Acta Math. Hungar., 124 (1-2) (2009), 115-123.
DOI: 10.1007/510474-009-8163-5
First published online March 12, 2009

ON THE GREATEST PRIME FACTOR OF ab+1
K. MATOMAKI

Department of Mathematics, 20014 University of Turku, Finland
e-mail: ksmato@utu.fi

(Received September 8, 2008; accepted November 11, 2008)

Abstract. We prove that whenever A and B are dense enough subsets of
{1,..., N}, there exist a € A and b € B such that the greatest prime factor of

ab + 1 is at least N HMAI/ON)

1. Introduction

Let A and B be subsets of {1,..., N}. Denote the sizes of A and B by A
and B respectively. We investigate whether the members of the set

{ab+1]ac A, be B}

have large prime factors. To this end, we write P(n) for the largest prime
factor of n. Sarkézy and Stewart |7, Conjecture 1| have made the following
conjecture.

CONJECTURE. For each € > 0 there exists No(e) and c(e) such that if
N 2 Ny and min {A, B} > &N, then there exists a € A and b € B such that

P(ab+ 1) > c(e)N>.
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This is also Conjecture 44 in Sarkézy’s collection of open problems [6].
Conjecture 45 in the same collection is the much weaker claim that, under
the same assumptions, one finds a € A and b € B such that

(1) P(ab+1) > ¢(e)N'*¢

for some ¢ independent of ¢.
However, even this remains unsolved. The best result by now is the fol-
lowing theorem due to Stewart [8].

THEOREM. Let Z = min{A, B}. There are effectively computable positive
numbers Ny, Co and co such that if N = Ny and

N
Z > Cy ,
V/log N/loglog N

then there are a € A and b € B such that
Plab+ 1) > N e2(Z/N)*,

We will improve this by proving the following theorem.
THEOREM 1. Let N 2 Ny and assume that
A> 200N A

> -
= log N and B 2 NA/(200N)

Then there exist a € A and b € B such that
P(ab+ 1) = N'TA/ON),
Actually we will prove slightly more.
THEOREM 2. Assume that

CoN A
> > 7
AzlogN and B:NclA/N

(2)

for some positive constants Cy and c¢1. Then there exist a € A and b € B such
that

P(ab+1) = NVITeA/N

for any

1—4¢ — 2
(3) cQ<#

and N z N()(CQ).
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Theorem 1 follows immediately from Theorem 2, since

«a 19
14+ = S3W/1+ —
o=Vt
for any « € [0, 1] and c2 = 19/81 satisfies (3) for Cy = 1/c; = 200.
We use Chebysev’s method to prove Theorem 2. More precisely, we will

evaluate the sum
D M
acA, beB plab+1

in two different ways. First directly and then splitting it up
S=51+5+ 53
according to the summation ranges
p<E, pel[E,Nn and p> Nn,

where
E=0(N) and n=1/(Elog’N)

will be defined later. Our improvement comes mainly from the treatment
of S3. For that sum Stewart [8] gave upper bound by first replacing both
A and B by {1,...,N}. We use this replacement only for A but are able
to take advantage of the thinness of the set B. This is what lets us improve
¢2(Z/N)?* to A/(9N) in the exponent.

Besides, we use a different argument from the previous works [7, 8| for
S1 and Sy as well. This makes our result applicable for a wider range of A
and B.

Throughout the proof we will assume that the bounds (2) hold for some
positive constants Cy and c; and that N is sufficiently large. Furthermore, €
will be a small positive constant, not necessarily the same at each occurrence.

2. Treatment of S, 57 and S,

We start with S. Let A(n) be the von Mangoldt function. Then

S= Y Y am-Y Y Y ke

acA, beB nlab+1 k=2 peP acA, beB
ab=—1 (mod p*)

N
= Z log (ab+1) — Z Blogp(w—i-l)

a€A, beB pk§N2+1
529
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1
> (2— i A/N+0(1)) ABlogN —BN [ 1+ > 5P
pk<N2
k=2
ABlog N 1
> (2—01A/N+o(1))ABlogN—0g<1—|— Yo B )
Co p*—p
p<6N
Hence
(4) S 2 (2—01—) ABlog N.
Co

For S1, we have

(5) Si=> ) logp=> DY ) logp

p<E  plab+1 beB p<E pr=1(modb)
a€A, beB pr<Nb+1

< Z 210 <Nb+1 +1> < (1+o0(1))BNlogE.

beB p<E

On the other hand, orthogonality of characters gives

=YY o5 X e

acA, beB E<pSNn X (mod p)

< AB Z logp Z logp

E<p<Np p E<p<Nny X (mod p)

T x@ > x)

acA beB

By the Cauchy—Schwarz inequality and the large sieve (see [5, Theorem 7.13]),
we have

) < (Q% + N)(AB)Y2.

> x(@)Y - x(®)

acA beB

N
écﬁ(q) 2

X (mod q)

Hence by partial summation

(6)  S2 < (1+0(1))ABlog N + 2Nn(AB)'/? logNJrN(AB)l/leﬂ

N(AB)Y2 /2
= (1 1)) ABlog N log F ).
(1+o0(1)) og N + Z Tog N + log
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Choosing E = N@4/2N) e see from (5) that

c1ABlog N

(7) S1< (14 0(1)) BNlogE < (14 0(1)) 5

and from (6) that

1A

(8)  S2 = (1+0(1)) ABlog N + AYV2BY/2N1-e1A/@N) (2N logN>

61A1/2
<1+0(1) + SR NaA/EN) ABlog N < (1+o0(1) +¢1/2) ABlog N

by (2).

3. Treatment of S3

Let Y be the largest prime factor of the product [],c 4 [Ipep(ab+1).
Then

(9) -
p(1+ d
Y
= % e 3= 3 e 3 e
Nn<plY plab+1 Nn<p<Y plab+1 VP ylog
acA, beB acA, beB
Y log
SN iiea s DORD IR K
el ylog 1+(5 "y olabil
acA, beB

where p ~ P means P < p < (1 + §)P. Thus we are led to consider

(10) >, > 1=X. > L

p~P  plab+1 beB ps=1(modb)
acA, beB p~P
sS(Nb+1)/P

where P = Nn/(14 ). We will apply the linear sieve to the set
FO ={n~P|ns=1(modb), s < (Nb+1)/P},

which is counted by multiplicity.
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To apply the sieve, we need information about the sets
={neF®|d|n}.
LEMMA 3. Let

SN(b)

x - o o w(d)—{l if ged (b,d) =1,

0 otherwise.

Then
] = 20X + o),

/

(d,b) = 1. Then
lk:d Z —ls
SSNH-I
="P
dk~P

b—
EUEND YIRS o)
=0
_ % <55 . ‘fbg’) + O(bf)> (Nb; L, 0(1))

dks=1 (modbd)
S (2
b

PrOOF. The claim is obvious if (d,b) > 1. Thus we can assume that
sS(Nb+1)/P ( b)=
sgNt};)—ﬁ—l

1 lkd
roly X1 3 o)
0<|l|Sb/2 | k~P/d
(

)

By a bound for incomplete Kloosterman sums (see [3, p. 36]), we have

> e <C7qn> < gt (e,q) 2

My EmEMs
(m7Q):1
Hence
)| _ 0N ¢(b) P NV o,
|7 = T +0 =+ 5 +b

1 V24e pij2 . fNb+1 D
+O<b Z b (b,1)"“ min 7]

0<|l|<b/2

5N¢() 1/2+¢ _M 1/24¢
MO0y o(prerey = <y 4 o),

which completes the proof. g
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We write further

eiﬂf

1 -1 e 7 b
=g IL(1-5) (o) = 5 (14 o)

plb

by Mertens’ formula.

Now we are ready to apply the linear sieve (Theorem 1 of [4] with kK = 1).
It gives

log N1/27¢\ 76N
‘}“(b) m@\ < F( + Z pL/2+e/2
- 1/2 1/2 ,
log P/ log P/ oy
where F(s) = 2¢7/s for 0 < s < 3.
Therefore
4+¢)0N
) A p| < AHE)ION
| 7O Pl = N
so that by (9)
(11)
v logy (4+¢)0N _ (44+¢)BN
% 2 = log2 Y — log?(Nn)) .
X [ TS e = e (0¥ v

4. Proof of Theorem 2 and further thoughts
By (4), (7) and (8) we have

2

(12) S3=8-5—-52 (1—201—C+0(1)) ABlog N.
0

Together with (11) this implies that

2 (44¢)BN
1—2¢c1 — — 1)) ABlog N < ~————
< c1 + of )) ogN < log N

o (log2 Y — log2 (Nn)) ,

so that

1 2 A
log? Y > <1+4 <1—401—C—€> N)logQN.
0
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Thus for some a € A and b € B, we have
Plab+1) = NVIteA/N,

which completes the proof. O

The most critical ingredient of the proof was the treatment of S3. Aslong
as we have to make an estimate like (10), we cannot hope to get anything

better than P(ab+ 1) = N'T¢A/N for some positive constant ¢. In order to
prove something like (1) using Chebysev’s method, one would need an upper

bound of the type
Z Z 1< CoAB
~ logN

p~P  plab+1
acA, beB

for some positive constant C.
The left hand side here equals

YooY xalaxsb),

p~P ab=-1 (mod p)
aS<N,bEN

where xr(n) is the characteristic function of the set F. This resembles the
kind of sums that Bombieri, Friedlander and Iwaniec have considered (see for
example [1, Theorem 3| and a recent variant by Harman and the author |2,
Lemma 2.3| avoiding a Siegel-Walfisz type condition). Unfortunately, they
do not have results where the ranges of @ and b are almost equal. However, if
a large enough subset of either A or B factors as a product of two appropriate
sets, then one would get a result like (1).

Another approach to S3 would be to use the linear sieve as we have done.
Then in order to prove (10), one would need an asymptotic formula for the

sum
> W

kds=ab+1
acA, beB
s~S

for S € [Nl_el, N1+91] on average over d < N% for some 61,60y > 0.
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