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Topic

We present a method for principal component analysis on a
mixed-type data.

By mixed-type data we mean that the variables are of
continuous, binary, integer-valued or positive continuous type.

We use the method of moments to estimate the covariance
matrix of combinations of latent components and then use
regular PCA to solve for the latent components.

The manuscript will be submitted soon and made available in
ArXiv.
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Outline

Underlying probability model

Estimating the loadings

Estimating the scores

Adding sparsity

Results from a simulation and a real data example
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Probability model

Observed variables have a appropriate exponential family
distributions.

We assume that the latent principal components have a
Gaussian distribution.

Parameters of the distributions come from linear combinations
of the principal components through appropriate link
functions.

Our model is in a sense extension of probabilistic PCA
(Tipping and Bishop, 1999) to mixed-type data.

Similar kind of exponential family based methods for finding
latent variables with mixed-type data earlier proposed by, for
example, Collins et al. (2001) and Liu et al. (2023).
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Probability model

Let Z ∼ Nd(0,Λ) be a multivariate normal random vector with
diagonal covariance matrix. Let W := µ+ UZ for a vector µ ∈ Rp

and matrix U ∈ Rp×d with orthonormal columns and partition W
into W1,W2,W3,W4. Assume further that the observed data X
depends on the vector W as follows:

X1j |Z ∼ N(W1j , τ
2
j ), (X1j ∈ R),

X2j |Z ∼ Exp(eW2j ), (X2j ∈ R+),

X3j |Z ∼ Poi(eW3j ), (X3j ∈ N0),

X4j |Z ∼ Ber(Φ(W4j)), (X4j ∈ {0, 1}),

where Φ is the CDF on standard normal distribution. We assume
that all τ2j > 0 and that all elements of X are conditionally
independent conditional on Z .
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Probability model

Let µi be an element of the mean vector µ corresponding to
variable of type i .
Let Σ := Cov(W ) = UΛU ′ be the covariance matrix of the
latent combinations W .

Estimating this matrix is our goal!

Let σ2
i a diagonal element of Σ corresponding to a variable of

the type i .

Let σij be a non-diagonal element of Σ corresponding to
variables of types i and j , with σii ′ denoting to two different
variables of type i .

We have to make an additional assumption, so that the parameters
can be identified: Each of the Bernoulli-variables satisfies

µ4√
1 + σ2

4

= s
√
σ2
4,

for some sign s ∈ {−1, 1}.
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Estimating the covariance matrix

Using the method of moments we get the following estimates

µ̂1 := X1

µ̂2 := −
1

2
log 2 − 2 log X2 +

1

2
log X 2

2

µ̂3 := 2 log X3 −
1

2
log
(
X 2
3 − X3

)
µ̂4 := Φ−1(X4)

√
1 +

{
Φ−1(X4)

}2

σ̂
2
1 := X 2

1 − X1
2 − τ

2
j

σ̂
2
2 := − log 2 + log X 2

2 − 2 log X2

σ̂
2
3 := log

(
X 2
3 − X3

)
− 2 log X3

σ̂
2
4 :=

{
Φ−1(X4)

}2

σ̂11′ := X1X1′ − X1 X1′

σ̂22′ := log X2X2′ − log X2 − log X2′

σ̂33′ := log X3X3′ − log X3 − log X3′

σ̂12 :=
X1 X2 − X1X2

X2

σ̂13 :=
X1X3 − X1 X3

X3

σ̂14 := (X1X4 − X1 X4)

√
1 +

{
Φ−1(X4)

}2

φ
(
Φ−1(X4)

)
σ̂23 := log X2 + log X3 − log X2X3

σ̂24 :=

√
1 +

{
Φ−1(X4)

}2
{
Φ−1(X4)) − Φ−1

(
X2X4

X2

)}

σ̂34 :=

√
1 +

{
Φ−1(X4)

}2
{
Φ−1

(
X3X4

X3

)
− Φ−1(X4))

}
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Estimating the covariance matrix

To estimate the missing Bernoulli cross-moments, a natural
estimator is σ̂44 defined implicitly as

Φ2

Φ−1(X4),Φ
−1(X4′);

σ̂44′√
1 + {Φ−1(X4)}2

√
1 + {Φ−1(X4′)}2

− X4X4′ = 0,

where Φ2(y1, y2; ρ) is the cumulative distribution function of the
bivariate normal distribution with zero means, unit variances and
correlation equal to ρ.
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MTPCA and sparsity

When we know the covariance matrix of the latent
combinations W of the principal components Z , we can do
regular PCA to find the components.

Sparsity can be added by using Sparse PCA (Zou, Hastie and
Tibshirani, 2006).

For this, we use the SICS algorithm (Heinonen and Virta,
2026).
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Estimating the variance parameter

For Gaussian observed variables we assume a probability
model X1j |Z ∼ N(W1j , τ

2
j ).

Usually we assume τj to be the same for all variables j (after
standardization).

Assume that the real number of principal components d is
smaller than the number of Gaussian components p1. Then
the variances of (regular) principal components, calculated
using only Gaussian variables, are, in decreasing order,
(λ1 + τ, . . . , λd + τ, τ, . . . , τ), so the estimate for τ is the
average of the last p1 − d elements.
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Estimating the PC scores

In PCA we are interested in two things, the loadings Û and
the principal component scores Ẑ .

First we estimate the loadings Û, component variances Λ̂ and
the mean vector µ̂ using the method of moments.

Then we can estimate the scores Ẑ by maximizing the
conditional log-density log fZ |X (Z | X , Û, Λ̂, µ̂), where X
stands for the observations.

In case of regular PCA model, this approach of finding the
mode of the conditional log-density leads to the regular
principal component scores.

The function log fZ |X is strictly concave1 and therefore the
solution is unique.

1If the matrix Λ is not singular
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Simulation

We had a simulation where we simulated data from our
probability model and compared MTPCA and regular PCA.

We used two sample sizes n = 250, 1500, two real amounts of
non-zero coefficients q = 2, 5 (when number of variables is
p = 8) and three levels of sparsity r = q, r = q + 2, r = p.

We measure the Frobenius norm between first two
components of the real and estimated loading matrix.

Lauri Heinonen MTPCA



Simulation
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Simulation
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Zoo example

We use MTPCA on the Zoo dataset (Forsyth, 1990)

The data cosists of n = 101 animals and p = 15 binary
variables that describe the presence or absence of certain
feature (is predator, is venomous, etc).
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Zoo example - loadings

variable PC1 PC2 PC3

hair 0 0 0
feathers 0.14 0.45 0.58

eggs 0 0 0
milk 0 0 0

airborne −0.099 0 0.059
aquatic 0 0 0
predator 0 0 0
toothed 0 0 0

backbone 0 −0.32 −0.17
breathes 0.037 −0.40 0

venomous −0.98 0 0.17
fins −0.078 0.36 −0.78
tail 0 0 0

domestic 0 −0.63 0
catsize 0 0 0
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Zoo example - scores
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Advantages of MTPCA

MTPCA is so similar to regular PCA that all normal
techniques and concepts work nicely (scree plots, loadings and
scores...)

of these, we demonstrate sparsity.

We have a proper probability model from latent components
to observations.

We have explicit formulas for almost everything.
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