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Plan of the lecture

• History of neutron star (NS) research

• Formation of NS in supernova 
explosions

• Simple estimates of NS radii 

• Internal structure of NS

• Mass-radius relation

• Equation of state for degenerate matter 



History of neutron stars
• 1932: Chadwick discovers neutrons 

• 1932: Landau  suggests the existence of  neutron stars

• 1934: Baade & Zwicky suggest that neutron-stars

             are formed in supernovae

• 1939: Oppenheimer & Volkoff obtain the limiting mass of  

the neutron star of about 2-3 M


• 1967: Antony Hewish, Joselyn Bell et al. discover radio 
pulsars. 

• 1968: Gold proposed rotating neutron star model

• 1971: X-ray pulsar Cen X-3  was discovered by Riccardo 
Giacconi 

• 1974: Nobel prize to Hewish “for his decisive role in the 
discovery of pulsars”.

• 1975: R.A. Hulse & J.H. Taylor discover a binary pulsar PSR 
B1913+16

• 1993: Nobel prize to Hulse & Taylor “for the discovery of a 
new type of pulsar, a discovery that has opened up new 
possibilities for the study of gravitation”



L.Landau, On the theory of 

Stars, 

Physikalische

Zeitschrift der Sowjetunion

Vol. 1, No. 2, 285-188, 1932

Written: Feb. 1931, Zurich

Received: Jan. 7, 1932

Published: Feb. 1932

Paper by Landau – before discovery of neutron

One should violate

 Quantum Mechanics!



This is true!!!



Baade ja Zwicky – prediction

Walter Baade (Mt. Wilson 

Observatory)  

Fritz Zwicky (Caltech)

The meeting of American Physical 

Society 

(Stanford, December 15-16, 1933) 

Published in Physical Review 

(15.01.1934)



Phys. Rev. 46, 76, 1934

July 1



Los Angeles Times

January 19, 1934

A.G.W. Cameron, recalling his 

Postdoc academic year 1959-1960 

at Caltech reminds (Cameron, 1999): 

“For years Fritz [Zwicky] had been 
pushing his ideas about neutron 

stars to anyone who would listen 

and had been universally ignored. 

I believe that the part of the problem 

was his personality, which implied 

strongly that people were idiots 

if they did not believe in 

neutron stars.”



Core collapse in a massive star
• End of a massive 

star’s life (M>8M

)

o Center of star has 
fused all of the way to 
iron (iron is the most 
tightly bound nucleus so 
it is energetically 
unfavorable to fuse 
further)

o Shells of other 
elements surround 
iron core

o Only takes ~day to 
build up “dead” 
Chandrasekhar mass 
iron core

o Core is held up by 
electron degeneracy 
pressure



Formation of a neutron star in 
supernova explosion

From Lattimer & Prakash (2004)

𝑝 + 𝑒− → 𝑛 + 𝜈𝑒

𝑛 → 𝑝 + 𝑒− + ҧ𝜈𝑒



• Once dead core exceeds 1.4M
 , electron 

degeneracy pressure cannot support it.

• Core starts to collapse…
o ρ≈106 g/cm3 - Density of core when collapse 

begins (onset of relativistic effects in electron 
motions)

o ρ≈107 g/cm3 - Fermi energy exceeds neutron-
proton mass difference (≈1.3 MeV)…
▪ Inverse beta decay becomes  energetically preferable 

to normal beta decay

▪ Nuclei become very neutron rich… neutronization



o ρ≈108 g/cm3 - Individual nuclei are so neutron 
rich that they start to fall apart

▪ Remaining nuclei surrounded by sea of free neutrons

▪ This is called the neutron drip phase

o ρ≈1010 g/cm3 - Neutron degeneracy pressure 
starts to become important

o ρ≈1012 g/cm3 - Neutron degeneracy finally 
halts the collapse provided that M<2-3M

 

o End up with a neutron star… typical mass of 
1.4M


 with a radius of 10km



• From theory of polytropes, for white dwarfs 

• Where…

• By analogy, neutron stars have (to a crude 
approximation)…

i.e., degenerate (neutron) particles have mass  mn, and μ=1

Mass of particle 
producing degeneracy 
pressure

Number of nucleons per 
degenerate particle
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• So, we can try to estimate radius of 
neutron star given what we know about 
white dwarfs 

o We know that 

o Thus, we expect
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Neutron star
• Size: about 11-13 km.

• Mass: 1.2-2.0 solar 
masses are accurately 
measured in pulsars in 

binary systems  

• Consist predominantly of 
closely packed neutrons 
which form “one giant 
nucleus” with N~1057

• Magnetic fields 108- 1015 G

• Period  on 1.4 ms-1000 s.
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Internal structure

• Outer crust: degenerate relativistic electrons at density 
above 106g/cc.

• In the inner crust the fraction of free neutrons rises.

• Outer core contains neutrons with admixture of protons, 
electrons and possibly muons. 

• The inner core might contain hyperons (Σ- , Λ), pion-
condensate, kaon-condensates, and also deconfined 
quarks. The actual composition is unknown. 



Mass-radius relation
• Actually more 

complicated than 
white dwarf…
o Have to use General 

Relativistic form of 
hydrostatic 
equilibrium equation

o Neutrons do not 
behave like an ideal 
degenerate gas… 
strong repulsive  
interactions in 
dense matter at 
supranuclear 
density are crucial

o There remain 
uncertainties about 
the “equation of 
state” of neutron 
stars

From Lattimer & Prakash (2004)



Mass-radius relation
• The mass-radius 

relation depends on 
the internal 

composition of the NS 
matter and the 
equation of state 
(which is unknown for 
very high densities). 

• Measuring M and R of 
a NS, in principle, can 
help in determining 
what is inside a NS. 

• Masses can be 
measured in binary 
systems, while the 
radii are difficult to 
measure accurately.

From Lattimer & Prakash (2004)



Constraints from pulsar masses 
Prohibited by
General

Relativity

NS-NS binaries

Special family of

low-mass strange stars

J0348+0432

High masses of a few 
pulsars have been 
measured with the 

record holder being 
J1614−2230, which has 
M=(1.93±0.02)M

 

(Demorest et al. 2010, Fonseca 

et al. 2016) 

and in J0348+0432 
(Antoniadis et al. 2013) 

with M=(2.01±0.04)M


This strongly constrains 
the EoS ruling out the 
softest ones.



Neutron star masses

Observations  : 
1)Rule out soft EOSs (leave 

stiff and moderate ones)
2)Are favorable for purely 

nucleonic composition of 
dense matter

3)Radii cannot be 
determined from binary 
motions! But constraints 
can be obtained using 
astrophysical methods: 
from X-ray bursts 
evolutions, pulse profiles 
of millisecond pulsars, etc.  

©Jim Lattimer



Equation of state of a degenerate gas

 

Electrons and neutrons are fermions and obey Fermi-Dirac statistics.  

According to the Pauli exclusion principle - no more than two 

electrons/neutrons (of opposite spin) can occupy the same quantum cell

The quantum cell is defined in phase space, and given by 6 values:

x, y, z, px, py, pz  (three spatial coordinates and momenta in three directions).

The volume of allowed phase space is given by

The number of electrons in this cell must be at most 2.

With increasing density, the e–  become crowded, eventually 2 e– occupy almost 

same position. Volume of phase space becomes “full” (from exclusion principle)

It is not possible for another e– to occupy space, unless p significantly different.

Consider a group of electrons occupying a volume V of position space which have 

momenta in the range p+δp. The volume of momentum space occupied by these 

electrons is given by the volume of a spherical shell of radius p, thickness δp: 

  

DxDyDzDpxDpyDpz = h3

  

4pp2dp



 

Volume of phase space occupied is volume occupied in 

position space multiplied by volume occupied in 

momentum space 

  

Vph = 4pp2Vdp

Number of quantum states in this volume is Vph divided by 

volume of a quantum state (h3)  

  

4pp2V

h3
dp

Define n(p) δp = number of electrons in unit volume with 

momenta in the range p+δp. 

Pauli’s exclusion principle tells us:

  

n(p)dp £ 2
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DEGENERATE GAS of Fermions

Fermi Sea (T=0)

Important for bulk properties of matter:

  particle number density, energy density, pressure

(Many fully occupied states;

Many “dead” energetic particles)
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Fermion number density n
 is the only parameter!

Completely degenerate gas : in which all of momentum states up to some 

critical Fermi momentum pF are filled, while the states with momenta 

greater than pF are empty.
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DEGENERATE GAS of Fermions

Fermi-Dirac Distribution

Concentration Energy density

d

p = 4p p2dp

e = c p2 + me

2c2

f º
1

exp((e - m) / kT ) +1

Low temperatures:    T ≪m

  f (e) =1   at  e £ m;

  f (e) = 0   at  e > m     

 is chemical potential



Now we relate ne to the mass density ρ. For each mass of H (mH) there is one e– . 

For He and  heavier elements there is approximately 1/2 e–  for each mH. 

If X is the hydrogen mass fraction, we get:
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Where me= rest mass of e–

The gas is degenerate if  the typical momentum of the thermal distribution 

   is smaller than the limiting Fermi momentum

i.e.

Thus, when the electrons are degenerate, the protons do  not need to be because 

of their larger mass.  
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EXAMPLE:  DEGENERATE GAS of ELECTRONS

 



 

Use relation between p and vp from theory of special relativity
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Combining the three expressions for n(p), P, and vp , we obtain (electron) 

pressure of a completely degenerate electron gas (contribution of ions is 

negligible as they are not degenerate)
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In the two limits of non-relativistic degenerate gas (pF<<mec) and 

relativistic degenerate gas (pF >> mec ; when v approaches c and 

momentum ➔∞) one can get the limiting expressions for function f(x):

  

x <<1,  f (x) ®
8

5
x 5

x >>1,  f (x) ® 2x 4

x  tells how relativistic the gas is. 

Since r »106me x 3 » 2 ´106 x 3   (me = 2  as there is no H)

x <<1, non - relativistic,  r << 2 ´106  g cm-3

x >>1, relativistic,  r >> 2 ´106  g cm-3



 

We aim to obtain the equation of state for a degenerate gas. We have 

 

P = K1(r / me )5/3         Equation of state of non-relativistic degenerate gas

P = K2 (r / me )4/3        Equation of state of a relativistic degenerate gas

K1  and  K2   can be expressed via physical constants 

In a completely degenerate gas, the pressure depends only on the 

density and chemical composition. It is independent of temperature.
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  p +  e − → n +  𝜈 e


  n → p +  e − +    𝜈 - e

