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(1) sin(α± β) = sin α cos β ± cos α sinβ, cos(α± β) = cos α cos β ∓ sinα sinβ

(2) tan(α± β) = (tanα± tanβ)/(1∓ tanα tanβ)

(3) sinα + sinβ = 2 sin
α + β

2
cos

α− β

2
, sinα− sinβ = 2 sin

α− β

2
cos

α + β

2

(4) cos α + cos β = 2 cos
α + β

2
cos

α− β

2
, cos α− cos β = −2 sin

α + β

2
sin

α− β

2

(5) sinα sinβ =
1
2

cos(α− β)− 1
2

cos(α + β), cos α cos β =
1
2

cos(α− β) +
1
2

cos(α + β)

(6) sinα cos β =
1
2

sin(α + β) +
1
2

sin(α− β)

(7) 1 + tan2 α =
1

cos2 α
, 1 + cot2 α =

1
sin2 α

, 1 + cos α = 2 cos2
α

2
, 1− cos α = 2 sin2 α

2

(8) sin 2α = 2 sin α cos α, cos 2α = cos2 α− sin2 α, tan 2α =
2 tanα

1− tan2 α

(9) sinα =
2t

1 + t2
, cos α =

1− t2

1 + t2
, tanα =

2t

1− t2
, missä t = tan

α

2
, tan

α

2
=

sinα

1 + cos α
=

1− cos α

sinα

(10) sinhx =
1
2
(ex − e−x), coshx =

1
2
(ex + e−x), arsinh x = ln(x +

√
x2 + 1), arcoshx = ln(x +

√
x2 − 1)

(11) cosh2 x− sinh2 x = 1, sinh 2x = 2 sinhx coshx, cosh 2x = cosh2 x + sinh2 x

Sarjat

(12) f(x) =
n−1∑
k=0

f (k)(x0)
k!

(x− x0)k +
f (n)(ξ)

n!
(x− x0)n

(13) (1 + x)α = 1 + αx +
α(α− 1)

2!
x2 +

α(α− 1)(α− 2)
3!

x3 + · · · , |x| < 1
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2 · 4
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1 · 3
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x4 − · · · , −1 < x ≤ 1

(16) ex = 1 + x +
x2

2!
+

x3
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+ · · ·

(17) ln(1 + x) = x− 1
2
x2 +

1
3
x3 − 1

4
x4 + · · · , −1 < x ≤ 1

(18) sinx = x− x3

3!
+
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5!
− x7

7!
+ · · · , cos x = 1− x2
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+
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(19) tanx = x +
1
3
x3 +

2
15

x5 +
17
315

x7 + · · · , |x| < π

2

(20) arcsinx = x +
1
2
· x3

3
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7
+ · · · , |x| ≤ 1

(21) arctanx = x− x3

3
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7
+ · · · , |x| ≤ 1
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+ · · · , |x| < 1

(23) (x + y)n =
n∑

k=0

(
n

k

)
xkyn−k,

n∑
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i =
1
2
n(n + 1),
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1
6
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xk, |x| < 1, n ≥ 1.



Integrointi

(25)
∫

Q(x,
√

x2 + a2)dx : sij. x = at, a tan t, a sinh t, . . .

∫
Q(x, n

√
ax + b

cx + d
)dx : sij. t = n

√
ax + b

cx + d

(26)
∫

Q(x,
√

x2 − a2)dx : sij. x = at, a/t, a cosh t, . . .

∫
Q(x,

√
a2 − x2)dx : sij. x = at, a sin t, . . .

(27)
∫

Q(tanx)dx : sij. t = tan x, t = cot x, . . .

∫
Q(sinx, cos x)dx : sij. t = tan

x

2
, . . .

(28)
∫

dx

a2 − x2
=

1
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ln
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∣∣∣∣ , ∫
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a
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∫
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(a2 ± x2)n+1
=

x

2na2(a2 ± x2)n
+

2n− 1
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dx
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∫

dx√
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= arcsin
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|a|
,

∫
dx√

x2 + a
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(31)
∫ √

a2 − x2 dx =
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∫ √
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∫
cos2 x dx =

1
2
x +

1
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sin 2x,

∫
sin2 x dx =

1
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x− 1

4
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(34)
∫

dx

cos x
= ln
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)
∣∣∣ , ∫
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∫
dx

coshx
= 2arctan ex,

∫
dx

sinhx
= ln
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x
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∣∣∣
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∫
eax sin bx dx =

a sin bx− b cos bx

a2 + b2
eax,

∫
eax cos bx dx =

a cos bx + b sin bx

a2 + b2
eax

(37)
∫ π/2

0
sin2k x dx =

∫ π/2

0
cos2k x dx =

1
2
· 3
4
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∫ π/2

0
sin2k+1 x dx =

∫ π/2

0
cos2k+1 x dx =

2
3
· 4
5
· · · 2k

2k + 1

(39) Kaaren pituus
∫ √

1 + y′2dx =
∫ √

x′2 + y′2dt =
∫ √

r2 + r′2dϕ

(40) Pyöräyspinnan ala 2π

∫
|y|
√

1 + y′2dx

(41)
∫

xe−axdx = −e−ax
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∫
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a

((
x +

1
a

)2

+
1
a2

)
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∫ ∞

0
xne−axdx =

n!
an+1

, n = 0, 1, 2, . . . ,

∫ ∞
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∫ ∞
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(44)
∂

∂z

∫ β(z)

α(z)
f(x, z)dx =

∫ β(z)

α(z)

∂f

∂z
dx + f(β(z), z)
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∂z
− f(α(z), z)

∂α

∂z


