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Information

@ Information is difference of entropies

Mika Hirvensalo Selected topics on quantum information 3 of 43



Information

@ Information is difference of entropies

@ What is entropy?
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Ludwig Boltzmann (1844-1906)
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B 5-klogw

S=k-logW,

where k is a constant, W is the

LVDWIG

BOLTZMANN 4 number of microstates corresponding

18441996

to a macroscopic state
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“Elementary” entropy

H(n) = number of elementary units (bits, trits, etc.) to encode n
(uniform) conditions.
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“Elementary” entropy

H(n) = number of elementary units (bits, trits, etc.) to encode n
(uniform) conditions.
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Binary (elementary) entropy

1

Ha(n) = logy, n = 022

log n
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“Elementary” entropy

H(n) = number of elementary units (bits, trits, etc.) to encode n
(uniform) conditions.

o {1,2} = {0,1},
o {1,2,3}+ {0,11,10},
e {1,2,3,4} — {00,01,10,11}, etc.

Binary (elementary) entropy

Ha(n) = log, n = @ log n
Entropy measures uncertainty )

Mika Hirvensalo Selected topics on quantum information 6 of 43



Ternary (elementary) entropy

Hs(n) = log n

Iog 3
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Ternary eIementary) entropy

Hs(n) = log n

Iog 3

g-ary elementary entropy

Hy(n) = Iogq log n
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Boltzmann:

Identical particles with same internal condition are
indistinguishable.
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Boltzmann:

Identical particles with same internal condition are
indistinguishable.

@ Let / be the number of particles, each having n potential
conditions ¥ = {1,2,...,n}, > n.

o List the conditions of all particles: cico...c € {1,2,...,n}
@ Assume condition (letter) i occurs k; times, so
ki+...+k,=1and p; = % is the probability (frequency) of

condition |
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Combinatorics:

There are

kil... kp!

such lists (strings of conditions)
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Combinatorics:

There are !
ki!. .. kp!
such lists (strings of conditions)
Elementary entropy: |
K log m
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Combinatorics:

There are
/!

kil... kp!

such lists (strings of conditions)

Elementary entropy:
/1

8 k!

Per particle:
/!

S og ————
RN
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Stirling: log k! = klog k — k + O(log k), so
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Stirling: log k! = klog k — k + O(log k), so

| Il
Tk

= ?(/Iogl— I+ O(log /)

_ En:(k,- log ki — ki + O(log k;)))
i=1

= _szl |ngl+o(

i=1

og/

)-

Mika Hirvensalo Selected topics on quantum information 10 of 43



For a probability distribution (p1,. .., pn) of events {e1,...,en},
define

H(p1, ... pPn) —*KZPJOEP, I
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For a probability distribution (p1,. .., pn) of events {e1,...,en},
define

H(p1, ... pPn) —*KZPJOEP, I

Forp1:...:p,,:%
1 1 1
H(=,...,=)=—-K:-n- Iogf—KIogn
n n
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Claude Shannon (

1916-2001)

Mika Hirvensalo

e H(pi,...,pn) symmetric,

Selected topics on quantum information

continuous

° H(%, cel %) non-negative, strictly
increasing in n

® H(p1,....pn) +pnH(q1;- .., qm)
= H(p1,...,Pn—1,Pnq1,- -, Pndm)

n
= H(p1,...,pm) = —K>_ pilog pi
i=1
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Joint Entropy
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Joint Entropy

Let
X = {le"'axn}

be a random variable with distribution p(x1), ..., p(xa).
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Joint Entropy

Let
X = {le"'axn}

be a random variable with distribution p(x1), ..., p(xa).

n

H(X) = =) p(x) log p(xi).

i=1
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Joint Entropy

Let
X = {le"'axn}

be a random variable with distribution p(x1), ..., p(xa).

n
H(X) = =) p(x) log p(xi).
i=1
If also Y = {yi1,...,ym} is a random variable,

the joint entropy is

HX,Y) == p(xi, ;) log p(xi, ¥;)

i=1 j=1
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Conditional Entropy

Joint entropy

HX, Y) == > p(xi, 1) log p(xi, ;)

i=1 j=1
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Conditional Entropy

Joint entropy

HX, Y) == > p(xi, 1) log p(xi, ;)

i=1 j=1

If we know Y = y;, then

HX | yj) ==Y p(xi | ) log p(xi | ;)
i=1

and define

HIX | Y) = Zp(yj (X %)

“Uncertainty of X when Y is known"
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Conditional Entropy

H(X | Y) < H(X)
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Conditional Entropy

H(X | Y) < H(X)

H(X,Y) < H(X) + H(Y)

H(X | Y) = H(X,Y) = H(Y)

(Uncertainty of X when Y is known)
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Conditional Entropy

Team A wins with probabilit

y = {win, loss}. Then
H(X) = —(3 log, 3 + 3 log, 3

%
)

Mika Hirvensalo Selected topics on quantum information 16 of 43



Conditional Entropy

Team A wins with probability % X = {win, loss}. Then
H(X) = —(3logy 3 + 3 logz 5) = 1.

As a home team, A wins with % probability, but as visitor, A wins
only with % probability.

3 1 1
1 1 2 2
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Conditional Entropy

Example (Continued)

3 3 1 1
1 1 2 2
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Conditional Entropy

Example (Continued)

3 3 1 1
1 1 2 2

Let Y = {0,1} be a fair coin toss for deciding if team A plays
home. Then

HIX | Y) = %H(X | B) + %H(X | v) = 0.864787 ...
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Information

Definition (Mutual information of X and Y)

I(X:Y)=H(X)— HX|Y)
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Information

Definition (Mutual information of X and Y)
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Information

Definition (Mutual information of X and Y)

“Uncertainty of X minus uncertainty of X when Y known”
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Information

X is the team A result, Y is the coin toss outcome. Then

I(X:Y)=1-0.864787... = 0.135213...
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Information

X is the team A result, Y is the coin toss outcome. Then

I(X:Y)=1-0.864787... = 0.135213...

Team B wins with 1/2 probability, but with 99 probability as home
team and only with 5 probability as visitor. Then

99 9 1 1

B) = (oo logy - + % log, =) = 0.0807931...

HX|h) (T00 '°82 700 * 100 1982 109) — 0-080793L. -,
5 5 95 95

H(X = (X log, — + =2 Jog, —2) = 0.286397 ...
L (Z00 '°82 700 * 100 '°82 100
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Information

Example (Continued

)
1
2

1
H(X | Y) = SHX | h) + H(X | v) = 0.2748%....

and
I(X:Y)=1-0.274894 ... = 0.725106. . .
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Quantum Entropy

@ Quantum entropy by Gedanken
Experiment (1927)

e Coincides with Shannon (and
Boltzmann) entropy on classical
systems

John von Neumann (1903-1957)
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Quantum formalism revisited

n-level system < n perfectly distinguishable values J

Formalism based on H,, ~ C" (n-dimensional Hilbert space)

@ Hermitian inner product (x | ¥) = x{y1 + ...+ X}iyn
e Norm ||x|| = /(x| x)
X1
e Ket-vector |x) =
Xn
@ Bra-vector (x| = (|x))* = (x{,...,x})
o Adjoint matrix: (A*); = A% for m x n matrix A
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More formalism

Trace: Tr(A) =>"7; A

For orthonormal basis {x1,...,x,}, Tr(A) =37 (x; | Ax;)
Positivity: A > 0 iff (Vx) (x | Ax) >0

Self-adjointness: A* = A

Unitarity: UU* = U*U =1

Normality: A*A = AA*
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More formalism

Kronecker product (tensor product):

dil1 412 ... dis b11 b12 N blu
a1 ax» ... as bo1 by ... boy
A= . . . ,B= . .

arl dar2 ... drs btl bt2 s btu
3118 8128 N alsB
3218 3225 . asz

AR B = . . .

anB apnB ... asB
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More formalism

X1
° |x)(y|= ®(yf7"'7y:):
Xn
Xyr Xy; e XY,
Xn}’l* Xn}/ék . Xny;1k
o [x)(yllz)=(yl|2)|x)
o If especially ||x|| =1, | x)(x| is a projection onto a subspace

generated by x.
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More formalism

Theorem (Spectral representation)

Each normal A has spectral representation
A=A |x1)(x1]| +...+ Ao | Xn){Xn],

where {x1, ..., Xp} is an orthonormal basis of H, and \1, ..., A\,
the eigenvalues of A.
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More formalism

Theorem (Spectral representation)

Each normal A has spectral representation
A=A |x1)(x1]| +...+ Ao | Xn){Xn],

where {x1, ..., Xp} is an orthonormal basis of H, and \1, ..., A\,
the eigenvalues of A.

If Ais self-adjoint, each A\; € R

If Ais unitary, each A; has [\j| =1
If Ais positive, each A\; > 0.
Tr(A):)\l—i-...—F)\n.

e 6 o6 o
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Structure of Quantum Mechanics
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Structure of Quantum Mechanics

State of a physical system:

Unit-trace, positive operator T:
T =X |x1)(x1| +... 4+ g [ Xxn)(Xn],

where A\; >0, A\; + ...+ A, = 1 (density matrix).
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Structure of Quantum Mechanics
State of a physical system:

Unit-trace, positive operator T:

T =X |x1)(x1| +... 4+ g [ Xxn)(Xn],

where A\; >0, A\; + ...+ A, = 1 (density matrix).

Observables:

Self-adjoint operator A:

A::U’1 ’y1><y1|++,un’yn><yn|7

where p; € R are the potential values of A
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Structure of Quantum Mechanics

Minimal interpretation:

P(ui) = Tr(T |y {yil)

is the probability of seeing value p; if A is observed when the
system is in state T.
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Let n = 2 (quantum bit), |0) = ( é ) 1) = < 2 >
1 1 19
T=3l00+3ma=(3 %)
and
A=o,=1.]0)(0] —1- |1)(1].
Then

P(1) = Tr(T|0><0|)=Tr(1\0><0l)

P(-1) = Tr(T [1)(1]) = ( D)) =
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T =1-[0(0] +0- [1)(1]= ( (1) 8 >

and
A= o, =1]0)(0] —1 [1)(1] .
Then
P(1) Tr(T 10)(0]) = Tr(|0)(0|) =1, and
P(-1) Tr(T |1)(1]) =Tr(0) =0
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)

= (95 ) =1yl L vl

T=§|o><0|+§|1><1|=<

O NI
Ni= O

and

where y; = \[(1 1) and y, = —( 1,1). Then

P(1) = T(T lyn{yil) =

P(-1) = Tr(T |y2){y2]) =

I\J\l—ll\)\l—l
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The expected value of observable A in state T is
Er(A) = ZM:’P(M,‘)
i=1

= ZM/TF(T|}’i><}’i\)
i—1
— TH(TA).
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The State Set Structure
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The State Set Structure

e If Ty and T, are states, and A € (0, 1), then also
AT1 4 (1 —X) Tz is. (convexity)
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o T isextremalif T =AT; + (1 — X) T2 with A € (0,1) implies
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The State Set Structure

e If Ty and T, are states, and A € (0, 1), then also
AT1 4 (1 —X) Tz is. (convexity)

o T isextremalif T =AT; + (1 — X) T2 with A € (0,1) implies
T, =To,.

Extremals are called pure or vector states J

T is pure if and only if T =|x)(x| for some unit-length x.

@ For a pure state T =|x)(x| and observable
A=l i lyidyil

P(ui) = Tr(T Ly (yil) = (i 1) x|y (vil yi) =[x Ly 2
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Let T =|x)(x| be a pure state and
A=pa |yl +. 4 un |yn)(ynl
an observable. In representation
X=a1y;+...tany,
aj = (y; | x) (amplitude of y;), so

P(u;) = |ail.
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Let T =|x)(x| be a pure state and
A=pa |yl +. 4 un |yn)(ynl
an observable. In representation
X=a1y;+...tany,
aj = (y; | x) (amplitude of y;), so

P(u;) = |ail.

For each pure state T there is a nontrivial observable A such that
P(u1) =1 for a potential value py of A.

Mika Hirvensalo Selected topics on quantum information 34 of 43



For a pure state T =|x)(x| the expected value of observable A is

E7(A) = Tr(TA) = Tr(| x)(x| A) = (x [[x)(x| Ax) = (x | Ax).
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For a pure state T =|x)(x| the expected value of observable A is

E7(A) = Tr(TA) = Tr(| x)(x| A) = (x [[x)(x| Ax) = (x | Ax).

V.

For any 6 € R,

| x)(ex|=|x)(x],

so pure state presentation as a unit-length vector is not unique.
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Let|0):<(1))and|1):((1))

1 1
vector == |0) + 75 |1) corresponds to a state

(1)t
P0=((1 1) (00))="((

This could be read directly from the vector presentation.

Sl=SI-

NN
NI =N
N—

N

N =N =
NI =N =

NN~
o
N————
N————
Il
N =

0
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Let yy = 55(10) +11)). y2 = 15(0) — [1)), and

NN
NN
N———
|
7~ N\
I o
NI
NI |
N
N—
Il
7N\
= O
o =
N—

A=11y0) il 1 |ya)lysl= (

Then for vector x = %(!0) + (1))

o=((1 ) (5 7)) -m((55)) -0

This could be directly read from

x=1-y;+0-y,.
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Compound Systems

Tensor product construction: T =T ® T, A=A1 ® A
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Compound Systems
Tensor product construction: T =T ® T, A=A1 ® A

Pure state
L0y 1) ® (0} + 1)) = L(00) + 01} + 10) + 1))
V2 V2 2
Or:
1 1 1 1
11 11 1111
1 1 1 1 1 1 1 1
2 2 2 2 4 4 4 4
1 1 1 1
Z 4 1 %
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Compound Systems

By partial trace: T3 = Tr1(T)

Partial trace

Ty is chosen so that Tr(T(A; ® 1)) = Tr(T1A;1) for each
observable A;
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Compound Systems

By partial trace: T3 = Tr1(T)

Partial trace

Ty is chosen so that Tr(T(A; ® 1)) = Tr(T1A;1) for each
observable A;

Tr(T (A1 ® 1)) is the average value of observable A; ® I in state T.
As well, Tr(T1A;) is the average value of observable A; in state Tj.
T1 is unique and an explicit formula for Tri(T) exists.

v
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A vector 1
— 100) + |11)
V2 f
correspondes to a pure state
1 1 1
) 1 1 (3004
0 0 0
T=1 0 |®(Z% %)= 000 0
1 L g o &
V2 2 2

Subsystem states:

T1:T2:(

O NI
NIk O
N——
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Quantum Entropy
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Quantum Entropy

von Neumann Entropy

S=—KTr(TlogT)
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Quantum Entropy

von Neumann Entropy
S=—KTr(TlogT)

where f(T) for

T =p1 | x1)(x1| +...4 pn | Xn)(Xn|
is defined as

f(T) = f(A1|x1){(x1|+...+ An|xn){xn])
f(A) [x1)(x1|+...+F(An) | xn)(xn]| .
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Quantum Entropy

von Neumann Entropy
S=—KTr(TlogT)

where f(T) for

T =p1[x1)(x1]| +... 4 pn |Xn){Xn]

is defined as
f(T) f(A [ x) (x| +...+An | xn)(Xn])
f(A) [x1)(x1|+...+F(An) | xn)(xn]| .
Hence
Tlog T = pilogpy |x1)(X1| +...+ pnlog pn | Xn)(xn| )
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Quantum Entropy

von Neumann Entropy
S=—KTr(TlogT)

where f(T) for
T =p1[x1)(x1]| +... 4 pn |Xn){Xn]
is defined as

f(T) = f(A1|x1){(x1|+...+ An|xn){xn])
f(A) [x1)(x1|+...+F(An) | xn)(xn]| .

Hence

Tlog T = pilogpy |x1)(x1| +... + pplog pn [Xn)(Xn| J
and

S(T)=—KTr(Tlog T) = —K(p1logp1 + ...+ pnlog pn) |
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Quantum Entropy
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Quantum Entropy

For a pure state T =|x)(x|
S(T)=-1-logl =0
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Quantum Entropy

For a pure state T =|x)(x|

S(T)=-1-logl =0

Example

Let A and B be qubits with joint state T =|x)(x |, where
x = 5500) + 75 |11).
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Quantum Entropy

For a pure state T =|x)(x|

S(T)=-1-logl =0

Example

Let A and B be qubits with joint state T =|x)(x |, where
x = 5500) + 75 |11).
e S(T) =0, but for subsystem states S(T1) = S(T2) = 1.
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Quantum Entropy

For a pure state T =|x)(x|

S(T)=-1-logl =0

Example

Let A and B be qubits with joint state T =|x)(x |, where
x = 5500) + 75 |11).
e S(T) =0, but for subsystem states S(T1) = S(T2) = 1.

e Conditional entropy
S(Ty| T2)=S(T1, T2) —S(T2) =0—1=—1
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Quantum Entropy

For a pure state T =|x)(x|

S(T)=-1-logl =0

Example
Let A and B be qubits with joint state T =|x)(x |, where
x = 5500) + 75 |11).
e S(T) =0, but for subsystem states S(T1) = S(T2) = 1.
e Conditional entropy
S5(T1| T2) = 5(T1, T2) = 5(T2) =0—-1= -1

@ Mutual information:

(T1:T2)=5(T1) = S(T1| T2)=1—-(-1)=2
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Quantum Entropy

Theorem (Holevo Bound)

Let p1, ..., pn be states of n-level quantum system, produced
probabilities p1, ..., pp. Let also X be a random variable with
value i if p; is produced, and Y any observable on H,. Then

I(X:Y)< SO piri) = > piS(pi)
i=1 i=1

with
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