
þM�j

�0k
n0Y0Z0

nYZ

��������k1k
� �

M�00l
�000m

nYZ

n0Y0Z0

�������� k

k1

� �
; (B11)

Bjl
km ¼ M�000j

�00k
n0Y0Z0

nYZ

��������k1k
� �

M�0l
�m

nYZ

n0Y0Z0

�������� k

k1

� �
�M�j

�0k
n0Y0Z0

nYZ

��������k1k
� �

M�00l
�000m

nYZ

n0Y0Z0

�������� k

k1

� �
; (B12)

Cjl
km ¼ M�000j

�00k
n0Y0Z0

nYZ

��������k1k
� �

M�0l
�m

nYZ

n0Y0Z0

�������� k

k1

� �
þM�ð3�jÞ

�0k
n0Y0Z0

nYZ

��������k1k
� �

M�00l
�000ð3�mÞ

nYZ

n0Y0Z0

�������� k

k1

� �
; (B13)

Djl
km ¼ M�000j

�00k
n0Y0Z0

nYZ

��������k1k
� �

M�0l
�m

nYZ

n0Y0Z0

�������� k

k1

� �
�M�ð3�jÞ

�0k
n0Y0Z0

nYZ

��������k1k
� �

M�00l
�000ð3�mÞ

nYZ

n0Y0Z0

�������� k

k1

� �
: (B14)

The elements of the matrices R̂0
are

R0
11

R0
12

� �
¼ �11

11 þ �12
21 � �21

12 � �22
22;

R0
13

R0
14

� �
¼ 1

i

� �
ð�11

12 þ �12
22 � �21

11 � �22
21Þ;

R0
21

R0
22

� �
¼ �11

11 � �21
12 � �12

21 
 �22
22;

R0
23

R0
24

� �
¼ 1

i

� �
ð�11

21 � �21
22 þ �12

11 � �22
12Þ;

R0
31

R0
32

� �
¼ �21

11 þ �11
12 � �22

21 � �12
22;

R0
33

R0
34

� �
¼ 1

i

� �
ð��21

21 � �11
22 þ �22

11 þ �12
12Þ;

R0
41

R0
42

� �
¼ �21

11 � �11
12 � �22

21 
 �12
22;

R0
43

R0
44

� �
¼ 1

i

� �
ð��21

21 
 �11
22 þ �22

11 � �12
12Þ;

(B15)

where we defined

�jl
km � M�0j

�k

n0Y0Z0

nYZ

��������k1k
� �

M�000l
�00m

nYZ

n0Y0Z0

�������� k

k1

� �
: (B16)

The elements of the matrices R̂00
are

R00
11

R00
12

 !
¼ 1s

s1 þ %1s
s1 �2s

s2 � %2s
s2;

R00
13

R00
14

 !
¼ 1

i

 !
ð�1s

s2 � %1s
s2 þ2s

s1 þ %2s
s1Þ;

R00
21

R00
22

 !
¼ R00

12

R00
11

 !
;

R00
23

R00
24

 !
¼ 1

i

 !
ð
1s

s2 � %1s
s2 þ2s

s1 � %2s
s1Þ;

R00
31

R00
32

 !
¼ 1s

s2 � %1s
s2 �2s

s1 þ %2s
s1;

R00
33

R00
34

 !
¼ 1

i

 !
ð�1s

s1 þ %1s
s1 þ2s

s2 � %2s
s2Þ;

R00
41

R00
42

 !
¼ R00

14

�R00
24

 !
;

R00
43

R00
44

 !
¼ �R00

34

R00
11

 !
;

(B17)

where we defined

jl
km � M�000j

�00k
n0Y0Z0

nYZ

��������k1k
� �

M�0l
�m

nYZ

n0Y0Z0

�������� k

k1

� �
; %jl

km � M�000j
�0k

n0Y0Z0

nYZ

��������k1k
� �

M�00l
�m

nYZ

n0Y0Z0

�������� k

k1

� �
: (B18)

APPENDIX C: EXPRESSIONS FOR MATRICES IN EQUATIONS (91)–(93)

Matrix F̂ ¼ fFijg in Eq. (91) has the same form as in the case of polarized electrons (B1), but where �0 ¼ � should be

substituted in the definitions of hjki. Matrices F̂ 0 and F̂ 00 also have the same forms as in the case of polarized electrons

given by Eqs. (B3) and (B4), where �0 ¼ � and �000 ¼ �00 should be used in the expression for �ik
jm and �ikjm.

Matrix R̂ can be represented by expression (B6). The elements of R̂I can be represented through tensors T
ik
jm defined by

relation (77):
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R11

R12

 !ðIÞ
¼T11

11�T21
12þT12

21�T22
22 ;

R13

R14

 !ðIÞ
¼ 1

i

 !
ðT21

11�T11
12þT22

21�T12
22 Þ;

R21

R22

 !ðIÞ
¼ R12

R11

 !ðIÞ
;

R23

R24

 !ðIÞ
¼0;

RðIÞ
31 ¼RðIÞ

13 ; RðIÞ
32 ¼0; RðIÞ

33 ¼RðIÞ
11 ; RðIÞ

34 ¼ ið�T12
21�T22

22Þ; RðIÞ
41 ¼ iðT21

11þT22
21Þ;

RðIÞ
42 ¼ iðT11

12þT12
22 Þ; RðIÞ

43 ¼0; RðIÞ
44 ¼T11

11þT21
12 :

(C1)

The elements of R̂Q can be represented as

R11

R12

 !ðQÞ
¼T11

11�T21
12�T12

21
T22
22 ;

R13

R14

 !ðQÞ
¼ 1

i

 !
ðT21

11�T11
12�T22

21
T12
22Þ;

R21

R22

 !ðQÞ
¼ R12

R11

 !ðQÞ
;

R23

R24

 !ðQÞ
¼0;

RðQÞ
31 ¼RðQÞ

13 ; RðQÞ
32 ¼0; RðQÞ

33 ¼RðQÞ
11 ; RðQÞ

34 ¼�RðIÞ
34 ; RðQÞ

41 ¼ iðT21
11�T22

21Þ; RðQÞ
42 ¼ iðT11

12�T12
22Þ;

RðQÞ
43 ¼0; RðQÞ

44 ¼RðIÞ
44 :

(C2)

The elements of R̂U are

R11

R12

 !ðUÞ
¼ T12

11 � T22
12 þ T11

21 � T21
22 ;

R13

R14

 !ðUÞ
¼ 1

i

 !
ðT22

11 � T12
12 þ T21

21 � T11
22 Þ;

R21

R22

 !ðUÞ
¼ R12

R11

 !ðUÞ
;

R23

R24

 !ðUÞ
¼ 0; RðUÞ

31 ¼ RðUÞ
13 ; RðUÞ

32 ¼ 0; RðUÞ
33 ¼ RðUÞ

11 ; RðUÞ
34 ¼ 0; RðUÞ

41 ¼ iðT22
11 þ T21

21Þ;

RðUÞ
42 ¼ iðT12

12 þ T11
22Þ; RðUÞ

43 ¼ 0; RðUÞ
44 ¼ T12

11 þ T22
12 þ T11

21 þ T21
22 :

(C3)

The elements of R̂V are

R11

R12

 !ðVÞ
¼ T12

11 � T22
12 � T11

21 
 T21
22 ;

R13

R14

 !ðVÞ
¼ 1

i

 !
ð�T22

11 þ T12
12 
 T21

21 � T11
22Þ;

R21

R22

 !ðVÞ
¼ R12

R11

 !ðVÞ
;

R23

R24

 !ðVÞ
¼ 0; RðVÞ

31 ¼ RðVÞ
13 ; RðVÞ

32 ¼ 0; RðVÞ
33 ¼ RðVÞ

11 ; RðVÞ
34 ¼ 0; RðVÞ

41 ¼�T22
11 þ T21

21 ;

RðVÞ
42 ¼�T12

12 þ T11
22 ; RðVÞ

43 ¼ 0; RðUÞ
44 ¼ iðT12

11 þ T22
12 � T11

21 � T21
22 Þ:

(C4)

The expressions for the elements of R̂0
are

R0
11

R0
12

 !
¼ T11

11 þ T21
12 � T12

21 � T22
22 ;

R0
13

R0
14

 !
¼ 1

i

 !
ðT12

11 þ T22
12 � T11

21 � T21
22 Þ;

R0
21

R0
22

 !
¼ T11

11 � T21
12 � T12

21 
 T22
22 ;

R0
23

R0
24

 !
¼ T12

11 � T22
12 � T11

21 
 T21
22 ;

R0
31

R0
32

 !
¼ T21

11 þ T11
12 � T22

21 � T12
22 ;

R0
33

R0
34

 !
¼ 1

i

 !
ðT22

11 þ T12
12 � T21

21 � T11
22 Þ;

R0
41

R42

 !
¼ iðT21

11 � T11
12 � T22

21 
 T12
22Þ;

R0
43

R0
44

 !
¼ i

1

 !
ð�T22

11 
 T12
12 þ T21

21 � T11
22Þ;

(C5)

and the elements of R̂00
are as follows:

R00
11

R00
12

 !
¼ T1s

s1 � T2s
s2 ;

R00
13

R00
14

 !
¼ 1

i

 !
ðT2s

s1 � T1s
s2Þ;

R00
21

R00
22

 !
¼ R00

12

R00
11

 !
;

R00
23

R00
24

 !
¼ 0;

R00
31 ¼ R00

13; R00
32 ¼ R00

34 ¼ R00
42 ¼ R00

43 ¼ 0; R00
33 ¼ R00

11; R00
41 ¼ R00

14; R00
44 ¼ R00

11:

(C6)
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