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This talk is based on the joint work:

» R. Klén, M. Vuorinen, and X.-H. Zhang: Inequalities for
the generalized trigonometric and hyperbolic functions.
Manuscript.
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1. Definitions

v

Analytic point of view

Geometric point of view

Integral operator

Eigenfunctions for the p—Laplacian
Approximation theory
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Analytic point of view

» Classical sine function:

X
1
in(x) = ————=dt, 0<x<1
arcsin(Xx) j; (=)

1
n . 1
5 — arcsin1 = ‘f(; mdt
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Analytic point of view

» Classical sine function:

X
1
in(x) = ————=dt, 0<x<1
arcsin(Xx) £(1—t2)1/2

1
n . 1
E — arcsin1 = ‘f(; mdt

» Generalized sine function (1 < p < o):

X
. 1
arCS|np(X) = L mdt, 0<x<1

Tp . (1 ) f1 1 dt

— = arcsin = —_—

2 P o (1-tp)t/p

sinp = inverse of arcsinp on [0, 7p/2] ngensto
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» Generalized cosine function:

cosp(x) = dix sinp(x)
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» Generalized cosine function:

cosp(x) = — sinp(x)

ax

cosp(x) = (1 —siny(x)P)'"P,  x € [0,75/2]
[sinp(x)IP +|cosp(x)IP =1, xeR

dix cosp(X) = — cosp(x)?P sinp(x)P~"
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Figure: limp_q p = o0, liMp_0o mp = 2
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sinp(x) and cosp(x)

=it px]

e L ! cos_px) J_I L
5

{ I‘: 3 4
K< > ] [=ote] +]
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» Generalized tangent function:

tany(x) = %p(&)) X €R\ {knp +71p/2 : k €Z)

dixtanp(x) =1+ [tanp(x)IP, x € (-mp/2,m/2)
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Generalized hyperbolic functions
fOX mdt, X € [0, OO)

arcsinhp(x) =
pX) {—arcsinhp(—x), x<0

coshp(x) = dix sinhp(x)

sinhp(x)

tanhp(X) — Wp(x)
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Generalized hyperbolic functions

>

X __ 1
arcsinhp(x) = fo Wdt, x € [0, o)
—arcsinhp(-x), x <0

coshp(x) = % sinhp(x)

sinhp(x)

tanhp(X) = Wp(x)

coshp(x)P — [sinhp(x)IP = 1

d
2 0sho(x) = coshp(x)27P sinhp (x)P~

d
o 1ahp(x) =1~ [tanhy(x)P° B,
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Plane R? with the kL metric

» Circle:
S ={(x,y) eR?: x> +y2 =r?)
» polar coordinates:

X = rcos(¢)
{y = rsin(¢)

x% 4+ y2 = 1% = cos(¢)? + sin(¢)? = 1
¢ = arctan(y/x), x,y>0
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Plane R? with the |, metric

p—circle:
SP=1(x.y) €R®: xP +yP = rP)

Sl . T L Il
-10 -0.5 0.0 0.5 10
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» We expect the following identities:

{x = rcosp(e)
y = rsing(¢)

|cosp(9)IP + I sinp(¢)IP = 1
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» We expect the following identities:

{x = rcosp(e)
y = rsing(¢)

| cosp(¢)I” + Isinp(4)I° = 1

» Then we have
cosp(¢) = (1 —siny(¢)°)'P, x,y >0

with additional natural conditions:

d .
d_¢ sinp(¢) = cosp(¢)

¢ — 0 When (X, y) - (07 1 ) Tumny\iup\sfto
University of Turku
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Solving the previous differential equation, we get

X
1
arcsing(x) = ——dt, 0<x<1
P( ) j.g (1 _tp)1/p
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The Mitrinovi¢-Adamovié inequality

» For p € (1, ), the function

log(sinp(x)/x)
flx) = log copsp(x)

is strictly decreasing from (0, 7,/2) onto (0,1/(1 + p)).
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The Mitrinovi¢-Adamovié inequality

» For p € (1, ), the function

_log(sinp(x)/x)
~ log cosp(x)

is strictly decreasing from (0, 7,/2) onto (0,1/(1 + p)).
> In particular, for all p € (1,00) and x € (0,7,/2),

(2.1) cosp(x)* < sin%(x) <1

with the best constant @ = 1/(1 + p).
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The Mitrinovi¢-Adamovié inequality

02F E\-m
E@E
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The Lazarevi¢ inequality

» For p € (1, ), the function

log(sinhp(x)/x)
fix) = log cosphp(x)

is strictly increasing from (0, o) onto (1/(1 + p), 1).
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The Lazarevi¢ inequality

» For p € (1, ), the function

log(sinhp(x)/x)
fix) = log cosphp(x)

is strictly increasing from (0, o) onto (1/(1 + p), 1).
» In particular, for all p € (1, 0) and x € (0, ),

sinhp(x)

(2.2) coshp(X)* < < coshp(x)°

with the best constants @ = 1/(1 + p) and 8 = 1.
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The Lazarevi¢ inequality

20
60 - /
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- |
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Huygens-type inequalities (1)

Let p > 1. Then the following inequalities hold

sinp(x)

- b 29
(2.3) (p+1) " +cosp(x)>p+2 for x € (0,7p/2)
and

inhy(x
24 (p+1)2 p(X) >p+2 for x>D0.

x coshp(x)
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Proof: AG inequality: ta+ (1 —-1)b > alb'!.
Putt=(p+1)/(p+2), a=sinpg(x)/x, b =1/cosp(x)
Combine the left side of (2.1).

sinp(x) 1
(p+1) x cosp(x) g
sin,(x) (P 1/(P+2) 1 \(p+2)
2 2.
L B A
O
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Huygens type inequalities (2)

For p > 1, the following inequalities hold

sing(x tanp(x
(2.5) P X”()+ ‘;()>1+p,

and

p sinhp(x) N tanhp(x)

(2.6) X

>1+p,

T

p

0<x<—,
2

x> 0.
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Wilker-type inequality

» Forp>1and x >0,

(2.7)

|

X

Xiaohui Zhang

sinhp(x) )p N

tanh,(x
o) _,
X
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Wilker-type inequality

» Forp>1andx > 0,

sinh,(x)\° tanh,(x
L) it

(2.7) (

X

» Proof: Bernoulli inequality: fora > 1 andt > 0,
(1+1t)2>1+at.
Setting t = sinhp(x)/x — 1 and a = p, and then
combining the inequality (2.6), we have
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Cusa-Huygens-type inequalities (1)

For x € (0,7,/2],

sinp(x) B cosp(x) +p - cosp(x) + 2
X 1+p 3

,if pe(1,2]

sinp(x) . p — 1+ cosp(x) . 1 4 cosp(x)

j 2, ).
" b 5 if p €[2,00)
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Cusa-Huygens-type inequalities (1)
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Cusa-Huygens-type inequalities (1)
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Cusa-Huygens-type inequalities (2)

For all x > 0,

sinhp(x) B coshp(x) +p

if 1,2],
" i p , ifpe(1,2]

sinh,(x cosh,(x) + 2
p < p

if 2, 00).
" 3 , Ifpe[2,0)
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Cusa-Huygens-type inequalities (2)
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Cusa-Huygens-type inequalities (2)
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Cusa-Huygens-type inequalities (3)

For p € [2,00) and x € (0,71,/2),

sinhp(x) - 3
X 2 + cosp(x)
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Tool of proof: 'H6pital Monotone Rule [AVV]

Let —0o <a < b <oo,andletf,g: [a,b] —» R be continuous
functions that are differentiable on (a, b), with

f(a) = g(a) =0or f(b) = g(b) = 0. Assume that g’(x) # 0
for each x € (a,b). If f'/g’ is increasing (decreasing) on
(a,b), then sois f/g.
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