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Dopant diameter dependence of Jc(B) in doped

YBCO films

P. Paturi, M. Malmivirta, H. Palonen and H. Huhtinen

Abstract—In YBCO films doped with artificial pinning centers,
such as BaZrO3 nanorods or BaCeO3 nanodots, the critical
current density, Jc(B ‖ c), is usually described with the form
Jc∼ B−α even though the shape of the Jc(B)-curve does not
really allow this. In the field region just above the low field
plateau, the shape of the Jc(B)-curve (in log-log scale) is rounded
and not straight as in undoped films. The exponent α is found to
decrease from 0.5 to around 0.2 in BaZrO3 doped films and to 0.4
in BaCeO3 doped films. The incompatibility with the curved data
and the linear fit has lead to publication of α-parameters which
are not comparable to each other due to different fitting limits.
In this paper we show that it is better to use the Dew-Hughes
pinning force Fp(B) = Fp0(B/Birr)

p(1−B/Birr)
q to describe the

field dependence, where α ≈ 1− p. We also show that the p and
the roundness of the curve depend on the diameter of the pinning
centers, but not e.g. temperature or dopant concentration. This is
shown from measurements of differently doped thin YBCO films
and from large scale Ginzburg-Landau simulations. The result
should have been expected since the diameters of the dopants
are roughly the same size as the coherence length and it has
been shown earlier that pinning centers much smaller than the
coherence length lead to α = 0.5 and those much larger lead to
α = 1.

Index Terms—YBCO thin films, flux pinning, artificial pinning
sites, pinning force

I. INTRODUCTION

IN applications of high temperature superconductors one of

the most important properties is the dependence of critical

current density on magnetic field, Jc(B). In high temperature

superconductors, specifically YBa2Cu3O6+x (YBCO), Jc typ-

ically decreases fast above magnetic field around 100 mT [1].

This decrease is due to insufficient pinning of the magnetic

vortices in high fields. Adding artificial pinning centers (APC),

such as BaZrO3 [2], [3] or BaSnO3 nanorods [4] or e.g. Y2O3

[5] or BaCeO3 [6] nanodots, increases pinning, and thus Jc
at high fields.

In the description of Jc(B ‖ c) dependence on magnetic

field, the common practice [1], [3] is to define parameter α
from Jc∝ B−α fits to Jc(B) data, even though most of the

APC-film data does not follow this dependence. The practice

arises from the undoped films, which on log-log scale have a

clear linear part of the Jc(B)-curve and determination of α is

straightforward. This linear dependence is also well supported

by theory [7]. In APC-films there is no such linear part and
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the problem arises from defining the fitting limits. The end of

the low field plateau of Jc is not well defined and the deter-

mination of B∗ as the field where the plateau ends and where

the fit should start is difficult or even impossible. In undoped

films the most used definition of B∗ is Jc(B∗) = 0.9Jc(0) as

suggested by Klaassen et al. [1]. This problem is even more

pronounced at high temperatures and the arbitrariness of α
definition makes comparison of films from different groups

difficult or impossible.

Analysis of the Jc(B)-curves is not a novel topic, many

summation theories have been presented ever since the seminal

models by Dew-Hughes [8] and Kramer [9]. A good presen-

tation of all the main theories has been done by Matsushita

in [10]. The general form of the function describing the

pinning force Fp = B× Jc in these theories is

Fp(B) = Fp0

(

B

Bc2

)p (

1−
B

Bc2

)q

, (1)

where Fp0 is the pinning force at B = 0, Bc2 is the upper

critical field and p and q are exponents which depend on the

type of pinning sites in the sample. In the model by Dew-

Hughes for non-magnetic pinning sites, if the diameter d is

much smaller than the coherence length ξ, p = 0.5 and if

d ≫ ξ, p = 1. The parameter q = 2 if the pinning sites

are non-superconducting and 1 if they are superconductors

with smaller Tc,onset, Bc, or κ (∆κ pinning). Even though

Dew-Hughes meant for the exponents p and q to be constants,

they are generally used as fitting parameters [10]. In high-

temperature superconductors Bc has been replaced by Birr

[11], as in them Birr marks the limit above which Jc is zero.

A few papers have also tried to understand pinning based on

sum of different contributions [12], [13].

In this paper we show that using the suitably scaled pinning

force function for fitting Fp, the films from different research

groups can be better compared. We also show that the size of

the pinning centers affects the exponents in Eq. (1).

II. EXPERIMENTAL DETAILS AND METHODS

The YBCO films used in this work were deposited on

single crystal SrTiO3 (100) (STO) substrates by pulsed laser

deposition (PLD) at 750 ◦C. Details of the deposition are

found elsewhere [14]. The BaZrO3 (BZO) doped targets used

for the films were prepared using the sol-gel method with

concetrations of BZO varying from 0 – 9 % [15]. The same

films have been earlier used in [16]. Also a series of 5 %

BZO doped samples deposited at different temperatures were

used, these films have been used before in [17]. The sizes of
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the BZO nanorods have also been determined by transmission

electron microscopy (TEM) earlier [3], [17]. The BaCeO3

(BCO) doped targets were prepared by the solid state method

with 0, 2, 4 and 8 % concentrations. The same films have been

used before in [6]. BCO grows as epitaxial nanoparticles into

the YBCO lattice and the sizes of the BCO nanodots have

been determined by TEM [6].

The critical current densities of the films were determined

from hysteresis loops measured with a Quantum Design PPMS

magnetometer and using the Bean formula for thin films [18].

The planes of the films were always perpendicular to the

magnetic field, making the determination of the pinning force

easy: Fp(B)= BJc(B). The measurements were done between

-8 – 8 T at temperatures 10 – 80 K.

III. RESULTS

A. Experimental results

The fitting of the Fp(B) was done by first scaling the data

by Fp,max and Bmax, so that the maximum of the Fp(B) plot

was at (1,1). This makes the comparison of the films much

easier. The maximum values were chosen, because in most

cases it was not possible to determine Birr accurately. In this

case, Eq. (1) changes to

Fp(B)
Fp,max

= (p+q)p+q

ppqq

(

B
Bmax

p
p+q

)p (

1− B
Bmax

p
p+q

)q

= (p+q)p−1pq

qq

(

B
Bmax

)p (
p+q
p − B

Bmax

)q
(2)

This has the advantage of having only two free parameters

after scaling with the maximum values. Fig. 1 shows exam-

ples of the fits for samples with different kinds of pinning

sites: dislocations for undoped, nanorods for BZO-doped and

nanodots for BCO-doped films. It can be clearly seen that

the Eq. (2) fits the data well above B∗, which was used as

the lower limit for the fit. Specifically in the case of the BZO-

doped film, the Jc(B) curve (inset of Fig. 1) is very round and

fitting a straight line would be tedious and prone to errors. It

is also seen that the three films clearly have different p-values,

which corresponds, as a first order estimate, to the usual α as

α = 1 − p as can be seen from the low B limit of Eq. (1),

where the second term is zero and Fp= BJc∼ B1−α. The

obtained p, q, Bmaxand Fp,maxvalues are listed in Table I.

To get confirmation of the q values obtained from the

pinning force fits, the Fp data of the 4 % BZO-doped film

sample at different temperatures were plotted together and

temperature scaling was confirmed (Fig. 2). This was expected,

since it is widely used in low temperature superconductors

[10]. As can be seen, the p- and q-values do not depend

on temperature and thus single values can be used for each

sample. The obtained best fit q for the 4 % BZO-film was

1.1, which is shown in the figure. The value is in between the

values given by most theories [10] or by Dew-Hughes [19]

for normal pinning (q = 2) and ∆κ pinning (q = 1). Eq.

(2) with q = 2 is also plotted in Fig. 2 to illustrate that the

value of q has a clear effect on the line shape. The obtained q
values for all the films are shown in Table I, all values were
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Fig. 1. Examples of fits of Eq. (2) to Fp data of undoped, 4 % BZO-doped
and 6 % BCO-doped films at 10 K. The inset shows the original Jc(B) data
with the same fits.

TABLE I
THE OBTAINED FITTING PARAMETERS, p, q, Bmax(10 K) AND Fp,max(10
K) FOR ALL THE FILMS, TOGETHER WITH THE DIAMETERS OF THE MAIN

PINNING SITES IN THE FILMS.

Sample d (nm) p q Bmax(T) Fp,max(GN/m3)

Undoped 0.3 0.48 1.09 5.68 141.93
BZO-2.6 % 5 0.81 1.09 6.16 826.29
BZO-4 % 5 0.81 1.09 6.56 839.73
BZO-5 % 5 0.82 1.10 7.66 938.75
BZO-7.5 % 5 0.87 1.10 5.41 612.53
BZO-9% 5 0.82 1.10 11.12 656.80

BZO-700 5 0.81 1.09 6.18 84.28
BZO-725 5 0.81 1.10 11.31 785.41
BZO-775 6.5 0.88 1.07 7.35 1112.72
BZO-825 12.5 0.91 1.07 5.71 931.07

Undoped 0.3 0.50 1.10 7.78 209.43
BCO-2 % 1.6 0.56 1.09 8.16 297.18
BCO-4 % 2.5 0.60 1.11 7.77 309.13
BCO-8 % 3.6 0.70 1.11 5.10 201.25

very close to 1.1. It is obvious from Fig. 2 that the Eq. (2)

is not optimal for these samples at high temperatures. There

is a long tail at high magnetic field, which is not well fitted

by this function with any q. This has been remedied in some

papers by using an additional exponential term in the fitting

equation [11], [20]. Since we are mostly interested in the rising

part of the function and at high temperature flux creep has

a significant effect which cannot be scaled with Eq. (1), we

chose to be content with the fits similar to that shown in Fig.

2

B. Simulation results

The simulation of the flux pinning was made by solving

the Ginzburg-Landau equations using a computational model

described in [21]. In the model, pinning sites are introduced

by locally restricting the maximum possible value of the

order parameter ψ. Thus, the total energy decreases when the

vortices are located in the pinning sites. For computational

reasons the simulation works in dimensionless energies and

the only lengthscale is the magnetic penetration depth, which
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Fig. 2. Temperature scaling of the Fp of the 4 % BZO-doped sample. The
black line is the scaled Fp(B) with p = 0.81 and q = 1.1. The dashed line
shows the Fp(B) with q = 2.

was chosen to be λ = 1 and therefore the coherence length

ξ = 1/κ, where κ is the Ginzburg-Landau parameter. For

YBCO κ ≈ 100 [22]. In ref. [21] it was shown that the

calculation can be done with κ = 10 without loosing accuracy.

The diameters of the pinning centers were determined in

proportion to ξ (for YBCO ξ = 1.5 nm [22]) and were chosen

so that they cover the whole experimental range observed

in YBCO films. The critical current density was determined

from the proportion of the pinned vortices to all vortices

present. This does not give us absolute Jc values, but rather

the dependence of Jc on B, which is what we need in this

case. The simulated Jc(B) values used in this work have been

published earlier in [21].

Results of the simulation are shown in Fig 3. Errors, shown

with errorbars, are estimated to be 15 % as in the other

simulations [21]. The errors are mostly due to the random

positions of the pinning sites, which lead to different Jc values.

The fits to Eq. (2) were made taking into account the estimated

errors and are also shown in Fig. 3. The obtained q values

were very close to 1.1 as in the experimental data and the

p values varied from 0.5 to 0.91, which agree well with the

experimental data.

IV. DISCUSSION

The p’s obtained from the fits for all the samples and the

simulations as function of the known pinning site diameter are

shown in Fig. 4. The mean sizes of the pinning sites have been

determined by TEM earlier [3], [6], [17] and are listed in Table

I together with the p, q, Fp,max and Bmax values obtained from

the fits. The sizes referred here are the diameters perpendicular

to the magnetic field.

It is clearly seen from Fig. 4 that all the values fall onto

the same dependence. At low pinning site sizes p ≈ 0.5 as

predicted for small pinning sites for which d ≪ ξ [8]. From

there p increases with pinning site size until the tendency

changes around d ≈ 6 nm (r ≈ 2ξ). Similar increase of p
with nanorods has been reported e.g. in [23], where p = 0.7
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Fig. 3. Pinning force from the Ginzburg-Landau simulation together with
fits to Eq. (2). The legend gives pinning center diameters in nanometers. The
sizes were scaled from the original simulation with ξ so that they correspond
directly to those in the experimental data.

was observed for 4-5 nm nanorods, in accordance with the

data here. Above 6 nm p ≈ 0.9 for all pinning site sizes.

This is close to p = 1 describing constant Jc(B) (as a first

approximation α = 0) and the result predicted by the early

papers for pinning by large precipitates [8]. In these samples

the main roundness of the Jc(B) curve comes from the second

term of Eq. (2) (described by q), which is mostly determined

by the elastic properties of the flux line lattice. This limit

is at the same pinning site size above which the simulations

show several vortices per pinning site, i.e. multivortices [21].

It should be noted that the main determining factor here is

the pinning site diameter, not the density. If the density of the

pinning sites was the determining factor, the BZO concetration

series should have different p values, as in that series the

diameter does not change [3]. Also, we emphasize that this

analysis is done on films with B ‖ c. In other directions the

sizes of the pinning sites and exponents would be different.

Ginzburg-Landau theory provides a fairly simple way of

arriving to Eq. (1) with small and large pinning sites, without

the need to go into the complicated determination of the elastic

constants of the vortex lattice. The condensation energy per

unit length of a vortex is E = πµ0H
2
c ξ

2, where Hc is the

thermodynamic critical field. If the vortex core is located in a

pinning site where the superconductivity is locally depressed,

some of this energy can be recovered (the core interaction). If

the vortex sits on a small defect with volume V , the maximum

pinning energy is [24]

U0 =
3

2
µ0H

2
cV

δHc2

Hc2
〈|
ψ

ψ0
|2〉, (3)

where Hc2 is the upper critical field and |ψ/ψ0|
2 = 1 −

B/Bc2 = 1− b is the variation of the order parameter. If the

pinning force is so small that the vortex lattice stays almost

intact, the maximum pinning force is πU0/a0 [25], where

a0 ∝
√

φ0/B is the average distance between the vortices.
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This leads to

Fp ∝ b1/2(1− b) d≪ ξ (4)

dependence, which is observed here for dislocations in the

undoped sample.

In the case, when the vortex lattice does not stay intact, i.e.

with strong pinning, direct summation of the pinning force can

be used [26], [27]. The total pinning force is therefore [25]

Fp ≈ fpN ∝ b(1− b) d≫ ξ, (5)

where N is the number of pinned vortices, which is assumed

to be directly proportional to the magnetic field, since the

pinning sites are so dense that all the vortices are pinned. The

maximum pinning force, fp can be estimated from Eq. (3) by

dividing by the characteristic length scale of the change in the

order parameter, i.e. ξ. If the pinning sites would be dilute N
would be the number density of the pinning sites. This region

has been called the core pinning region in many references,

e.g. [28] and is typically observed in NbTi samples, where the

pinning sites are nonsuperconducting α-Ti inclusions. These

are morphologically similar to the artificial pinning sites in the

current films.

It is intuitive that p cannot change abruptly from 0.5 to

1 when the size of the pinning site increases, instead there

should be a gradual change when d ≈ ξ. Also according to the

simulations [21], the vortex lattice smoothly distorts when the

size of the pinning sites is increased and no abrupt changes are

observed. Therefore the gradual change of p from 0.5 to 1 is

supported by the Ginzburg-Landau theory. To our knowledge

actual calculation in this range has not been performed.

Next, we turn to the high field region, which is mostly

described by q. In this region, the repulsive vortex-vortex

interaction begins to be the main determining factor. Above we

have arrived to q = 1 from Ginzburg-Landau considerations

of core pinning, but other derivations often lead to q = 2 [10],

[24], [27]. These are mostly based on deriving the shear elastic

modulus c66 of the vortex lattice. Also other, more complicated

forms have been presented, e.g. in [20]. It has also been stated

that the statistical variation of the pinning sites’ strength can

change the q drastically and even lead to misinterpretations

of the pinning process [28]. The values for q obtained here

differ only slightly from 1, which can probably be accounted

by the statistical variation of pinning site sizes, which has been

observed in TEM images.

Pinning mechanisms are often judged on the position of the

maximum of Fp in the B/Birr scale. Using Eq. (2) one gets

that the maximum of Fp occurs at Bmax/Birr = p/(q + p),
which varies from 0.3 to 0.5 in the samples here. Since q is

almost constant, the dependence of the position of Fp,maxon

pinning site size is almost identical to Fig. 4. This indicates

a similar gradual change in pinning mechanism as described

above from the p values.

V. CONCLUSIONS

In this paper we have shown that using pinning force fitting,

the magnetic field dependences of critical current densities of

high-temperature superconductors with artificial pinning sites,

can be described much better than with the more usual Jc∝
B−α fitting. Pure YBCO samples and samples with BaZrO3

and BaCeO3 inclusions, as well as results from Ginzburg-

Landau simulations were analysed using this method. It was

found that the obtained p values clearly depend on the diameter

of the pinning sites. Dependence on the density of the pinning

sites could be excluded.

The obtained limiting values for p were found to be those

obtained from the Ginzburg-Landau theory, and the values in

between correlated very well with the breaking of the vortex

lattice when the pinning site size is increased.
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