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Abstract

The framework for describing the transfer of polarized radiation through a rela-
tivistic isotropic nondegenerate gas of free electrons taking Compton scattering
into account is developed. It is shown that the kernel of the polarization radiative
transfer equation (PRTE) can be presented as a product of theCompton scattering
matrix and two usual rotation matrices. The CSM for the monoenergetic isotropic
electrons is derived. The methods of calculation of the CSM for the Maxwellian
and power-law electron distribution are presented. The iterative method of solu-
tion of the PRTE is proposed.

As an astrophysical application of the developed formalism, the synchrotron
self-Compton (SSC) mechanism and comptonization in accretion disk coronae
are considered. The frequency and angular dependence of theintensity and the
degree of polarization of an optically thin SSC source with an aligned magnetic
field are obtained. The two-phase model of the accretion disks in active galactic
nuclei is considered. The spectral and polarization properties of such a model
are investigated. The limits of applicability of approximation formulae for the
spectral energy index as a function of electron temperatureand optical depth of
the layer are given. The method of the determination of the model parameters
from observations is described.
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Chapter 1

Introduction

In spite of the fact that more than seventy years have passed since the discovery
by Arthur Holly Compton of the effect which is nowadays knownas Compton
scattering (Compton, 1923), it is impossible to say that this effect has been studied
in all its manifestations. In 1922, investigating the scattering of X-ray photons
from stationary electrons, Compton found that the photon wavelength increases
as:

λ′ = λ +
h

mec
(1 − µ), (1.1)

whereµ is the cosine of the scattering angle. The valueh/mec is the Compton
wavelengthλC ≈ 0.024Å. The effect of transferring the energy from the photon
to the electron is called therecoil effect. If, however, the scattering is undergone
by the moving electron, a photon is as likely to decrease as increase its energy
(Dirac, 1925; see also Longair, 1992) due to theDoppler effect. Scattering from
the ultrarelativistic isotropic electron gas increases the photon energy ashν ′ ≈
4
3
γ2hν, whereγ is the electron energy in units of the electron rest mass. In this

case the electrons lose and the photons gain energy and this process is called
inverse Compton scattering(Feenberg and Primakoff, 1948).

In the case of nonrelativistic electrons where the changes of the photon energy
are small in each scattering, the process of multiple scattering can be considered as
a diffusion in frequency. The equation describing the evolution of photon spectra
due to the interaction with isotropic nonrelativistic electron gas was derived by
Kompaneets (1956). This equation can be deduced from the Boltzmann equation
using the Fokker-Planck approximation (e.g. Rybicki and Lightman, 1979). A
more general equation taking the angular dependence of intensity into account
was obtained by Babuel-Peyrissac and Rouvillois (1969). Stark (1981) and Wilson
(1982) took polarization into consideration.

Compton scattering by a cold electron gas was investigated by Langer et al.
(1978), Ross et al. (1978), Illarionov et al. (1979), Nagirner (1984), Xu et al.
(1991), Chen and You (1993), and taking polarization into account, by Williams
(1984).
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2 CHAPTER 1. INTRODUCTION

The Kompaneets equation is applicable, strictly speaking,only in the infinite
isotropic medium in the limit where the photon energy and electron temperature
are smallhν, kTe � mec

2, nevertheless it made it possible to obtain important
results on the evolution of photon spectra not only in cosmology, where these
conditions are fulfilled (Weymann, 1967; Sunyaev and Zeldovich, 1970, 1980),
but also in objects with anisotropy and finite size. Different methods of applying
this equation were proposed by Lightman and Rybicki (1980),and Colpi (1988).
Sunyaev and Titarchuk (1980) considered an optically thickmedium and used the
diffusion approximation to obtain the distribution of photons over the escape time.
Its convolution with the solution of the Kompaneets equation gives the stationary
spectrum of the radiation escaping from the cloud.

The difference in the photon escape time leads to a difference in the number of
photon scatterings and gives rise to the formation of a hard power-law spectrum
(Shapiro et al., 1976). The understanding that hot Maxwellian plasmas can form
power-law spectra was very important. If we observe such a spectrum it is not
necessary to call it non-thermal and to look for the mechanism of acceleration of
relativistic particles with power-law distribution in energies. IfkTe � mec

2, and
the optical depth is largeτ � 1, or kTe � mec

2, τ < 1 these spectra can be
described by simple analytical formulae. In the intermediate case analytical con-
sideration is difficult, and we must use either the Monte-Carlo techniques (Pozd-
nyakov et al., 1983) or other numerical methods to solve the radiative transfer
equation.

The radiative transfer equation is in general an integro-differential equation
with a kernel given by the photon-matter scattering cross-section (Pomraning,
1973; Rybicki and Lightman, 1979). In our case of the interaction of radiation
with a nondegenerate electron gas, the kernel is the Comptonscattering kernel
(CSK), which is defined as the Klein-Nishina scattering cross-section (Klein and
Nishina, 1929; Tamm, 1930) averaged over the electron energy distribution. The
methods of calculation of the CSK for the relativistic Maxwellian distribution
were proposed by Kershaw et al. (1986) and Nagirner and Poutanen (1993). The
CSK for the power-law electron distribution was derived by Ginzburg and Sy-
rovatskii (1964a) (see also Blumenthal and Gould, 1970).

The scattering of low-energy photons by relativistic electrons can be formally
divided into two subcases: whenγ hν � mec

2 and whenγ hν ≥ mec
2. In the

first case, the Thomson cross-section can be adopted to describe the scattering,
because the average photon energy in the center of momentum frame of reference
is much smaller than the electron rest mass. Recently Haardt(1993) adopted this
approximation to solve the radiative transfer equation in an optically thin plane-
parallel electron atmosphere. In the second case, the quantum relativistic Klein-
Nishina scattering cross-section has to be used (as in the casehν ≥ mec

2).
In the present thesis I consider the Compton scattering of polarized light. A

quite general form of the transfer equation has been given byAcquista and Ander-
son (1974). Nagirner (1994) derived such an equation takinginduced scattering
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into consideration. I assume that the radiation field is not very intense and con-
sider this equation in the linear approximation.

The radiation field and the polarization degree at each pointr at timet can be
characterized by the vector of the Stokes parameters (Stokes, 1852)̃I = Ĩ(x, ω, r, t) =
(I, Q, U, V )T. The radiative transfer equation describing propagation of polarized
light through an isotropic electron gas can be written in thefollowing form (Paper
II)
(

1

c

∂

∂t
+ ω · ∇

)

Ĩ = −neσ(x)Ĩ+σTnex
2

∫

∞

0

dx1

x2
1

∫

d2ω1L̂(−χ)Ŝ(x, x1, µ)L̂(χ1)Ĩ1 ,

(1.2)
wherex1 (x) is the energy in units of the electron rest mass andω1 (ω) is the di-
rection of the incoming (outgoing) photon,Ĩ1 = Ĩ(x1, ω1, r, t), σT is the Thomson
cross-section,ne is the electron density,µ = ω · ω1 is the cosine of the scattering
angle, andσ(x) is the Compton cross-section (Paper III). MatricesL̂(χ) describe
transformation of the Stokes parameters due to the rotationof the polarization ba-
sis (Chandrasekhar, 1960). The kernel of the equation is theCompton scattering
matrix (CSM), and can be presented as a single integral over the electron energy
distributionfe(γ)

Ŝ(x, x1, µ) =









S SI 0 0
SI SQ 0 0
0 0 SU 0
0 0 0 SV









(1.3)

=
3

8

∫

fe(γ)dγR̂(x, x1, µ, γ) =
3

8

∫

fe(γ)dγ









R RI 0 0
RI RQ 0 0
0 0 RU 0
0 0 0 RV









,

where the matrix̂R(x, x1, µ, γ) was derived in Paper II. The results of Wightman
(1948) (see also Akhiezer and Berestetskii, 1965; Berestetskii et al., 1971) for the
differential cross-section for the Compton scattering of polarized photons were
used to calculate the expressions for the five functions in Eq.(1.3). The product
L̂(−χ)Ŝ(x, x1, µ)L̂(χ1) reduces to the CSK if the scattering of unpolarized radi-
ation is considered. The CSM for the power-law isotropic distribution of ultra-
relativistic electrons was deduced by Bonometto et al. (1970) (see also Papers I
and V).

The interest in the investigations of the scattering of polarized radiation from a
hot electron gas has risen after the first observations of X-ray polarization in galac-
tic black hole candidates by theOSO 8satellite (Long et al., 1980). First theoreti-
cal models for the polarization of X-rays from the accretiondisks near black holes
have appeared even earlier (Angel, 1969; Lightman and Shapiro, 1975, 1976).
Further development of such models was made by Loskutov and Sobolev (1982,
1985), Connors et al. (1980), Phillips and Mészáros (1986).
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In the frame of double diffusion approximation (in the optical depth and fre-
quency) Sunyaev and Titarchuk (1985) calculated the frequency dependence of
intensity using the solution of the Kompaneets equation, and the angular and po-
larization structure of the radiation field was obtained by an iteration procedure
based on an expansion in scattering orders using the Rayleigh matrix. Following
this idea to find polarization and applying the method of Haardt (1993), Haardt
and Matt (1993) have calculated X-ray polarization properties of optically thin hot
plane-parallel atmospheres.

Comptonization models for AGNs and X-ray binaries have shown their vital
capacity. However, an eclectic approach of mixing even the exact CSK with the
Rayleigh matrix is unacceptable for the investigation of polarization properties of
such objects because the Rayleigh matrix gives correct results only for nonrela-
tivistic temperatures of an electron gas (Paper IV). The X-ray polarimeters aboard
theSpectrum-X-Gammasatellite (Kaaret et al., 1992) will give a possibility to ob-
serve polarization of X-ray sources, and in order to interpret these observations the
theory of Compton scattering of polarized light is needed. The attempt to realize
this idea is made in the present thesis.

The thesis is based on the following articles which are referred to in the text
by their Roman numerals I – V.

I Nagirner, D.I., Poutanen, J.: 1993, ”Compton Scattering of Polarized
Light: Scattering Matrix for Isotropic Electron Gas”,Astron. Astro-
phys.275, 325-336

II Poutanen, J.: 1994, ”Compton Scattering Matrix for Relativistic Maxwellian
Electron Distribution”,J. Quant. Spectrosc. Radiat. Transfer51, No.
6, 813-822

III Nagirner, D.I., Poutanen, J.: 1994, ”Single Compton Scattering”, As-
trophys. Space Phys. Rev.(ed. R.A. Sunyaev), Vol. 9, p. 1. New
York: Harwood Academic Publishers

IV Poutanen, J., Vilhu, O.: 1993, ”Compton Scattering of Polarized
Light in Two-Phase Accretion Discs”,Astron. Astrophys.275, 337-
344

V Poutanen, J.: 1994, ”Relativistic Jets in Blazars: Polarization of Ra-
diation”, Astrophys. J. Suppl. Ser.92, 607-609

The exact expressions for the CSM for the isotropic monoenergetic electrons
are derived in Paper I. Paper II is devoted to the methods of calculations of the
CSM for the relativistic electron distribution. The reviewof works on single
Compton scattering is given in Paper III. The CSM and the Rayleigh matrix are
compared in Paper IV, where also the polarization properties of accretion disk
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coronae in AGNs and X-ray binaries are investigated using the solution of the ra-
diative transfer equation in a single scattering approximation. Application of the
formalism developed to the relativistic jets in blazars is made in Paper V.

In addition, the thesis contains some new results which can not be found in the
above papers. The most important of these are the solution ofthe multiple scat-
tering problem (Chapter 3) and its application to the Comptonization in accretion
disk coronae (Sect. 4.2). This is a generalization of Paper IV. In Chapter 2 of the
introductory part, I consider methods of calculation of theCSM for the relativistic
Maxwellian and power-law electron distributions and compare exact formulae for
the CSK with well-known approximations. Chapter 3 is devoted to the iterative
method of solution of the polarization radiative transfer equation. Astrophysical
applications (synchrotron self-Compton polarization andCompton scattering in
hot atmospheres of accretion disks in active galactic nuclei) will be discussed in
Chapter 4. The conclusions are given in Chapter 5.
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Chapter 2

Compton scattering matrix

In this thesis the formation of the radiation spectrum due toCompton scattering
from an isotropic electron gas with a fixed energy distribution is investigated. We
must remember, however, that the electron spectrum is, in turn, dependent upon
the processes causing the electrons to lose (or to gain) energy (see e.g. Karda-
shev, 1962; Ginzburg and Syrovatskii, 1964b; Felten and Morrison, 1966; and
for a review Blumenthal and Gould, 1970). We assume that the electron energy
distribution does not change significantly, and is determined by other processes
than Compton scattering. In many astrophysical applications the assumption of
isotropy of the electron distribution is allowed, and in many respects it is better
than the hypothesis of the isotropy of the photon field (Ghisellini et al., 1991).

To solve the radiative transfer equation we need to know the kernel. This chap-
ter is dedicated to the methods of calculating this kernel. In Sect. 2.1 I consider
the case of unpolarized photons and review papers, where theCSK was derived
and investigated. This will help us to consider the more general case of polarized
radiation and study the CSM in Sect. 2.2.

2.1 Compton scattering kernel for unpolarized pho-
tons

The CSM for an isotropic electron gas can be presented as integrals over the elec-
tron momenta:

Ŝ(x, x1, µ) =
3

16π

∫

d3z

γ

d3z1

γ1
δ(z1 + x1 − z − x)fe(γ1)L̂(Ψ)F̂ L̂(Ψ)

=
3

16π

∫

d3z1

γ1
fe(γ1)L̂(Ψ)F̂ L̂(Ψ)δ(z1(x − x1) + x x1), (2.1)

where the electron and photon momentum four-vectors before(after) the scatter-
ing arez1 = {γ1, z1}, x1 = x1{1, ω1} (z = {γ, z}, x = x{1, ω}), F̂ is the

7



8 CHAPTER 2. COMPTON SCATTERING MATRIX

Klein-Nishina scattering matrix (Wightman, 1948; Berestetskii et al., 1971):

F̂ = R̂ + q (1 − µ0)









1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 µ0









, (2.2)

whereµ0 is the cosine of the scattering angle in the electron rest frame,q = x x1 =
xx1(1 − µ), andR̂ is the Rayleigh matrix:

R̂ =









µ2
0 + 1 µ2

0 − 1 0 0
µ2

0 − 1 µ2
0 + 1 0 0

0 0 2µ0 0
0 0 0 2µ0









. (2.3)

The expression for the angleΨ is given in Paper I.
The electron distribution is normalized as follows:

4 π

∫

∞

0

z2 fe(γ) dz = 1. (2.4)

The argument of the Diracδ-function enforces the conservation laws. I consider
three types of electron spectra:

1. monoenergetic electrons

fm(γ) =
1

4 πz0γ0
δ(γ − γ0), (2.5)

2. relativistic Maxwellian distribution of temperatureTe

fM(γ) =
y

4 π K2(y)
exp (−y γ), y =

m c2

kB Te
, (2.6)

whereK2 is the Macdonald function, and

3. power-law electrons

fp(γ) =

{

ceγ
−1−p/z , γmin ≤ γ ≤ γmax ,

0 , otherwise,
(2.7)

wherece = [γ1−p
min −γ1−p

max]/4π(p−1), or, if p = 1, ce = 1/4π ln(γmax/γmin).

To show the properties of the CSM we will consider the scattering of the mo-
noenergetic photon beam. Let this beam be propagating alongthe z-axis of a fixed
frame of reference

Ĩ1(x1, η1, ϕ) =









i0
q0

u0

v0









x0δ(x1 − x0)δ(η1 − 1)δ(ϕ). (2.8)
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Then from the kinetic equation (1.2) we obtain the Stokes vector of single scat-
tered radiation (the emission function, EF)

ĩ (x, µ) = neσT
x2

x0
Ŝ(x, x0, µ)









i0
q0

u0

v0









. (2.9)

This equation shows the physical sense of the CSM. Averagingover the actual
spectral and angular distribution of initial photons determines in general the spec-
trum of scattered photons. If the initial photons have isotropic distribution, then
the scattered photons are unpolarized and distributed isotropically. Then the emis-
sion function is

i (x) =
1

4π

∫ 1

−1

i (x, µ)dµ =
neσT

2π

x2

x0

S(x, x0), (2.10)

where we define

S(x, x0) =
1

2

∫ 1

−1

S(x, x0, µ)dµ . (2.11)

Let us consider now the scattering of unpolarized light. Theproduct of the
three matriceŝL(Ψ)F̂ L̂(Ψ) in this case reduces to the scalar Klein-Nishina cross-
sectionF (left-upper element of the matrix̂F ), and matrixŜ reduces to the CSK
S(x, x1, µ). As it was shown in Papers I and III, the CSK may be presented asa
single integral over the electron energy distribution:

S(x, x1, µ) =
3

8

∫

∞

γ∗

f(γ)R(x, x1, µ, γ)dγ , (2.12)

the lower limit of the integration

γ∗ = γ∗(x, x1, µ) =
[

x − x1 + Q
√

1 + 2/q
]

/2 (2.13)

is the root of the inequality

z2Q2 ≥ [γ(x1 − x) − q]2, (2.14)

which reflects the conservation laws. Here

Q2 = Q2 = (x1ω1 − xω)2 = (x − x1)
2 + 2q . (2.15)

Indeed, changingz1 to z in the argument of theδ-function in Eq. (2.1), and raising
it to the second power, we obtain

[γ(x1 − x) − q]2 = [z (x1ω1 − xω)]2 = (zQ)2 ≤ z2Q2. (2.16)
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The functionR was deduced by Jones (1968). Unfortunately, the formulae
given there contain several misprints (Coppi and Blandford, 1990). Attempts to
calculate this function were also undertaken by other authors (Baylis et al., 1967;
Ribberfors, 1975, 1976). The correct expression was derived by Aharonian and
Atoyan (1981) and was studied in detail in the works by Kershaw et al. (1986)
and Nagirner et al. (1991):

R(x, x1, µ, γ) =
2

Q
+

q2 − 2q − 2

q2

(

1

a−

− 1

a+

)

+
1

q2

(

d−

a3
−

+
d+

a3
+

)

, (2.17)

where

d± = (a2
+ − a2

−
± Q2)/2 , a2

±
= γ2

±
+ r ,

r = (1 + µ)/(1 − µ) , γ− = γ − x , γ+ = γ + x1 .

Methods of integrating over the relativistic Maxwellian electron distribution were
proposed by Kershaw et al. (1986) and Nagirner and Poutanen (1993). The EF
for monoenergetic electrons and isotropic photons can be expressed through the
zeroth angular moment of the redistribution function (2.17):

i (x) =
neσT

32π2

3x2

4zγx0

∫

R(x, x0, µ, γ)dµ , (2.18)

where the limits of integration and expressions for the primitive function can be
found in Brinkmann (1984) and Paper III, where also the first angular moment is
deduced.

2.1.1 Isotropic approximation in the rest frame

A very simple expression forR can be derived if we assume that the characteristic
photon energy in the electron rest frame is small,x1γ � 1. We adopt the Thomson
scattering approximation, and assume also that the scattering is isotropic in the
rest frame. Such a simplification, however, gives correct results satisfying the
normalization of the redistribution function (see Sect. 3.3). Hence, the functionR
in that approximation is (Arutyunyan and Nikogosyan, 1980)

R =
4

3Q
. (2.19)

The CSK for monoenergetic electrons of energyγ is

S(x, x1, µ) = 1/8πzγQ, (2.20)

and is not zero if the inequality

2qz2 ≥ (x1 − x)2 (2.21)
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holds. The EF for the isotropic photon field can be derived by integrating overµ
between the limits defined by Eq. (2.21) (Rybicki and Lightman, 1979):

i (x) =
neσT

32π2

x

zγx0

[

1 +
x

x0

− γ

z

∣

∣

∣

∣

1 − x

x0

∣

∣

∣

∣

]

, (2.22)

wherex/x0 ∈ [(γ − z)2, (γ + z)2]. For Maxwellian electrons the CSK is

S(x, x1, µ) =
1

8πQ

e−yγ∗

K2(y)
, (2.23)

whereγ∗ = Q/
√

2q. The equation (2.23) gives a very good approximation for the
exact CSK for weakly and mildly-relativistic temperatureskTe ≤ mec

2.

2.1.2 Ultrarelativistic approximation

Let us consider the caseγ � 1 and take the angular dependence of the scattering
cross-section into account. We assume, however, that the Thomson approximation
holds, i.e.x1γ � 1. Expanding (2.17) in a power series in1/γ, one obtains

R(x, x1, µ, γ) ≈ 2

Q
− 2

q

(x + x1)

γ2
+

x + x1

q2γ4

[

(x + x1)
2 + 3rq

]

. (2.24)

The EF for the isotropic photon distribution is exactly the same as the one that Blu-
menthal and Gould (1970) derived using another method. Denoting ε = x/4x0γ

2

and usingx ∼ x0γ
2 � x0, we have

i (x) =
neσT

32π2
12εg(ε), (2.25)

where
g(ε) = 1 + ε − 2ε2 + 2ε ln ε. (2.26)

Differences between the exact expression (2.18) and the twoapproximate solu-
tions (2.22), (2.25) are shown in Fig. 2.1. We can see that theisotropic approx-
imation is very accurate for low electron energies, and the ultrarelativistic one is
accurate forγ ≥ 3. However, if the photon energy in the electron rest frame
is quite large∼ x0γ ∼ 0.1, then the ultrarelativistic (as well as the isotropic)
approximation (2.25) is not very good.

In the same ultrarelativistic approach the CSM for relativistic Maxwellian
electrons (y � 1) takes the form:

S(x, x1, µ) =
3

32πK2(y)

{

2e−yγ∗

Q
− y

2(x + x1)

qγ∗

E2(yγ∗) (2.27)

+ y
(x + x1)[(x + x1)

2 + 3rq]

q2γ3
∗

E4(yγ∗)

}

,
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Figure 2.1: The emission function for the isotropic photon distribution. The ini-
tial photon energyx0 = 10−4. Solid lines— the exact EF (2.18);dotted lines—
isotropic approximation in the electron rest frame (2.22);dashed lines— ultrarel-
ativistic approximation (2.25).
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whereEn is the exponential integral of ordern.
Power-law electrons (2.7) produce a power-law photon spectrum with index

α = (p − 1)/2 in the limitsx0γ
2
min � x � x0γ

2
max:

i (x, µ) = neσT
3ce

4
[2(1 − µ)]α+1C(p)

(x0

x

)α

, (2.28)

where

C(p) =
p2 + 4p + 11

(p + 1)(p + 3)(p + 5)
,

and the EF for isotropic photons is (Ginzburg and Syrovatskii, 1964a; Blumenthal
and Gould, 1970; Rybicki and Lightman, 1979)

i (x) =
neσT

4π
3ce

2p

p + 3
C(p)

(x0

x

)α

. (2.29)

The method used here to deduce expressions for the CSK make itpossible to
solve the radiative transfer equation not only in the cases where the photon field
is nearly isotropic, but also in the case where the photon distribution is highly
anisotropic. Classical works by Blumenthal and Gould (1970) and Rybicki and
Lightman (1979) give angle-averaged CSK, and special tricks are necessary to
include anisotropic scattering (Haardt, 1993).

Now we are ready to begin the next section, where we consider the scattering
of polarized radiation.

2.2 Redistribution matrix

2.2.1 Exact expressions

As in the case of unpolarized radiation, the CSM can be presented as a single
integral over the electron energy distribution (see Eq. (1.3)). The expressions for
the five functions of the redistribution matrix (RM) are given in Paper I, but here
we will give a slightly different representation:

R̂(x, x1, µ, γ) =









R RI 0 0
RI RQ 0 0
0 0 RU 0
0 0 0 RV









(2.30)

=

(

2

Q
− 2u

vq

)

1̂ +









R′ R′

I 0 0
R′

I R′

Q 0 0
0 0 R′

U 0
0 0 0 R′

V









,
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where1̂ is the unit matrix,

R′ = Ra +
u

v
, R′

I = Ra + Rc −
2u

vq
,

R′

U = 2
u − Q

rq

[

u − Q

rq
(2Q + u) − 4

]

+ 2Rc ,

R′

Q = R′

U + Ra , R′

V =
u

v
− qRa , (2.31)

and

Ra = u
(u2 − Q2)(u2 + 5v)

2q2v3
+ u

Q2

q2v2
, Rc =

u

vq

u2 − Q2

rq
,

u = a+ − a− =
(x + x1)(γ+ + γ−)

a− + a+
, v = a−a+. (2.32)

The arguments of the RM must satisfy Eq. (2.14).
In Sect. 2.1.1 we have considered the isotropic approximation in the electron

rest frame and obtained a very simple expression for the CSK,but now it is very
difficult to imagine how the same approach can work when we areinterested in
polarization. In that case the angular dependence of the components of the scatter-
ing matrix is essential. Unfortunately, this approximation cannot be applied here,
and we have to consider the general matrix. Equations (2.30)and (2.31) give di-
rectly the CSM for the monoenergetic electrons. Methods of calculation of the
CSM for the Maxwellian distribution are presented in PapersII and III.

2.2.2 Rayleigh approximation in the rest frame

If photon energies in the electron rest frame are small compared withmec
2 (q �

1), we can apply the Rayleigh scattering matrixR̂ to calculate the CSM. The result
does not differ very much from the exact expressions (2.30),(2.31), except

R′

V = 0 , R′ = Ra , (2.33)

and these expressions do not simplify calculations in comparison with the exact
formulae.

2.2.3 Ultrarelativistic approach

Making the same assumptions (γ � 1, x1γ � 1, x ∼ x1γ
2 � x1) as in section

2.1.2, we obtain the formulae for the redistibution functions:

R =
2

x
− 2

x1wγ2
+

x

x2
1w

2γ4
, RI = 0 ,

RQ = −RU =
x

2x2
1w

2γ4
, RV =

2

x
− 2

x1wγ2
, (2.34)
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wherew = 1 − µ. Integrating over the Maxwellian distribution in Eq. (1.3)
between limitsγ∗ =

√

x/2wx1 and∞, we obtain the formulae for CSM in the
limit y ≤ 1, yγ∗ � 1:

Ŝ(x, x1, µ) =
3e−yγ∗

32πK2(y)

2

x









1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









, (2.35)

where we used the approximationEn(yγ∗)e
yγ∗ ≈ 1/yγ∗.

Integrating over the power-law distribution of electrons (2.5) gives us the fol-
lowing expression for the CSM in the limitsx1γ

2
min � x � x1γ

2
max (see Paper I):

Ŝ(x, x1, µ) =
3ce

4x

(

2wx1

x

)α+1











p2+4p+11
(p+1)(p+3)(p+5)

0 0 0

0 1
p+5

0 0

0 0 − 1
p+5

0

0 0 0 1−p
(p+1)(p+3)











,

(2.36)
whereα = (p−1)/2. The correct expression in the whole frequency range is given
in Paper V (see also Bonometto et al., 1970). It is easy to see that in the case of
ultrarelativistic electrons the scattering does not produce additional polarization,
i.e. the unpolarized radiation remains unpolarized.

2.2.4 Nonrelativistic limit

In the limiting case of small photon energiesx � 1 (for example, if we are inves-
tigating the broadening of atomic spectral lines in the optical or ultraviolet regions
due to the scattering by nonrelativistic electrons) we can put x = x1 everywhere
except in the expression forγ∗ (see Eq. 2.13) where we use the differencex− x1.
Taking into account terms of order1/y, we obtain the deviation of the CSM from
the Rayleigh matrix in the nonrelativistic limit (Paper II):

Ŝ(x, x1, µ) =
3
√

y(1 − 15/8y)

32π3/2x
√

w
exp

[

−y
x − x1

2

(

1 +
x − x1

2wx2

)]{

R̂ +
w

y
Ĉ
}

,

(2.37)
wherew = 1 − µ, R̂ is the Rayleigh matrix (2.3) and̂C is the correction matrix

Ĉ =









2 + µ − 5µ2 4 − µ − 5µ2 0 0
4 − µ − 5µ2 −2 − 3µ − 5µ2 0 0

0 0 −3 − 7µ 0
0 0 0 1 − 3µ









. (2.38)

An expression close to that for the case of scattering of unpolarized light can be
found in Hummer and Mihalas (1967), Babuel-Peyrissac and Rouvillois (1970),
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Zeldovich et al. (1972), and Mihalas (1978). This expression clearly shows that
the scattering matrix for cold electrons is proportional tothe Rayleigh matrix.
Even in the case of nonrelativistic temperatures the completely polarized light
normal to the plane of scatteringi0 = q0 = 1, u0 = v0 = 0 (see Eq. 2.9) becomes
partially polarized. The EF is:

ĩ (x, µ) =









2µ2

2µ2

0
0









+
2w

y









3 − 5µ2

1 − 2µ − 5µ2

0
0









, (2.39)

and for scattering at the right angle (µ = 0) the polarization degreeP = 1/3,
apart fromP = 1 for the Rayleigh matrix. So, even for nonrelativistic electrons
the CSM is not proportional to the Rayleigh matrix.

In the next Chapter we will consider the iterative method of solution of the
radiative polarization transfer equation in an optically thin plane-parallel atmo-
sphere.



Chapter 3

Radiative polarization transfer
equation

I consider the transfer of polarized radiation through a planar pure scattering elec-
tron atmosphere. We assume that the electrons have an isotropic distribution
in momentum. The only process taken into account is Compton scattering. To
describe photon polarization we choose thez-axis of the frame of reference to
be in the direction of the surface normal. The direction of the photon propa-
gation is defined by two anglesω = (

√

1 − η2 cos ϕ,
√

1 − η2 sin ϕ, η), ω1 =

(
√

1 − η2
1 cos ϕ1,

√

1 − η2
1 sin ϕ1, η1). Following Paper IV we write Eq. (1.2) in

the form:

η
dĨ(x, η, τ)

dτ
= −s(x)Ĩ(x, η, τ)+x2

∫

∞

0

dx1

x2
1

∮

d2ω1L̂(−χ)Ŝ(x, x1, µ)L̂(χ1)Ĩ(x1, η1, τ).

(3.1)
Heredτ = σTnedz is the Thomson optical depth,s(x) = σ(x)/σT is the total
Compton cross-section in units of the Thomson cross-section. The expressions for
χ andχ1 throughη, η1 and∆ are given in Paper IV. The fourth Stokes parameterV
is independent of the other parameters and the scalar equation forV can be solved
in the same manner as the vector equation (see Sect. 3.1). Dueto the azimuthal
symmetryU = 0, and Eq. (3.1) can be rewritten for the vectorĨ = (I, Q)T in the
form

η
dĨ(x, η, τ)

dτ
= −s(x)Ĩ(x, η, τ) + S̃e(x, η, τ), (3.2)

where the electron scattering source function is

S̃e(x, η, τ) = x2

∫

∞

0

dx1

x2
1

∫ 1

−1

dη1

(

Re
11 Re

12

Re
21 Re

22

)

Ĩ(x1, η1, τ) , (3.3)

or in the operator form

S̃e = R̂e(Ĩ) . (3.4)

17
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The azimuthal averaged redistribution functions are

Re
ij(x, η; x1, η1) =

∫ 2π

0

Sij(x, η; x1, η1; ∆) d∆ , (3.5)

where

S11 = S(x, x1, µ) ,

S12 = SI(x, x1, µ) cos 2χ1 ,

S21 = SI(x, x1, µ) cos 2χ , (3.6)

S22 = S+ cos 2(χ − χ1) + S− cos 2(χ + χ1) ,

S± = [SQ(x, x1, µ) ± SU(x, x1, µ)] /2, ∆ = ϕ1 − ϕ.

3.1 Iteration scheme

We solve the integro-differential equation (3.2) expanding the Stokes vector̃I in
scattering number (Neumann series). Following the procedure from Sunyaev and
Titarchuk (1985) we represent the Stokes vector as a sum:

Ĩ =
∞

∑

k=0

Ĩk , (3.7)

whereĨk is the field of photons having undergonek scatterings. The intensity for
the non-scattered component can be found using the boundaryconditions. For the
layer of optical depthτ0 the Stokes vector̃Ik for all other scattering ordersk ≥ 1
can be calculated employing the iteration formula:

Ĩk(x, η, τ) =

∫ τ

0

S̃e
k−1(x, η, τ ′) exp

{

−s(x)
τ − τ ′

η

}

dτ ′

η
, η > 0 , (3.8)

Ĩk(x, η, τ) =

∫ τ0

τ

S̃e
k−1(x, η, τ ′) exp

{

−s(x)
τ ′ − τ

−η

}

dτ ′

−η
, η < 0 , (3.9)

S̃e
k(x, η, τ) = R̂e(Ĩk) . (3.10)

This procedure gives us the dependence of the Stokes parameters on frequency,
angle and optical depth. Substitutingτ = τ0 into Eq. (3.8), andτ = 0 into
Eq. (3.9), we obtain the emergent intensities. All iterative methods where the
calculations of the spectral and angular-polarization structure of the radiation
field were separated (Sunyaev and Titarchuk, 1985; Phillipsand Mészáros, 1986;
Haardt and Matt, 1993) failed to obtain the frequency dependence of the Stokes
vector for a fixed scattering order.
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3.2 Numerical integration

In order to find the solution of the radiative transfer equation we have to calculate
four different types of integrals:

• over the azimuthal angle in Eq. (3.5);

• over the zenith angleη1 and

• over frequencyx1 in Eq. (3.3);

• over optical depthτ ′ in Eqs. (3.8), (3.9).

Let us consider these integrations in turn. To calculate theazimuthal angle aver-
aged CSM (3.5) we used the Simpson quadrature. One peculiar property of the
CSM we must consider in detail. The CSM in the vicinity of the point µ = 1 is
singular and has aδ-function character:

Ŝ(x, x1, µ = 1) =
3

8π

K0(y)

K2(y)
δ(x − x1)1̂. (3.11)

The azimuthal integrals can be presented as

Re
ij(x, ηl; x1, ηm) =

Ns
∑

p=δlm

ApSij(x, ηl; x1, ηm; ∆p)+A0
3

8π

K0(y)

K2(y)
δ(x−x1)δijδlm ,

(3.12)
whereAp are the weights,∆p are the nodes, andNs is the number of points of the
Simpson quadrature. Equation (3.3) takes the form:

S̃e(x, ηl, τ) = BlA0
3

8π

K0(y)

K2(y)
Ĩ(x, ηl, τ) + R̂e(Ĩ) , (3.13)

whereBl is thel-th weight of integration overη1.
Furthermore, we apply Gauss’ formula to calculate integrals over zenith an-

gles. Integration over frequencies can be performed using the quadrature formula
of rectangles on a logarithmic scaledx/x = d lnx. The trapezoidal formula
makes it convenient to calculate integrals over optical depth. It gives a possibility
to use the result of the previous step for the next one:

Ĩk(τn+1) =
hτ

2η

[

S̃e
k−1(τn+1) + S̃e

k−1(τn)e−s(x)hτ /η
]

+ Ĩk(τn)e−s(x)hτ /η , η > 0 , (3.14)

Ĩk(τn−1) =
hτ

2(−η)

[

S̃e
k−1(τn−1) + S̃e

k−1(τn)e−s(x)hτ /(−η)
]

+ Ĩk(τn)e−s(x)hτ /(−η) , η < 0 , (3.15)
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whereτn = nhτ , andhτ is the step of integration. Here we have omittedx andη
as arguments of̃Ik andS̃e

k.
To estimate the accuracy of the calculations we check the photon flux conser-

vation (Compton scattering conserves the number of photons), and compare the
number of photons emergent at the boundaries with the numberof input photons:

∫

∞

0

dx

x

∫ 1

0

dη [I0(x, η, 0) + I0(x,−η, τ0)]

=

∫

∞

0

dx

x

∫ 1

0

dη

∞
∑

k=0

[Ik(x, η, τ0) + Ik(x,−η, 0)] . (3.16)

We must remember, however, that this condition may be satisfied with an accuracy
not greater than the normalization condition permits (see Sect. 3.3).

3.3 Symmetry properties

The azimuthal angle averaged functionsRe
ij have symmetry properties which may

be exploited to simplify the radiative transfer equation, to reduce time needed to
calculate all elements of the scattering matrix and to checkthe accuracy of the
calculations:

1. Frequency symmetry

Re
ij(x, η; x1, η1)e

−yx1 = Re
ij(x1, η; x, η1)e

−yx, i, j = 1, 2 . (3.17)

2. Angular symmetry

Re
ii(x, η; x1, η1) = Re

ii(x, η1; x1, η), i = 1, 2 ,

Re
12(x, η; x1, η1) = Re

21(x, η1; x1, η),

Re
ij(x, η; x1, η1) = Re

ij(x,−η; x1,−η1), i, j = 1, 2 ,

Re
ij(x,−η; x1, η1) = Re

ij(x, η; x1,−η1), i, j = 1, 2 . (3.18)

As it was shown in Paper III (Sect. 8.3, see also Pomraning, 1973) the total
cross-section and scalar redistribution function are connected as follows:

s(x) =
1

x

∫

∞

0

x1dx1

∫ 1

0

dη

∫ 1

0

dη1 [Re
11(x1, η1; x, η) + Re

11(x1, η1; x,−η)] .

(3.19)
Analogous integration ofRe

12 andRe
21 elements gives zero in the lhs. These rela-

tions can be used to check the accuracy of the calculation of the scattering matrix,
and to estimate the quality of frequency and angular discretization (the paper by
Kershaw (1987) can be a useful guide to that problem).
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Astrophysical applications

4.1 Synchrotron self-Compton (SSC) mechanism

The model of synchrotron self-Compton emission is often used to explain the non-
thermal (power-law) spectra of many sources (e.g. blazars,radio-loud quasars).
Linear polarization observed in the radio, infra-red and optical spectral regions can
be interpreted by synchrotron radiation in an ordered magnetic field. The electron
distribution which produces the power-law spectrum is assumed to be a power-
law. A part of the emission can be due to Compton scattering ofsynchrotron
photons. A substantial amount of the synchrotron polarization is preserved in
Compton scattering. To interpret the observations in different spectral bands we
can use theoretical calculations of the amount of SSC polarization.

My calculations here are based on the solution of the polarization radiative
transfer equation in an optically thin homogeneous spherical source with an aligned
magnetic field in a single scattering approximation. The scattering kernel is the
CSM for the power-law electrons. General formulae for the SSC linear polar-
ization are given in Paper V. Formulae for the circular polarization can be de-
rived in the same manner. Analogous calculations were perfomed by Blandford
(1972) using another method. Differences in the results arevery significant at
least for the case of circular polarization. Linear polarization was also calculated
by Bonometto and Saggion (1973) and their results are very close to ours.

First, in this section I consider properties of the synchrotron emission. Then I
give general expressions for the vector of Stokes parameters of the SSC radiation
and, finally, derive simple formulae for the degree of the SSClinear and circular
polarization.

4.1.1 Optically thin synchrotron emission

The emissivity of the synchrotron process in an aligned magnetic fieldB is

ε(ν, ζ) ∼ sinα+1 ζ
(νB

ν

)α

, (4.1)

21
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whereνB = eB/2πmc, indexα depends on the index of electron distribution as
α = (p − 1)/2, andζ is the angle between the magnetic field and photon mo-
mentum. This spectrum covers the range of frequencies approximately between
νBγ2

min ≤ ν ≤ νBγ2
max, whereγmin, γmax are the low- and high-energy cut-offs

of the electron distribution (2.7). Synchrotron radiationproduced in the aligned
magnetic field is highly polarized. Linear polarization is independent of the angle
and frequency:

P L
S =

p + 1

p + 7/3
. (4.2)

The sign of polarization is chosen in such a way that it is positive if the polarization
vector is perpendicular to the projection of the magnetic field onto the plane of sky,
and negative when parallel.

The presence of the disordered magnetic field decreases the degree of polar-
ization and changes the angular dependence. If we imagine the magnetic field as
a ”sum” of aligned and disordered components, then synchrotron emission pro-
duced by the disordered component is unpolarized and isotropic. The intensity of
the other component depends strongly on the angle. Therefore, linear polarization
of the total radiation depends on the angle (Begelman, 1993;Celotti and Matt,
1994).

Circular polarization of the synchrotron radiation has a very strong angular
and frequency dependence (Legg and Westfold, 1968; Jones etal., 1974)

P V
S = ecp

(νB

ν

)1/2

cot ζ sin1/2 ζ , (4.3)

and is negligible at high enough frequencies. Hereecp is a slowly varying function
of α of the order of unity. Expression (4.3) is valid in the range of angles where
γmin sin ζ � 1.

4.1.2 Single scattering approximation

It is a well-known fact that Compton scattering of power-lawsynchrotron radia-
tion does not change the index of the power-law (stricktly speaking, it is correct
up to a logarithmic factor), and only shifts the spectrum to higher energies. We
consider here scattering of polarized synchrotron radiation in a spherical homo-
geneous source. The boundary does not play a role because theoptical radius
of the source is small. Polarization of radiation is described by three Stokes pa-
rametersI, Q, V (due to the symmetryU = 0 can be achieved by choosing the
polarization basis). Solution of the polarization radiative transfer equation (1.2)
in a single scattering approximation gives the expressionsfor the Stokes param-
eters of scattered radiation. Integrating over the spherical surface, we obtain the
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scattered polarized flux:

H̃C(ν, ζ) =





HC
I

HC
Q

HC
V



 ∝ τν2

∫

∞

0

dν1

ν2
1

∫ 1

−1

dµ

∫ 2π

0

dφ ε(ν1, Γ)





S
SQP L

S cos 2(χ1 + φ)
SV P V

S



 ,

(4.4)
whereτ = neσTR is the optical radius of the source,µ is the cosine of the scatter-
ing angle,Γ is the angle between the momentum of the initial synchrotronphoton
and the magnetic field,φ is the azimuthal angle, andζ is the angle between the line
of sight and the magnetic field. The argumentsν, ν1, µ of the functionsS, SQ, SV

are omitted for brevity. The relation betweenΓ, χ1 and the variable of integra-
tion can be found in Paper V. Calculations can be performed using the exact CSM
for the power-law electron distribution. However, polarization properties of the
synchrotron self-Compton radiation at frequencies which are far enough from the
low- and high-energy cut-offs of the Compton spectrum can beinvestigated using
approximate formulae (2.36). This will be done in the next section.

4.1.3 SSC polarization

Applying the expression for the synchrotron emission (4.1)and for the CSM
(2.36), we see that the frequency integral separates from the angular integrals.
Integrating over frequenciesν1, we must remember, however, that not all of the
synchrotron photons can contribute to the SSC flux at the fixedfrequencyν. Such
an analysis was performed by Gould (1979) for the intensity of the SSC radia-
tion. In the frequency range4γ4

min < ν < 4γ2
minγ

2
max (in this section we measure

the frequency in units ofνB) the limits of integration areγ2
min andν/4γ2

min. The
upper limit is determined by the Compton scattering kinematics. In the range
4γ2

minγ
2
max < ν < 4γ4

max we integrate betweenν/4γ2
max and γ2

max. The SSC
Stokes vector takes the form:

H̃C
I (ν, ζ) ∝ ν−α ln Λ

∫ 1

−1

(1 − µ)α+1 dµ

∫ 2π

0

dφ sinα+1 Γ , (4.5)

H̃C
Q(ν, ζ) ∝ P L

S P L
C ν−α ln Λ

∫ 1

−1

(1 − µ)α+1 dµ

∫ 2π

0

dφ sinα+1 Γ cos 2(χ1 + φ) ,

H̃C
V (ν, ζ) ∝ ecpP

V
C

γm
ν−α2

∣

∣1 − 2γ2
mν−1/2

∣

∣

∫ 1

−1

(1 − µ)α+1 dµ

∫ 2π

0

dφ sinα+1/2 Γ cos Γ ,

where

Λ =
ν

4γ4
min

, γm = γmin , if 4γ4
min < ν < 4γ2

minγ
2
max ,

Λ =
4γ4

max

ν
, γm = γmax , if 4γ2

minγ
2
max < ν < 4γ4

min ,

(4.6)
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andP L
C = SQ/S, P V

C = SV /S, or in that approximation

P L
C =

(p + 1)(p + 3)

p2 + 4p + 11
, P V

C =
(1 − p)(p + 5)

p2 + 4p + 11
. (4.7)

Figure 4.1: SSC linear polarization. Hereτ = 0.1, γmin = 10. a Dependence
on frequency is presented forα = 0.5, 1.0, 1.5, andζ = 90o. A higher degree of
polarization corresponds to a largerα. Dotted lines— only Compton scattered
component;solid lines— total radiation. For largeα there is the minimum of
polarization in the transition region between synchrotronand self-Compton com-
ponents. For smallerτ this effect can be unobservable.b Angular dependence of
linear polarization of the self-Compton component at frequencyν = 4γ2

minγ
2
max.

Solid linescorresponds to the exact results of calculations;dotted lines— approx-
imate formula (4.8).

The second Stokes parameterQ has the same frequency dependence asI,
therefore the degree of SSC linear polarization does not depend on frequency. Pa-
rameterV has a different frequency dependence as a consequence of thefrequency
dependence of synchrotron circular polarization.

Now we can write the expressions for the polarization degreeof SSC radiation.
The following simple formulae give good approximations to the exact results of
the calculation:

P L
SC ≈ P L

C P L
S eL sin2 ζ

(

1.25 + 0.3ζ + 0.1ζ2
)

, (4.8)

P V
SC ≈ 2

∣

∣1 − 2γ2
mν−1/2

∣

∣

ln Λ

ecpα

5γm

cos ζ , (4.9)

whereζ is measured in radians,eL is a slowly varying function of frequency of
order unity (eL ≈ 0.6 for ν = 4γ4

min; eL ≈ 1.0 for ν = 4γ4
max). At small
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Figure 4.2: SSC circular polarization. Designations and parameters are the same
as in Fig. 4.1.a Dependence on frequency is shown forα = 0, 0.5, 1.0, 1.5. A
higher degree of polarization corresponds to a largerα. Polarization can change
its sign for largeα in the transition region between synchrotron and self-Compton
components.b Angular dependence of circular polarization of the self-Compton
component at frequencyν = 4γ4

min. Polarization is negligible forα = 0. Solid
lines— exact results of calculations;dotted lines— approximate formula (4.9).
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frequenciesν < 4γ4
min approximation (2.36) fails and the exact CSM was used in

calculations. Dependence of polarization on angles and frequencies is shown in
Figs. 4.1 and 4.2.

It is necessary to note once more that the SSC linear polarization is nearly
independent of frequency, but the circular polarization decreases when the fre-
quency increases (in contrast with the results of Blandford, 1972). The degree of
SSC circular polarization at the low-energy cut off of the Compton spectrum is
determined by the maximum synchrotron circular polarization (which is in turn
determined by the low-energy cut off of the electron distribution), at higher ener-
gies this dependence becomes logarithmic and then disappears. In order to inter-
pret observations we must remember that in a real object the polarization degree
is smaller due to the contribution from the disordered magnetic field.

4.2 Comptonization in accretion disk coronae

The possibility of the existence of very hot coronae in sources with disk accre-
tion onto black holes has been studied in many papers (e.g. Bisnovatyi-Kogan
and Blinnikov, 1977; Ostriker et al., 1991). Two-phase models have been used
to explain the X-ray emission from Seyfert galaxies (Haardtand Maraschi, 1993;
Wandel and Liang, 1991; Wandel and Urry, 1991) and quasars (Czerny and Elvis,
1987). To explain the X-ray spectra of AGN’s and X-ray binaries complex multi-
component disk models should be introduced. In these modelsthe multiple Comp-
ton scattering by hot electrons (Comptonization) gives rise to the power-law shaped
spectrum, into which the direct and reflected disk spectra are added (e.g. Fabian
and George, 1991; Nandra et al., 1989).

In the present consideration we do not take into account reflection from the
cold phase. We consider a very simple two-phase accretion disk model. The
black-body radiation produced by the cold disk is scatteredby electrons in a hot
optically thin phase. Comptonization is described by the polarization radiative
transfer equation (3.1). This equation is solved by the method of successive ap-
proximation over the number of scatterings (Chapter 3). Thedegree of polariza-
tion in the X-ray region is calculated for the broad range of parameters (electron
temperature of the coronaTe, Thomson optical depth of the coronaτ ). Following
Haardt and Maraschi (1993), the energy balance equations are formulated. The
important parameter of the model is the fractionf of the gravitational energy dis-
sipating in the hot phase. If the hot corona does not cover thewhole cold disk
we introduce the covering factorg, and find for a given set of parameters of the
corona the dependence of the covering factorg on f and optical depth. The de-
gree of polarization and the position of the high-energy spectral cut-off can give
additional information to fix the parameters of the model.
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4.2.1 Spectra and polarization

Let us start from the investigation of the spectral and polarization properties of
radiation produced by Comptonization in a hot phase. The iterative method of so-
lution of the polarization radiative transfer equation (Chapter 3) gives a possibility
to determine the vector of the Stokes parameters for a set of inclination angles as
a function of frequency, if the corona is not optically too thick. Such calculations
in a single scattering approximation were performed in Paper IV. Observations of
Seyfert galaxies argue against optically thick coronae.

Spectral behaviour of such a model was investigated by Haardt and Maraschi
(1993) using the method of Haardt (1993), which is correct for photon energy
hν/mec

2 � min{y, 1/y}, wherey = mec
2/kTe. Our method does not have

such limitations. Because of the large number of parameters(Tph – temperature
of the cold disk,Te, τ ) we show here the dependence of the intensity on frequency
and inclination angle only for two sets of parameters (Fig. 4.3). Our calculations
confirm the main results of Haardt and Maraschi. In order not to overload the
reader by hundreds of spectra, we fitted them in the spectral regions 1–20 keV
and 20–100 keV by a power-law. The dependence of the angle-averaged energy
index on optical depth and temperature is shown in Figs. 4.4 and 4.5. It is far from
the dependence given by the often used approximate formulae(see Fig. 4.6):

α =
− lg τ + 2y/(1 + 3y)

lg(12/y2 + 25/y)
(Pozdnyakov et al., 1979), or (4.10)

α =
− lg τ

lg(12/y2 + 26/y)
+ 0.2 y (Pozdnyakov et al., 1983). (4.11)

For nonrelativistic electrons Eq. (4.10) gives a good approximation, but in the
case of ultrarelativistic temperatures, the spectral index is defined by radiation
scattered once, formula (4.10) in turn gives the index for a very broad spectral
region. The power law index has a strong angular dependency.For small optical
depths (τ < 0.05) the radiation emerging along the normal to the disk has a flatter
spectrum in the 1-20 keV range than that emerging along the disk. With increasing
optical depth the situation changes to the opposite. As an example the angular
dependence of the energy index in the 1–20 keV range is shown in Fig. 4.7 for
the same parameters as in Fig. 4.3. To show the degree of uncertainty in the
determination of the parametersTe, τ from the observed energy indexα we plot
the contour lines of the angle-averaged index, the index forθ = 0o and the index
for θ = 90o for values0.7, 0.9 and1.1 at the plane (Te, τ ) (see Fig. 4.8).

Polarization of such objects in the optical spectral regionis not high (Stock-
man et al., 1984), therefore we assume here that the cold diskemits isotropically
unpolarized radiation. Even if this initial radiation is polarized, radiation after a
few scatterings ”forgets” the initial polarization. As wasmentioned in Paper IV,
our calculations based on the exact CSM show a significantly smaller degree of
polarization compared with the results of Haardt and Matt (1993), which are based



28 CHAPTER 4. ASTROPHYSICAL APPLICATIONS

Figure 4.3: Energy flux for the set of the inclination anglesθ (η = cos θ). Cov-
ering factorg = 1, temperature of the cold diskTph = 5 eV. a Te = 100 keV,
τ = 0.5, b Te = 250 keV, τ = 0.1.

Figure 4.4: Angle-averaged energy indexα as a function of electron temperature
and optical depth.Tph = 5 eV. a in the range 1–20 keV;b in the range 20–100
keV. Dotted linerepresentsα = 0.9 (in 1–20 keV band).
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Figure 4.5: Same as Fig. 4.4, butTph = 50 eV.

Figure 4.6: Energy indexα. Solid lines— approximation formulae (4.10);dotted
lines— approximation formulae (4.11).
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Figure 4.7: Angular dependence of the energy indexα in 1–20 keV range.Tph =
5 eV. Solid line— Te = 100 keV, τ = 0.5; dashed line— Te = 250 keV, τ = 0.1.

Figure 4.8: Contour lines for the energy indexα = 0.7, 0.9, 1.1 in 1–20 keV
range. Solid lines— angle-averaged index,dashed lines— index for θ = 0o,
dotted lines— index forθ = 90o. a Tph = 5 eV, b Tph = 50 eV.
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on the Rayleigh scattering matrix. The upper limit of the degree of polarization
at 2.6 keV and in the 4–20 keV band is shown in Fig. 4.9. The frequency depen-
dence is shown in Fig. 4.10 for two sets of parameters. Angular dependence of
polarization at 2.6 keV is shown in Fig. 4.11. The polarization degree increases
with the number of scatterings. At a given frequency the contribution from the
following scattering becomes smaller, and therefore polarization decreases when
optical depth decreases. For the same optical depth the polarization is smaller in
the case of a higher electron temperature. Polarization increases with frequency,
but never exceeds approximately10 − 15% (for the energy indexα ≈ 0.9) in the
region where the X-ray polarimeter on board the Spectrum-X-Gamma satellite can
measure polarization (Kaaret et al., 1992), and it is even smaller for non-idealized
geometries. If the initial vector of polarization is perpendicular to the axis of the
disk, then at least after two scatterings it rotates 90 degrees. The reason for that is
easily understood. In the limit of small optical depth, the photons most likely to be
scattered are those traveling along the disk (Angel, 1969).In our case of optically
thin corona, the vector of polarization is parallel to the axis of disk. The absence
of significant polarization does not argue against the Comptonization model, in
a sense, it argues for that model and can give some restrictions on the electron
temperature in the corona. Future observations of X-ray polarization can be a
powerful tool for the determination of the physical conditions in AGNs.

If such a two-phase model can be applied to the galactic blackhole candidates,
then we can expect that the optical depth of the corona is quite large and the
electron temperature is smaller than in AGNs (Grebenev et al., 1993). The degree
of polarization can be large, and therefore chances to observe it are higher.

4.2.2 Energy balance equation

Let us consider the energy balance of the two phases. For simplicity we use here
the designation of Haardt and Maraschi (1993):f is defined as a fraction of the
gravitational energy dissipating in the corona;Ls is the luminosity of the cold disk;
Lc is the Compton luminosity, i.e. the total energy of radiation scattered in the
corona; the parameter of anisotropyη defines the fraction of Compton scattered
radiation directed back to the cold disk;a is the disk albedo, which defines the
fraction of energy reflected by the cold disk;p is the probability of radiation from
the cold phase scattering in the corona (connected with optical depthτ of the
corona); and finally,g is the part of the cold disk covered by the corona (g = 1
corresponds to the model of Haardt and Maraschi, 1993). The reason why the last
parameter was introduced will be explained below. Energy balance equations for
the cold and hot phases, respectively, are the following:

Ls = 1 − f + (1 − a)η Lc ,

Lc = f + p(gLs + aη Lc) . (4.12)
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Figure 4.9: Maximal degree of polarization (%) as a function of electron temper-
ature and optical depth.a Tph = 5 eV; b Tph = 50 eV. Solid lines— polarization
at 2.6 keV;dashed lines— polarization in the range 4–20 keV.Dotted linescorre-
spond to the averaged observed indexα = 0.9 (after deconvolution of the reflected
bump).

Figure 4.10: Polarization degree as a function of frequencyand inclination angle
for the same parameters as in Fig. 4.3.
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Figure 4.11: Angular dependence of the degree of polarization at 2.6 keV for the
same parameters as in Fig. 4.3.Solid line— Te = 100 keV, τ = 0.5; dashed line
— Te = 250 keV, τ = 0.1.

We measure luminosities in units of the gravitational powerdissipating in both
phases. Defining the amplification factorA asA = Lc/g Ls (it can be calculated
for a given set of coronal parameters, see Fig. 4.12), we obtain the expression:

f ≈ g (A − p)

1 + g {A [1 − η(1 − a)] − p} , (4.13)

where we assumep a η � 1. Calculations show (see e.g. Haardt and Maraschi,
1993) that the factorη (1 − a) lies within the interval(0.45; 0.52), andA � p in
the region where the energy indexα is close to the observed values 0.6 – 1. We
come to the conclusion that parametersp, a, η are unessential. Substitutingp = 0,
η(1 − a) = 1/2 into Eq. (4.13) one obtains

f ≈ g A

1 + g A/2
. (4.14)

We needg A ≤ 2 to satisfy the conditionf ≤ 1. If we can fix from observations
values ofTe andτ , which give the value of amplification factor, we get the depen-
dence of the covering factorg on f . The procedure of the determination of the
model parameters will be explained in the next section.
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Figure 4.12: Amplification factorA as a function of electron temperature and
optical depth. a Tph = 5 eV; b Tph = 50 eV. Dotted linescorrespond to the
angle-averaged energy indexα = 0.9.

4.2.3 Determination of the model parameters from observa-
tions

Observation in principle can provide the following information:

• energy indices in the 1–20 keV and 20–100 keV range,

• the frequency of the high-energy cut-off,

• the ratio of the ”hard” flux to the ”soft” flux,

• the degree of polarization (in the future).

Our aim is to find out a way for the determination of the model parameters from
the observed data.

Two spectral indices give a region at the plane (Te, τ ), which is not a line due
to the dependence ofα on the inclination angle (which is unknown). The energy
of the cut-off (≈ kTe) or the absence if it gives the restrictions on the electron
temperature.

Let us consider now the ratio of the ”hard” flux to the ”soft” flux. The ”soft”
flux depends strongly on the inclination angleθ, and is approximately

Fs ∝ 2 cos θ
[

1 − g + g e−τ/ cos θ
]

Ls . (4.15)
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If the optical depth is smallτ � 1, and cos θ � τ , thene−τ/ cos θ ≈ 1, and
1− g + g e−τ/ cos θ ≈ 1. Forτ ∼ 1, in the region ofα ≈ 1, A � 1. Due togA ≤ 2
we obtaing � 1, therefore1 − g + g e−τ/ cos θ ≈ 1 as well. Hence, for almost all
values ofτ andθ we have

Fs ∝ 2 cos θ Ls . (4.16)

The ”hard” flux does not depend on the inclination angle, and

Fh ∝ g A [1 − η + (1 − p) aη]Ls ≈
g A

2
Ls . (4.17)

The observed ratio of the fluxes

rhs =
Fh

Fs
≈ g A

4 cos θ
(4.18)

Figure 4.13:a Amplification factor as a function of optical depth forα = 0.9. b
Covering factor as a function of optical depth for the four values of the parameter
f = 0.25, 0.5, 0.75, 1.0 (the upper lines correspond to the larger values off ).
Solid lines— Tph = 5 eV; dashed lines— Tph = 50 eV.

gives at once limitation on the inclination anglecos θ ≤ 1/2rhs. ”Forgetting”
the angular dependence and puttingcos θ ≈< cos θ >= 1/2, we obtaing A ≈
2rhs, and Eq. (4.14) gives the value off . Not all values of the parameterf are
possible for a givenTe andτ . The region of the acceptable values ofTe andτ
gives limitations for the amplification factorA, and we obtain the covering factor
g. The degree of polarization can give additional restrictions for the inclination
angle and electron temperature.
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Let us consider as an example that the observed energy index in the 1–20
keV range (after deconvolution of the reflection component)α = 0.9. We do not
consider here the uncertainty brought about by the inclination angle. We assume
that there is no information on the index in 20–100 keV range.Plotting the line
α = 0.9 at the plane (Te, τ ) we find the amplification factor as a function of the
optical depth (Fig. 4.13a). The dependence of the covering factorg on τ for the
givenf can be obtained from Eq. (4.14) (see Fig. 4.13b). It is easy tosee that for
some values off and optical depth the covering factor exceeds unity, which means
that these parameters are forbidden. Having information onthe high-energy cut-
off, the energy index in the 20–100 keV range, and ”hard”—”soft” fluxes ratio
helps to fix the other parameters of the model.



Chapter 5

Conclusions

In the present thesis the polarization radiative transfer equation describing the
propagation of polarized light through the isotropic nondegenerate gas of free
electrons is formulated. It is shown that the kernel of such an equation can be
presented as a product of two usual rotation matrices (Chandrasekhar, 1960) and
the Compton scattering matrix. The CSM is presented as a single integral over
the electron distribution. The analytical expressions forthe six elements (redistri-
bution functions) of such a matrix for monoenergetic electrons are derived. The
methods of calculation of the CSM for the relativistic Maxwellian and power-
law electrons are proposed. Thus, the relativistic kineticequation describing the
Compton scattering of polarized light is reduced to the formof the usual radia-
tive transfer equation (RTE). A well-known iterative method of solution of such
an equation which was used earlier for the solution of the RTEin a more sim-
ple case without frequency redistribution (see e.g. Sunyaev and Titarchuk, 1985)
is adopted here for the case of Compton scattering with frequency-angular redis-
tribution. It is shown that the eclectic approach of mixing even the exact scalar
Compton scattering kernel with Rayleigh scattering matrixis not always correct
(at least for high electron temperatures).

The methods developed have been applied to the investigation of polariza-
tion properties of the synchrotron self-Compton sources. The two-phase model
of accretion disks in AGNs and X-ray binaries was studied in detail. The model
considered belongs to the second class of models in the classification of Svensson
(1994) used to explain X- andγ-ray spectra of AGNs. In our model the rele-
vant process (Compton scattering) is considered in detail,but the geometry of the
source is assumed to be plane-parallel. The spectral and polarization properties of
such a model are investigated. The method of the determination of the physical
conditions in accretion disks of AGNs from observation is described.

The framework formulated in the present thesis can be developed in different
directions. One of them can be an adaptation of the methods well-known from the
theory of radiative transfer in spectral lines (Feautrier,1964; Milkey et al., 1975;
Grant and Hunt, 1969a,b; Peraiah, 1984) for the purposes of the solution of the

37
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RTE taking Compton scattering into account not only in optically thin media, but
also in optically thick atmospheres. The iterative method used in the present thesis
and based on the expansion in scattering orders fails in optically thick media,
because of the large number of scatterings (< Nsc >∼ τ 2 � 1) that have to be
taken into account.

Another direction is the extension of these methods to spherical atmospheres.
And the last thing I want to mention here is the induced Compton scattering of
polarized radiation. There are only few papers on that theme(Stark, 1981; Wilson,
1982; Coppi et al., 1993), and in all of them the scattering has been considered
in the non-relativistic limit of electron temperatures. The new approach to that
problem is given in the recent paper by Nagirner (1994), where the polarization
RTE taking induced scattering into account was formulated without limitations
on the photon and electron energies. The solution of such an equation can help us
in the understanding of the processes which are responsible, for example, in the
formation of AGNs spectra.
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