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Hilbert’s tenth problem is reprinted in: “Mathematical developments arising
form Hilbert problems” (Proceedings of Symposia in Pure Mathematics, American
Mathematical Society, Providence, Rhode Island, 1976) and translated as

10. DETERMINATION OF THE SOLVABILITY OF A DIOPHANTINE EQUATION.

Given a diophantine equation with any number of unknown quantities and with
rational integer numerical coefficients: To devise a process according to which it
can be determined by a finite number of operations wheter the equation is solvable
in rational integers.

Preliminaries

The set of natural numbers here is N = {0,1,2,...}, Z; = N\ {0}, Z =
{..,—2,-1,0,1,2,...}.
Diophantine equation is of form

D(z1,...,2m) =0, (1.1.1)
where D(z1,...,2y) € Z[x1, ... ,Ty]. Sometimes form
DL(l‘l,... ,xm>:DR($1,... ,xm), (112)
Where Dy (x1,... ,%m), Dr(21, ... ,%m) € Zy[x1,... ,T,] is preferrable.
System
Dl(xl,...,xm) =0
. (1.2.1)
Dy(z1,...,2m) =0
has an integer solution if and only if the Diophantine equation
Di(at, ..., Tm) + ...+ Di(x1,... ,2m) =0 (1.2.2)

has one.

We will call two systems of Diophantine equations (solvability) equivalent, if
they have the same solvability status.

Introducing new variables any Diophantine equation can be tranformed into an
equivalent system consisting of equations of forms

a= 3+
1



and
a = (3,

where «, 8 and ~ are either natural numbers or variables. Take, for instance
4oy — b5a® + 2y = 0.

Transposing the negative terms we get

4oy + 2y = 52°.
Substituting vy = 4z, s; = 2y, t; = 5z we get

Ty + 851 = t122.
Continuing this way, ro = r1x, to = t12, we have

roy + 51 = taz.
Furthermore, letting r3 = roy and t3 = t32 the equation becomes
r3 + s1 = t3.
Finally substituting ¢; = r3 + s1 we see that the original equation is equivalent to
system
r1 = 4x ro = 12X r3 =12y

tl =5z tQ :tlz t3:t22
s1=2y qu=r3t+s1 q =t

We conclude that each Diophantine equation is (solvability) equivalent to a Dio-
phantine equation of degree four.

Open problem: Is the restriction of Hilbert’s Tenth problem to equations of
degree 3 undecidable?

Solutions in natural numbers

Let p be an odd prime number. Then the Diophantine equation
(+1)P+y+1)P=(z+1)"

has infinitely many solutions of form x = 2z, y = —1, but it has no natural number
solutions (Wiles 1995).

Let
D(z1,...,2m) =0 (1.3.2)



be an arbitrary Diophantine equation. Any solution of system
D(xy,...,2ym)=0
T = yh Yt +uis Yl (1.3.3)
T = Y1 + Yz + Yz + Yima
is clearly an integer solution of (1.3.2), but since any natural number can be ex-

pressed as a sum of four squares, also any solution of (1.3.2) yields a solution of
(1.3.3). System (1.3.3) can be compressed into a single equation

E(Il‘l,... s Tm,y, Y11,y - - - ,ym4):0 (134)
that is solvable in integers if and only if (1.3.2) is solvable in natural numbers.

We have seen that it suffices to establish the unsolvability of Hilbert’s Tenth
Problem for solutions in natural numbers.

For this on, latin letters a, b, ¢, ... will stand for natural numbers, unless
explicitely otherwise stated.

Families of Diophantine equations

Let D be a polynomial with integer coefficients with variables aq, ..., an, x1,
..., Tn. Fixing parameters ay, ..., a, in equation
D(ay,...,an,x1,... ,Tmy) =0 (1.4.1)

yields a particular equation in a family of Diophantine equations. The parametric
equation (1.4.1) defines a set 9t that consists of those n-tuples (aq,...,a,) for
which (1.4.1) has a solution in natural numbers:

(a1y...,a,) EM <= Fz1,..., 25 [D(ar,... ,an,x1,... ,2,) =0].  (1.4.2)
Eqivalence (1.4.2) is a Diophantine representation of 9. Any subset of N™ that has
a Diophantine representation, is called a Diophantine set of dimension n. Clearly
there are infinitely many Diophantine representations for a Diophantine set.

If ACN*and f: A— Nis a function and set

{(f(x1, o yxn), 1,y xp) | (21, ..., 2,) € A}

is a Diophantine set, we say that f is a Diophantine function. In the same manner,
we define a Diophantine relation.

No restrictions were imposed on the equation (1.4.1), but as we have seen, we
could require that (1.4.1) should be an equation of degree four.



EXAMPLES. Set E of even numbers is Diophantine:
a € E < 3Jx[2z=al.
We will also say that property “is an even number” is Diophantine and denote
Even(a) <= Jz[2z = a
Relation {(a,b) € N? | a # b} is Diophantine:
a#b <= 3Ir[la—b)*=2z+1].
Union and intersection of Diophantine sets of the same dimension is also Diophan-

tine: If
Di(ay,...,an,T1,... ,Tpm,) =0

and
DZ(a17"' y Ay L1y e v - 7$m2) =0

define Diophantine representations for two sets, then the equation
Di(ar, ... ,an,T1,. . yTm,) - Da(ar, ... ,a4n, 1, .. ,Tpyy) =0
yields a Diophantine representation for their union and
D?(a1, ..., Gp, 1, Tony) + D3(A1, ... Uy Y1y - s Ymy) = 0

gives the required representation for the intersection.

Equation
D(a,z1,...,2,3)=0
has a solution 1, ..., z,, if and only if the equation
(xg+1)(1 = D*(zg,...,2m)) —1=ua
has a solution in unknowns xq, ..., z,,. Therefore, a set of natural numbers is

Diophantine if and only if it is the set of all natural number values assumed by
some polynomial with integer coefficients for natural number values of its variables.

Generalized Diophantine representations

Let P be a polynomial with integer coefficients. We handle also equations of
form

P(t,...,t) =0, (1.5.7)
where t1, ..., tx are Diophantine terms, that is, expressions constructed in the
natural manner from variables, natural numbers, symbols “47, “-”, “.”and symbols

for Diophantine functions. To be precise, we define the Diophantine terms to be
the smallest set that satisfies the following:

1) Natural numbers and variable symbols are Diophantine terms.



2) If 4, and t; are Diophantine terms, then also t; + t3, t; — t and t;to are Dio-
phantine terms.

3) If F' is a Diophantine function and t;, ..., t; Diophantine terms, then also
F(t,...,t) is a Diophantine term.

Inductively, introducing new variables, we can obtain a system of equations of
forms (1.2.5), (1.2.6) and

a=F(B,..., B, (1.5.8)

where F'is a Diophantine function and «, (31, ..., 3, variables or natural numbers,
that has a solution if and only if (1.5.7) has.

Moreover, we can replace each equation (1.5.8) by

a=Ff,...,0n) <= Fy1...ym [D(a, b1, Bn,Y1,--- sym) =0], (1.5.6)

where D gives the Diophantine representation of F' and y1, ..., y,, are new variables
that has not yet beem used. The resulting system can then be compressed into a
single equation equivalent to (1.5.7).

In generalized Diophantine equations we will also use symbols & and V for the
intersection and union of Diophantine relations:
R(ai,...,an) <= Jz1,..., 2y [D(ar,... ,an, T1,... ,Tp) = 0]

is called a Diophantine representation of relation R. If Ry and Ry are Diophantine
relations of same dimensions, then

R(al,... ,CLn) <~ Rl(al,... ,CLn) \/Rz(al,... ,an)

and

S(ay,...,ay) <= Ri(a1,...,a,)&Ra(ay,... ay)

are the generalized Diophantine representations for their union and intersection
respectively. We have seen that both of them also have the genuine Diophantine
representation.

If R is a Diophantine relation and ty, ..., t, Diophantine terms, then generalized
Diophantine assertion is equivalent to

g, R, ) &t =t & o, &ty =t

ExXAMPLES. Property Even(a) has a genuine Diophantine representation:
Even(a) < 3z [2z = al.
Property Odd(a) has a generalized Diophantine representation
Odd(a) <= Even(a+1),
but also a genuine Diophantine representation:
Odd(a) < Fz[2x+1=a].

Then
Even(a) <= Odd(a+1)

is a generalized Diophantine representation.



Some Diophantine sets, properties, relations, and functions

We have seen that relation # is Diophantine in N2. We have also

a<b < FJzla+z=0"1,
a<b <= FJzfa+z+1=0>], and
a|b <= Fzfax =]

A generalized Diophantine representation for the congruence with respect to a pos-
itive modulus is given by

a=b (modc) < c|(b—a).

The function “remainder on dividing b by ¢” has a generalized Diophantine repre-
sentation:

a=rem(b,c) <= a<c&b=a (mod c).

Function arem(b, c¢) is the least absolute value |y| among all numbers x congruent
to b with respect to modulus ¢, that is,

arem (b, ¢) = £b arem 0 < arem(b, ¢) <

N O

Function arem(b, ¢) is Diophantine:
a=aremb,c < 2a<c&lc|(b—a)Ve|(b+a)l.
Also, non-divisibility is Diophantine:
atb <= rem(b,a) > 0.

In the semiring of natural numbers we cannot speak about proper division, but
the integer part of b/c, written as b div ¢ can be well defined and is a Diophantine
function:

a=>bdivc < ac+rem(b,c)=b.

Greatest common divisor:
a=ged(b,c) <= bc>0&a|b&al|c& [Fxy[a=bx —cy]V Izyla = cy — bx]].
Least common multiple:

a =lem(b,c) <= bc=aged(b,c).



Exponentiation is Diophantine

The aim is to show that set of triples
{(a,b,c) | a = b}
is Diophantine. If that holds, then also the set
{(a,b) | Infa = 0"}

would be Diophantine. We can consider the powers of b as the set of all members
of the first-order recurrent sequence

Bo(0) =1, Bp(n+1)=bBs(n).
The proof here will utilize the recurrent sequence
ap(0) =0, ap(l)=1, ap(n+2)=>bap(n+1)— ap(n). (2.1.4)
We will try to show that the set
{a,b,c) | b>4, &a=«(b)}

is Diophantine. It is immediate that a;(n) is a monotonously growing and ay(n) >
n. For a fixed n and large b the function ay(n) behaves much like 4", indeed by

induction we get
b-1" <ap(n+1) <"

The assertion is clear for n = 0. We have
ap(n +2) = bay(n+ 1) — ap(n) < bag(n +1) < b-b"™ = b1
and
ap(n +2) = bap(n + 1) — ap(n)
> bap(n+1) —ap(n+1)
=0b—-Dap(n+1)>(b-1)(b—1)°
=(b—1)"*h

We shall see that
b = lim 2zralctl)
z—oo  ay(c+1)

)

and the limit number for z can be expressed using function ay,. Using this knowledge
we see that
b = aprqa(c+ 1) div ag(c+ 1),

when x is large enough.

We will begin with set

{(a,b) | b>2&In]a = ap(n)]} (2.1.5)
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and show that it is Diophantine. Now, the recurrence relation can be expressed
using matrices (with ap(—1) = —1).

Ay(n) = (O‘b(”“) —n(n) ) and =, — (’i ‘01)

ap(n) —ap(n —1)

We see that A,(0) = I, Ap(n+ 1) = Ap(n)Zp, which implies that

Therefore, det(Ay(n)) = 1 for each n, which means that

1= —ap(n)ap(n — 1)+ ai(n)

ai(n+1) —bap(n + ap(n) + ai(n)
: 2

ajy(n—1) = bap(n — ap(n) + «

We will see that if
2 —bry +y® =1, (2.1.12)

then x and y are consequtive members of the sequence (2.1.4), that is, either
r=ap(m+1), y=ay(m) (2.1.13)

r=ap(m), y=ay(m+1). (2.1.14)

Moreover, if we require (2.1.12) and y < z, it turns out that there will be m such
that (2.1.13) hodls. This is proved by induction on y. If y = 0, then we have x = 1,
so (2.1.13) holds with m = 0. Let y > 0. then we have

1—y2

+ by < by (2.1.17)

xr =

and

1 y2

— — =—+by > by —y. (2.1.18)
T T

T =
Let x1 =y and y; = by — . Then y; < 1 and direct calculation gives
x] —briyr +y; = 1.
By the induction hypothesis, there exists m; such that
x1 = ap(my + 1) and y; = apmy (2.1.20)
Letting m = m; + 1 we have

r=0br1 —y1 = ap(m+1) and y = z1 = ap(m),

which proves tha claim.



The special recurrent sequences are Diophantine

The next goal is to show that
{(a,b,c) | b>4&a=ap(c)} (2.2.1)

Is Diophantine. The set (2.2.1) can be considered as the union of the termis of the
sequences

(ap(0),b,0),...,(ap(n),b,n). (2.2.2)
for b > 4. Using induction on (2.1.4), it is easy to see that
az(n) =n
Therefore, for b = 2 the sequence (2.2.2) is
(0,2,0),...,(n,2,n).
By induction it is also easy to see that if by = by (mod g), then
ap, (n) = ap,(n) (mod q). (2.2.5)

Particulary,
ap(n) =as(n) =n (mod b — 2), (2.2.7)

So the first b — 2 members of (2.2.2) coincide with the first b — 2 memebers of the
sequence

(ap(0), b, rem(ap(0),b—2)), ..., (ap(n), b, rem(ap(n), b — 2)). (2.2.8)

In this sequence, n occurs only as an argument of a. Since the set (2.1.5) is
Diophantine and rem is a Diophantine function, also the set of triples (2.2.8) is
Diophantine. But only the initial segments of (2.2.2) and (2.2.8) are equal. Let
then

w="b (mod v) (2.2.9)
w =2 (mod u) (2.2.10)
v > 2ap(k) (2.2.11)
u > 2k (2.2.12)

and n < k. Then 2a;(n) < 2ap(k) < v and a,,(n) = ap(n) (mod v), so we conclude
that
ap(n) = arem(au,(n), v).

Moreover, 2n < 2k < u and au(n) = az(n) = n (mod u). Therefore also
arem (o, (n),u) = n. We have then a sequence

(arem (v, (0), v), b, arem(ay, (0), u))), . . . ,
., (arem(a, (n),v), b, arem(aw, (n),w))), ... (2.2.13)
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where k first terms equal to those one of (2.2.2). The union of sequences (2.2.13)
where u, v and w satisfy (2.2.9) and (2.2.10) certainly contains all triples of (2.2.2).
However, there may be some additional triples.

We will now study the recurrent relation to understand the occurrence of the
extra triples. Let
v=ap(m+1)—ap(m—1). (2.2.16)

Then
ap(m+1) =ap(m—1) (mod v), (2.2.17)

and because the recurrent relation can be written as

ap(n —2) = bap(n — 1) — ap(n), (2.2.18)
we have
ap(m + 2) = bay(m + 1) — ap(m)
= bap(m — 1) — ap(m) (mod v) (2.2.19)
= ap(m — 2)

By induction we get also

ap(m + 3) = ap(m — 3) (mod v)

B 2.2.20
ap(2m — 1) = ap(1) (mod v) ( )
ap(2m) = ap(0) (mod v)
Moreover,
ap(2m) = ap(0) =0 = —ap(0) (mod v) (2.2.21)
and
ap(2m + 1 = bap(2m) — ap(2m — 1) = —ap(1).  (mod v) (2.2.22)
By induction we get
ap(2m +n) = —ap(n) (mod v) (2.2.23)
So, for this choise of v (2.2.16), sequence a(0), ..., ap(n), ... modulo v has the
following period of 4m terms:
0, 1,..., ap(m—1), ap(m), ap(m—1),..., 1,
0,—1,...,—ap(m —1),—ap(m),—ap(m —1),... ,—1. (2.2.24)
But this is also the period modulo v of the sequence
aw(0), ... au(n),. .. (2.2.25)

Because
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for b > 4, also the sequence
arem (., (0),v), ... ,arem(ay,(n), v) (2.2.26)

has the period of 2m terms
0,1...,a5(m —1),ap(m),ap(m —1),...,1. (2.2.27)
Now (2.2.10) implies that the sequence (2.2.25) modulo u has the period of u terms
0,1,...,u—1. (2.2.28)

Introducing the condition
ulm (2.2.29)

we guarantee that the length of the period of the sequence (2.2.26) is a multiple of
the length of the period of the sequence

arem (., (0), u), .. .arem(ay,(n),u), . .. (2.2.30)

Therefore, the extra triples in (2.2.13) will appear among the m + 1 members (this
is an almost symmetric period) of this sequence. For these initial triples codition

2arem(au,(n),v) < u (2.2.14)
which can be written as
20p(n) < u (2.2.31)
implies
2n < u, (2.2.32)
because
n < ap(n). (2.2.33)
Now
arem (o, (n),u) = arem(n,u) =n (2.2.34,)

so condition (2.2.14) eliminates all extra triples. But still it is not known how to
express conditions (2.2.16) and (2.2.29) without knowing that « is Diophantine.
Because of this, we shall prove that

(k) | ap(m) = ap(k) | m (2.2.35)
and replace (2.2.29) with
u? | ap(m). (2.2.37,)
where
u = ayp(k). (2.2.36)

Let first b, k and m satisfy
oz (k) | ay(m). (2.3.1)

Let
m=n-+kl, 0<n<k. (2.3.2)
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Then

- (2.3.3)

Therefore

(5 2%

(n+1) (n) (k+1) 0 (234
_ [ ap(n —apn Qp
= ( () —ay(r— 1)) ( 0 —aylk— 1)) (mod e (k))-
We conclude that
ap(m) = ap(n)al(k+1) (mod ay(k)). (2.3.5)
By (2.1.11) ged(ap(k), ap(k + 1)) = 1, so from (2.3.1) and (2.3.5) we have
ap(k) | ap(n), (2.3.6)
but also ap(n) < ap(k). Therefore n =0 and m = kl. Also
Ay(m) = Al (k)
((?b(k)ub —ap(k—1) —ap(k = 1)I) (2.57)
(K)o~ (k — 1)ZL,
=30 ({Jebthed - 1=,
which implies that
[ ap(m+1) —ap(m)
eatm) = ("t i) (238)
= (—1)'ad(k — I+ (—1)" My (k)od " (k — 1)= (mod aj (k)),
so we have
ap(m) == (=1)"Hay(k)at (k- 1), (mod 2.3.9)
which implies that
ap(k) | Lk~ (k — 1). (2.3.10)

Since ged(ap(k), ap(k — 1)) = 1, we have finally
ap(k) |1 (2.3.11)



(
(2.3.12), (
(2.3.16), (
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b>4 (2.3.12)

u? —but +t* =1 (2.3.13)
s —bsr+ri=1 (2.3.14)
r<s (2.3.15)

u? | s (2.3.16)
v=bs—2r (2.3.17)

v | (w—"0) (2.3.18)
ul|lw—2 (2.3.19)
w> 2 (2.3.20)

r? —wry +y? =1 (2.3.21)
20 <u (2.3.22)

a = arem(x, v) (2.3.23)
c = arem(z, u) (2.3.24)

2.3.12),(2.3.13) = Tk [u = o (k)](2.3.26)

2.3.14),(2.3.15) = Im[s = ap(m),r = ap(m — 1)](2.3.27)
2.3.26), (2.3.27) = u | m(2.3.28)

2.3.17), (2.3.27) = v = ap(m + 1) — ap(m — 1)(2.3.29)
2.3.20), (2.3.21) = In [z = @y (n)](2.3.30)
2.3.18),(2.3.19) = x = ap(n) (mod v), (2.3.31)

x =n (mod u).(2.3.32)

If n =2lm £ j, where 7 < m, we have

and

. 2.3.35
= (E")'s 2459

= (Ay(m)*) A ()™,

_ (‘ab(m —1)  a(m) )) (mod v) (2.3.36)

Ay(m)? = —I (mod v) (2.3.37)

Ay(n) = £A4,(5)F (mod v) (2.3.38)
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Now
x = ap(n) = +ap(j) (mod v) (2.3.39)
and
20 (7) < 2ap(m) < (b —2)ap(m) < bay(m) — 2a(m — 1) = v. (2.3.40)
Therefore
a = arem(z,v) = arem(ap(n), v) = ap(j). (2.3.41)

From (2.3.22) and (2.3.41) we have
2j < 204(j) = 2a < u, (2.3.42)
Finally (2.3.28), (2.3.31), (2.3.33) and (2.3.42) imply
¢ = arem(z,u) = arem(n,u) = j (2.3.43)
which gives us a = ay(c).

To the other direction, we suppose that numbers a, b and c¢ satisfy b > 4 and
a = ap(c). We should show that there are numbers r, s, ¢, u, v and w that satisfy
(2.3.13)-(2.3.24). We will choose k and wu such that (2.3.22) and (2.3.26) hold and u
is odd. r and s will are chosen to satisfy (2.3.27) with m = uk. Now both (2.3.14)
and (2.3.15) both hold. Because

s = ap(uk) = (=1)" tuay(k)apy (k- 1)  (mod u?), (2.3.46)
so (2.3.16) also holds.
bs — 2r > dap(m) — 2a(m — 1) > 2a(m),

so we can choose v such that (2.3.17) will hold. Then ged(u,v) = 1 since if d | u
and d | v, then (2.3.16) implies that d | s and from (2.3.17) d | 2r. However, u was
chosen to be odd and therefore d also is odd, so d | r and d | 1 by (2.3.14). By
the Chinese Remainder Theorem w satisfying (2.3.18), (2.3.19) and (2.3.20) can be
found. Let then

T = ayu(c) = ap(c) =a (mod v) (2.3.49)

Now v > 2a by (2.3.17), (2.3.25) and (2.3.47), so (2.3.23) is valid. By (2.2.7) it
follows that
r=c (modw—2) (2.3.51)

and (2.3.19) guarantees that also
x=c (mod u). (2.3.52)

Because
2¢ < 2ap(c) =2a < u

by (2.2.33), (2.3.25) and (2.3.22), so (2.3.24) holds.



Exponentiation is Diophantine

We recall that
b-—1D)"<ap(n+1)<d"
and will show that
c . abw+c(c + 1)
b= lim ———=
z—oo  ag(c+1)
It is easily seen that
rpele 1) _ (b +3)°
az(c+1) — x¢

> b,
so if (2.4.2) holds, then for large x we have

b = appya(c+1) div agz(c+1).
For b=c =0, x > 4 we have

abw+4(c + 1)
az(c+1)

and for b =0, ¢ > 0, x > 4 we have

C
abw+4(c+ 1) < 4 <1
az(c+1) (x — 1)

For b > 0, z > 16¢ we have

Apgralc+1)  (bx+4)°

az(c+1) (x —1)¢
(1+35)0
Cth
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(2.4.1)

(2.4.2)

(2.4.3)

(2.4.4)

(2.4.5)

(2.4.6)

(2.4.7)



