Todennakoisyyslaskennan kaavoja

Unionin todennékoisyys
P(AUB) = P(A) + P(B) -

i=1
)= n i n i .
t=zl( 1) (I)P[]QAJ}

jos leikkaukset keskendin yhté todennikoiset

P( UA;

i=1

P(ANB)

ZP(A) -5 5 P(A; N Aj)+ -

i=1 j=i+1

n
= > P(A)), jos A; : t toisensa poissulkevat
i=1

=1-T]P (A, jos A; : triippumattomat
i=1

n
P ( UA;
i=1
Leikkauksen todennékdisyys
P(A(B)=P(A) P(B| A) = P(A| B) P(B)

P( (HWA,-] =P(A) P(Ay | A) P(A3 | Ay N Ap)- -
i=1

{1}
i=1

Ehdollinen todennékoisyys
P(A|B)=P(A B)/P(B)

n
[1P(A)), jos A; : t riippumattomat
i=1

n
> P(B| A) P(A)), jos A; : t muodostavat partition

i=1
P(Ay | B) = P(B| Ay) P(Ay)/ P(B)

Diskreetit satunnaismuuttujat

F(x) = P(X < x), p(k) = P(X =k), Yyex P(k) =1
E(X) = Ykex k p(k), E[g(X)] = Xek 8(K) p(k)

X=0:EX) = 3 [1 - F®)], EX(X = D] =2 3 k[1 - F®)]
k=0 k=1

P(B) =

Var(X)= E[(X — p*| = E(X?) - > = E[X(X = D)] + p — 412

G9() { EX)= G'(D

G@)= E(&), py= =, EX(X-1D]=

G// ( 1)
Jatkuvat satunnaismuuttujat
Fx)=P(X<x),P(X€A)= Lf(x) dx

Fo=[" fdt, fx)=F), [ fx)dx=1
EX) = [T x fx)dx, E[gX)] = [T g(x) f(x)dx

X20:EX) = ["[1 - F)ldx, E(X?) =2 [“x{1 - F(x)]dx
M@= E(e'X),E(X)= MY0)

Yhteisjakautumat

Fyy(x,y))=P(X<x,Y<y)

PIX.")eAl= [[  _,fer(x.y)dxdy

Fxy, ) = [C [ Lo firs, ndi]ds, fiy(x,y) = "Z‘; i

Sx@ = [T fer@ ) dy, o) = [ frr(e, ) dx

Yleiset muunnokset
Y =500 )= ls 0] | 670

{ZZX(X, Y) {X=V(Z, V) fzv(zv)=
V=hX, V) | Y=5(Z,V) feylrzv),s@WI[J (V]

(10.2010)

Erityiset muunnokset

feor@= [ frr@=v,vdv, fxy@ = [" fxy@+v,v)dv
fxy@= ﬁfx,y(%, V) ﬁd", fx(@)= _Li,fx,y(z v, |v|dv

Y =min{X;, ... X,}: Fy() = 1 = [1[1 = Fx )]
i=1
Z=max (X, ..o, X} F2(2) = [TFx ()
i=1
Summat
Cov(X, ¥) = E[(X - px) (Y — )] = E(X ¥) — puy pty
E(ixi] = SEX)
i=1 i=1
Var(iX,] ZVar(X)+2 S 3 Cov(xi, X))
i=1 i=1 j=i+l
X= 51, EX)=nPA),

i=1

Var(X) = n P(A) P(AS) + n(n — 1) [P(A; N A;) - P(A) P(A))]

P(|X-u|zn=c?/f

Ehdolliset jakautumat

Pxjy=i(k) = pxyk, D/py(D, EX|Y =1 = Zkekkpxw:/(k)
Px(k) = Yyer Pxyy=1(k) py(D), pyix=x(1) = pxyr=1(k) py(D)/ px (k)
Fiarmy®) = fr@ N1y O, EX Y =) = [7x figyey () dx

PasX<b|Y=y)= [ fay-y Wdx

Sx @ = [T fry=y @ fr ) dy, frix=x O) = fry=y @) fr )/ fx &)
px(k) = [ pxiy=y(®) fr dy, frix=x 0) = pxjr=y &) fr )/ px (k)

Ix () = Zier fxyv=1 () py (), pyix=x (D = fxyy=1 (x) py )/ fx (x)
Kokonaisodotusarvokaava

Qe EX Y =1 py(D), Y diskreetti
[TEX|Y=y) fy(ydy, Y jatkuva
E[Var(X | Y)] + Var [E(X | )]

Suex P (A| X =k) px(k), X diskreetti
f;P (A]| X =x) fx(x)dx, X jatkuva
x) fx(x)/ P(A)

dukP(X=k|A), Xdiskreetti

Kxfxm(x) dx, X jatkuva

E(X) =Y E(X | A4) P(A)

Satunnaisen pituinen summa

Gs, (2) = Gn[Gx(2)], M5, (1) = Gy [Mx(1)]

E(Sy) = E(N) E(X), Var(Sy) = E(N) Var(X) + Var(N) [E(X)] 2
Korrelaatio

Cor(X, ¥) = Cov(X, Y) / vV Var(X) Var(Y)
Iy) =

E(X)=E[EX|Y)]= {
Var(X) =
P(A)=E[P(A|X)] = {
fua@) =P(A] X =

E(X|A):{

px+p (Y = py)

Syntymis-kuolemis — prosessi

A
P0=1,l)i:/\: 1My = (Z ()pt) ,

i = Pi 7o



Diskreetteji jakautumia, dérellinen arvojoukko

DU(n): i,k:l, N, E(X)_ﬂ Vix) = 22! G(z)—— z =

k=1

z(1-z")
n(l-z)

Ber(p): pt ¢' %, k=0, 1,E(X) = p, V(X) = pq, G = pz+q

Bin(n, p): (Z)pk q”‘k,k:O, v L EX)=np,VX)=npq,Gzx)=(pz+q)",X ~ Po(np),X ~AsN(np,npgq)

(MN(N-M N O<k=M Nen M . M
Hyp(N’M’”)'( k )( n—k )/(n)’OSn—ksN—M’E(X):”p’V(X):"Pqﬁ’l’:N’QZI‘P’X”B“‘(”’ F)

. . !
Multmoml(n,pl,,..,p,):P(Xl:kl,...,X,:k,):#plkl- p,',Zp,—l Zk—n
o i=1

3 M] Mr N r r
Multlhyp(N,Ml,...,M,,n):P(Xl=k1,...,X,=k,)=(k )(k )/( ),ZM,':N,ZI(,':VL
1 r nJ = i=1

Diskreetteja jakautumia, ddreton arvojoukko

Po(d): e~ 1—f k=0, EX)=A,VX)=21,G) = e“z-”, X ~ AsN(4, Q)

Geom(p): ¢~ p.k= 1. F(k) = 1 —¢*, EX) = -, V(X) = . G() = -

ModGeom(p): ¢* p,k=0,F(k)=1- ¢ EX) == V(X) =,G(2) =

: k=1 n k—n n nq !
Negbin(n, p): L_1]Pd ,kzn,E(X)=;,V(X)— —,G(@) = (lqz)

il

ModNegbin(n, p): (k ;f; ! ) ¢, k=0,EX)==2 V(X) = G(z) (

Normaalijakautuma

- B(x) = 2 b= —— [ 3" - - —ei”
N, 1): ¢(x) = e , D(x) mfme dt,EX)=0,V(X)=1,M(1t)=e

3_

_ L(rz 2
N, o) [ = % o(S4), Foo = o S2), ECO = i1, V) = 02, M( = 757
P(u—1196,2.58,3290 <X <u+[1.96,258,3.29]0)=1[0.95,0.99,0.999]
Sy~ AN(n g, n0?), X, ~ AsN(g, <)

Muita yleisimpiii jatkuvia jakautumia

at

a+b

Ula, by: —=.a<x<b,Fn = =2, Ex) = 22, v(x) = &2

(‘ —(‘
M) = (b-a)t

A

M) = =

Exp(A): )uf“, x>0,Fx)=1- e’“, E(X)=1,V(X) =,

Gamma(a, A): 2@ le™ X x>0,E(X) = %, V(X) = %,M(;) = (ﬁ)a

l"((z)
1)' e x>0, F)=1- e Z (lf),E(X) ,V(X) AZ»M(I) ( )n
T 4 -1 ST —
Beta(@, ): i+ (1 =20 <x < 1LEX) = S5, V00 =

Muita jatkuvia jakautumia, x > 0 ellei toisin mainita

LOgN(y, ) _¢(ln(X) ;t) F(x) = q)(ln(a) u) E(X):@”+%(’27E(X2)=@2#+2¢2

©

Weibull(@, 1): @ A x*! e F(x) =1 - e-W,E(X) - (l)é r(l + i),E(XZ) = (%)' F(l + —)

Hypoexp(h): Rai ke A £ 4 0= [1 4, Fo = Sl - e ), E00 = 34, v = £ L
i=1 j=iEi i=1 i=1"" i

i

N n n n n
Hyperexp(/\, a): S die, Tai=1,Fx) = Lol - ), E(X) = z E(X)=23 %
i=1 i=1 i=1 =1 A i=1

A [ a A
Pareto(a/,)x):;(;) ,x>a,F(x):1—(—) EX) = S Qs 1), V) = A>2)

a- 1>2 a-2)



Muita jatkuvia jakautumia, x € R

Laplace(u, A): % Ne b=H F(x) =

1-

I Mu-
e~ Mu=x)

2

LOngth(ﬂ, ) et

o(1+e7)?

X—p
S
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se
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,F(x)=

x<

VEX) =

x=p

,u\s

E(X)=

2 ut

2
wV0 = 2,

w1, V(X) = 02

Cauchy(a, b): ”L[] + (2)2]—1 Pl = % . :_r a-rctan(%)

N(pr 2, 012, 027, p EX | Y = y) = sy +p 7 (v = o), VX | Y =) =

Tilastollisia jakautumia

de )7) (1 + )_T,xe[R,E(X):O(nzZ),V(X): L (n=3)

SR

n

P(1-p%)

X
M = 55

)((n)[2

F(m, n):

(5)r)

5

m

2

(g)]ﬂx;*l ¢3ox> 0, EX) = n, V(X) = 2n, M(1) = (1 2’)5

_(n>3) V(X )_M(n

>

5)

) m" " X"
)r(n) W ,X>0,E(X)
2

m(n-2)% (n—4)

N(0, 1)-jakautuman todennékdéisyyksiia P(X < x) = «
Esim. P(X < 1.23) =0.8907

x 0 1 2 3 4 5 6 7

8 9

0.0 | 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279
0.1 | 05398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675
0.2 [ 05793 05832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064
03 | 06179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443
04 | 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808
0.5 | 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157
0.6 | 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486
0.7 | 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794
0.8 | 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078
0.9 | 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340

0.5319 0.5359
0.5714 0.5753
0.6103 0.6141
0.6480 0.6517
0.6844 0.6879
0.7190 0.7224
0.7517 0.7549
0.7823 0.7852
0.8106 0.8133
0.8365 0.8389

0.0
0.1
0.2
03
04
0.5
0.6
0.7
08
0.9

1.0 | 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577
1.1 | 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790
1.2 | 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980
1.3 | 09032 0.9049 0.9066 0.9082 0.9099 09115 09131 09147
14 | 09192 09207 09222 09236 09251 0.9265 0.9279 0.9292
1.5 | 09332 09345 09357 09370 0.9382 0.9394 0.9406 0.9418
1.6 | 09452 0.9463 09474 09484 0.9495 0.9505 09515 0.9525
1.7 | 09554 0.9564 09573 09582 0.9591 0.9599 0.9608 0.9616
1.8 | 09641 09649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693
1.9 | 09713 09719 09726 09732 09738 0.9744 09750 0.9756

0.8599 0.8621
0.8810 0.8830
0.8997 09015
09162 09177
0.9306 0.9319
0.9429 0.9441
0.9535 09545
0.9625 0.9633
0.9699 0.9706
09761 09767

1.0
1.1
12
13
14
1.5
1.6
1.7
1.8
19

20 [ 09772 09778 09783 0.9788 0.9793 0.9798 0.9803 0.9808
2.1 [ 09821 09826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850
22 [ 09861 09864 0.9868 09871 0.9875 09878 0.9881 0.9884
23 | 09893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911
24 [ 09918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932
25 [ 09938 09940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949
2.6 | 09953 09955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962
2.7 [ 09965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972
28 [ 09974 09975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979
29 [ 09981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985

09812 0.9817
0.9854 0.9857
0.9887 0.9890
09913 0.9916
0.9934 0.9936
0.9951 0.9952
0.9963 0.9964
0.9973 09974
0.9980 0.9981
0.9986 0.9986

20
21
22
23
24
25
26
2.7
28
29

3.0 [ 09987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989
3.1 [ 09990 09991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992
32 {09993 09993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995
33 [ 09995 0.9995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996
34 [ 09997 09997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997
3.5 [ 09998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998
3.6 | 09998 0.9998 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
3.7 109999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
38 [ 09999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
3.9 | 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

0.9990 0.9990
0.9993 0.9993
0.9995 0.9995
0.9996 0.9997
0.9997 0.9998
0.9998 0.9998
0.9999 0.9999
0.9999 0.9999
0.9999 0.9999
1.0000 1.0000

30
31
32
33
34
35
36
37
38
39

0 1 2 3 4 5 6 7

8 9




[

t(n) -jakautuman kriittisii arvoja t,,, : P (X > t,,;a) =«

I

a

2
X

X*(n) -jakautuman kriittisid arvoja x2.,: P(X > x2,) =«

Esim. 110,005 = 1812 jos X ~ #(10), niin P(X > 1.812) =005 Esim. x3, 005 = 18.31 : jos X ~x2(10), niin P(X > 18.31) = 0.05

a

n | 01 005 0025 001 0.005

1| 3078 6314 1271 3182 6366
2| 1886 2920 4303 6965 9925
3| 1638 2353 3182 4541 5841
4 | 1533 2132 2776 3747 4604
5| 1476 2015 2571 3365 4032
6 | 1440 1943 2447 3143 3707
7 | 1415 1895 2365 2998 3499
8 | 1397 1860 2306 2896 3355
9 | 1383 1833 2262 2821 3250
10 | 1372 1812 2228 2764  3.169
11 | 1363 1796 2201 2718  3.106
12 | 1356 1782  2.179 2681  3.055
13 | 1350 1771  2.160 2650 3012
14 | 1345 1761  2.145 2624 2977
15 | 1341 1753 2131 2602 2947
16 | 1337 1746  2.120 2583 2921
17 | 1333 1740  2.110 2567  2.898
18 | 1330 1734  2.001 2552 2878
19 | 1328 1729 2093 2539 2861
20 | 1325 1725 2086 2528 2845
21 | 1323 1721 2080 2518 2831
22 | 1321 1717 2074 2508 2819
23 | 1319 1714 2069 2500  2.807
24 | 1318 1711 2064 2492 2797
25 | 1316 1708 2060 2485 2787
26 | 1315 1706 2056 2479 2779
27 | 1314 1703 2052 2473 2771
28 | 1313 1701 2048 2467 2763
29 | 1311 1699 2045 2462 2756
30 | 1310 1697 2042 2457 2750
40 | 1303 1684 2021 2423 2.704
50 | 1299 1676 2009 2403 2678
60 | 1296 1671 2000 2390  2.660
70 | 1294 1667 1994 2381  2.648
80 | 1292 1664 1990 2374 2639
90 | 1291 1662 1987 2368 2632
100 | 1290 1660 1984 2364 2626
150 | 1287 1655 1976 2351  2.609
200 | 1286 1653 1972 2345 2601
o | 1282 1645 1960 2326 2576

Luottamusviilit

~ N ~ N
PlX-196 —< <X+1.96—):0.95
( N Vi

n

_ s - s
P(X_tn—l;a/Z N <p<X+titap f) =l-a

-1)s? -1)s?
P((" )§ <o?< UsDL) ):1—&

X,fol;a/z /\/rzvflﬂf(l/z
P(f;— 1964 pain <p<p+196ypasn )20.95
Hypoteesien testaus

Ho:yzyO:Tz(Y—,uo)/(S/\/;)~t(n—l)

Hy:p=po:Z=(p=-po) [y poao/n ~NO, D

£ Ne=npif’
Hy:PX=x)=p;: 0= 3. n’:f’) ~ x2k=m—1)
i=1 !

@
n| 0995 0.99 0.975 0.95 005 0.025 0.01 0.005
1| 0.00003927 0.0001571 0.0009821 0.003932 3.841 5024 6.635 7.879
2| 0.01003 0.02010 0.05064 0.1026 5991 7.378 9.210 10.60
3| 0.07172 0.1148 0.2158 03518 7.815 9.348 11.34 12.84
4| 0.2070 0.2971 0.4844 0.7107 9488 11.14 1328 14.86
5| 04117 0.5543 0.8312 1.145 1107 1283 1509 16.75
6| 0.6757 0.8721 1.237 1.635 1259 1445 1681 1855
7| 0.9893 1.239 1.690 2.167 1407 16.01 1848 2028
8| 1344 1.646 2.180 2733 1551 17,53 2009 2195
9| 1735 2.088 2.700 3325 1692 1902 21.67 2359
10 | 2.156 2.558 3.247 3940 1831 2048 2321 25.19
11| 2.603 3.053 3.816 4575 1968 2192 2472 26.76
12| 3074 3.571 4.404 5226 2103 2334 2622 2830
13 | 3.565 4.107 5.009 5892 2236 2474 2769 29.82
14 | 4075 4.660 5.629 6.571 23.68 26.12 29.14 3132
15| 4.601 5.229 6.262 7261 2500 2749 30.58 32.80
16 | 5.142 5812 6.908 7962 2630 28.85 3200 3427
17 | 5.697 6.408 7.564 8.672 2759 30.19 3341 3572
18 | 6.265 7015 8.231 9390 2887 31.53 3481 37.16
19 | 6844 7.633 8.907 10.12 30.14 3285 36.19 3858
20| 7434 8.260 9.591 10.85 3141 34.17 37.57 4000
21| 8.034 8.897 10.28 11.59 32,67 3548 3893 4140
22| 8.643 9.542 10.98 12.34 3392 36.78 40.29 42.80
23| 9.260 10.20 11.69 13.09 35.17 3808 41.64 44.18
24 | 9.886 10.86 12.40 13.85 3642 3936 4298 4556
25 (10.52 11.52 13.12 14.61 37.65 40.65 4431 4693
26 [ 11.16 12.20 13.84 1538 3889 4192 45.64 4829
27 | 11.81 12.88 14.57 16.15 40.11 43.19 4696 49.64
28 | 12.46 13.56 15.31 16.93 4134 4446 4828 50.99
29 [ 13.12 14.26 16.05 17.71 4256 4572 4959 5234
30 | 13.79 14.95 16.79 18.49 4377 4698 50.89 53.67
31 | 14.46 15.66 17.54 19.28 4499 4823 5219 5500
321513 16.36 18.29 20.07 46.19 4948 5349 5633
331582 17.07 19.05 20.87 4740 50.73 5478 57.65
34 | 16.50 17.79 19.81 21.66 48.60 5197 56.06 58.96
35| 17.19 18.51 20.57 2247 4980 5320 5734 60.27
36 | 17.89 19.23 21.34 2327 5100 5444 58.62 61.58
37 | 18.59 19.96 22.11 24.07 52.19 55.67 59.89 62.88
38 | 19.29 20.69 22.88 24.88 5338 5690 61.16 64.18
39 | 20.00 2143 23.65 25.70 5457 58.12 6243 6548
40 [ 20.71 22.16 2443 26.51 55.76 5934 63.69 66.77



