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Preface

The Workshop on Quantum and Classical Complexity was held on July 7, 2013
at Riga, Latvia, in conjunction with the 40th International Colloquium on Au-
tomata, Programming, and Languages (ICALP 2013). The Workshop was ac-
tually initiated by the ICALP conference chair professor Rusins Freivalds, who
suggested to one of the organizers that such a workshop could be beneficial.
After a moment’s hesitation, the program committee was assembled, speakers
were invited, and the call for papers was circulated.

From the very beginning, it was clear that the workshop should distinguish
from the main event so that presentations including non-finished ideas should
also be welcomed, and this was explicitly mentioned in the letter calling for
papers. All submitted papers were peer-reviewed and the program committee
accepted four contributions to be presented in the workshop.

In addition to the contributing papers, the workshop was enriched by two
invited talks given by experts on classical and quantum complexity theory. Marek
Cygan from the University of Warsaw gave a lecture on algebraic algorithms and
Frangois Le Gall from the University of Tokyo lectured on matrix multiplication
complexity in quantum settings.

The organizers gratefully acknowledge the generous support by QuBalt. We
thank also the other sponsors, which are: Com?-program of Turku Centre for
Computer Science, European Research Council (MQC grant), University of Lat-
via, Ministry of Education, Culture, Sports, Science and Technology in Japan
(Grant-in-Aid for Scientific Research on Innovative Areas No. 24106009), and
Turku University Foundation. Printing of this proceedings became possible by
ERAF Project No. 2010/0202/2DP/2.1.1.2.0/10/APIA/VIAA/013. Our grati-
tude goes also to dean Juris Borzovs (Faculty of Computing), rector’s assistant
Ieva Racko, and director Anna Smite (Academic Publishing House) from Uni-
versity of Latvia for their help in publishing the proceedings. We also want to
thank ICALP 2013 Organizing Committee member Agnis Skuskovniks for being
very co-operative in solving many technical issues of the workshop.

July 2013 Mika Hirvensalo
Abuzer Yakaryilmaz

Program Chairs

Workshop on Quantum and Classical Complexity
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Algebraic Algorithms: Ranks, Determinants and
Derivatives

Marek Cygan

Faculty of Mathematics, Informatics and Mechanics
University of Warsaw
cygan@mimuw.edu.pl

http://www.mimuw.edu.pl/~cygan/

Abstract. Probably the first algebraic algorithm is the famous result
of Lovasz, who proposed a Monte Carlo algorithm for finding the size of
a maximum matching based on computing the rank of the Tutte matrix.
During the talk we will cover some classical algebraic algorithms, the
heart of which is finding rank or determinant of some matrix. Next we
will investigate another algebraic tool, i.e. the Baur-Strassen’s theorem,
where partial derivatives provide us with much more information within
asymptotically same running time. We will show simple algebraic algo-
rithms for problems such as computing the diameter, finding the shortest
cycle or maximum weight perfect matching, where instances have inte-
gral weights from the range [—-W, W]. The talk is based on a joint work
with Harold N. Gabow and Piotr Sankowski.






Quantum Complexity of Matrix Multiplication

Frangois Le Gall

Department of Computer Science
Graduate School of Information Science and Technology
University of Tokyo
legall@is.s.u-tokyo.ac.jp
http://wuw.francoislegall.com/

Abstract. In this talk I will describe recent progresses in the develop-
ment of quantum algorithms for matrix multiplication. I will start with
the case of Boolean matrices, and discuss the time complexity and query
complexity of Boolean matrix multiplication in the quantum setting. I
will then focus on other kinds of matrix products, in particular matrix
products over algebraic structures known as ”semirings” (such as the
distance matrix product or the max-min matrix product), and describe
new quantum algorithms, which are faster than the best known classical
algorithms, for some of these products. Finally I will present several open
problems related to the complexity of matrix multiplication.






Parameterized Quantum Query Complexity of
Graph Collision *

Andris Ambainis, Kaspars Balodis, Janis Iraids, Raitis Ozols, and Juris
Smotrovs

University of Latvia, Raina bulvaris 19, Riga, LV-1586, Latvia

Abstract. We present three new quantum algorithms in the quantum
query model for GRAPH-COLLISION problem:
— an algorithm based on tree decomposition that uses O (\/ﬁtl/s)
queries where t is the treewidth of the graph;
— an algorithm constructed on a span program that improves a result
by Gavinsky and Ito. The algorithm uses O(y/n 4+ va**) queries,
where a**(G) is a graph parameter defined by

* %k .
o (G) = min max E deg v;
VC — vertex cover of G IcCvCe
I — independent set VET

— an algorithm for a subclass of circulant graphs that uses O(y/n)
queries.
We also present an example of a possibly difficult graph G for which
all the known algorithms fail to solve graph collision in O(y/nlog®n)
queries.

1 Introduction

GRAPH-COLLISION(G) (or COL(Q)) is a decision problem in which we are given
an undirected graph G and black-box access to boolean variables {z, | v €
V(G)}, where V(G) is the set of vertices of G, |V (G)|=n. COL(G) asks whether
there are two vertices v and v’ connected by an edge in G, such that z, = z,» = 1.

The graph collision problem was introduced in [I0] and an algorithm for
graph collision was used as a subroutine of an algorithm for triangle-finding.
The quantum query complexity of the subroutine is O(n*/*) and this is still the
best known upper bound for graph collision for unrestricted graphs G. On the
other hand, the best known lower bound is the trivial Q(y/n) which follows by
embedding Grover’s search problem (in a star graph, for instance).

There are a number of algorithms for special cases of graph collision. For
many of them, their complexities depend on additional parameters of the graph.

* This work has been supported by the European Social Fund within the project
“Support for Doctoral Studies at University of Latvia” and by the FP7 FET-Open
project QCS.



6 Andris Ambainis et al.

Table 1. Current quantum algorithms for graph collision

[Complexity [Parameters [Discoverer ‘
O(n*?) n - the number of vertices in G Magniez [10]

O(v/n + Vi) £ - the number of non-edges in the graph |Jeffery et al. [g]
O(y/na'’®) « - the size of largest independent set of G |Belovs [2]

O (vn++Va*) |a* - the maximum total degree of any in-|Gavinsky, Ito [6]
dependent set of G

O(y/n)* * - for random graphs with fixed probabil-|Gavinsky, Ito [6]
ity of each edge independently of the others
O(y/m) m - the number of edges in G trivial

In this paper we present 3 more parameterized algorithms:

Table 2. Algorithms presented in this paper

l Complexity [ Parameters
O(y/nt'/%) t - the treewidth of graph G
O(v/n + vVa**)
- Ve - verg}l}zriover of G Irg?/)é Z degv
I — independent set VEL
O(y/n)* * - G belongs to a certain subclass of circulant graphs
(circulant graph is a graph whose adjacency matrix is a
circulant matrix, see Section

2 Graph collision based on treewidth

In [2] Belovs presented a learning graph based algorithm for graph collision with
O(y/na'’®) queries where « is the size of the largest independent set in the graph.
As a can be at most n, the maximum number of queries needed for any graph is
at most O(n*/*). We present a quantum algorithm that uses O(y/nt'/®) queries
where ¢ is the treewidth of the graph.

Theorem 1. Graph collision on graph G on n vertices can be solved with a
bounded error quantum algorithm with O(y/nt'/®) queries where t is the trecwidth
of the graph.

The notion of treewidth was (re)introduced by Robertson and Seymour [14]
in their series of graph minors.
Definition 1. A tree decomposition of a graph G = (V,E) is a pair ({X; | i €
IN.T = (I,F)) with {X; | i € I} a family of subsets of V (called bags), one for
each node of T, and T a tree such that
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~Uier Xi=V

— for all edges (v,w) € E, there exists an i € I withv € X; and w € X;

— for alli,j,k € I:if j is on the path from i to k in T, then X; N X C X;,
i.e., a subgraph in T induced by a vertex of G is connected (therefore it is a
subtree).

The treewidth of a tree decomposition ({X; |i € I},T = (I, F)) is
max | X;|—1.
iel

The treewidth of a graph G is the minimum treewidth over all possible tree de-
compositions of G.

We say a tree decomposition (X, T) of treewidth k is smooth, if for all i € I:
| Xi|=k+1, and for all (i,j) € F : | X; N X;|= k. Any tree decomposition can be
transformed to a smooth tree decomposition with the same treewidth. Moreover
for a smooth tree decomposition: |I|= |V |—k. [{]

The idea of the algorithm is to use Grover’s search over the vertices of a
slightly modified decomposition of the graph G. The algorithm has a prepro-
cessing part where the vertices of the graph are divided into O(%) subsets of size
O(t) in such a way that if there is a collision in G then there is also a collision
in at least one of the induced subgraphs of the subsets. The algorithm then uses
Grover’s search [7] to find a subset whose induced subgraph has a collision. As a
subroutine a graph collision algorithm that uses O(n*/*) queries for a graph on
n vertices is used (for example the algorithm by Belovs [2] can be used).

Lemma 1. For a graph G = (V, E) with treewidth t there exists a decomposition
into subsets of vertices W = (W), W; €V such that |W|= [22=2.=1]  for all i:
|Wi|< 2t + 1 and for each edge (v,w) € E: Ji:v,w € W;.

Proof. Let ({X; |i €I}, T = (I,F)) be a smooth tree decomposition of G with
treewidth ¢.

The tree T' can be transformed into a sequence U = (u;), u; € I of length
2n — 2t — 1 of vertices of T with (u;,u;11) € F by drawing T on a plane and
traversing it like a maze by following the left wall (that is for the next edge to
traverse choosing the one which makes the smallest angle clockwise with the last
traversed edge) and finishing when every edge has been traversed exactly twice.
The sequence of the traversed vertices is U.

Next, slice the sequence U into parts of length ¢ and merge the corresponding
vertices of GG into subsets W; = Ut,(i71)§j<t_i X,

See Figure [1] for an example of all the steps of the decomposition.

As each W; consists of vertices from ¢ consecutively incident tree decompo-
sition bags and two incident bags differ by one element, the size of each |W;| is
at most 2t + 1.

As for each edge (u,v) € E there exists a bag that contains both u and v
and the subsets W; are unions of all bags then for each edge (u,v) € E there
exists a subset W; that contains both u and v. O
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Fig. 1. A graph; its smooth tree decomposition; the transformed sequence; and the
resulting subsets

|
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The algorithm:

1. (Preprocessing) Decompose the graph G into subsets of vertices W; as in
Lemma [I1

2. Perform a Grover’s search for ¢ such that G[W;] — the subgraph of G induced
by W; — contains a collision. As a subroutine use an algorithm that detects
a collision in G[W;] with O (|W;|*/*) queries.

Query complexity

The preprocessing part depends only on the graph G instead of the values of the
associated variables therefore it does not use any queries.

The Grover’s search calls the subroutine O(y/m) times where m is the number
of subsets. Therefore the total number of queries for the algorithm is at most

O(y/[B=2=1T - (2t + 1)) = O(\/Z - #3/3) = O(/nt!/©).
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3 A span program for graph collision

Span programs as a model of computation were introduced by Karchmer and
Widgerson in 1993 [9]. Span programs are used to evaluate a boolean function. In
2009 Reichardt showed [I213] that there is a strong connection between a com-
plexity measure of span programs — span program’s witness size — and quantum
query complexity. Since then span programs have been of great interest in quan-
tum computing. Belovs used span programs to construct quantum algorithms
from learning graphs [3l2].

Recently, Gavinsky and Ito have used constructed span programs for graph
collision [6]. Denote by a*(G) the maximum total degree of any independent set
of G.

Theorem 2 (Gavinsky, Ito[6]).

QCOL(G)) = O (VIV(G] + Vo' (@)

We improve their result by constructing a simpler span program that works
in a more general case, and we give an example for which our algorithm performs
better. In addition, unlike Gavinsky’s and Ito’s algorithm, our algorithm does
not use quantum counting as a subroutine.

3.1 Overview of span programs

Definition 2. A span program P is a tuple P = (H,|t), V), where H is a finite-
dimensional Hilbert space, [t) € H is called the target vector, and V = {V; p|i €
[n],b € {0,1}}, where each Vi C H is a finite set of vectors.

Denote by V(x) = J{Vipli € [n],z; = b}. The span program is said to com-
pute function f: D — {0,1}, where the domain D C {0,1}", if for all x € D,

f(z) =1 < |t) € span(V(x)).

It may be helpful to view V as a set of vectors with labels that impose a
constraint on at most one input bit. Note that vectors with no constraints can
be allowed by including the same vector in both V; g and Vi ;. By convention
vectors with no constraints are called free input vectors. A vector can then be
used depending on whether input z satisfies vector’s constraint.

Definition 3. (1) A positive witness for x € f~1(1) is a vector w = (w,),v €

V(z), such that [t) =}, cv(,) wov. The positive witness size is

wsizer (P) ;= max min |w||?.
z€f~1(1) w:witness of x

(2) A negative witness for x € f~1(0) is a vector w € H, such that (tjw) = 1
and for allv € V(z): (v|lw) = 0. The negative witness size is

wsizeg(P) := max min Z (v|w).

—1(0) w:witness of x
2€f7H0) ¢ f veV
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(8) The witness size of a program P is

wsize(P) := /wsizeo(P) - wsize; (P).

(4) The witness size of a function f denoted by wsize(f) is the minimum witness
size of a span program that computes f.

Theorem 3 ([12/13]). Q(f) and wsize(f) coincide up to a constant factor.
That is, there exists a constant ¢ > 1 which does not depend onn or f such that

2 wsize(f) < Q(f) < ¢ - wsize(f).

3.2 Span program for graph collision

Denote by N(v) be the set of neighbours of vertex v in graph G. Let VC C V(G)
be a vertex cover of G. The span program is as follows:

Span program P for graph collision

— H is a (|[VC|+1) dimensional vector space with basis vectors {|0)} U
{|v) v e VC}.

— The target vector will be |0).

— For every v € VC, such that x,, = 1, make available the vector |0) — |v).

— For every v € VC, for every v’ € N(v), such that x,, = 1, make available
the vector |v).

It is straightforward to check that P indeed computes COL(G). It remains to
calculate the witness size of P. If there is a collision in the graph, it must occur
between a vertex from the vertex cover VC and some other vertex. Therefore a
positive witness on edge (v,v’) of collision with v € VC' is just 1 - (|0) — |v)) +
1-|v) =10). And so

wsizey (P) < 12 +12 < 2.

As the negative witness w we will pick the vector

w =10y + Z [v).
veV<C
x,=1
First we check that it indeed is a negative witness and calculate all the scalar
products along the way:

1. (Ojw) = 1.

2. The available vectors of the form |0) — |v) are exactly the vectors for which
w contains |v), therefore ((0] — (v||w) = 0. For the vectors that are not
available, the scalar product is 1, and there are at most |V C|< |V(G)]| such
vectors.
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3. The available vectors of the form |v) are only available if x, = 0, because
otherwise there would be a collision between v and some neighbour of v.
Therefore for available |v):(v|w) = 0. On the other hand, if the vector is not
available, its scalar product with w is 1. For any two vectors |v) # |v'), if
(v|w) = (v'|w) = 1 then z,, = 1 and z,» = 1, so there can be no edge (v,v’).
Therefore the vectors that have scalar product 1 with the negative witness
must correspond to vertices of an independent set. Consequently, the total
number of vectors that have (v|w) =1 is at most

D= max E degv.
ICVC
I — independent set VE!
Finally, we choose the vertex cover VC for constructing P in such a way to
minimize D. Denote the resulting expression:

o™ (Q) = min max E degv
VC — vertex cover of G Icvc
I — independent set vel

Here we point out that o**(G) < o*(G), since we get a*(G) as a subcase of
taking all vertices of G as the vertex cover when minimizing over all vertex
covers. Qur program winds up with the negative witness size of

wsizeg(P) < |[V(G)|+a™(G).

The witness size of the graph collision can be upper bounded by the witness
size of our program:

wsize(COL(G)) < wsize(P) = \/wsizeg(P) - wsize, (P) =
=0 (VIV@)[+a™(G)) = 0 (VIV(G@)] + Va™ (@) -

From Theorem [3| we arrive at

Theorem 4.

Q(COL(G)) = O (VIV(G)] +a™(@)).

3.3 Graphs with o™ < o*

In this section we give an example of a graph class for which o™ is significantly
smaller than a*. The graph is a join of K,, and K,, (see Figure . For this class
of graphs G:
a*(G) = n?
o™ (@) =2n—1.

Therefore our algorithm for this graph uses O(y/n) queries, while Gavinsky’s
and Ito’s algorithm needs €2(n) queries. Note that this example is only to show
the difference between o** and o™ and that for this graph class there is a trivial
algorithm using Grover’s search with O(y/n) queries.
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Fig. 2. The join of K5 and K5

4 Quantum algorithm for a subclass of circulant graphs

4.1 Quantum algorithm

In this section we desribe yet another quantum algorithm for a class of graphs

that existing algorithms fail to solve efficiently.

This algorithm uses Grover’s

algorithm for searching [7] and quantum algorithm for finding the minimum [5].

Vi
S\ AT ]
NS

N SIS S
@/}'{\ﬂ,;'l\

Fig. 3. The graph CI(20,

<> 7
RN KX A ':g’

i
7<)

4,6)

Definition 4. For any positive integers n,a,b such that a < b < %, the graph

ClI(n,a,b) is a circulant graph of n vertices labeled with integers 0,1,...,n —

1 .

J
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an edge between two vertices k,l (k < 1) is present if and only if
min{l —k,n— (I —k)} € [a,b].

If we draw the vertices on a circle in an increasing order (except n—1 and 0),
there is an edge between vertices k and [ if there are from a — 1 to b — 1 vertices
between k and [ on the circle. See, for example, Figure [3]

The algorithm for COL(CI(n,a,b)) is the following: subdivide the vertices
into consecutive chunks of size b — a:V1, Va,...,V_»_. Suppose we had an al-
gorithm SUB, that given V; calculates whether there is a collision between
some vertex v € V; and some other vertex (we can assume that it is closer in
the counterclockwise order from v) in O(v/b — a) queries. Then using Grover’s

search over SUB(V;), we could in time O (, [ 52V — a) = O(y/n) determine
COL(CI(n,a,b)). The remainder of this section describes the algorithm SUB.

©

\
= r\_; ~
XS

2 B

Fig. 4. Tllustration of subroutine SUB

Consider the task SUB is up to. Assume that the chunk starts at vertex k
and ends at vertex k + (b — a). Use algorithm for MIN (zk, Tkt1,- - -, Thtb—a) tO
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find the smallest r, such that =, = 1. It takes O(+/b — a) queries [5]. If we find no
x, = 1 in the chunk, we are done and return that there are no collisions on the
vertices in the chunk. Otherwise continue and similarly find the largest [ in the
chunk, such that z; = 1. Now assume that vertex v is at distance b from [ and
u is at distance a from r (see Figure [4]). No vertex s < u or s > v is connected
with any vertex from r to . On the other hand, if there is s € [u,v] with z, =1
then it must be connected with at least one of [ and r. So, we have

Proposition 1. For some vertex s € [u,v]:xs = 1, if and only if there is a
collision for some vertex in the chunk.

There are at most 3(b — a) vertices between u and v. Determining whether
there is a vertex s € [u,v] with z; = 1 can be done by Grover’s search in

O(vb — a) queries.
Theorem 5. For graphs CI(n,a,b):

Q(COL(CI(n,a,b))) = O(Vn).

5 Example of a potentially “difficult” graph

For all concrete graphs that we know, one of the existing algorithms solve graph
collision with O(y/n) (or O(y/nlog®n)) queries. In this section, we present, possi-
bly, the first example of an explicit graph for which none of the existing quantum
algorithms finds graph collision with substantially less than O(n?/3) queries.

Fig. 5. The graph CS(20)
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Definition 5. A graph CS(n) is graph with n vertices labeled by integers from
0 to n — 1 such that there is an edge between wvertices k and 1 (k < 1) if
min {l — k,n — (I — k)} is a perfect square not exceeding % .

For an example, see Figure |5, that shows C'S(20) with edge “lengths” 12, 22
and 32. The graph C'S(n) has O(n - /n) = O(n*/?) edges.

Let o be the size of the largest independent set in C'S(n) (see Figure [6)).
Then, the best known bounds on « are:

— a = Qn733) [I);
— a=0(=2-) [I].

logcn

Thus, the O(y/na!/%) bound on the number of queries in the algorithm of Belovs

[2] is between O(n%6222-) and O(lg;?;l)
For the algorithm of Gavinsky et al. [6] (or its improvement in this paper), we
have a* = ©(a+/n), because every vertex in C'S(n) has degree ©(y/n). Hence, the

O(y/n++/a*) bound on the number of queries [6] is between O (\/ vn - n0'7334~->
= O(n®%167) and O({Zr).

logcn

20

10 + ++ +

a(CS(n))

Fig. 6. The independence number a(CS(n)) forn=1...75

6 Conclusion

We are most optimistic about the approach of span programs. The main reason
for our optimism is that the span program is simple. If a better span program
exists, we should be able to find it using only slightly more refined methods.

The quantum query complexity of graph collision is an interesting open prob-
lem. While coming up with more efficient algorithms than O(n°/*) for specific
classes of graphs seems quite easy — and indeed it is perhaps not surprising
given that there exists O(y/n) algorithm for most graphs — no one has managed
to construct an O(y/n) algorithm for the general case.
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A New Quantization Scheme for Classical
Games*

Dmitry Kravchenko**

Faculty of Computing, University of Latvia

Abstract. We study one special type of quantum games, which we call
“games with quantum decisions”. The concept of these game goes back to
the very beginning of the history of stufying quantum games — namely
to the work of Eisert, Wilkens and Lewenstein [8]. We present a new
scheme for games quantization which roughly repeats one proposed by
these authors, but can be applied for far more wide range of games. We
also describe one interesting example of such application for the election
process, where quantization scheme leads voters to a better common
benefit than they would achieve in classical voting.

Keywords: Measure, automata

1 Introduction

Study of quantum games have been developing since late 1990s, following the
works [16, 11, 8]. Perhaps this interest could be explained by the relative afford-
ability of these games for real physical experiments.

In recent years especially many efforts have been made to the study of non-
local games — such as famous CHSH [4] and Mermin-Ardehali [10, 1] games.
In these games players are provided with some settings and must declare their
decisions in the form of common classical information.

In this paper we try to revive interest in earliest ideas about quantizing
games. In these games, unlike nonlocal ones, players are allowed to declare their
decisions by providing a quantum system in some state, i.e. in the form of quan-
tum information. Since this class of games seems not to have any conventional
name so far, we proposed to call them “games with quantum decisions”.

One of the most widely studied models of game quantization was initially
proposed in [8] and further developed in a number of works, up to recent physical
implementation on a quantum computer [5]. In this model the game process
follows the predefined protocol, which consists of the following steps:

1. a referee prepares a multipartite quantum system (in an entangled state);
2. parts of this quantum system are being distributed among the players;

* Supported by FP7 projects QCS and QALGO.
** The author thanks Professor Andris Ambainis for his useful advice on the application
of shift matrices.
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3. players perform arbitrary operations on their particles (by applying some
unitary operators on their states);

4. the referee collects all the system together, applies some additional unitary
operations and performs a measurement;

5. payoffs are being paid to the players according to the results of the measure-
ment.

This is a general description of the protocol, which needs one significant
remark. The fact is that when one builds a quantum version of a classical game,
he might intend to keep the quantum game analogous to its classical version. In
order to do so, he must properly define operations made by the referee.

Traditionally this model is being applied for quantization of non-cooperative
games (such as Prisoner’s Dilemma [8] or Kolkata Restaurant Problem [15]),
since they are comparatively easy analyzable. But it is also applicable for quan-
tization of cooperative games, in which entanglement effects could affect also the
process of forming coalitions.

Initially this model was demonstrated on the quantization of Prisoner’s Di-
lemma (see Section 2 for details), which is a 2 X 2 matrix game. The one-
dimensional space of the referee’s operations

~ 0001 T
7edow (n (1) e 05} 1)
1000

(where parameter v represents the amount of the initial entanglement and thus
the power of the quantum effect in the game) was chosen in order to keep the
same outcome of the game for (a) all four pure classical strategies and (b) all
two-dimensional space of mixed strategies in the mixed expansion of the original
Prisoner’s Dilemma.

This model is very naturally applicable to a game with any number of players
0001

N, just by substituting the (8%8) with 2% x 2V exchange matrix in (1) (e.g.
1000

similar technique was introduced in [3]). On the other hand, this model has

quite specific limitation on the amount of strategies for each player. Namely,
each player in the classical version of a game should have exactly 2 strategies
(and respectively one-dimensional space of strategies in the mixed expansion of
this game, where the single parameter represents the probability of choosing one
or another of the two options).

Probably the first step towards an M-choice generalization of an N-player
game is done in [15] by constructing a quantum minority game, where three
players use three-level quantum states.

In this work we introduce rather new approach to the generalizing similar
scheme to the set of arbitrary multiplayer multichoice game.

1.1 Outline

In Section 2 of the work we start with describing the initial idea of [8] and repeat
its application for Prisoner’s Dilemma. We use slightly different but obviously
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equivalent notations, in order to emphasize the general similarity of the initial
idea with our subsequent approaches.

Section 3 (which actually is the main contribution of this work) is dedicated to
formal description of the new quantization scheme, and in Section 4 we illustrate
this technique on a specific example of election process. The key idea is repeated
in both sections in order to keep them self contained to a certain degree, and to
allow the reader to skip or just to run over one of them.

Finally, in Section 5 we discuss some known issues and comments on game
quantization.

2 Prisoner’s Dilemma

Prisoner’s Dilemma is one of the most popular non-zero-sum games. It is con-
sidered that the initial source of the idea of this game was discussions by Merrill
Flood and Melvin Dresher in 1950, as part of the game theory investigations in
the Rand Corporation during the Cold War. As Flood and Dresher did not pub-
licize their ideas in external journal articles, there is no canonical formulation of
the rules of this game. Let us quote the website www.prisoners-dilemma.com,
which is dedicated entirely to the Prisoner’s Dilemma:

You and a friend have committed a crime and have been caught. You
are being held in separate cells. You are both offered a deal but have to
decide what to do. But you are not allowed to communicate with your
partner and you will not be told what they have decided until you have
made a decision.

Essentially the deal is this.

If you confess and your partner denies taking part in the crime, you
go free and your partner goes to prison for five years.

If your partner confesses and you deny participating in the crime,
you go to prison for five years and your partner goes free.

If you both confess you will serve four years each.

— If you both deny taking part in the crime, you both go to prison for
two years.

These rules could be represented as in Table 1.

This game is a famous illustration of the fact that two rationally operating
individuals sometimes might not cooperate, even if it is in their interest to do so.
The phenomenon represented by this game became very popular among scientists
of different areas, and it was investigated in many works and from many points
of view. For the history of this idea we refer to one of the most significant books
on this topic, which is dedicated entirely to the Prisoner’s Dilemma [13].
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Table 1. Players’ payoffs in Prisoner’s Dilemma

Your partner

Confesses Denies
4 years for You, 0 years for You,
Confess
4 years for Your partner 5 years for Your partner
=
S
>
Den 5 years for You, 2 years for You,
Yl o years for Your partner 2 years for Your partner

2.1 Classical version

Analysis of such games usually assumes the Nash equilibrium as a solution con-
cept !. Thus fairly simple arguments in the case of the Prisoner’s Dilemma show
that rational players will confess and serve four years each.

Let us formalize the game process in the following way (some redundant for-
malism here will be clarified later):

1. The game board consists of two numbers a and b from [0, 1].
Initially their values are a; = b = 0.

2. Players independently choose (say linear) operators A and B and apply them
to a and b, respectively.
Let us denote as = A (ay) and by = B (by).

3. Resulting numbers as and by are treated as probabilities of choosing the
second strategy, i.e., denying participation in the crime. (Obviously, 1 — as
and 1 — by then will be the probabilities of choosing the first strategy, i.e.,
confessing.)

4. Players get their payoffs — respectively
$1 (ag,bg) =—4 (1 - CLQ) (1 - bg) 750,2 (1 - bg) 720,2[)2 = 462747(12 (1 + b2)
and
$2 (ag,bg) =—4 (1 — CLQ) (]. — b2)—5 (]. — ag) b2—2a2b2 = 4&2—4—b2 (1 + 02) .

Obviously,
max $1 (A(0),by) (for any by) is achieved when A (0) =0, and

! Let us recall a brief definition of Nash equilibrium: a tuple of strategies is Nash
equilibrium if no player can gain by a change of strategy as long as all the other
players remain unchanged.
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max $2 (a2, B (0)) (for any az) is achieved when B (0) = 0.

In other words, when players independently maximize their payoffs (by choosing
identity operators A = B = (}9)), they both get

$1(0,0) = $2(0,0) = —4.
On the other hand, the Pareto optimal decision would be to choose exchange
operators A = B = ({{) with payoffs
$1(1,1) =9%2(1,1) = —2.

2.2 Quantum version

Jens Eisert, Martin Wilkens, and Maciej Lewenstein in [8,7] investigated the
quantization of non-zero-sum games and in particular Prisoner’s Dilemma. The
physical model proposed for quantum games assumes the following prerequisites:

— a system of multiple qubits in a given initial state (usually in an entangled
one);

— two or more players, each of which is provided at least one qubit and the
ability to act on these qubits;

— a device to measure the final state of the system, which determines the
outcome for each of the players.

The proposed quantum game process is somewhat analogous to the classical
one:

1. The game board consists of a two-qubit quantum system.
Its initial state is ¢ = |00).

q Before all players’ actions, an entangling operator

~ /0001 -
7edow (n ()< 05}
1000

is applied to the system, which gets “entangled” into state 11, = jwl.

2. Players independently choose operators A=U (0a,04) and B=U (0B,08)
and apply them to the first and the second qubits of the system, respectively.

Its state changes to 15 = (21\@ E) P1,-

24 After all the players’ actions are done, an operator Jt is applied to the
system. R
Its state changes to 12, = JTaps.
Let us denote 3, = ano|00) + o1 |01) + a10]10) + aq1]11).

3. The resulting qubits are measured in computational basis, and absolute
squares of probability amplitudes |aab|2 are treated as probabilities of choos-
ing strategy a by the first player and strategy b by the second player (where
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a,b € {0, 1}, strategy 0 corresponds to confessing and strategy 1 corresponds
to denying participation in the crime).

4. Players get their payoffs — respectively
3 2 2
$1 (¢2q) = —4|0¢00| —5‘0&10| —2|Ozll‘ and

$2 (2,) = —4agol” = 5 a0 |* = 2]a°

As one can see, the quantum scheme implies two additional steps 1, and
24, which stand for the “quantum entangling” and “quantum disentangling” of
quantum system, respectively.

The authors of [8] argue that (a) these two steps together with (b) two
additional variables ¢4 and ¢p in step 2, essentially make all the difference
between the classical and quantum versions of the game. Therefore, the quantum
version of the Prisoner’s Dilemma is somewhat a: (a) generalization and (b)
“quantum-mixed” expansion of the original game.

The fact is that by fixing ¢4 = ¢p = 0 makes the game completely equivalent
to its classical version with a = sin?64 and b = sin?fp (and the same Nash
equilibrium 64 = = 0 with payoffs $; = $» = —4) 2.

Therewith, adjusting parameter « for operator J from step 1, allows obtain-
ing different degrees of quantum entanglement effect in the game. Thus, setting
v = 0 eliminates any quantum entanglement and leaves the Nash equilibrium
at the point of mutual confessing and a four-year prison sentence. On the other
hand, setting v = 7 provides maximal entanglement, and improves the players’
behavior up to the Pareto optimal mutual denying participation in the crime.
For example, the set of Nash equilibria in such a game contains a symmetric
pair of strategies A = B = U (0, %) with payoffs $; = $, = —2. (The idea is the
following: for the first player choosing strategy A=U (07 %) guarantees equity
|a01\2 = |0410|2 = “‘12#03, so that $; (wzq) =% (1/)2q), and with certainty con-
verts an adversary into an ally; a similar argument remains for choosing strategy
B =U (0,%) by the second player.)

3 Technicalities of Game Quantization

3.1 Settings

Let us consider an arbitrary N-player game, where i*" player has arbitrary num-
ber (say M;) of options (i.e. pure classical strategies).

We shall now treat this game in the spirit of the considerations applied to
the Prisoner’s Dilemma (see Section 2). Yet lifting of restrictions on the number
of choices will lead to a different quantization method.

2 This “backward compatibility” with the set of classical strategies is assured by the
constraint on J in step 1.
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3.2 Classical formalism

We can formulate the settings of the game and the behavior of the players in
terms of linear algebra in the following way:

1. The game board consists of N unit vectors, each from {0,1}" for i €
{1,2,...,N}.
0
Initially their values are a,; =
0

2. All players independently choose shift operators Ay, As,..., Ay and apply

them one by one to a,1,a,2,...,a,n. Thus the ith player chooses M; x M;
matrix

010 - 00\"

001 .00

. _f1if ytk= d N),
Aie C ' :[myx] 'm!ﬂ’_{o otg;wisz(mo ) ,kGN

= O O
O OO
o o o
OO =
o = O

(2)
and multiplies it with a,;.
Let us denote a,; = A;a,; for i € {1,2,...,N}.

3. Each resulting vector a,; is treated as probability distribution of choosing
among M; options available for the i*" player.

4. Players get their payoffs according to the table of payoffs.

3.3 Quantum formalism

We now propose the general scheme for constructing a quantum version of an
arbitrary miltiplayer multichoice game. This scheme is somewhat an analog and
an expansion of the classical scheme described in Subsection 3.2.

1. The game board consists of an N-qudit quantum system, where the i*" qudit
is an M;-level quantum subsystem.
The initial state of the game board is ¢»; = |11...1) (and corresponds to
choosing the first option by each of N players).

1, Before all players’ actions, an entangling operator J (from the set, which we
shall define later) is applied to the system, which gets “entangled” into state

1, = Jir.
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2. Players independently choose shift or any other unitary operators
Ay, As, ..., Ay and apply them one by one to the N qudits of the system.

Its state changes to 1y = (A\1 ® /Alg ®X...® A\N) -

2, After all players’ actions are done, an operator Jtis applied to the system.

Its state changes to 12, = j“/)g.
M, Ms My

Let us denote 1o, = Z Z Z Okorko. ken | K1K2 - EN).

ki=1ko=1  ky=1
3. Resulting qubits are measured in the computational basis, and the absolute
N

squares of the probability amplitudes |a, . xx|* (of total number H M;)
i=1
are treated as probabilities of simultaneous choosing options ki, ko, ..., k-

4. Players get their payoffs according to the table of payoffs.

In order to keep “backward compatibility” with the set of classical strategies
(like in the Quantum Prisoner’s Dilemma) we must apply special constraints on
the entangling operator J in step 2,. Namely, we must ensure that steps 1, and
2, won’t affect state 1, in the case where all players choose unitary operators
from the set (2) which is “classical” subset of “quantum” set of strategies.

N
In terms of linear algebra this requirement is being defined as a set of H M;
i=1
equalities:
N ~\ ~ N -
JT <® Al) J= ® A; (where all A; are from the set (2)),
i=1 =1

which has

exp (2m‘(kj—1)%j)

1 exp (Qﬂi(kj—l)ﬁj) o it
where Fy, = \/7]\7] is k;" eigenvector of M; x M; shift
M

exp (27ri(krj -1) ]\JJ;1>

matrix.
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4 Voting Game

4.1 Introduction

Voting games are used as a model for analyzing different political processes, and
in particular elections.

When more than two candidates are participating, voters sometimes have
reason for the so-called tactical voting. Namely, a voter in some situations doesn’t
support the most preferred candidate, and acts just in order to prevent the
undesirable candidate from winning an election.

There is a large variety of voting systems, including ones with rather exotic
ballots and tallying methods. In this section we shall consider the basic case of
a plurality voting system, where this tactical voting occurs in a quantum model
of the game and brings a better outcome to all the voters.

Let us consider elections with 4 candidates and only 3 voters. Voters give
their votes to exactly one candidate each, and the single winner (the candidate
with the most votes) provides the appropriate payoffs to all voters according
to his personal preferences. If there are more than one candidate with maximal
number of votes, let us pick one of the leaders at random and assert him to be
the winner (in this case we shall consider voters’ payoffs as expected values).

It is convenient to call all the participants with appropriate names and rep-
resent the voters’ payoffs for all four possible winning candidates as in Table
2:

Table 2. Voters’ payoffs

Candidates
Mr. A Mr. B Mzr. C Mzr. Fairness
Mrs. A 3 0 0 2
A
g |Mrs. B 0 3 0 2
2
Mrs. C 0 0 3 2

4.2 Nash equilibria

When analyzing plurality (or relative majority) voting it is worth to mention
that not all Nash equilibria can be treated as solutions.
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E.g. let us consider such voting game with N voters. Each situation when
at least L%J + 2 voters vote for one (possibly, very bad) candidate, formally
speaking, is a Nash equilibrium: there is no a single voter who could improve his
outcome by switching to another option (since a single vote is unable to affect
the absolute majority). Of course, unanimous voting for an unfit candidate could
not be considered as a stable one or even as making any common sense. What
is the appropriate concept of decision in such situations?

For different practical purposes the so-called refinements must be applied on
the set of Nash equilibria. E.g. in real voting processes a voter usually

— is not sure about other voters’ decisions, especially when tactical voting
makes sense;

— is not sure whether or not all the voters will participate in voting;

— is not sure whether or not some voters by accident will vote for undesired
candidates or just spoil their voting bulletins;

— is not sure about how many mistakes will be made during checking and
summing up the results of the voting;

At least some of these factors must be taken into account. In terms of game
theoretical analysis it means applying the so-called trembling hand refinement.
Trembling hand perfect equilibrium assumes a small probability e for each player
to change his choice to some different one [14].

Thus in the voting game described above, each single vote has a chance to
affect the majority, even if the probability of this effect is very small.

According to this refinement, let us assume that after voters completed their
task, the tallying machine counts each voting bulletin properly with probability
1 — 3¢, and with probability 3¢ makes mistake (in favor to one of the remaining
candidates, with probability € for each candidate).

Then the probabilities of winning in different cases of voting are as follows:

Table 3. Adjustment of winning probabilities for trembling hand perfect equilibrium

Combinations .
of votes Pr Mr. A Pr Mr. B Pr [I\/Ir. C] Pr [Mr. F_alrncss]

wins wins wins wins

3 x Mr. A 1 —21¢% + 36¢° 7e2 — 1263

=N
X X

Mr.
Mr.

w >

E3

"1 —42e4+926* — 126%(35e — 136 + 1426 2e4+ 1267 — 14

[un

X Mr.
1 X Mr.
X Mr.

awp

%e €— €2 446

W=

All other cases are equivalent to above-stated ones up to permutation of
candidates.
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4.3 Classical version

Let us analyze the voting game with payoffs defined in Table 2.

The single trembling hand perfect equilibrium is “selfish voting”: it is easy
to show that regardless of the other votes, Mrs. A’s best choice is to vote for
Mr. A. Similar arguments will show that Mrs. B will vote for Mr. B, and Mrs. C
will vote for Mr. C.

Mr. Fairness, whose leadership promises the biggest common benefit, will
remain with no votes at all.

Summing up these arguments, we follow that Messrs. A, B and C will win
1
with probabilities about - each, thus providing Mesdames A, B and C with
benefits about 1 for each of them 3, .

Let us now reformulate the process of voting game in terms of linear algebra,
like it was done in Section 2 for Prisoner’s Dilemma:

1. The game board consists of three unit vectors from {0, 1}4.

1
Initially their values are a1 = b1 =¢1 = (8).
0

2. Voters  independently  choose  shift  operators A, B,C  from

01
00
00
10
us

Let

N
‘é) :k €N and apply them respectively to ay, b1, c1.

A, coro

enote a9 = Aal,bg = Bb1702 = CCl.

3. Resulting vectors aq, bo, co are treated as probability distribution of choosing
among four options available for voters.
Note that the set of allowed operators in step 2 implement only pure strate-
gies for voters. This restriction however is not crucial as in voting games use
of mixed strategies generally makes no sense.

4. Winner is selected among the candidates according to Table 3, and voters
get their payoffs according to Table 2.

3 To be completely precise in accordance to Table 3, each voter’s payoff is 1+e—e?+4¢>,
i.e. slightly bigger, because Nash equilibrium here is the worst decision in terms of
common benefit, and deviation from this point (caused by trembling hand) improves
the payoffs.

4 Generally speaking, the set of Nash equilibria in such voting games might not consist
of a single element (as it does in our case), but all Nash equilibria assume voters
to use pure strategies (unlike general bimatrix or multimatrix games, where use of
mixed strategies sometimes prevent players from big loss).
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Thus described above Nash equilibrium of our voting game asserts the fol-
lowing values:
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4.4 Quantum version

We propose a quantization of this voting game by the general method described
in Subsection 3.3. In the following voting scheme we numbered candidates from
0 to 3 as they appear in Table 2.

1. The game board consists of a three-qudit quantum system, where each qudit
is a 4-level quantum subsystem.
Initial state of the game board is ¢; = |000).

q Before all players’ actions, an entangling operator J (from the set, which we
shall define later) is applied to the system, which gets “entangled” into state

1, = Jir.

2. Players independently choose unitary operators ,Z,é,é and apply them
one by one to the three qudits of the system. Its state changes to 1y =

(2@3@6) i,

2, After all players’ actions are done, an operator Jtis applied to the system.
Its state changes to v, = J Wg.

3 3 3
Let us denote v, = Z Z Z ij|ijk).
i=0 j=0 k=0

3. Resulting qubits are measured in computational basis, and the absolute
squares of amplitudes |aijk\2 are treated as probabilities of voting for can-
didates 1, j, k by the first, second and third voters respectively.

4. Winner is selected among the candidates according to Table 3, and voters
get their payoffs according to Table 2.
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In order to keep “backward compatibility” with the set of classical strategies
(like in the Prisoner’s Dilemma) we must apply special constraints on the entan-
gling operator J in step 24. Namely, we must ensure that steps 1, and 2, won’t
affect state 1, in the case where all three voters choose unitary operators from

0100\%
the set (8 9 ?) :keN }, so that they are equivalent to shift operators from
1000

the classical version of game.
In terms of linear algebra this requirement is being defined as a set of 4> = 64

equalities:
k
> ke N} ,

—OoOOO
[=lelelg
oo—O
oroOo

J(AeBed)i=isBe0, wieed B0 {(
which has 64-dimensional space of solutions:

3 3
ZZZAM (EET © E,E! ®EkE,1) gkl =10
0 k=0

0 j=

1 ! 1 !
where Ey = % (%) VB = % (_i) , By = % (i) e % (_i) are eigenvec-
1 i -1 i

tors of 4 x 4 shift matrices.
As an example we shall consider a symmetric bundle of \’s:

1 ifi=j==k,
Aijk = { -1 otherwise,

and corresponding 64 x 64 matrix

7 if = i
~ 8 me=y, _ 4 ,
J = [mij], wherem; = ¢ g if i+ 3]+ 5] =5+ 5]+ 1] (mod4),
0 otherwise.

4.5 Search for quantum Nash equilibrium

Although Nash equilibrium is known as the most important solution concept
of non-zero-sum games, very little is known about efficient computing of Nash
equilibria for an arbitrary game. For example, Megiddo and Papadimitriou [12]
placed this problem for a finite two-player game into rather specific complexity
class TFNP, and question about the precise computational complexity is still
relevant.

Certainly, our problem for infinite multiplayer game is much less clear. In this
section we shall only (a) show inconsistency of classical selfish voting in terms
of Nash equilibrium and (b) provide a promising solution, which turns up, in a
curious way, Pareto optimal.
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All our considerations are based on numerical experiments, which model the
process of iterative search for equilibrium point in the multidimensional space
of strategies.

We start our search from an arbitrary point. So as to show inconsistency of
classical Nash equilibrium, let us start with the selfish voting, i.e. with

Then let us perform a series of the iterations. We first let Mrs. A slightly 5
change her unitary operator A in order to increase her expected payoff (assuming
B and C to remain unchanged). Then we make similar offer to Mrs. B, and then
to Mrs. C. After that we repeat these three adjustments, starting again with
Mrs. A, until some stable point is reached.

Changes of voters’ payoffs during this iterative algorithm is displayed in
Figure 1.

Fig. 1. Voters’ payoffs during evolution

Payoff
\

2071
1.8 71
1.6 T
1.4 71

1.2 7

10l : ) ) Iterations

0™ 500 1000 1500 2000 2500 3000 3500 4000

09T

Sooner or later, voters’ payoffs reach the neighborhood of a Pareto optimal
point (and never leave it again), where each voter has payoff 2.

Basically, results of this (probably not the most efficient) algorithm suffice
for both our purposes:

® Say we can restrict max ’A\” - A\ij < 0.01, where A’ is Mrs. A’s operator after the
i,

change is made. Actually we just restricted the distance between A and A’ in the
parametrized space of M x M unitary operators.
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It shows inconsistency of classical selfish voting in terms of Nash equilibrium.
We can follow that if Mrs. B and Mrs. C stick to their classical optimal
. 0100 ~ 0010
strategies, i.e. B = (8 8¢ ?) and C = ([1’ 9o %), then there exists a strategy
1000 0100/ _ R
for Mrs. A, which is significantly better than A = I. E.g. choosing A =

-1000
( 86?8) will provide her with expected outcome 12 (while Mrs. B will

%W 53 N
get 57, and Mrs. C will get g3).

It provides us with a non-rigorous equilibrium, which probably could be
proven analytically. We shall not go into greater detail, as this was just a
specific example for illustration of the general game quantization method.

Possible Issues

Objections on EWL scheme

[6] van Enk and Pike provide some criticism on the quantum Prisoner’s

Dilemma constructed by Eisert et al. in [8,7]. Namely, they argue that this
generalization of classical Prisoner’s Dilemma is somewhat equivalent to offering
a new classical choice @ for each of the players, so that the payoff matrix in
Table 1 is expanded as in Table 4.

Table 4. Players’ payoffs in Prisoner’s Dilemma with an extra choice @

Your partner

|
Confesses Denies | Qs
|
|
|

4y. for You, Oy. for You, 5y. for You,
4y. for Your partner 5y. for Your partner :Oy. for Your partner

Confess

-
>¢_§ Den 5y. for You, 2y. for You, [ 4y. for You,
Y Oy. for Your partner 2y. for Your partner :4y. for Your partner
,,,,,,,,,,,,,,,,,,,,,,,,,, oo ]
|
Q Oy. for You, 4y. for You, | 2y. for You,

5y. for Your partner 4y. for Your partner:2y. for Your partner

1

Obviously, a mutual choice of @ is the single Nash equilibrium.
Additionally, authors of [6] provide some arguments of rather philosophical

nature. Namely, they treat step 2, as an activity of an attorney or interroga-
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tor which actually helps the prisoners. Providing prisoners with such assistance
certainly is counter to the spirit of the game.

Finally, Benjamin and Hayden [2] showed that when the set of strategies
is not restricted with two-parametric U (0,¢), and players are allowed to

~

use any local unitary operator, then strategies A = B = U (O, %) do not
remain a Nash equilibrium. Moreover, they show that in such settings no Nash
equilibrium for the quantum Prisoners’ Dilemma exists.

This criticism, of course, should be taken into account when constructing a
quantum version of a game. Although first two objections (by van Enk and Pike)
seem not to be that relevant for the voting game (described in Section 4), the

comment by Benjamin and Hayden is worth some complementary discussion.

5.2 Comment on Nash equilibria in quantized games

The fact is that quantization by [8] is claimed to be a generalization of the mized
expansion of Prisoner’s Dilemma. But, as it is noted in [2], Nash’s theorem may
not work any more under these circumstances.

Unlike quantization of Prisoner’s Dilemma with exactly two pure classical
strategies per player, the more general quantization proposed in this part is
claimed to be an expansion, which does not implement mixed strategies in the
sense of classical probabilities 6. It is not clear whether Nash’s theorem works
for this quantum expansion of the game. While it might not be relevant for the
quantum voting game, overall situation needs some futher reasoning on existance
of Nash equilibrium points.

For both quantization schemes (by [8, 7] and by one proposed in this work) the
following reasoning seems to be quite natural. Since sets of quantum strategies
are compact, and the payoff function is a continuous mapping to the compact
(N-dimensional) space of payoffs, one can observe such quantum game as a basic
case of classical game with infinite set of strategies. In game theory it is a well-
known fact that for mixed expansion of such game exists a Nash equilibrium
[9]. In particular, for quantum Prisoner’s Dilemma all Nash equilibrium points
consist of mixed strategies. In general, search for a Nash equilibrium may require
analysis of superoperators as players’ strategies and mixed quantum states as
objects for the final measurement of step 2,.

From this point of view the only fundamental difference between the two
quantization schemata is as follows:

(a) EWL scheme is a “quantum-over-mixed” expansion of an original classical
game;

(b) our scheme is just a “quantum” expansion, which contains only pure strate-
gies as a special case, and does not contain mized strategies in the sense of
classical probabilistic choice.

6 This feature can be qualified as a drawback in comparison with EWL scheme, but
our further considerations in this section show that it is not that significant. In fact,
implementing mixed strategies appear to be obsolete, when speaking about Nash
equilibria.
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But in both cases, generally speaking, we need to apply further mixed expansion
(one can call it “mized-over-quantum expansion”) of the resulting game in order
to figure out its Nash equilibria.

Summary

The strategies of the games with quantum decisions are operations undertaken
on qubits, whilst players’ winnings are calculated taking into account the results
of quantum system measurements. The classical choices of players account only
for a limited ratio of various quantum operations, which often does not allow
the maximally effective approach by rationally thinking players. The usage of
quantum strategies makes it possible to sufficiently enlarge players’ abilities to
interact among themselves applying quite rational principles.

Quantum Prisoner’s Dilemma (see Section 2 may serve as a basic illustration
of a game with quantum decisions. In Section 3 we provided a technique, which
is of similar spirit but technically different, which allows quantization of games
with arbitrary many players and arbitrary many players’ choices.

In Section 4 we illustrated ideas of Section 3 by quantizing a specific noncoop-
erative game, which models the process of elections. We also provided computer
experiments modeling the behavior of participants in a system, which is working
under the laws of quantum theory.

In Section 5 we study some objections on quantum Prisoner’s Dilemma which
arose after work [8]. We analyzed these issues (by Benjamin and Hayden [2],
and by van Enk and Pike [6]), and evaluated their relevance to our proposed
quantization scheme of Section 3 and to the specific quantized voting game of
Section 4. We followed that although the above-mentioned objections may be
not that relevant to the voting game, some of them must be born in mind when
constructing new quantum versions of classical games.

Conclusion

Quantum games are of particular interest due to the fact that they can already
be implemented in physical experiments The fact is that implementing most of
these games only requires operations on separate qubits, and all the necessary
technologies are already available in experimental quantum optics. For example,
Chinese physicists successfully conducted a number of physical experiments [5]
based on the theoretical model described in [8]; thus, confirming the general
applicability of the EWL scheme.

Therefore, one can say that, despite its relative youth, the theory of quan-
tum games is already confirmed experimentally. This fact distinguishes quantum
games from other areas of quantum computing, which often require complex
technologies to manipulate large quantum systems, and have not yet been con-
firmed in large-scale experiments.

On the other hand, studies of some theoretical aspects of quantum games
remain insufficient.
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Thus games with quantum decisions have so far been presented only as

analogs of classic games with binary strategies. (Probably the only exception
is the recently introduced quantum Kolkata Restaurant Problem [15] with three
strategies for each player.) This work makes an effort to fill this gap, but it can
only be considered as a first step on the way to studying quantum games with
an arbitrary number of strategies.
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Abstract In the literature, we can find quantum algorithms for solving
the problem of evaluating boolean formulas. Such algorithms were devel-
oped using both the continuous time and discrete time query models. In
this work, we perform a series of numeric experiments for better under-
standing of the behavior of the discrete time quantum walk algorithm
for NAND formulae evaluation. A standard (non-faulty) and faulty query
models are considered.

1 Introduction

We present an on-going research on analysis of the discrete time quantum walk
algorithm for NAND formulae evaluation. A continuous time quantum walk-
based algorithm for NAND formulae evaluation was invented by Farhi et al. [1].
Discrete time version for this quantum algorithm was proposed by Childs et
al. [3]. It was improved and generalized later by many authors, e.g. [2]. This algo-
rithm demonstrates one of the most unusual and unexpected usages of quantum
walks. The algorithm has made it possible to evaluate arbitrary NAND formulae
polynomially faster comparing to the classical case.

Despite the fact that these and many derivative algorithms [7,8,6,5,4] have
been analyzed in great detail, and that many facts have been proven analytically,
it is still possible to discover many interesting details by performing numeric
simulations. We hope that understanding of these details can lead to both —
improvement of the existing algorithm and design of new ones.

We are interested in the quantum algorithm that evaluates a boolean for-
mula represented in a full binary NAND tree, developed by Childs et al. [3].
It is based on a quantum walk in an augmented tree and it applies quantum
phase estimation to distinguish the cases when the formula is true or false. For
N variables, it evaluates the NAND tree formula using O(v/N) queries and it
requires T = 320[+/N| time steps of the quantum walk.

Performing numeric simulations of the algorithm, we observed several inter-
esting effects. The algorithm seems to behave differently for odd and even depths
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of the NAND tree. And it might be possible to reduce the number of steps of
the quantum walk, and, thus, to improve the algorithm. We have also studied
how certain type of query faults affects the behavior of the algorithm. We hope
this model can lead to interesting ideas for the design of new algorithms.

Similar type of faulty query applied to Grover’s search algorithm was studied
by Regev et al. [9], Ambainis et al. [10]. It was previously discovered, if oracle
call has some small probability of failing, then quantum speed-up disappears
and algorithm becomes as slow as classical exhaustive search.

This paper is organized as follows. Section 2 describes the discrete time quan-
tum walk algorithm for NAND formulae evaluation. In Section 3 the results of
the simulations are presented. The final remarks are drawn in Section 4.

2 The Quantum Algorithm

The boolean formula with NAND operators consists of N variables, z1, xs, ..., Z N,
with each variable occurring exactly once in the formula. The formula can be
described by a tree, where the variables are at the leaves and the NAND gates
are the internal nodes. Classically, the evaluation of the boolean formula can be
obtained at the root of the tree. We will consider the case of the full binary tree.

The quantum query model is used. We can obtain the value of the variables
xr1,Ts,...,xn by making queries to a black box.

The discrete-time algorithm, developed by Childs et al. [3], is based on a
quantum walk in the following graph: we consider a NAND tree augmented by a
finite tail with two nodes, named 7’ and r”. An example of the augmented tree
with depth d = 2 is depicted in Fig. 1.

Figure 1. Augmented tree of depth 2. The white nodes represent the tail nodes r’ and
r”. In the leaf nodes, we have the variables. The internal nodes of the tree represent the
result of applying the NAND operation to their children. The values True and False
are represented as “black” and “grey” nodes, respectively. In this case, the result of
the formula represented in this full binary tree is F(False, True, True, True) = True
and it can be seen at the root of the tree.

The state space of the quantum walk consists of states |v,c>7 where v is
a vertex of the augmented tree and ¢ € {down, left, right} belongs to the coin
space. The evolution of the quantum walk consists of the application of two
operators: first the coin flip C, acting in the coin space, followed by the shift
operator S. Thus, the evolution operator is given by U = SC.
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As each vertex in the augmented tree can have different degree we should
restrict the coin space for each type of vertex, and the coin flip operation will
depend on which vertex it is applied:

— If v=7", then ¢ = left and C, = I.
— If v = ¢/, then ¢ € {left,right} and C, = 2|1/)1><z/11| — I with |1/)1> =

41N‘M'ght> +4/1 - ﬁﬂeft)

— Ifvis anon-leaf in the tree, then ¢ € {down, left, right} and C, = 2|¢2><1/}2‘—
I with ”(/J2> = % (|left> + |right> + |down>), that is the uniform superpo-
sition in the coin space.

— If v is a leaf, then ¢ = down and C, = (—1)% I, where z; is the variable at
the leaf v.

The shift S acts in the following way: if ¢ = down, then walk down to the
parent of the vertex v and set ¢ to either left or right depending on which child
v is. And, if ¢ € {left,right}, then walk up to the corresponding child and set
¢ to down.

Let us denote the formula value as F'. The idea of the algorithm is as follows: if
F' = False, then we should have a state that is close to the initial state; and when
F = True, there is no such a state. More formally, when F' = False, there exists
|4) such that ||[)) — [¢stare)|| < € and SC|¢) = i|1h). When F = True, then, for
any eigenstate W> (with SC|1/)> = )\‘w>), either |1/J>J_‘wmm> or Rel = a/v'N
for some constant o > 0. In order to distinguish the two cases, the quantum
phase estimation algorithm is applied with {wst(m> = |r” >{le ft> and accuracy

04/2\/N.

3 Simulations

According to the algorithm, it is important to observe the overlap between the
current state and the initial state during the quantum walk evolution in the
augmented tree. This overlap with the initial condition is zero at every odd step.
The plots do not display these points and show the absolute value of the overlap
at even steps. Hence, the value |<w(t)|w5tmt>\ is analyzed.

The following plots in Fig. 2 show the average of the overlap over 100 cases
randomly generated when the formula evaluates as false and another 100 cases
randomly generated when the result of the formula is true. We can observe that
the maximum difference between the overlap of false and true cases happens
earlier than 320[v/N |. Thus, it is possible to reduce the number of steps of the
algorithm. In order to do that, simulations for larger depths should be analyzed,
as well as the relation of the overlap and the quantity that results from the
application of the phase estimation must be considered.

It is interesting to observe the fact that we have a distinction between even
and odd depths. For the even case, the overlap for the false case becomes more
close to 1 as the depth increases. This behavior can be better visualized in
Fig. 3 that shows the mean of this averaged overlap over the 1000 time steps for
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and 100 cases in which F' = True.

over a 100 cases in which F' = False

different depths. For the odd case, it is not so clear yet what is going to happen.
It seems its limit behavior converges to the same value or grows slowly as depth
increases. We should analyze what happens for larger depths.
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Figure 3. Plot of the mean of the overlap over 1000 steps for different depths and

when I' = False.
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3.1 Faulty Oracle

We study the behavior of the algorithm within faulty oracle model. In this model
every query might not give the correct answer. If in the standard (non-faulty)
oracle model it returns the value of some variable x;, then let us denote the
output of faulty oracle as zp,. Note that x; and zp, € {0,1}. We define our
faulty oracle as follows:

— xp, = 1 — x; with some fixed probability p;
— xp, = z; with probability 1 — p.

Currently, we analyze only the case when one variable is flipped.

There are two different cases to be noticed: when the formula is sensitive or
not to the variable flipping, that is, one case where flipping the variable does not
change the value of the formula and another case in which flipping the variable
changes the value of the formula. We should also analyze the two cases where
the formula is evaluated as false or true.

In our simulations, variables are generated at random. We calculate the av-
erage over 100 runs. Each run evolves the quantum walk for 1000 time steps.
Different probabilities are considered.

Not sensitive to variable flipping Consider the case of a variable which,
when flipped, does not change the value of the formula. So, we are going to
choose a variable x; = False such that

F(l‘l,...,(Ei,...,LL'N):F(xl,...,.’fi,...71'N),

where T = not x. Moreover, we are going to choose another variable z; = T'rue
in the formula satisfying the same condition as x;.

The plots for depth 12 are presented in Fig. 4. As we can see, the curves
superpose each other and the algorithm is not affected when only one variable is
probabilistically flipped for the mentioned conditions. However, this experiment
is only for a specific depth. We should see what happens for different depths.

Fig. 5 plots the absolute difference between the original case (without flip-
ping) and the case when we flip the variable with probability 0.1, for different
depths. For d > 10 and for the number of steps analyzed, this difference is of
order < 1073. Moreover, in spite of the value of the probability and whether
variable is True or False, as depth increases, the algorithm is less (almost not)
affected by the faulty oracle.

Sensitive to variable flipping Another case of interest is when a variable
that changes the value of the formula is flipped with some probability. Con-
sider that x; is that variable, then, if F(z1,...,2;,...,xn) = False, we have
F(xz1,...,@4,...,xn) = True. The following plots in Figs. 6 and 7 present the
faulty oracle model for depth 13 and 14, respectively, when one variable changes
the value of the formula.
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overl

Figure 5. Plot of the absolute value of the difference between the overlap for p = 0
and the overlap for p = 0.1. In this case, the formula is evaluated as False and the
variable that can be flipped is also False.

We can observe that when the probability is small, for example, 0.01, the
evolution is close to the original one. An interesting behavior is observed for
p = 0.5: instead of presenting an intermediate behavior between the cases p = 0
and p = 1, the curve becomes close to zero when the number of steps increases.
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with depth 13.
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Figure 7. Plot of the overlap with initial condition, |<¢(t) ‘wst(m> |, for 1000 time steps
with depth 14.

4 Final Remarks

The idea of this work is to take a closer look at the quantum walk algorithm
for NAND tree formula evaluation, analyzing its behavior and trying to get new
directions for research. For this purpose, simulations of the algorithm have been
made and the results have been presented.

Some important facts have been learnt during the performed experiments.
We can mention the difference between the behavior for even and odd depths.
It would be interesting to see what happens to the odd case for larger depths.
It is possible that its behavior is slower than the even case or it converges to
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the same value independent of the depth of the tree. Moreover, it is possible to
reduce the time steps required by the algorithm. However, simulations for larger
depths should be performed and the relation of the overlap and the quantity
that results from the application of the phase estimation must be considered.

For the faulty oracle model, we analyzed the case when one variable in the
formula can be flipped with some probability. In the case where the formula
is not sensitive to this variable, the behavior of the algorithm is as expected,
there is barely no changes compared to the original case. For the case where the
variable changes the value of the formula, the algorithm seems to behave well, if
the noise introduced is small. Also, we have observed an interesting behavior for
the case of p = 0.5 that should be further analyzed. Actually, more experiments
are needed to be done in this direction. It would be useful to allow more than
one variable to be flipped and also to verify if such kind of noise can be used
somehow in order to get a better performance of the algorithm or design of new
ones.

Simulations help us to understand better the behavior of the algorithm and
can lead us to new interesting facts that, most often, are not exposed by the
analytical calculations. There is still plenty of space to find more interesting
numerical results about this algorithm. And analytical ones are also welcomed.
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Abstract. We introduce a new quantum interactive proof system, name-
ly gAM, by augmenting the verifier with a fixed-size quantum register in
Arthur-Merlin game. We focus on space-bounded verifiers, and compare
our new public system with private-coin interactive proof (IP) system in
the same space bounds. We show that ¢AM systems not only can simu-
late all known space-bounded private-coin protocols, but can also imple-
ment some protocols that are either not implementable by IP systems
or currently not known to be simulated by IP systems. More specifically,
we show that for any recursively enumerable language, there exists a
constant-space weak qAM system (the nonmembers do not need to be
rejected with high probability), and, different from the classical case,
our protocol has perfect-completeness (the members are accepted with
probability 1). For strong proof systems, where the nonmembers must be
rejected with high probability, we show that the known space-bounded
private-coin protocols can also be simulated by qAM systems with the
same space bound. In case of constant-space and logarithmic-space IP
systems, the best known lower bounds are ASPACE(n) and EXP, re-
spectively. We obtain better lower bounds for the corresponding gAM
systems: Each language in NP has a constant-space (exponential time)
qAM system, there is a NEXP-complete language having a constant-
space qAM system, and each language in NEXP has a logarithmic-space
qAM system. Note that it is still an open problem whether each language
in NP has a constant-space IP system.

1 Extended abstract

The study of interactive proof systems is one of the fundamental research area
in computational complexity theory. In classical computation, both time- and
space-bounded proof systems have been widely examined: Interactive proof (IP)
systems and Arthur-Merlin (AM) proof systems were introduced by Goldwasser,
Micali, and Rackoff [12] and Babai [3], respectively. In the case of time-bounded
verifiers, it was shown that the class of languages having a polynomial-time
IP or AM system is identical to PSPACE [22]. In the case of space-bounded
verifiers, IP systems can be very powerful [4,9, 10]. AM systems, however, can be

* We refer the reader to [24] for omitted proofs here. Some preliminary versions ap-
peared in Technical Reports [27] and [25]. Some of the results reported here were
obtained during a working visit to Bogazi¢i University in July 2012.

** The author was partially supported by FP7 FET-Open project QCS.
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bounded by exponential deterministic time (even if unbounded-error verification
is considered) [4, 5].

In quantum computation, however, except the published work by Nishimura
and Yamakami [19], only time-bounded proof systems have been examined (e.g.
[23,1,17,16, 14, 15]). Similar to the classical case, the class of languages having
a polynomial-time QIP system was shown to be identical to PSPACE [16]. In
the case of space-bounded verifiers, the results given in [19], unfortunately, are
model-dependent, and so do not reflect the full power of QIP systems since they
use some restricted models of quantum automata as the verifiers.

We introduce a new quantum proof system by augmenting the verifier with a
fixed-size quantum register in Arthur-Merlin game, namely ¢AM, and we focus
on space-bounded verifiers. (The details of model is given in the next section.)
Our proof system is the first “public” space-bounded QIP system, and we present
the first non-trivial results on space-bounded QIP systems. We show how a fixed-
size quantum register leads to unexpected increase in the computational power
of a“public” proof system, in which the prover can have complete information
about the computation of verifier. Therefore, we compare our proof system with
private-coin IP systems.

Let IP(-), AM(+), and gAM(+) represent the space-bounded complexity classes
for IP, AM, and qAM systems, respectively; and IP1(-), AMy(-), and gAM(+)
represent the ones having perfect-completeness (i.e. the members are always
accepted with probability 1 by the verifier), respectively. We will use prefix
“weak-" to represent their “weak” versions (i.e. the verifier does not need to halt
with high probability for the nonmembers of the corresponding language).

Some known facts related to our results on AM and IP systems are given
below. We also refer the reader to Appendix A for the details of some private-
coin protocols related to our work.

Fact 1 /8, 4, 10] For any space-constructible s(n) = 2(logn),
weak-AM(s(n)) = AM(s(n)) = ASPACE (s(n)).
Moreover, weak-AM(const-space) C weak-AM(log-space) = AM(log-space) = P.
Fact 2 [10] E = DTIME (2°(") = ASPACE (O(n)) C IPy(const-space).
Fact 3 [4, 10] For any space-constructible s(n) = 2(log(n)),
DTIME (22"(““”) — ASPACE (20<5<">)) C IPy(s(n)).
Fact 4 [9] For any space-constructible s(n) = 2(log(n)),

20(s(n))
IP1(s(n)) C IP(s(n)) € ATIME (22 )

Fact 5 [9] Any recursively enumerable language is in weak-IP(const-space).
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Note that protocols which are only space-bounded can have infeasibly long
runtimes, even if the space bound is very tight. For example, the protocol behind
Fact 2 runs in double-exponential expected time.

The best known lower bounds for space-bounded IP systems were obtained
by the ones having perfect completeness, and, up to our knowledge, weak-1P4(+)
has not been considered for any space bound until now. As will be described
soon, all of our protocols (both strong and weak ones) have perfect completeness.
Therefore, we specifically focus on “perfect completeness” to compare our results
with the classical ones.

We firstly give an upper bound for weak-1P;(-) and show that it is always a
proper subset of recursive languages for any space bound (see [24] for the proof).

Theorem 1. For any space-constructible s(n) € 2(log(n)),
IP1(s(n)) C weak-IP1(s(n)) C ASPACE (22°“("”).

Note that Theorem 1 also improves the previously known upper bound (Fact
4) for space-bounded IPS having perfect-completeness.

We present mainly two techniques for gAM systems. Our first technique is
used to show that there is a const-space exp-time qAM protocol for the well-
known NP-complete language KNAPSACK, which is the collection of all strings of
the form S$a1$...%a,$ such that S and the a;’s are numbers in binary (1 <14 <
n), and there exists a set I C {1,...,n} satisfying » .., a; = S, where n > 0.

Theorem 2. XKNAPSACK € qAM(const-space) and the protocol runs in exponen-
tial expected time.

We give the details of the technique in Section 4. In our protocol, the verifier
reads the input from left to right in realtime mode® in an infinite loop.? In each
round, the prover only provides a subset I. This technique is different than the
known space-bounded IP protocols. We know that KNAPSACK € IP;(const-space)
due to Fact 2. In this protocol, the prover and the verifier simulates the compu-
tation of a linear-space (poly-time) nondeterministic Turing machine (NTM) for
KNAPSACK. Currently, we do not know a const-space IP protocol for KNAPSACK
that is similar to our gAM protocol.

Our second technique is simulating the computation of a deterministic Turing
machine (DTM) on a given input by gAM systems. A short summary is given
below (see [24] for all the details).

Let D be the DTM and x be the given input. In an infinite loop, the verifier
requests the computation of D on z from the prover, i.e. w = ¢1$$c2$$ - - -, where
c1 is the initial configuration and ¢; 1 is the legal successor of ¢; for ¢ > 1. But,
against the cheating provers, the verifier checks the correctness of w. The verifier
can check the first configuration by reading the input once and check whether

! The input head never moves to the left and can stay on the same square at most
fixed number of steps.
% Note that such a verifier is actually a restricted sweeping automata (see [26]).
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¢;’s (i > 0) are some configurations of D by its classical states. Let next(c;)
be the legal successor of ¢;. To check whether c;y; is the legal successor of c¢;,
the verifier encodes next(c;) and ¢;4; into the amplitudes of two states on the
quantum register, and then compares them by subtracting these two amplitudes
and rejects the input with the result amplitude. So, if next(c;) # ¢;41, the input
is rejected with some probability, and it is never rejected, otherwise. If w leads
to an accepting (rejecting) computation, the verifier also accepts (rejects) the
input at the end. Each encoding operation is implemented with some quantum
operators having more than one outcome such that the encoding is succeed with
some probabilities in one branch and a new round is initiated (by returning to
the beginning of the protocol) with the remaining probabilities in all the other
branches. Therefore, after processing a symbol from w, the protocol continues
only with some small probabilities. The analysis of a single round is as follows:

— For the members, after communicating with an honest prover, the verifier
accepts the input with a non-zero probability and restart the protocol with
the remaining probability; and,

— For the nonmembers, (i) if the prover lies about w, then the verifier rejects
the input with some probability by detecting a defect on w (such rejecting
probability is always guaranteed sufficiently bigger than the accepting prob-
ability in the same round), (ii) if the prover is honest and w is infinite, the
verifier never makes a decision and a new round is initiated with probability
1, and (iii) the verifier rejects the input with some probability, otherwise.

Thus, the members are always accepted with probability 1 and the accepting
probabilities of the non-members can always be bounded by a small value.

Theorem 3. Any recursively enumerable language is in weak-qAM; (const-space).

Knowledgeable readers will have noticed that the idea behind the protocol is
a well-known technique, previously given for IP (and AM) systems. However, our
protocol has certain differences which also leads us to obtain distinctive results.
For example, due to Theorem 1, our protocol cannot be simulated by IP systems
having prefect completeness. Also note that Fact 5 was obtained by simulating
the computation of a two-way deterministic finite automaton with two counters
(2D2CA) on a given input, not the computation of a DTM.

After making certain modifications on the second technique, we show that
any best known lower bound for IP systems can be obtained for qAM systems
under the same space bounds. Then, by also help of the first technique, we can
improve these bounds for const- and log-space gAM systems.

There are two main reasons why our second protocol is weak: (1) The DTM
may not halt on some inputs and so the protocol cannot halt with any decision
if the prover is honest, and (2) a cheating prover can send arbitrarily (maybe
infinitely) long configurations to verifier. If the length of the configurations can
be bounded and such a bound can be checked by the verifier, then we can obtain
strong protocols from our weak qAM protocol.

Since const-space verifiers can force the prover to send at most linear-size con-
figurations by using its input head as a ruler (the input head is never used after



Public Qubits Versus Private Coins 49

checking the initial configuration), it can be easily obtained that DSPACE (n) C
gAM (const-space), i.e. the prover sends the computation of a linear-space DTM.

Lemma 1. DSPACE (n) C qAM;(1).

If the prover additionally provides nondeterministic choices, this result is
extended to NSPACE (n) C qAM; (const-space), i.e. the prover sends the compu-
tation of a linear-space NTM, in which nondeterministic choices are determined
by the prover. Although it is not trivial as these two results, we can go one step
further: ASPACE (n) C qAM;j (const-space), i.e. the prover sends the computation
of a linear-space alternating Turing machine (ATM), in which nondeterminis-
tic choices are determined by the prover and universal choices are determined
by the verifier. This idea was firstly given by Reif [21] for the simulation of a
space-bounded ATM by a private ATM, and then used by Condon and Ladner
[8], Condon [4], and Dwork and Stockmeyer [10] for some other similar simu-
lations. We embed the simulation idea of Dwork and Stockmeyer [10] into our
weak-protocol by making certain modifications. (The complete proof is given in
24].)

Theorem 4. E = DTIME (2°(W) = ASPACE (n) C gAM; (const-space).

Any space-constructible s(n)-space verifier can force the prover to send 20(s(n)).
size configurations by using its classical work tape, where s(n) € £2(log(n)).

Theorem 5. For any space-constructible s(n) € 2(log(n)),
DTIME (22"} = ASPACE (20¢(")) C qAM (s(n)).

The results given in Theorems 4 and 5 are parallel to Facts 2 and 3. However,
in gAM protocols, the input head and the work memory are used as a public
ruler, but, in the corresponding private-coin protocols, the input head and the
work memory are privately used for checking the correctness of the computation
sent by the prover, not only a ruler to check the lengths of the configurations in
the computation. If we make the input head and the work memory public, we
can, of course, obtain some strong protocols based on weak IP protocols given
for recursive enumerable languages (Fact 5). (This is exactly what we do for
qAM protocols.) But, since the computation of a 2D2CA on a given input is
simulated in weak IP protocols, “the new strong protocols” does not seem to be
powerful enough as given in Facts 2 and 3.

As a further step, by combining our both techniques with super log-space
reducibility, we obtain some lower bounds for const- and log-space gAM systems
which are better than the ones known for IP systems. Up to our knowledge,
these results are the first interesting results about super log-space reducibility.
Three highlighting results are as follows:

— NP C gAM; (const-space) and the protocols run in exponential expected time.
Note that it is an open question whether NP C IP(const-space) [10].
— gAM; (const-space) contains a NEXP-complete language.
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— NEXP C qAM; (log-space).

We put all the details in Section 5, but, we can say a few words here to give some
intuitions on the results and why our techniques do not work for IP systems.
Similar to the simulation of linear-space DTMs, constant-space gAM systems can
also simulate linear-space deterministic reductions. We focus on the reductions
with target language KNAPSACK. During the simulation of the reduction, the
output string can be easily extracted by the verifier symbol by symbol. So, the
qAM protocol for KNAPSACK can also be executed on the output string. The
crucial point is that since the verifier can read the the output string in realtime
mode (in each round), the length of the output string is not an issue. In fact,
the output string can be in exponential size. A similar setup does not work for
const-space IP systems. They can also simulate linear-space reductions. But the
known const-space IP protocols for KNAPSACK simulates the computation of a
linear-space NTM for KNAPSACK. Since the output string can be in super-linear
size, the simulating NTM can actually be a super-linear-space NTM in the length
of the original input.

We summarize our results and the related known results in Figure 1. Also
remark that since space-bounded IP systems are strictly more powerful than
their corresponding AM systems (Facts 1-3), we can say that the verification
power of a space-bounded AM system strictly increases if we replace its classical
random resource with a fixed-size quantum register.

(a) the lower bounds for IP and qAM proof systems with perfect completeness

IP1 qAM;
const-space E E U NP U {some NEXP-complete languages}
log-space EXP NEXP
s(n) € w(logn)| ASPACE (20(5(”))) ASPACE <2O(S<n)))

(b) the lower and upper bounds for weak const-space IP and qAM proof systems with
perfect completeness

E C weak-IP1(const-space) C AEXPSPACE C weak-qAM; (const-space) = RRE

E = DTIME (20(")) and R E is the class of recursively enumerable languages.

Fig. 1. Our results on gAM and weak-IP with the best known lower bounds for IP

2 Space-bounded interactive proof systems

In this section, we provide the necessary background, based on [10, 6], for the
proof systems. For a detailed survey on space-bounded interactive proof systems,
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we refer the reader to [6]. An interactive proof system (IPS) consists of a prover
(P) and a verifier (V). The verifier is a (resource-bounded) probabilistic Turing
machine having a read-only input tape, a read/write work tape, and a source
of random bits. Each head has two-way access to its tape. The states of the
verifier are partitioned into reading, communication, and halting (accepting or
rejecting) states, and it has a special communication cell for communicating with
the prover, where the capacity of the cell is finite.

The one-step transitions of the verifier can be described as follows. When in
a reading state, the verifier firstly flips an unbiased coin and then determines
its next configuration based on the symbol under the tape heads, the state, and
the outcome of the coin flip. When in a communication state, the verifiers writes
a symbol on the communication cell with respect to the current state. Then,
in response, the prover writes a symbol in the cell. Based on the state and the
symbol written by prover, the verifier defines the next state of the verifier.

The prover P is specified by a prover transition function, which determines
the response of the prover to the verifier based on the input and the verifier’s
communication history until then. Note that this function does not need to be
computable.

For a given input z, the probability that (P,V) accepts (rejects) x is the
cumulative accepting (rejecting) probabilities taken over all branches of the ver-
ifier. The prover-verifier pair (P, V') is an IPS for L with error probability e < %
if

1. for all x € L, the probability that (P, V) accepts « is greater than 1 — e,
2. for all ¢ L, and all provers P*, the probability that (P*, V) rejects x is
greater than 1 — e.

These conditions are known as completeness and soundness, respectively. Now,
we define some variants of IP systems by restricting and/or relaxing the above
conditions.

The prover-verifier pair (P,V) is an weak-IPS for L with error probability
€ < 3 if we relax the soundness condition (2) as follows:

2/, for all « ¢ L, and all provers P*, the probability that (P*, V) accepts z is at
most €.

The prover-verifier pair (P, V) is a (weak or not) IPS having perfect com-
pleteness for L if we restrict the completeness condition (1) as follows:

1’. for all x € L, the probability that (P, V) accepts x is exactly equal to 1.

An Arthur-Merlin (AM) proof system (or a public-coin IPS) is a special case
of IPS such that after each coin toss, the outcome is automatically written on
the communication cell, and so the prover can have complete information about
the computation of the verifier.
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3 qAM

In this section, we give the definition of our new AM system, namely gAM. A
qAM (guantum Arthur-Merlin) proof system is an AM system where the verifier
additionally has a fixed size quantum register. The small “q” indicates that the
verifier has a “very small” (possibly the smallest) quantum resource.

The states of a verifier are partitioned into reading, communication, and
halting states. In an AM systems, when in a reading state, the verifier firstly flips
an unbiased coin and then determines its next configuration based on the symbol
under the tape heads, the state, and the outcome of the coin flip. Moreover, the
outcome is automatically sent to the prover so that the prover can have complete
information about the computation of the verifier. In an qAM system, when in
a reading state, the verifier behaves as follows:

— A superoperator (see Figure 2), determined by the current classical state and
the symbol(s) under the tape head(s), is applied to the quantum register,
and the outcome of the operator is automatically sent to the prover in order
to satisfy the complete information requirement. We assume that the entries
of quantum operators are rational numbers, and so, the probabilities of the
outcomes become always rational, and the prover can easily keep track of
the quantum register.

— Then, the next configuration is determined based on the the current classical
state, the symbol(s) under the tape head(s), and the observed outcome. For
any deterministic transition, the verifier applies an identity operator to the
quantum register.

We assume that there is no noise during quantum operations. Although not
realistic, such an assumption helps us understand the theoretical limits of space-
bounded qAM systems. Note that space-bounded protocols can already have
infeasibly long runtimes.

Moreover, the verifier no longer needs a classical random source: E.g., the
superoperator £ = {Eh1 = %I,Eh2 = %I,Etl = %I,Et2 = %I} always produces
the outcomes head (“hy” or “hy) and tail (“t,” or “t;”) with probability 1.

Knowledgeable readers will have noticed that, when the verifier is restricted
to use constant space, the qAM system is actually the quantum counterpart
of the finite automaton with both nondeterministic and probabilistic states of
Condon et. al. [7], and that if we remove the communication with the prover
as well we end up with a finite automaton with quantum and classical states
(2qcfa) of Ambainis and Watrous [2]. Actually, in the framework of Dwork and
Stocmeyer [10], gAM(const-space) corresponds to AM(2qcfa).

4 A const-space exp-time qAM protocol for KNAPSACK

This protocol will also be used in Section 5. We assume that the input to be of
the form S$a:$...%a,$, where S, the a;’s are numbers in binary (1 < i < n),
and n > 0. (If not, the input is immediately rejected.) The input is written
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The most general quantum operator is a superoperator, which generalizes stochastic
and unitary operators and also includes measurement. Formally, a superoperator £

is composed by a finite number of operation elements, & = {F1, ..., Ex}, satisfying
that
k
> ElE =1, (1)
=1

where k € ZT and the indices are the measurement outcomes. When a superoper-
ator, say &, is applied to the quantum register in state |¢), i.e. £(|1)), we obtain
the measurement outcome i with probability p; = (JJ"JZ), where |7L>, the uncondi-
tional state vector, is calculated as [¢;) = E;|¢) and 1 < i < k. (Note that using
unconditional state vector simplifies calculations in many cases.) If the outcome i is
observed (p; > 0), the new state of the system is obtained by normalizing |1Z1>, which

is 1) = w—;f Moreover, the quantum register can be set to a predefined quantum

state by an initialize operator with one outcome.

Fig. 2. The details of superoperators

between two # symbols on the input tape and its head is not allowed to cross
these boundaries.

The main idea is that the verifier scans the input from left to right in an
infinite loop and firstly encodes S, and then subtracts the encoding of each of
the a;’s selected by the prover, in some amplitudes of the states on the quantum
register. And, at the end of the loop (round), the verifier tests whether the result
is zero or not (described later). Since our encoding procedure works by reducing
the amplitude with a constant in each step, the process can successfully be ended
with an exponentially small probability depending on the length of the input.
Therefore, a new round is initiated with remaining huge probability.

The quantum register has 3 states, {q1, ¢2,¢3}. Each round is composed by
five parts, described below. The details of superoperators applied in each round
are given in Figure 3. The actions associated to each outcome are as follows: (i)
The input head is moved forward if outcome “f” is observed, (ii) the input is
accepted (rejected) if outcome “a” (“r”) is observed, and (iii) a new round is
initiated if outcome “i;” (1 < j < 3) is observed.

1. The finite register is initialized on symbol #: |¢)o) = (1 0 0)T.

2. Sis encoded into the amplitudes of |g2): &, is applied to the quantum register
when reading o € {0,1}. Then, & is applied to the quantum register when
reading $.

3. Each a; (1 <4 < n) is encoded into the amplitude of |g3): £,
the quantum register when reading o € {0,1}.

4. If an a; (1 < i < n) is selected by the prover on symbol $, it is subtracted
from the number represented by the amplitude of |g2): £’g is applied to the
quantum register. If it is not selected, Eé’ is applied to the quantum register.
Note that, the amplitude of |g3) is set to 0 after each of these transformations.

5. The decision is given on the right end-marker #: £4 is applied to the quan-
tum register when reading the right end-marker #.

is applied to
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100 20 -2 010
Part 2: &= E; =3[ 020 | ,B, =% (20 2| ,E,=2(000
001 02 0 000
100 2-1 0 100
& ={E;=%1(120]),B,=2%(1 0 2| ,E,=4(020
001 1 0-2 000

& ={E; = L1I,E;, = 121, E;, = 12T}
100 2 20 001
Part 3: £§ =4 E; =3[ 010 2-20]|,E,=3[000
002 0 02 000

10 0 0-1 1 022
Part4: &, ={E;=1(01-1 |, B, =212 1-1),B,=23[000],B,=1
00 0 2-1 1 000

100 000 200
Part 5: £4 = Ea:% 000 ;E'r:% 030 >E’i1:% 200
000 000 003

Fig. 3. The details of superoperators used by the gAM protocol for KNAPSACK

Let z be the input and T be the cumulative sum of selected a;’s by the prover.
Then, the state of the register before reading the right end-marker # becomes

1

B = (;) SET .

After applying £, the input is rejected with probability (%)2le+2 (35 — 37?2,

which is at least 9 (%)Q‘I|+2 if S 2 T, and is exactly equal to 0 if S = T'. On the

other hand, the input is always accepted with probability (%)Q‘JHQ. Therefore,

if x € KNAPSACK, there exists a prover such that it is accepted exactly, and if
x ¢ KNAPSACK, whatever the prover says, it is rejected with a probability at least
%. The error bound can be reduced to any desired value by using conventional
probability amplification techniques. Since the protocol is always terminated

with a probability at least (%)Q‘IPr2 in each round, the expected running time

is 20

5 Better lower bounds for qAM systems

In this section, we use the idea behind Lemma 1 in a different way. That is,
similar to the simulation of linear-space DTMs, constant-space gAM systems can
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also simulate linear-space (deterministic) reductions. By combining this kind of
simulation with qAM protocol for KNAPSACK, we can obtain the following result.

Theorem 6. Any language linear-space reducible to KNAPSACK is in qAMy(1).
Moreover, if the reduction takes t(n)-steps, the expected running time of the
protocol is 20t (m)

Proof. The proof combines Theorem 2 and Lemma 1. Let L be a language linear-
space reducible to KNAPSACK. Then, there exists a linear-space DTM D that
outputs a string u for a given input string, say x, such that x € L iff u €
KNAPSACK.

We can design a constant-space qAM protocol for L as follows. Similar to
previous protocols, the main protocol is executed in an infinite loop. The prover
sends the computation of D on x to the verifier, and also says “selected” or “not
selected” after each $ symbol of the output string u (except the first $ symbol).
The verifier runs two protocols in parallel. The first one checks the correctness
of the computation of D, and rejects the input if it detects a defect in the
computation. This protocol never accepts the input. The second one simulates
the qAM protocol for KNAPSACK on the output string (see Section 4). If z € L,
the first protocol never rejects the input and the second protocol always accepts
the input with some probability in each round by the help of an honest prover. If
x ¢ L, we have two main cases. If the prover lies about the computation of D on &
in a single round, then the first protocol rejects the input with some probability,
which can be sufficiently bigger than any accept probability given by the second
protocol. If the prover does not lie, then the second protocol rejects the input
with some probability, which is certainly bigger than any accepting probability.

Since the maximum length of a valid computation is at most O(n - t(n)), the
1 )O(nt(n)) .

5 in

each round, the expected runtime of the protocol is 20 #(n)) a

computation is always terminated with a probability at least (

It is an open question whether NP C IP(1) [10]. On the other hand, we can
show that any language in NP has a constant-space exp-time qAM system having
perfect-completeness.

Theorem 7. NP C qAM; (const-space) and the protocols run in exponential ex-
pected time.

Proof. The proof follows from Theorem 6 and the fact that any language in NP
is log-space (and so also poly-time) reducible to KNAPSACK [20]. O

Theorem 8. gAM;(const-space) contains a NEXP-complete language.

Proof. It is not hard to show that SUCCINCT 0-1 KNAPSACK (see Figure 4), a
NEXP-complete language [13], can be reduced to KNAPSACK via linear-space re-
duction. So, there is a constant-space qAM system having perfect-completeness
for this language due to Theorem 6. O

If the verifier uses logarithmic space, then qAM systems can also simulate
poly-space (deterministic) reductions. Thus, we can extend Theorem 6 as follows.
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The language SUCCINCT 0-1 KNAPSACK is composed by strings a™#a*#6 such

that 6 is a Boolean formula with variables x1, ..., Tm+x satisfying that the string

b#ai# - - - #aqkx_, defined based on @ (described below) is a member of KNAPSACK,
k

ie. Zle_la,-zi = b for some z1,...,29x_; € {0,1}, where b and each a; are

precisely 2™ bits (leading Os permitted) binary numbers.

The string b#ai1# - - #aqse_, is defined based on 6 as follows. Let ()2, be
the k-bit binary representation of 4.

— The i'" bit of b is the value of § by setting x1, ..., Tx1m to the digits of 0% ()2, m
in order.

— The '™ bit of a; is the value of @ by setting z1,...,Zr+m to the digits of
(j)2,k(%)2,m in order.

Fig. 4. The definition of SUCCINCT 0-1 KNAPSACK [13]

Theorem 9. Any language poly-space reducible to KNAPSACK is in qAM; (log-space).
Moreover, if the reduction takes t(n)-steps, the expected running time of the pro-
tocol is 20(poly(n)-t(n))

The best-known lower bound for IP(log-space) is EXP. By Theorem 9, we
obtain a better lower bound for log-space gAM systems.

Theorem 10. NEXP C gAM; (log-space).

Proof. Any language in NEXP is log-space reducible to SUCCINCT 0-1 KNAPSACK
[13], which is linear-space reducible to KNAPSACK. Thus, any language in NEXP
is poly-space reducible to KNAPSACK. The proof follows from Theorem 9. O
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A A review of the previous private-coin protocols

In this part, we review the private-coin protocols for obtaining the results given
in Facts 2 and 5, which we will refer as the strong-protocol and the weak-protocol,
respectively. (Since Fact 3 is a generalization of Fact 2 [10], we omit its details.)
The main idea behind both protocols for a given language is to simulate a fixed
machine recognizing the given language: The prover sends to the verifier the
computation of the simulated machine on a given input, which is a sequence
of configurations starting from the initial configuration, and the verifier tries to
verify the correctness of this sequence and then gives a decision with respect to
the halting configuration sent by the prover. During the verification procedure,
the following tasks can easily be checked deterministically: (i) each configuration
has a correct format, and (ii) the sequence starts with the initial configuration
and ends with a halting configuration. In the latter protocol, the length of each
configuration is also checked to be at most linear. On the other hand, to check
whether the prover sends a valid next configuration after each one is a non-trivial
task. We will call this task successor-check and this is indeed where the private
coin-flips come into play.

Since a single computation requires many adjunctive successor-checks and
each of them contains many (private) coin-flips, a decision on the input can
only be given with a very small probability after passing a single computation.
Therefore, the prover is expected to send the computation repeatedly. Depending
on the machine and resources of the verifier, either the verifier can always halt
the computation with high probability or the protocol can run forever in some
cases. For example, if the simulated machine never halts on the input and the
prover honestly sends the corresponding computation, the verifier can never halt
and give a decision.

Now, we give some protocol specific details. We begin with the weak-protocol
of Condon and Lipton [9]. In his seminal paper [11], Freivalds presented a two-
way probabilistic finite automaton (pfa) recognizing language

FRE = {a"b"a"2b" - - - @™ b"™ | ny,...,n, >0,k > 0}

with bounded error. Based on Freivalds’ algorithm, Condon and Lipton proposed
a private-coin protocol such that if a prover sends a member of FRE repeatedly
to a one-way pfa verifier, then the verifier detects the memberships of the input
with high probability. If the prover sends some nonmembers of FRE repeatedly
to the same verifier, then the verifier gives a decision of rejection with high
probability. Two-way finite automata with two-counters (2D2CAs) are Turing-
equivalent [18] and their main configuration elements are the contents of the
counters, which can be encoded unary. Then successor-checks on a computation
of a 2D2CA can be implemented by the protocol given by Condon and Lipton.
Let L be a Turing-recognizable language and D be the 2D2CA recognizing it.
For the members of L, the honest verifier sends finite valid configurations, and
so the verifier accepts the input with high probability. For the nonmembers of
L, the verifier can only accept if the last configuration of the computation is an
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accepting one. This means that the computation contains at least one defect,
and so the probability of rejection is greater than the probability of acceptance
due to the defect. Since a prover may never send a halting configuration, the
protocol has a weak-soundness.

In the case of the strong-protocol of Dwork and Stockmeyer [10], the simu-
lated machine is an O(n) space-bounded ATM, say .A. In order to simplify the
proof, some inessential assumptions are made on A: Roughly, each existential
or universal transition leads to exactly two branches, there is no consecutive
two existential or universal branching, .4 uses only |z| + 2 space, A always halts
exactly after 2¢/* branching steps by keeping a counter, and so A never enters
a loop, where z is a given input and c is an appropriate constant. Note that
the computation tree of A on x has 22°" Jeafs. The prover repeatedly sends the
computation of some paths of this tree, in which the nondeterministic choices
are made by the prover and the universal choices are made by the verifier, i.e.
the verifier flips a coin and sends the outcome to the verifier. The configurations
on a computation are separated by $’s as

c $Ci$ci+1$ci+2$ Tty

where 4 > 0. Since each configuration of A on z is fixed length (|z| + 3), the
verifier can implement the successor-check by deterministically comparing the
symbols at distance |z| + 4 by using its input head.? If there is not exactly one $
between two symbols, then the input is rejected by the verifier. The private part
of the successor-check is that the verifier always selects the first symbol randomly
and repeats this selection after each comparison. That is, if [ > 0 is the index of
a selected symbol, then it is compared with (I+|z|+4)" symbol, and then a new
symbol with an index between (I+|z|+4)+1 and ({4 |z|+4)+ |z|+4 is selected.
Since the protocol is private, the prover can never know which two symbols
are compared. Thus, any defect on the computation can always be detected by
the verifier with some probability, which is sufficiently greater than any accept
probability. If there is no defect, the accepting probability is still very small so
that a single rejecting probability on a leaf can always dominate the cumulative
accepting probabilities from all the other leafs. (We omit the details here but
the same issue is also detailed in the proof of Theorem 4.) Therefore, for the
strings accepted by A, none of successor-check produces a rejecting probability,
and so the verifier accepts the input exactly by help of a honest prover. For
the strings rejected by A, if the input is not rejected by any successor-check,
the input is rejected at least one path which is sufficient to dominate all the
accepting decisions. Note that, if the prover never sends a halting configuration,
the verifier detects infinitely many defects, which are sufficient to reject the input
with probability 1, by using its input head.

As seen from the details, the private methods used by the protocols are
different. In the former one, the verifier privately collects statistical evidence

3 If the simulated machine is s(n) € w(n) space-bounded, then log(s(n)) space-
bounded verifier is sufficient for a similar check, where s is a space-constructible
function.
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from over the computations to decide their correctness. Moreover, two-sided
error is necessary in this case due to Theorem 1. In the latter case, the verifier
can force the prover to send linear size configurations and then detects the defects
directly. The latter protocol has also perfect-completeness.
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1 Introduction

It is a well-known fact that in some cases, the deterministic finite automaton
(DFA) must be exponentially larger than a nondeterministic finite automaton
(NFA) recognizing the same language. On the other hand, from the well-known
subset construction it follows that the complexity gap between these two au-
tomata types can never be more than exponential. In fact, comparing the car-
dinalities yields the result easily. Relationships between more general automata
types may not be that straightforward. In this tutorial, we discuss on the no-
tion of measure, norms, and their role on automata complexity arguments. It
is assumed that the reader is familiar with the basics of automata and formal
languages and has some prior knowledge on quantum computing.

2 DMeasuring a set magnitude

2.1 From countable to uncountable

The most obvious — and essentially the only — way to successfully measure the
magnitude of a finite set is count the number of set elements. On the other hand,
for infinite sets this strategy is obviously useless. Already Galileo regarded the
bijection N — N, n — n? as an evidence that the number of squares is exactly
the same as the number of all natural numbers. On the other hand, the squares
form a proper subset of natural numbers.

This observation is now known as the Galileo paradox: the cardinality of a
proper subset can be the same as the cardinality of the whole set. As happens
very commonly in the history of science, the paradoxes may lead into a true
development: the marginal can be shifted to the main stream when the under-
standing of the phenomenon has grown large enough. This happened to Galileo’s
observation, too: it is no longer regarded as a paradox, but rather a property of
infinite sets.

* Supported by Turku University Foundation
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When the sets become even larger than N, the problematic phenomena may
even increase. Infinite sets that have the same cardinality as N are called count-
able, those that do not, are uncountable. Since Cantor’s days it has been well
known that the set of real numbers R is uncountable, but it is problematic to
figure out if there is an uncountable set A so that N C A C R and the cardinality
of A is strictly less than that of R. The assumption that no such set A exists
is called continuum hypothesis. The standard way to discover the properties of
infinite sets is via Zermelo-Fraenkel axiomatization enhanced with the axiom of
choice. Unfortunately, such an axiomatization is not sufficient to provide any
answer to the continuum hypothesis [1].

Ezample 1 (Hilbert hotel). An hotel with infinitely but countably many rooms
is fully booked. How to accommodate one more guest? What about infinitely
but countably many guests?

2.2 Subsets of R™

For subsets of R, R?, and R3 there is a rather natural, geometry-inspired way to
approach the “set magnitude” problem: we should be able to associate length to
a line segment, area to a surface domain, and volume to a space region.

For simple bodies, this approach generalizes to higher-dimensional spaces R™
very easily, so we present the generalization right away:

Definition 1. An interval (orthotope) I in an n-dimensional space R™ is a
Cartesian product of line segments:

I =la1,b1] X [az,ba] X ... X [an, by].
The volume or geometric measure of interval I is given as
M(I) = (bl —al)-(bg—ag)-...~(bn—an)

However, for sets A that are more complicated than orthotopes, it is not so
straightforward how to define p(A). A usual approach towards p(A) for sets A C
R™ that are not intervals is by covering the set A with intervals. We will present
here some outlines, and advise to consult [5] for more detailed description.

It seems natural to require that for a measure, at least the following condi-
tions should hold:

Definition 2 (Properties of measure).

1. (@) =0
2. u(A) >0 for any set A

[ee) o0
3. u( U A;) = Z w(A;), whenever A; is a sequence of pairwise disjoint sets.
k=1 k=1
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Definition 3. A sequence Iy, Iz, I3, ... of intervals covers A, if
o0
AcJ
k=1

The measure of set A is approached via the limit of the sum of the volumes of
intervals covering A:

Definition 4 (Lebesgue outer measure). Let A C R"™. The Lebesgue outer
measure is defined as follows:

wi(A) = inf{z w(Iy) | I is a sequence of intervals covering A}
k=1

It should be noted that the above definition approaches the notion of the measure
only by approximating the set A by a superset consisting of a countable amount
of the intervals. Whatever the set A is, there is always a sequence I, = [—k, k] x
... X[—k, k] covering it, and hence p} (A) always exists, if we allow the possibility
that it may be infinite.

The definition of p} (A) intuitively means that the “measure” of the set A is
being reached by carving the set form above: p} (A) is the decreasing limit of the
sums of volumes of intervals covering A. Unfortunately, this is not a sufficient
measure for satisfying the constraints of Definition 2, which should be associated
to any measure. In fact, it is possible to construct disjoint sets A and B so that
i (AUB) < pj (A)+p; (B). Therefore, the notion of measure must be developed
further.

Definition 5. Let T C R". The complement T of T is T = R"\ T.

Definition 6 (The Lebesgue measure). Let A C R™. If for every T C R™
equality
pp(T) = pp(ANT) +pp(ANT)

holds, we say that A C R™ is Lebesque measurable and define its Lebesque mea-
sure as pr(A) = i (A).

Remark 1. Let A > 0 and A C R™ any set, we define the dilation or scaling of A
by
M ={)a|acR"}.

For example, the scaling of interval I = [a1,b1] X [ag,b2] X ... X [an,by], is
another interval AI = [Aa1, Ab1] X [Aag, Aba] X ... X [Aan, Ab,], whose volume
clearly satisfies relation p(Al) = A" u(I).

As the Lebesgue measure of set A is defined as the limit of the volumes of the
intervals covering A, it is rather straightforward to reach the conclusion that for
all Lebesgue measurable sets A C R", the measure of the scaled and the original
version are related via pr (AA) = A"ur(A).
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Similarly, it is very clear that for a translation
r+A={x+alacA}
of a Lebesgue measurable set A the measure satisfies py (€ + A) = pr(A).

Lebesgue measure offers a very intuitive answer to the question “How large
is A C R™? It originates from the length of the line segment, and is then
generalized to higher dimensions via Cartesian product. The most burdensome
generalization is to approximate arbitrary sets A C R™ by numerable sequences
of intervals, and finally obtain the measure as the limit.

On the other hand, a further investigation shows that the Lebesgue measure
defined as above can resolve the “magnitude question” only for rather “regular”
sets, and it is possible to construct sets that are not Lebesgue measurable. In
fact, for all nontrivial measures there are non-measurable sets [5].

It is possible to generalize the Lebesgue measure in many way. One very
useful generalization is the Haar measure, which can be defined on any locally
compact group, but we will not present the details here.

2.3 Lebesgue integral

Definition 7. Let f be a function defined on a set A C R"™. Function [ is called
simple, if the set f(A) = {f(x) | ¢ € A} is finite.

Definition 8. Let f : A — R be a simple function and f(A) = {a1,as,...,ax}.
If all sets A; = f~(a;) = {x € A | f(x) = a;} are measurable, we define the
Lebesgue integral of f as

k
/ Fdup = aip(4;).
A i=1

Lebesgue integral for non-simple functions f is defined via approximating f by a
sequence of simple functions, but we will not present the details in this tutorial.
We just note that whenever function f defined on a bounded domain is Riemann-
integrable, it is also Lebesgue-integrable, and the two integrals coincide.

The measure of a set A C R"™ can be clearly presented as

pr(A) = / dur.
A
Set A is measurable if and only if the integral exists.

Ezample 2. Let B, = {(x1,...,2,) € R" | 23 + 23 + ... + 22 < 1} be the unit
ball an n-dimensional space. The measure of such a ball is

T2
pr(By =/ dpr, = ——~-
(Br) B, ra+s3s)
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As the ball
Bo(R) = {(z1,...,7,) €R" | 2] + 25 +... + 22 < R?*}

of radius R is a dilation of B,,, it is clear that its measure is

Tz

" Rn
1+ %)

+
w3

2.4 Change of varibles

In some cases, it is useful make a substitution & = g(y) to the integral, where
g : U — V is a differentiable bijection. If g, U and V are “regular” enough, this
results in formula

/ f(x) da = / Fla() [det(Jy(w))] dy,
\% U

where dz and dy both refer to the Lebesgue measure, and J, is the Jacobian of
function ¢ [9].

2.5 States of quantum systems

In what follows, we review briefly the basic concepts of quantum systems, a more
detailed presentation can be found in [2], for instance.

As a n-dimensional Hilbert space H,, we understand a complex vector space
isomorphic to Cartesian product C™ equipped with the most obvious vector sum
and scalar multiplication and with Hermitian inner product (x | y). An adjoint
mapping of A : H,, — H, is another linear mapping A* satisfying (z | Ay) =
(A*x | y). Mapping A is self-adjoint, if A* = A and positive, if (x | Az) > 0
always. We also need the notion of trace: for any mapping A : H,, — H,, its trace
is defined as Tr(A) = >, _,(ex | Aex), where {ey,...,e,} is an orthonormal
basis of H,,.

It can be shown that the trace is independent of the chosen basis. In any
matrix representation, the trace of a mapping is equal to the sum of its diag-
onal elements. The matrix representation of the adjoint mapping A* is simply
obtained by transposing and conjugating the original matrix. Moreover, it is
possible to prove that self-adjoint mappings have always real eigenvalues, and
that positive mappings have non-negative eigenvalues.

Definition 9. A state of an n-level quantum system is a self-adjoint, positive,
unit-trace mapping A : H, — H,.

For reasons explained later it is worth studying the following question: How
large is the state set of an n-level quantum system? The answer is by no means
trivial, as the objects are rather abstract: They can be identified with unit trace
positive n X n matrices over complex numbers, and each complex number can be
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identified with two real numbers. Hence, a set of matrices can be identified with
a subset of RY for some N, and consequently we can talk about the measure of
such a set. An alternative way, without identifications, is to extend the notion of
integral into Haar integrals. To begin with, we may consider two-level quantum
systems, for which a rather descriptive name, quantum bit (a qubit) has been
coined long ago.

It is possible to identify a state of a qubit with a 2 x 2 matrix over complex
numbers, so counting real and complex parts, there are, in principle, total of eight
real numbers describing a state of a quantum bit. However, the first restriction is
self-adjointness, which implies that the diagonal elements of the matrix must be
real, and that the lower left element is the complex conjugate of the upper right
element. In addition to that, the unit trace constraint forces the qubit states

into form
a b
b* 1 —a,

where a is a real and b is a complex number. This form already shows that
instead of eight, there are three real degrees of freedom (a and the real and
imaginary parts of b) when describing a qubit state. The positivity constraint is
a very difficult one, but it turns out that there is a very elegant solution: writing

b = ¢+ id we have clearly
0 0 c 0id
—(a— ;),) + (007) + (—z’d 07) :

(#re) = (50) [

so any unit-trace, self-adjoint 2 x 2-matrix A can be presented as

O M=
ONI=

1
A= §(I+ roy + Yoy + 20).

1 0 01 01
Wherex,yandzarereal,andax—(0_1 oy =1 o ,andaz—(l())

are so-called Pauli spin matrices. Now it turns out that the positivity constraint
turns into 22 +y2 + 22 < 1, which is to say that the state set of 2-level quantum
systems is actually homeomorphic to a ball in three-dimensional real vector space
R3. Hence it is possible to count the volume of the set of all positive, unit-trace
self adjoint matrices by using the above parametrization.

For dimensions n > 2, there is no such generally useful set of matrices forming
a basis of self-adjoint, unit trace mappings. Nevertheless, it should be noted that
defining

(A| BY = Tr(A*B)

we get a Hermitian inner product (so called Hilbert-Schmidt inner product),
and that for unit trace, self-adjoint positive mappings Tr(A4%) < Tr(A) = 1
always. Hence ||A||*> = (4 | A) = Tr(A*A) = Tr(42) < Tr(A) = 1, so the
set of mappings in question is bounded with respect to norm induced by the
aforementioned inner product.
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3 Finite automata

For very good reasons, the finite automata can be treated as the simplest model
of computation: The input can be read only once, and there is only a finite
memory available. For the basics of automata theory, see [10]. For probabilistic
automata [8] or [7], and quantum automata [3] or [4] are recommended.

Definition 10. A finite automaton A with n states is a fivetuple
A= (QazvéaquF)a

where Q is a finite set of states, X is a finite alphabet § is the transition function,
qo 18 the initial state and F is the set of final states.

For generalization purposes, it is useful to regard J as a morphism § : X* —
R™*™ associating a linear mapping on n = |@)| dimensional vector space to each
word w € X*. In quantum case, R may be replaced with C, and the images of ¢
may be also mappings on n-dimensional linear mappings.

When defining probabilistic automata see [8], [7], [3] or [4], we require that
each §(w) is a Markov matrix. For each state we associate a dimension in R™, and
define the initial vector (probability distribution) so that @; = 1 for dimension
i corresponding to the initial state, and all other coordinates are 0. Also, an
arbitrary initial probability distribution is possible. The final vector vy is defined
analogously. The automaton is then regarded as a device computing a function
fa(w) = yTé(w)x (x and y are regarded as column vectors).

Quantum automata with closed time evolution is defined rather similarly:
However, the initial probability distribution is replaced with an initial state
vector (a unit vector in C™), Markov matrices are replaced with unitary matrices,
and final vector with a projection (see [3] or [4] for more details).

Quantum automata with closed time evolution are however very restricted,
since closed time evolution does not allow any information loss. Open time evo-
lution in quantum mechanics, however, require more general formalism. To this
end, the unit-length vectors in C™ need to be replaced with quantum states
described in the previous section. See [3] or [4] for more details.

Any of the aforementioned nondeterministic automata models describe ac-
tually a device computing a function f4 : X* — [0,1], and its value f4(w) is
regarded as an acceptance probability. Having the probability function, there
are many possibilities to define the language, i.e. a subset of X* accepted by
the automaton. One very natural choice is to fix a threshold A € [0,1] (so-
called cut-point) and then accept all words w with f4(w) > A, and to reject the
other ones. This convention becomes however problematic, if values f4(w) can
be found arbitrarily close to the cut-point. It is useful to require that the cut-
point A is isolated, meaning that there is an € > 0 so that for all words w € X*,
Fw) ¢ A=A+,

The above convention will actually guarantee that languages accepted by
probabilistic and quantum automata are indeed regular. In the case of proba-
bilistic automata, this has been first demonstrated by Rabin [8]. For quantum
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automata with closed time evolution an analogous result has been described in
[6].

Definition 11. If L C X* is any language, we denote u ~p, v if and only if
uw € L < vw € L for allw € X*.

It is clear that ~j, is a right congruence, i.e., it is an equivalence relation and
satisfies u ~p v = uw ~p, vw, see [10] for more details.

A characteristic feature of languages recognized by deterministic finite au-
tomata is that the (regular) languages they recognize have only finitely many
equivalence classes with respect to the right congruence ~ . This fact, together
with suitable geometric observations allows us to show that languages accepted
by various other automata types with isolated cut-point are regular, as well.

The construction will be presented in more details in the actual tutorial,
but the outline is as follows: If u ¢ v, there must be a word w so that one
of the words uw and vw is in L. It follows that if x is the initial vector, then
necessarily ||d(uw)x — 0(vw)x|| > 2¢, as we assumed the cut-point isolated. In
many interesting cases, there is a constant C' > 0 so that

[6(w)(x1 — z2)|| < C'|Jx1 — 22|,
so we must have
Clld(uw)x —d(v)x|| > ||d(vw)x — §(vw)x|| > 2,

and consequently
2¢

I6(u)e — 3(0)al| > 2
(convention d(uw) = 6(w)d(u) is used here). Now if the set {d(w)x | w € X*}
is bounded (as is in many interesting cases), we can conclude by a geometric
argument that since any two incongruent words v and v determine two at least
2 _separated vectors §(u)x and §(v)x in a bounded set, the set of incongruent
words must be actually finite.

Moreover, by a more elaborate geometric argument, we can actually find a
bound for the number of incongruent words. This is indeed very interesting, as
it is well known that the number of incongruent words is actually the number
of states in minimal deterministic finite automaton recognizing the language in
question. Hence the geometric tools offer also opportunities for comparing the
minimal deterministic automaton size to the other automata types.
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