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ABSTRACT

We define the PANHARMONIC MEASURE, which is a
generalization of the harmonic measure to solutions of the
YUKAWA PARTIAL DIFFERENTIAL EQUATION. We show that
this quantity has some of the important properties of the classical
harmonic measure. In particular, there is a natural stochastic
definition of the panharmonic measure in terms of the Brownian
walk that is killed with independent exponential stopping time.
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THE YukKawA PDE

The harmonic measure is a fundamental tool in geometric function
theory. We shall define the panharmonic counterpart of this
quantity, where the harmonic functions related to the classical
harmonic measure are replaced with solutions to the YUKAWA
EQUATION

Au=pPu, p%>0.

The Yukawa equation first arose from the work of Japanese
physicist Hideki Yukawa in particle physics.

REMARK (ON p? > 0)

Note that for 12 = 0 we have the Laplace equation. If we replace
p? with a constant A < 0 we obtain another important PDE, the
HELMHOLTZ EQUATION. Our approach does not generalize to the
solutions of the Helmholtz equation.
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PANHARMONIC MEASURE

Panharmonic, or p-panharmonic measure, is a generalization of the
harmonic measure:

DEFINITION (p-PANHARMONIC MEASURES AND FUNCTIONS)

Let 42 > 0. Then the -PANHARMONIC MEASURE on a boundary
0D with a pole at x € D is a measure H{(D; -) such that any
[~-PANHARMONIC FUNCTION u on D, i.e. functions with

Au = pi?u on D, admits the representation

u(x) = /8 uly) H(Dia).

The existence and uniqueness of the panharmonic measure (with
REGULAR DOMAIN D) will be established by the Kakutani Lemma
later. (/19



FELLER DIFrUSIONS AND PDEs (1/3)

Let A be a differential operator. We want to consider the PDE
Au = 0 from a probabilistic point of view.

Suppose X is a Markov process with the TRANSITION SEMIGROUP
P:f(x) = EX[f(X¢)] .
Since P is a semigroup, i.e. Pyys = P;Ps, one expects that
P, = e
for some operator A called the Infinitesimal GENERATOR of X.

We have

Af(x) = *Pt ()| = lim ;

t=0 t—0+ t

but the other direction, constructing a Markov process X for a
given operator A is the tricky one (and sometimes impossible).



FELLER DIFrusioNns AND PDEs (2/3)

If Ais of the form

Af(x) =) ajj(x) 8x,6xj x) + Z bi(x 6x, — c(x)f(x),

i

where ¢ is non-negative, a nice Markov process can be constructed.

These Markov processes are called FELLER DIFFUSIONS.
DEFINITION (REGULAR DOMAIN)

A domain D C RY is REGULAR for the generator A of the Feller
diffusion X if

P*[¢(D)=0] =1, forall xe€ dD,

where ((D) = inf{t > 0; X(t) € D}.




FELLER DIFrusioNs AND PDEs (3/3)

LEMMA (KAKUTANI’S PROBABILISTIC SOLUTION TO PDES)

Let D be a regular domain for the Feller diffusion X with the
generator A. Then a solution to the Dirichlet problem Au = 0 on
D and u = f on 0D is given by

u(x) = EX[f(X(r(D))); (D) < o0] = /8D f(y) H*(D; dy).
Here 7(D) is the FIRST HITTING TIME of X to the set 0D
7(D) = inf {t > 0; X(t) € 9D}
and H*(D; ) is the HITTING MEASURE

H*(D;dy) = P*[7(D) < oo, X(7(D)) € dy] .



YUKAWA AND KILLED BROWNIAN MOTION (1/5)

In Yukawa by Killing Theorem below we will construct a Feller
diffusion X associated with the Yukawa's PDE by killing the
Brownian motion. Before the construction, we introduce some
notations:

Let W = (Wi(t),..., Wy(t);t > 0) be the standard Brownian
motion on RY and let 7(D) = inf{t > 0; W(t) € D} be the first
hitting time of the Brownian motion on the boundary of D. Let

o(x) = (2m) PemilI,
h<(D;dt) = P*[r(D) e di]
W) = 1-e 5t

¢ is the standard Gaussian distribution on R? and thus

" (X\/{) dy = P [W(t) € dy].



YUKAWA AND KILLED BROWNIAN MOTION (2/5)

H*(D;-) is the hitting time distribution of Brownian motion at the
boundary of D.

Y is the cumulative distribution function of an exponential
random variable with mean 2/p2.

By the Kakutani Lemma we have the following disintegration
representation for Harmonic measure on regular domains:

HX(D;dy) = P*X[W(r(D)) € dy,7(D) < ]
= / P*[W(t) € dy]P*[7(D) € dt]
t>0

~ Lo () e




YUKAWA AND KILLED BROWNIAN MOTION (3/5)

THEOREM (YUKAWA BY KILLING)

Let W be the standard Brownian motion and let Y, be an
independent exponentially distributed random variable with mean
2/u?. Define an exponentially killed Brownian motion W,, by

Wyu(t) = W(t) iy, >t + Tliv,<o)

where t is a coffin state'. Then the infinitesimal generator of W,
is the (non-normalized) Yukawa operator

1. 1,

A=A — 42
= Tk

!By convention f(1) = 0 for all functions f.



YUKAWA AND KILLED BROWNIAN MOTION (4/5)

PROOF.

Let P* be the semigroup of W, and let P = P°. Then

Pif(x)

EX[F(W ()] = EX [f (W(1)) Ly, >0

EX[f (W(£))] P[Y, > t] = Pof(x) e 21t

Now, the generator of the Brownian motion W is %A. So,

Af(x)

d ou

L (preo)
d _ia
tPtf() 2M

t=0

d

5Af(x) _ %,uzf(x).

t=0

d
dt <Ptf(X)e 2 >
- Ptf(X)%e_E‘“Qt

t=0
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YUKAWA AND KILLED BROWNIAN MOTION (5/5)

COROLLARY (PANHARMONIC KAKUTANI)

Let D be a regular domain and let f be a bounded function on
0D. Let u,, be pi-panharhomonic on D with u,|pp = f. Then

u(x) = Ex[f(W((D)) Lir(Dy<oo}1{v,>+(D)}]

=: f(y) H;(D;dy).
oD
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PANHARMONIC-HARMONIC EQUIVALENCE (1/7)

The probabilistic interpretation provided by Panharmonic Kakutani
Corollary implies, at least intuitively, that the harmonic measure
and the panharmonic ones are equivalent.

Indeed, the harmonic measure counts the Brownian particles on
the boundary and the panharmonic measures count the killed
Brownian particles on the boundary. But the killing happens with
independent exponential random variables. So, if the Brownian
motion can reach the boundary with positive probability, so can the
killed Brownian motion; and vice versa. Also, it is intuitively clear
that it does now matter, as far as the equivalence is concerned,
what is the starting point of the Brownian motion, killed or not.

The Panequivalence Theorem below makes the loose points
expressed above rigorous:



PANHARMONIC-HARMONIC EQUIVALENCE (2/7)

THEOREM (PANEQUIVALENCE)

Let D be a regular domain. Then all the panharmonic measures
H}(D;-), 1 > 0,x € D, are equivalent and their Radon—Nikodym

derlva tives are

#,A ) =

M(D;y) =

r*(D;y)

dHX(D ) rx(D y) o
de( )( ) Wr (D )
dHi(D:) ) Jeso ()9 (%) W(D; dt)
dHX(D; ) ft>0 & (%) h<(D; dt)
HA(D:) Jeno® (52 P(Ds )
H*(D; )

Jeno® (22

) hw(D; dt)
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PANHARMONIC-HARMONIC EQUIVALENCE (3/7)

PROOF.

Let us first disintegrate the harmonic measure H*(D; ). By
Kakutani Lemma, the measure H*(D; -) the is distribution of a
Brownian motion W started at x when it hits the boundary 0D.
So, disintegrating on the time of the hitting we obtain,

H*(D;dy) = P*[W(r(D)) € dy,7(D) < oq]
_ /DO P* [W(r(D)) € dy, (D) € di]

_ / P*[W(t) € dy, 7(D) € dt]
t>0

_ / P*[W(t) € dy] P* [+(D) € dt].
t>0



PANHARMONIC-HARMONIC EQUIVALENCE (4/7)

PROOF CONTINUES.

Then, by using the self-similarity of the Brownian motion, we
obtain

HY(D;dy) = /t>OIP’X[W(t)€dy]]P’X [+(D) € dt]

_ /t>OIP>0 [W(l) c dy\;‘] P* [(D) € d]

= (Lo () ream) o

Next, let us disintegrate the p-panharmonic measure in the same
way by using Kakutani Lemma and disintegrating on the time of
hitting: [




PANHARMONIC-HARMONIC EQUIVALENCE (5/7)

PROOF CONTINUES.

Hi(D:dy) = P*[Wu(7u(D)) € dy, 7u(D) < oq]
_ /t>oPX [W,(r(D)) € dy, 7,(D) € di]
_ / P*[W(t) € dy, (D) € dt, Y,, < ]
t>0

_ / P* [W(t) € dy] PY, < t]P*[7(D) € df]
t>0

_ /t>OIP’° [W(l) c dy\/_gx} ()P [7(D) € di]

(RO



PANHARMONIC-HARMONIC EQUIVALENCE (6/7)

PROOF CONTINUES.

The second formula is now clear

The third formula is pretty easy to see. Indeed, as

o= ([ (7o)

we see that the measures H*(D; -) admit densities with respect to
the Lebesgue measure. Hence the third formula is simply the ratio
of these densities.

Finally, the first formula is simply the chain rule for
Radon—Nikodym derivatives. O
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PANHARMONIC-HARMONIC EQUIVALENCE (7/7)

COROLLARY (PANEQUIVALENCE)

Let 0 < 12 < p? < co. Let D be a regular domain and let u, by
pu-panharmonic and u,, be v-panharmonic function on D. Then

if u, < u, on 0D then u, < u, on D,
if D is regular for some > > 0 then it is regular for all i?> > 0,

if D is such that the Dirichlet problem can be solved for some
w2 > 0 then it can be solved for all > > 0.
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PANHARMONIC-HARMONIC EQUIVALENCE (7/7)

COROLLARY (PANEQUIVALENCE)

Let 0 < 12 < p? < co. Let D be a regular domain and let u, by
pu-panharmonic and u,, be v-panharmonic function on D. Then

if u, < u, on 0D then u, < u, on D,
if D is regular for some > > 0 then it is regular for all i?> > 0,

if D is such that the Dirichlet problem can be solved for some
w2 > 0 then it can be solved for all > > 0.

Thank You for listening!
Any questions, comments or (constructive) critizism?
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