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Abstract

This PhD thesis in Mathematics belongs to the field of Geometric Function The-
ory. The thesis consists of four original papers. The topic studied deals with quasi-
conformal mappings and their distortion theory in Euclidean n-dimensional spaces.
This theory has its roots in the pioneering papers of F. W. Gehring and J. Vaisala
published in the early 1960’s and it has been studied by many mathematicians
thereafter.

In the first paper we refine the known bounds for the so-called Mori constant and
also estimate the distortion in the hyperbolic metric.

The second paper deals with radial functions which are simple examples of qua-
siconformal mappings. These radial functions lead us to the study of the so-called
p-angular distance which has been studied recently e.g. by L. Maligranda and S.
Dragomir.

In the third paper we study a class of functions of a real variable studied by P.
Lindqvist in an influential paper. This leads one to study parametrized analogues
of classical trigonometric and hyperbolic functions which for the parameter value
p = 2 coincide with the classical functions. Gaussian hypergeometric functions have
an important role in the study of these special functions. Several new inequalities
and identities involving p-analogues of these functions are also given.

In the fourth paper we study the generalized complete elliptic integrals, modular
functions and some related functions. We find the upper and lower bounds of these
functions, and those bounds are given in a simple form. This theory has a long
history which goes back two centuries and includes names such as A. M. Legendre,
C. Jacobi, C. F. Gauss. Modular functions also occur in the study of quasiconformal
mappings.

Conformal invariants, such as the modulus of a curve family, are often applied
in quasiconformal mapping theory. The invariants can be sometimes expressed in
terms of special conformal mappings. This fact explains why special functions often
occur in this theory.
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1. INTRODUCTION

Classical Analysis is a very wide area of contemporary mathematics and the topics
of the papers I-IV may be specified by saying that papers I and II are motivated by
geometric function theory whereas papers IIT and IV deal mainly with mathematical
special functions.

We will now make some remarks about the history of these two topics from the
point of view of this thesis and list some of the key references. A survey of the topics
of geometric function theory discussed below is given in several recent papers, see e.g.
F.W. Gehring [19] and M. Vuorinen [32]. The basic references are the monographs of
Lehto and Virtanen [26], Vaisdla [31] and Vuorinen [33]. The handbook of Kiithnau
[25] provides a collection surveys of dealing with geometric function theory and
quasiconformal mappings in particular. For the theory of special functions our
main reference is the monograph of Anderson, Vamanamurthy and Vuorinen [9]
and for the most recent results the papers [8], [10].

In the early 1960’s, F. W. Gehring and J. Viiséla originated the theory of qua-
siconformal mappings in the Euclidean n-space. Their work generalized the theory
of quasiconformal mappings in the plane due to H. Grotzsch 1928, O. Teichmiiller
in the period 1938-44, and L. Bers, L. V. Ahlfors from the early 1950’s.

The study of extremal problems of geometric function theory leads to the study
of the special functions that have crucial role in the distortion theory of two-
dimensional quasiconformal mappings. Conformal invariants can often be closely
associated with particular conformal mappings. This leads to the connection be-
tween conformal invariants and special functions, expressed in terms of a conformal
mapping of the upper half plane onto a rectangle.

Quasiconformal maps are parametrized by a number K > 1, the maximal dilata-
tion, which roughly speaking measures how far the maps are from being conformal:
conformal maps are the special case K = 1. Because quasiconformal maps are dif-
ferentiable almost everywhere, off a set Z of a measure zero, the local behavior of
the mapping at the points of Z is of particular importance. Another problem of
particular importance is to study the closeness of quasiconformal maps to conformal
maps. For the study of these two topics special functions have an important role as
we will see in this thesis, for instance in papers I and II.

2. MORI’S THEOREM

Many authors have proved distortion theorems for quasiconformal and quasiregu-
lar mappings in the plane or in the Euclidean n-space, which deal with the estimates
for the modulus of continuity and the ways distances between points are changed un-
der these mappings. The Holder continuity, the counterpart of the Schwarz lemma
for quasiconformal mappings and Mori’s theorem are some of the important exam-
ples. A. Mori [30] gave a result, known as Mori’s theorem. He showed that if f is a
K-quasiconformal mapping of the unit disk B? onto itself with f(0) = 0, then

|f(x) = f(y)] < 16|z —y|"*
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for all x,y € B2 Some weaker results of the same type had been proved earlier by
L. V. Ahlfors and M. A. Lavrentieff. In the case n = 3 F. W. Gehring [18, Theorem
14, p.387] proved that quasiconformal mappings are Holder-continuous. In 1988 this
problem was studied by G. D. Anderson and M. K. Vamanamurthy for the higher
dimensional case [6].

In the same year, R. Fehlmann and M. Vuorinen [16] studied the least constant
M (n, K) such that for every K-quasiconformal mapping f : B" — B" = f(B") with
f£(0) = 0 we have for all z,y € B"

(2.1) (@) — F)] < M(n, K|z — g, a=KY0,

They also found concrete upper bounds for M (n, K) and showed that M (n, K) — 1
when K — 1 unlike Mori’s constant 16 or the constant in [6]. On the other hand
as A. Mori pointed out [30], letting K — oo we see that the constant 16 cannot be
replaced by a smaller constant. P. Hésto [20] proved a counterpart of the Fehlmann-
Vuorinen result for the chordal metric.

A domain D in R" is called a ring domain or, briefly, a ring, if R" \ D consists
of two components Cy and Cj, and it is denoted by R(Cy, Cy). The Grotzsch ring
Rg(s), s > 1 is defined by

Ra(s) = R(B",[se1,00]), s>1.
The conformal modulus of the Grotzsch ring is denoted by
M, (r) = modR¢g,(1/r), 0<r<1

(see [9, (8.35)]). The capacity of the Grotzsch ring is denoted by 7, [33, (5.52)].
The Grotzsch ring constant A, is defined by

log A\, = 111%1 (M, (r) +logr)
r—U4

and \, € [4,2e" 1) Ny =4, [4], [33, p.89].
The main results of this paper are

2.2. Theorem. (1) Forn >2,K > 1, let M(n, K) be as in (2.1). Then M(n, K) <
T(n,K)

T(n,K) =inf{h(t) : t > 1}, h(t)= 3+ N1 ro\20-e) ¢ > 1,
where a = KYO™ = 1/3 and N\, € [4,2¢" V), \y = 4, is the Gritzsch ring
constant [4], [33, p.89].

(2) There ezists a number Ky > 1 such that for oll K € (1, Ky) the function h
has a minimum at a point t; with t; > 1 and

1-a? — o’ aya—1\ B~
1) < = [ ST g (Y
o — o)
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Moreover, for 8 € (1, min{2, K;/™ V}) we have

h(ty) < 31-0%95(1-a) 5 <§\4//3 —a+ exp(W)) .

In particular, h(t;) — 1 when K — 1.

The hyperbolic metric p(z,y), z,y € B", of the unit ball is given by (cf. [24],
33])

2
thQ'O(m’y): |1’_?J| 2 — (1 — |212)(1 — ul?) .
T - TR PO CR

For n > 2 and K > 0, the distortion function ¢k, : [0,1] — [0, 1] defined by

1
@Kan@n) = _ )
Yo H (K ((1/7)))
and ¢, (0) =0, pxn(1) =1is a homeomorphism. We denote g2 = ¢k.

re(0,1),

2.3. Theorem. If f : B> — R? is a non-constant K-quasireqular mapping with
/B2 C B?, and p is the hyperbolic metric of B?, then
p(f(2), f(y)) < e(K) max{p(z,y), p(a,y)"*}
for all z,y € B* where ¢(K) = 2arth(¢x(thl)) and
K <u(K —1) 41 < log(ch(Karch(e))) < ¢(K) < v(K — 1)+ K

with u = arch(e)th(arch(e)) > 1.5412 and v = log(2(1 + /1 — 1/€?)) < 1.3507. In
particular, c(1) = 1.

The notation ch, th and arch, arth denote the hyperbolic cosine, tangent and
their inverse functions, respectively.

Observe that both Theorems 2.2 and 2.3 are asymptotically sharp when K — 1.
The proof of sharpness is based on inequalities for special functions.

3. NORM INEQUALITIES

A geometric generalization of the inner product spaces was given by Fréchet [17],
in 1935. It was proved by P. Jordan and J. von Neumann [23] that normed linear
spaces satisfying the parallelogram law. There are interesting norm inequalities
connected with characterizations of inner product spaces. In 1936, the concept of
angular distance

alz,y) =

r oy '
[yl

between nonzero elements x and y in the normed space was introduced by J. A.
Clarkson [13]. In 2006, L. Maligranda considered the p-angular distance

x

, peR

y
ap(z,y) = | —|zl” - aly\p

|
as a generalization of the concept of angular distance. He proved in [29, Theorem
2] the following theorem in the context of normed spaces.

]
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3.1. Theorem.
(2 o )|£L' - 7J| max{|x|p, |y|p}

if p€(-00,0) and wx,y+#0;
max{|z|, |y}

ap(T,y) < (g_p)(max{"”";'_ |Z,|})1—p if pel0,1] and z,y#0;

p (max{|z|, [y[})* |z —y| if p € (1,00).

Thereafter, S. S. Dragomir [14] proved in 2009 the following upper bound for the
p-angular distance for nonzero vectors x,y. Numerical tests reported in paper II
show that sometimes his bounds are better than those in Theorem 3.1.

3.2. Theorem.
|z — yl(max{|z|, [y|})P~" + [|=[*~! — |y[*~! | min{|z], [y|}
if pe(l,00);
|x — y| 1-p 1-p : |x|p ’y|p
et = W fin { 7155

ap(z,y) < @'(}nmp{ |g|[’0|7yH? 7

[z —y| 1 i
(minf{|z|, [y|})'?  max{|z|P|y|'P, [y|-P|z]' P}
'L.f pe (_0070)

Studying sharp constants connected to the p-Laplace operator J. Bystrom [12,
Lemma 3.3] proved in 2005 the following result.

3.3. Theorem. Forp € (0,1) and x,y € R™, we have
ap(z,y) <277l -yl
with equality for x = —y .
We define the function

[l if e <
A ={ [y S0

for a,b > 0, x € R™. The following are the main results of the paper II.
3.4. Theorem. Let 0 < a <1<b and
C(a,b) = sup Q(z,y),

|z|<lyl

where
[A(z) — Aly)|

Q(x»y)zm, x,y € R"\ {0} with x #vy,
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and
x
z = —(lz[+ |z —yl).
]
Then
Cl(a,b) = T and iliq C(a,b) = 1.

3.5. Theorem. For all z,y € R" and p € (0,1)
ap(r,y) < [Apsp(®) = Ap1/p(y)]

and furthermore, if |x| < |y|, we have also

2
(3.6) ap(,y) < [Apayp(x) = Apsp(y)| < 3;,,7_1|Ap’1/p(17) = Ay /p(2)]

where z is as in Theorem 3.4.

Computer tests reported in paper II shows that none of the above bounds in
Theorem 3.1-3.3 and 3.5 for a,(z,y) is better than others. In some cases our bound
(3.6) is better than the bounds in Theorems 3.1-3.3.

4. EIGENFUNCTIONS

An eigenfunction of a linear operator A, defined on some function space is any
nonzero function f in that space which returns from the operator exactly as is,
except for a multiplicative scaling factor. A complete set of eigenfunctions is in-
troduced within the Riemann-Hilbert formation for spectral problems associated to
some solvable nonlinear evolution equations. The eigenfunctions of one dimensional
p-Laplacian operator

{ —(J () P72 ()" = Au(z) P~2u(z),
)=0

u(0 , u(m) =0, 0<z<m,

are of the form
sin,(z), sin,(2z), sin,(3z),...,

where 7, = 27/(psin(m/p)) and sin, is the inverse function of arcsin, to be defined
below. In a highly cited paper P. Lindqvist [27] studied in 1995 these eigenfunc-
tions and introduced the generalization form of the trigonometric and hyperbolic
functions. With J. Peetre [28] he also studied the generalization of Euclidean dis-
tance, which is called p-distance(length). Recently P. J. Bushell and D. E. Edmunds
studied these p-analogues functions and introduced many relations [11].

Given complex numbers a,b and ¢ with ¢ # 0,—1,—2,..., the Gaussian hyper-
geometric function is the analytic continuation to the slit place C \ [1,00) of the
series
(a,n)(b,n) 2"

F(a,b;c;z) = oFi(a,b;¢;2) = Z e

n=0

, |z] < 1.
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Here (a,0) = 1 for a # 0, and (a,n) is the shifted factorial function or the Appell
symbol
(a,n) =ala+1)(a+2)---(a+n—1)
forn e Z,.
We consider the following homeomorphisms

sin,, : (0,a,) — I, cos, : (0,a,) — I, tan, : (0,b,) — I,
sinh,, : (0,¢,) — I, tanh, : (0,00) — I,
where I = (0,1) and

1 1 1 11 11
=T (0 () (L)) e (L 1Y
2 2p 2p 2p P D p 2
1\ 1 11
Cp:<2> F(l,p;1+p;2>.

For = € I, their inverse functions are defined as

* 11 1
arcsin, = /(1—tp)_1/pdt=93F<,;1+;a:P)
0 pp P

1
= x(l_l,p)(pfl)/pp (1,1;14—;:1:”) ’
p
- B 11
arctan, r = (L+t") " dt=aF (1, 1+——a" ),
0 p p
) ® —1/p 11 1 »
arsinh, x = (I +7)"Pdt =2l | —, =1+ = —a? |,
0 pp p

r 1 1
artanh,z = / (1—t")ldt = zF (1,;14—;3:”) ,
0 p p

and by [11, Prop 2.2] arccos, z = arcsin,((1 — 27)1/?). For the particular case p = 2
one obtains the familiar elementary functions [9, 1.20].
Some of the main results of this paper read as follows

4.1. Theorem. Forp > 1 and xz € (0,1), we have

P us
(1) (1 + ) T < arcsin,r < — 1,
p(1+p) 2
1 — P
2) (1 + p(lfp)) (1 — 2?)V? < arccos, = < % (1 — a?)Y,

1 14 P p p\ /P
(3) (p(1+p)(1 + 27) 1++91€/ )z < arctan, z < 2Y7 b, ’ .
p(1+p)(1 +zr)t+1/p 14 ar

4.2. Theorem. For p > 1 and z € (0,1), we have

P 1/p
(1) = (1 i log(ll—::cp)> < arsinh,z < z (1 + %log(l +1;P)> , 2= (1 f_ ;rp> 7
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(2) (1 - ﬁlog(l - x”)) < artanh,z < (l - %log(l - xp)> .

5. GENERALIZED COMPLETE ELLIPTIC INTEGRALS

In 1655, John Wallis first used the term “hypergeometric series”. L. Euler studied
hypergeometric series, but the first full systematic treatment was given by J. C. F.
Gauss in 1813. Gauss hypergeometric function F'(a,b;c;z) is a special function
represented by the hypergeometric series. The investigation of integral addition
theorems introduced the discovery of elliptic functions. An addition theorem for a
function f is a formula expressing f(u+wv) in terms of f(u) and f(v). A. M. Legendre
investigated elliptic integrals, he showed that integrations of the elliptic integral
[ R(t)/\/P(t) dt, where R(t) is a rational function of ¢ and P(t) is a polynomial of
fourth degree, can be reduced to the integration of the three integrals

/ dx / 22 dx / dx

V1—221 = 222 V1— 221 — 222 (xfa)\/lfﬁx/lfl?ﬁ’

which he called the elliptic integrals of the first, second, and third kinds, respectively.
The study of the elliptic integrals of the first kind introduces several special

functions. In [5], [21], these special functions are generalized, and many results are

given there. We introduce some notation here. For 0 < a < 1/2 and a,r € (0,1),

the generalized elliptic integrals are defined by

T

5

with Xy = X and &/ = €. The decreasing homeomorphism g, : (0,1) — (0, 00)

is defined by

Ka(r) = gF(a,l —a;l;rQ), &a(r) =

_ T Ka(r')
2 sin(ma) Kq(r)

(5.1) pa(r)

for r € (0,1) and r' = /1 —r2.

H. Alzer and S.-L. Qiu have given the following bounds for X in [3, Theorem 18]
7 (artanh(r)\** 7 (artanh(r)
2 G ke 4 L (ke VAR
(5.2) 5 ( . ) < K(r) < 5 .

In the following theorem we generalize their result. For the case a = 1/2 our
upper bound is better than their bound.

5.3. Theorem. Forp >2 and r € (0,1), we have

7 (artanh,(r)\ /> T p—1 9
2<p> < 3 1— = log(1 — 7?)

r

< x(r) < <1 - leog(l r2)> 7

2o

where a = 1/p and 7, = 2w /(psin(n/p)), see [27].
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5.4. Theorem. The function f(x) = 1/%,(1/cosh(x)) is increasing and concave
from (0,00) onto (0,2/m). In particular,

Ka(r) Kals) 2%a(r) Ka(s) 2 Ka(r) Ka(s)
Ka(rs/(1+1's")) S Kalr) + Kals) < Ko(\/r8/(L+715+71'5") = Ka(rs)

for allr;s € (0,1), with equality in the third inequality if and only if r = s.

5.5. Theorem. Forp > 2 and r € (0,1), let

m\2 (p* — (p—1)logr? P2 pm, — 2log r?
l == 2 = — p .
(1) ( 2 ) ( pm, —2logr’? and - uy(r) (2) p?—(p—1)logr?
(1) The following inequalities hold
Lp(r) < pa(r) < uy(r),

where a = 1/p.
(2) For p =2 we have

ug(r) < %lg(r).

6. CONCLUSIONS AND OPEN PROBLEMS

The study of quasiconformal mappings in paper II and IV shows that conformal
invariants together with special functions provide a powerful tool when examining
the case when mappings have a small maximal dilatation K > 1. It is natural to
expect that further progress is possible using this approach. This research has led
to several open problems and we list here some of them.

1. What is the sharpest constant for the Theorem 2.3 [I, Theorem 1.10] in the
higher dimensional case?

2. Do there exist analogues of addition formulas for the p-functions e.g. in the
form of an inequality?

3. Let [,,(r) and u,(r) be as in Theorem 5.5. Is it is true that u,(r) < (4/m,)l,(r)?
For p = 2 see [IV, Theorem 1.9].

Also the publications [5], [9] and IV list a few open problems.
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ON MORI'S THEOREM FOR
QUASICONFORMAL MAPS IN THE n-SPACE

IN MEMORIAM: M. K. VAMANAMURTHY, 5 SEPTEMBER 1934 — 6 APRIL 2009

ABSTRACT. R. Fehlmann and M. Vuorinen proved in 1988 that Mori’s constant
M(n, K) for K-quasiconformal maps of the unit ball in R™ onto itself keeping
the origin fixed satisfies M (n, K) — 1 when K — 1. We give here an alternative
proof of this fact, with a quantitative upper bound for the constant in terms of
elementary functions. Our proof is based on a refinement of a method due to
G. D. Anderson and M. K. Vamanamurthy. We also give an explicit version of the
Schwarz lemma for quasiconformal self-maps of the unit disk. Some experimental
results are provided to compare the various bounds for the Mori constant when
n=2.

1. INTRODUCTION

Distortion theory of quasiconformal and quasiregular mappings in the Euclidean
n-space R™ deals with estimates for the modulus of continuity and change of dis-
tances under these mappings. Some of the examples are the Holder continuity, the
quasiconformal counterpart of the Schwarz lemma, and Mori’s theorem. The inves-
tigation of these topics started in the early 1950’s for the case n = 2 and ten years
later for the case n > 3. Many authors have contributed to the distortion theory,
for some historical remarks see [Vul, 11.50].

As in [FV] we define Mori’s constant M (n, K) in the following way. Let QCk, K >
1, stand for the family of all K-quasiconformal maps of the unit ball B onto itself
keeping the origin fixed. Note that it is well known that an element in the set
QCk can be extended by reflection to a K-quasiconformal map of the whole space
R" = R" U {o0} onto itself keeping the point co fixed. Then for all K > 1, n > 2,
there exists a least constant M (n, K) > 1 such that

(1.1) (@) = fW)] < M(n, K)lz —y|*, a=KY0,
for all f € QCk and z,y € B" (see [FV]).

In 1954, L. V. Ahlfors [A1] proved that M (2, K) < 125 and this property was
refined by A. Mori [Mo] in 1956 to the effect that M (2, K') < 16, and 16 cannot be

replaced by a smaller constant independent of K . This result can also be found in
[A2], [FM], and [LV]. On the other hand the trivial observation that 16 fails to be

2000 Mathematics Subject Classification. Primary 30C65.
Key words and phrases. Quasiconformal mappings, Holder continuity.
1
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a sharp constant for K = 1 led to the following conjecture, which is still open in
2009.

1.2. The Mori Conjecture. M (2, K) = 16'~V/K.

O. Lehto and K. I. Virtanen demonstrated in 1973 [LV, pp. 68] that M (2, K) >
16'~Y/% (this lower bound was not given in the 1965 German edition of the book).
It is natural to expect that for a fixed n > 2, M(n,K) — 1 when K — 1 and
this convergence result with an explicit upper bound for M (n, K) was proved by
R. Fehlmann and M. Vuorinen [FV]. A counterpart of this result for the chordal
metric was proved recently by P. Hésto in [HJ.

1.3. Theorem. [FV, Theorem 1.3] Let f be a K -quasiconformal mapping of B™ onto
B", n>2, f(0)=0. Then

(1.4) [f(@) = fW)l < M(n, K|z — y|*
for all x,y € B™ where o = KU~ and the constant M(n, K) has the following
three properties:

(1) M(n,K) — 1 as K — 1, uniformly in n,

(2) M(n, K) remains bounded for fized K and varying n ,

(3) M(n, K) remains bounded for fixzed n and varying K.

For n = 2, the first majorants with the convergence property in 1.3(1) were
proved only in the mid 1980s and for n > 3 in [FV]. In [FV] a survey of the
various known bounds for M (n, K) when n > 2 can be found — that survey reflects
what was known at the time of publication of [FV]. Some earlier results on Holder
continuity had been proved in [G], [MRV], [R], [S]. Step by step the bound for
Mori’s constant was reduced during the past twenty years. As far as we know, the
best upper bound known today for n = 2 is M (2, K) < 46'~'/% due to S.-L. Qiu [Q]
(1997). Refining the parallel work [FV], G. D. Anderson and M. K. Vamanamurthy
proved the following theorem in [AV].

1.5. Theorem. Forn >2 K > 1,
M(n, K) < 4X20-)

where a = KY(=) and \, € [4,2e"™Y), Ay = 4, is the Gritzsch ring constant [AN],
[Vul, p.89].

The first main result of this paper is Theorem 1.6 which improves on Theorem
1.5.

1.6. Theorem. (1) Forn>2,K >1, M(n,K) <T(n, K),
(1.7)  T(n,K)=if{h(t): t > 1}, h(t) =@+ oN20-0) ¢ > 1

where o = K=" = 1/3 and \, is as in Theorem 1.5.
(2) There exists a number K; > 1 such that for all K € (1, K;) the function h
has a minimum at a point t; with t; > 1, and
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(1.8)

—a? — o? a)a— B—a
T(n, K) < hit:) = [i”f“’x o () ] o)

Moreover, for f € (1, min{2, Kll/("_l)}) we have

(1.9) h(ty) < 31707 950—a) o (;’\4/5 —a+exp(y/f? — 1)) .

In particular, h(t;) — 1 when K — 1.

The last statement shows that Theorem 1.6 is better than the result of Anderson
and Vamanamurthy, Theorem 1.5, at least for values of K close to the critical value
1, because the constant of Theorem 1.5 satisfies 4)\121(170‘) > 4.

The main method of our proof is to replace the argument of Anderson and Va-
manamurthy by a more refined inequality from [Vu2] and to introduce an additional
parameter (¢ in the above theorem) which will be chosen in an optimal way. The
fact that this refined inequality is essentially sharp for values of ¢ large enough, was
recently proved by V. Heikkala and M. Vuorinen in [HV]. This gave us a hint that
the inequality from [Vu2] might lead to an improvement of the results in [AV]. For
the case n = 2 a numerical comparison of our bound (1.8) to Mori’s conjectured
bound, to the bound in Theorem 1.5 and to the bound in [FV] is presented in tabular
and graphical form at the end of the paper.

We conclude this paper by discussing the Schwarz lemma for plane quasiconformal
self-mappings of the unit disk, formulated in terms of the hyperbolic metric. The
long history of this result is summarized in [Vul, p.152, 11.50]. An up-to-date form
of the Schwarz lemma was given in [Vul, Theorem 11.2] and it will be stated for
convenient reference also below as Theorem 4.4. A particular case, formula (4.6),
was rediscovered by D. B. A. Epstein, A. Marden and V. Markovic [EMM, Thm
5.1].

We use the notations ch, th, arch and arth as in [Vul], to denote the hyperbolic
cosine, tangent and their inverse functions, respectively. The second main result
of this paper is an explicit form of the Schwarz lemma for quasiregular mappings,
Theorem 1.10. We believe that in this simple form the result is new and perhaps of
independent interest. The constant ¢(K) below involves the transcendental function
¢k defined in Section 4.

1.10. Theorem. If f : B?> — R? is a non-constant K -quasireqular mapping with
fB2 C B?, and p is the hyperbolic metric of B%, then

p(f (). f(y)) < e(K) max{p(,y). p(z,y)""}
for all z,y € B* where ¢(K) = 2arth(pk (th)) and
K <u(K —1)+1 <log(ch(Karch(e))) < ¢(K) <v(K —1)+ K
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with u = arch(e)th(arch(e)) > 1.5412 and v = log(2(1 + /1 — 1/€2)) < 1.3507. In
particular, c(1) = 1.

ACKNOWLEDGMENTS. The first author is indebted to the Graduate School of
Mathematical Analysis and its Applications for support. Both authors wish to
acknowledge the kind help of Prof. G. D. Anderson in the proof of Lemma 4.8, the
valuable help of the referee for the improvement of the manuscript, as well as the
expert help of Dr. H. Ruskeepiii in the use of Mathematica® [Rul.

2. THE MAIN RESULTS

We shall follow here the standard notation and terminology for K-quasiconformal
and K-quasiregular mappings in the Euclidean n-space R™ | see e.g. [V], [Vul]. We
also recall some basic notation. For the modulus M(T') of a curve family I' and its
basic properties see [V] and [Vul].

Let D and D’ be domains in Rn, K >1,andlet f : D — D' be a homeomorphism.
Then f is K-quasiconformal if

M(D)/K < M(fT) < KM(T)

for every curve family I in D [V].

For subsets £, F, D C R" we denote by A(FE, F'; D) the family of all curves joining
E and F' in D. For brevity we write A(E, F) = A(E, F;R"). A ring is a domain
in R™, whose complement consists of two compact and connected sets. If these sets
are E and F, then the ring is denoted by R(E, F'). The capacity of a ring R(E, F')
is

capR(E,F) = M(A(E, F)).
The complementary components of the Grétzsch ring R ,,(s) are B" and [se1,00], 5 >
1, while those of the Teichmiiller ring Ry, (t) are [—eq,0] and [te;, 00],t > 0. The
conformal capacities of Rg ,(s) and Ry, (t) are denoted by

Ya(s) = M(AB", [ser, o0])),

TH(t) = M(A([_elv 0]) [tel’ OO])) )
respectively. Here 7, : (1,00) — (0,00) and 7, : (0,00) — (0,00) are decreasing
homeomorphisms and they satisfy the fundamental identity

(2.1) n(s) =21 (s = 1), t>1,
see e.g. [Vul, 5.53].

For n > 2 and K > 0, the distortion function ¢k, : [0, 1] — [0, 1] is a homeomor-
phism. It is defined by

(2.2) prenll) = ———

AL
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and ¢ ,(0) =0, pgn(l)=1.Forn>2 K >1land 0<r <1
(2.3) Ora(r) <AL a= KV

(2.4) S01/K,n(7") > Ayll*ﬁrﬁ’ 8= Kl/(nfl)7
by [Vul, Theorem 7.47] and where )\, > 4 is as in Theorem 1.5.

2.5. Lemma. Suppose that f : B" — B" is a K-quasiconformal mapping with
fB* =B", f(0) =0, and let h: R" — R" be the inversion h(z) = x/|z|?, h(co) =
0,h(0) = oo, and define g : R" — R" by g(z) = f(x) for z € B*, g(z) = h(f(h(z)))
for € R\ B" and g(x) = lim._, f(z) for z € B", g(cx) = co. Then g is a
K -quasiconformal mapping, and we have for x € B"

(2.6) er/rallz)) < [f(2)] < ern(le]).
Forz ¢ R"\ B"
(2.7) okn(1/]z]) < lg(@)] < 1/eykn(l/]z]).

Proof. Tt is well-known that the above definition defines g as a K-quasiconformal
homeomorphism. The formula (2.6) is well-known (see [AVV2, Theorem 4.2]) and
(2.7) follows easily. O

2.8. Lemma. [Vul, Lemma 7.35] Let R = R(E, F) be a ring in R" and let a,b €
E, ¢,d € F be distinct points. Then

la —¢||b — d|
R=MANEF)>71|+—r——].
Cap ( ( ) ))—T <|ab|cd|
Equality holds if b = tie1,a = tger, c = tzeq,d = tyeq and t1 < to < t3 < 1y4.

We consider Teichmiiller’s extremal problem, which will be used to provide a key
estimate in what follows. For z € R™\ {0,e;},n > 2, define

pal) = inf M(A(E, F))

where the infimum is taken over all the pairs of continua E and F in R" with
0,e; € E and x,00 € F. Note that Lemma 2.8 gives the lower bound for p,(z) in
Lemma 2.9.

2.9. Lemma. [Vu2, Theorem 1.5] For z € R",|z| > 1, the following inequalities
hold:

Ta([2]) = Pa(=12le1) < pu(2) < pullzler) = m(l2] = 1)
where p,(2) is the Teichmailler function. Furthermore, for z € R™\ [0,e,], there
exists a circular arc E with 0,ey € E and a ray F with z,00 € F such that

(2.10) pa(2) < M(A(E, F)) < 7, <|Z| tHe—al- 1)

with equality for both z = —sey, s > 0, and for z = sey,s > 1.
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2.11. Notation. For t > 0, x,y € B", we write

D(t,z,y) = x+t% if y#£0, D(tz,0)=|z+el.
By the triangle inequality we have
(2.12) t—|z| < D(t,x,y) <t+ |x|.

2.13. Theorem. Forn > 2, K > 1, let f : R" — R" be a K -quasiconformal
mapping, with fB" = B", f(0) =0 and f(oc0) = co. Then fort > 1, x,y € B*\{0},
we have

r— 1/2
F@)~ ) <3+@1/K,n<1/t>1)¢§<1n<<2lyl> )

s1+ |z =yl

IN

2|£L' - y| > , a = Kl/(l—n) — 1/5’
s1+ |z —y|

where s; = max{a,b},a =t + |z| + D(t,y,z),b=1t+ |y| + D(t,z,y).

IA

(3 4 A1) \20-e) <

Proof. Let T be the family A(F, F') and let E and F' be connected sets as in Lemma
2.9 with 2,y € E, 2,00 € F, where z = —tz/|z| and I = f(I'). By Lemma 2.8 and
(2.10), we have

1f(2) = f(@)] , .
" (f(z) —f(y)l) < M([') < KM(T) < Kma(u—1),

O ek el el ol |
2|z -y

The basic identity (2.1) yields

()~ fW)+ @) = T 2
21 ”(( ) )SK%(” )

e (el Dty @) + e — g\
o 20z |

Applying v, ! to (2.14) we have

1) — )+ 1F@) = F@) - [ axle=s\"\Y) _,
F(@) — ()] - (”" <K”" (( 20z —y] ) ))) o
Because fB™ = B", by (2.6) and (2.4) we know that

1f(2) = F)+ £ (@) = FW)] <34 @rymn(1/t)7 <3+ ATV,

F(@) - F) F(@) - F) )
5t pumn (LT = G = f) + @) = F)] =

(2.15)
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Bn

F1GURE 1. Geometrical meaning of the proof of Theorem 2.13.

also
1y, .2 2[z —y| 2
- < 1/t)~ —_—
1@ =10 < B+ a1/ ek | ()
< (34 ABDB)21-0) ( 2|z —y| )a
- ! ! a+ |z —yl|

by inequalities (2.2) and (2.3). Exchanging the roles of  and y we see that

A

’ s1+ |z —y|

r— 1/2
[f(@) = fly)] < (3+<,01/K,n(1/t)-1)¢§(n<<2|y|> )

IN

(3+)\([3—1)tﬂ))\2(1—a) < 2|1’—y| > )
" " s1+ [z =y

Setting ¢t = 1, we get the following corollary.
2.16. Corollary. Forn > 2,K > 1, let f : R" — R" be a K-quasiconformal
mapping, with fB" =B", f(0) =0 and f(c0) = co. Then for all x,y € B"\ {0},

. 2(1—a) 2|z —y| )a
)~ f) < oo (52

where a = K™ and s = max{a, b},a = 1+|z|+D(1,y,2),b = 1+|y|+D(1,2,y).

Proof. The proof is similar to the above proof except that here we consider the
particular case t = 1. Because fB™ = B", we know that |f(z)—f(v)|+|f(z)—f(y)| <
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4,
[f(x) = fy)] [f(x) = fy)]
4 G = FWl+ (@) = fy)l
1

(e ()
40k n ((M)I/Q>

4/\2(1a)< 2‘$—y| )a
" a+ |z —yl

by inequalities (2.2) and (2.3). Exchanging the roles of x and y we get

. 2|z —y| “
If(z) = f(y)] < 4>‘721(1 : <max{a, b} + |z — y|> .

or

IN

[f(x) = f(y)l

IN

2.17. Corollary. Forn > 2, K > 1,t > 1, let f be as in Theorem 2.13. Then

B—1)48 — 2|x —y| @
2.18 T < (3+ )\; 1)t )\i(l @) < ) :

for all z,y € B",

_ B-1,8Y y2(1-a) [z — | ’
(2.19) [f(@) = Fy)l < B+ AT )X, <max{t+|x|,t+y|}) ’

for all z,y € B", and

(2200 |f(2)— f)] < 3+ APV (mﬁaf'-ym) |

if D(t,y,x) > t+|z|, z,y € B™

Proof. Inequality (2.18) follows because by (2.11) D(t,y,z) > t—|y| and D(¢,z,y) >
t — |z| for z,y € B™, and hence, in the notation of Theorem 2.13,

s1 > max{2t + |z| — [yl 2 + [y| =[]} = 2t + [|=] — |y]].
It is also clear that D(t,y,z) >t + |x| — | — y|, and this implies that
s1 2 max{2(t + |z) — [z —y[, 2 + |y]) — |z — y|} = 2max{t + ||, t + [y|} — [z —y|

and hence the inequality (2.19) follows. In the case of (2.20) we have D(t,y,z) >
t + |z| and see that, in the notation of Corollary 2.16, s > 2(¢t + |z|) and (2.20)
holds. (]
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2.21. Corollary. Forn > 2, K > 1, let f be as in Theorem 2.13. Then

B 2(1-a) 2|.’I,' —y| >a
(2.22) [f(2) = fy)] < 4N (2+|x|—|y||+|37_3/| 7

for all x,y € B™ \ {0}.

2.23. Remark. (1) In several of the above results we have supposed that z,y €
B" \ {0}. If one of the points z,y were equal to 0, then we would have a better
result from the Schwarz lemma estimate (4.7).

(2) Corollary 2.21 is an improvement of the Anderson-Vamanamurthy theorem
1.5.

3. COMPARISON WITH EARLIER BOUNDS

3.1. Proof of Theorem 1.6. (1) The inequality (1.7) follows easily from the
inequality (2.19).

(2) We see that the function  has a local minimum at t; = (3a)*\¢~ (3 —a) ™.
If t; > 1, then the inequality (2.19) yields the desired conclusion. The upper bound
for T'(n, K) follows by substituting the argument ¢; in the expression of h .

We next show that the value K; = 4/3 will do. Fix K € (1,K;). Then a =
KY(= >3/4 and a/(1 — a?) > 1.

Because A1 > 2V/K=1 K~ by [Vul, Lemma 7.50(1)], with d = (6/K)"% /2K we
have

t; = (3@)‘1/\2*1(6 —a)™ > (3/K)1/K21/K71K71 <1_aa2>a

_ <2r(K)1 _O‘a2>3/4 LK) = dY3)2.

It suffices to observe that ¢; > 1 certainly holds if 2r(K)(:%5) > 1 which holds for
a>1/(r(4/3)++/14+1r(4/3)?) = 0.53..., in particular, £; > 1 holds in the present
case a > 3/4.

For the proof of (1.9) we give the following inequalities

(3.2) Ae—o? < gall-a) o < gl-apea &>

(33) )\g—a _ )\?L-Q—l—l—a _ )\2(1—04)—0—1—0( _ )\%ﬁ+1)(1—0¢) < (21—04K>3, ﬂ c (172)7
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see [Vul, Lemma 7.50(1)]. The formula (1.8) for h(t;) has two terms. We estimate
separately each term as follows

317112 (6 _ a)a2 )\(17(12)\2(1704) - 3(17a)(1+a)2a(17a)22(170‘)}(2(ﬂ _ a)az Ko
aa2 n n — aaz
Lo AV a2 )P

< O2ZOTRG o,

= 7278 — ) K2K® exp(—a?log )

< 723 - a)“QKZK“eXp(—ozlogoz)

= 7278 — ) K% exp((log K — log a)a)
1

= 723 - a)“QKQeXp(<1+ 1logK> a)
n —

= 721_°‘(ﬂ—a)°‘2K2exp< nlalogK>
n_

by inequality (3.2), and

a)a— B-a
/\i(l—a)Ag—l <((3§) )‘n 1) _ )\i(l—a))\g—l ((305)05)%—1)5*01 (ﬁ B a)—a(ﬁ—oz)

_ a)a

IN

(217&K>2)\57(X ((Sa)a)\zfl)ﬂ—a (ﬁQB_ 1

(27K (3N, 4 (7 — 1)

(21 aK>23a(ﬁ a))\(ﬁ+1 )(1—a) exp <2 2\/ﬁ27>
317012(21701[() (21 aK) (B+1) eXp< \/627>

< 32K )P exp(v/B2 - 1),

here we assume that 5 € (1,2) which implies that o € (1/2,1). Also the inequalities
(K —1)"5=D < exp((2/e)V/K — 1) and (3.3) were used, and we get

(3.4) MMgPT( Ww+%ﬂwﬂm%@<m_w.

)a((ﬁ21)/ﬂ)

IN

IN

IN

Because (8 — a) € (0,2) this implies that 2(8 — «) € (0,1) and o? € (3,1) and
further (2(3 —a))®* < (3(3 — a))"/*, and ﬁnally

2 2 (2 A
G- <@ (3o-) i
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= (3/2)*Y/B—a < (3/2)4/6 - a.

Next we prove that
(3.5) 721 < gloegili-a) i
This inequality is equivalent to
22@-130-0)° < | s (1 —a)logd+ (1 —a)’log3 < log K .

This last inequality holds because the left hand side is negative. Now from (3.4)
and (3.5) we get the desired inequality (1.9). O

3.6. Graphical and numerical comparison of various bounds. The above
bounds involve the Grotzsch ring constant A,,, which is known only for n = 2, Ay =
4. Therefore only for n = 2 we can compute the values of the bounds. Solving
numerically the equation 4 - 165 = h(t,) for K we obtain K = 1.3089. We give
numerical and graphical comparison of the various bounds for the Mori constant.

Tabulation of the various upper bounds for Mori’s constant when n = 2 and
Ay = 4 as a function of K: (a) Mori’s conjectured bound 16'~/% (b) the Anderson-
Vamanamurthy bound 4-16'/% (c) the bound from (1.8). For K € (1,1.3089) the
upper bound in (1.8) is better than the Anderson-Vamanamurthy bound. Note that
the upper bound T'(n, K) < h(t;) in (1.8) is proved only for K € (1, K;), K; = 4/3.
We do not know whether it holds for larger values of K but just comparing the
values of h(t;) and the bound of Fehlmann and Vuorinen for K > 1.5946 we see
that h(t1) is the smaller one of these two. Numerical values of the [FV] bound given
in the table were computed with the help of the algorithm for ¢ »(r) attached with
[AVVI, p. 92, 439].

K | log(16" %) [ log(4 - 16'71/%) | log(FV) | log(h(t,))
1.1 0.2521 1.6384 0.7051 1.0188
1.2 0.4621 1.8484 1.2485 1.6058
1.3 0.6398 2.0261 1.7046 2.0107
14 0.7922 2.1785 2.0913 2.3061
1.5 0.9242 2.3105 2.4221 2.5296
1.6 1.0397 2.4260 2.7094 2.7031
1.7 1.1417 2.5280 2.9633 2.8409
1.8 1.2323 2.6186 3.1921 2.9521
1.9 1.3133 2.6996 3.4020 3.0433
2.0 1.3863 2.7726 3.5979 3.1192

Note that according to Theorem 1.6 the inequality (1.8) involving h(t;) holds for
K € (1, K;) where the number K; > 1 may be smaller than 2.

For graphing and tabulation purposes we use the logarithmic scale. Note that
the upper bound for M (2, K) given in [FV, Theorem 2.29] also has the desirable
property that it converges to 1 when K — 1, see Figure 3.
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4r
3! log (1(t1))_______—-
I -—’—————’///
, L2272 —Tlog (4+16~"YK)
lo]
L
’////
1 I 4/<//
= _— log (16¥7Y%)
"
1.0 1.2 1.4 1.6 1.8 2.0

FI1GURE 2. Graphical illustration of the various upper bounds for
Mori’s constant when n = 2 and Ay = 4 as a function of K: (a) Mori’s
conjectured bound 16'~/% (b) the Anderson-Vamanamurthy bound
4165 (c) the bound from (1.8), valid for K € (1,K,), K, =
4/3. For K € (1,1.3089) the upper bound in (1.8) is better than the
Anderson-Vamanamurthy bound.

3.7. Comparison of estimates for the Holder quotient. For a K-quasiconformal
mapping f : B" — fB" = B", we call the expression
HQ(f) = sup{|f(z) — f(W)|/lx —y|*: z,y €B", f(0) =0 = #y},

the Holder coefficient of f. Clearly HQ(f) < M(n, K). Theorem 2.13 yields, after
dividing the both sides of the inequality in 2.13 by |z — y|*, the upper bound
HQ(f) < HQ(K) for the Holder quotient with

(3.8) HQ(K) =sup{inf{U(t,z,y): t > 1}: z,y € B"},
Ult,z,y) = (3 1/t) 1) 2 —yl )Y 1
(t,z,y) = B+ oyrn(1/1) )Pk, <51+|x—y|> z gl

For n = 2 we compare HQ(K) to several other bounds (a) Mori’s conjectured
bound, (b) the FV bound, (¢) the AV bound and give the results as a table and
Figure 3. Because the supremum and infimum in (3.8) cannot be explicitly found
we use numerical methods that come with Mathematica software. For the numerical
tests we used for the supremum a sample of 100, 000 random pairs of points of the
unit disk.
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4,
//
"
2 L —-___————-
_—==""""log (h(t)
, ,:/
"
17 // ////
-/ oguas
) al
1.0 1.2 1.4 1.6 1.8 2.0

F1GurE 3. Graphical comparison of various bounds when n = 2 and
Ay = 4, as a function of K: (a) the bound from (1.8), valid for
K € (1,K;), Ky = 4/3, (b) the Fehlmann and Vuorinen bound [FV]
K21 22K73/K (K2 4 1)(K+1/K)/2
K?+1 (K2 —1)(K-1/K)/2

M(2,K) < <1—|—g01<72<

(¢) Qiu’s bound 46'~VX [Q].

K |log(16'Y%) [ log(4 - 16'1/5) | log(FV) | log(HQ(K))
1.1 0.2521 1.6384 0.7051 1.0171
1.2 0.4621 1.8484 1.2485 1.5940
1.3 0.6398 2.0261 1.7046 1.9712
14 0.7922 2.1785 2.0913 2.1668
1.5 0.9242 2.3105 2.4221 2.2928
1.6 1.0397 2.4260 2.7094 2.4003
1.7 1.1417 2.5280 2.9633 2.4922
1.8 1.2323 2.6186 3.1921 2.5706
1.9 1.3133 2.6996 3.4020 2.6371
2.0 1.3863 2.7726 3.5979 2.6934




14 ON MORI’'S THEOREM FOR QUASICONFORMAL MAPS

4
7 //
; log (iV)/
/// /w/*'/ﬂ
, o~ Tlog (HQ(K)
;// - o
oy - _— log (16 )
_—
1.0 | | 1.2 | | 14 | | 1.6 | | 1.8 | | 2.0
FIGURE 4. Graphical comparison of various bounds when n = 2

and Ay = 4, as a function of K: (a) the bound from (3.8), (b) the
Fehlmann and Vuorinen bound [FV]

K2 — 1\ qox_g/x (K2 + 1)EF/E)/2
_ /K
M(2,K) < (1 + ©PK.2 <K2 n 1>> 2 (K2 — 1)(K—1/K)/2

(c) the bound of the Mori conjecture. The bound (3.8) is based on a
simulation with 100,000 random pairs of points.

4. AN EXPLICIT FORM OF THE SCHWARZ LEMMA

Recall that the hyperbolic metric p(x,y), z,y € B", of the unit ball is given by
(cf. [KL], [Vul])

p(x,y) |x - y|2 2 2 2
4.1 th? = 2 =(1- 1— )

Next, we consider a decreasing homeomorphism x : (0,1) — (0, 00) defined by
om xX(r")

! dx
2 x(r)’ *(r) = /0 VI =221 —r2?)’

where X(r) is Legendre’s complete elliptic integral of the first kind and ' = /1 — r2,
for all r € (0,1).

The Hersch-Pfluger distortion function is an increasing homeomorphism g :
(0,1) — (0, 1) defined by setting

(4.3) pr(r)=p  (u(r)/K), re€(0,1), K>0.

(4.2) ()
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Note that with the notation of Section 2, v5(1/r) = 27/u(r) and ¢ (r) = @ra(r)
for r € (0,1).

4.4. Theorem. [Vul, 11.2] Let f : B® — R"™ be a nonconstant K -quasiregular
mapping with fB™ C B*, n > 2, and let « = K/~ Then

as) <o (a5 <o (w252

(4.6) p(f(@), f(y)) < K(p(z,y) +log4),
for all x,y € B™, where \, is the same constant as in (1.5). If f(0) =0, then
(4.7) (@) < A7)

for all x € B™.

In the case of quasiconformal mappings with n = 2 formulas (4.5) and (4.7) also
occur in [LV, p. 65] and formula (4.6) was rediscovered in [EMM, Theorem 5.1].
Comparing Theorem 4.4 to Theorem 1.10 we see that for n = 2 the expression
K(p(x,y) +log4) may be replaced with c(K) max{p(z,y), p(z,y)/*}, which tends
to 0 when x — y and to p(z,y) when K — 1, as expected.

4.8. Lemma. For K > 1 the function
2arth(gx (thy))
max{t,t'/K}

is monotone increasing on (0,1) and decreasing on (1,00) .
Proof. (1) Fix K > 1 and consider

F(t) = 2 arth(gz;K(th;)),
Let r = thi. Then ¢/2 = arth(r), and ¢ is an increasing function of r for 0 < r < 1.
Then

t>0.

Ft) = 2arth(ox (th)) _ arth(px(r))
t arth(r)
Then by [AVV1, Theorem 10.9(3)], F(r) is strictly decreasing from (0,1) onto
(K, 00). Hence f(t) is strictly decreasing from (0, 00) onto (K, c0).
(2) Next consider

= F(r).

2arth(p (ths))
g(t) = gk

and let r = thi. Then t = 2arth(r) and

2 arth(s) 217/ Karth(s)

90 = SR Garth )V~ (arth(r) U5 |
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where s = @k (r). We next apply [AVV1, Theorem 1.25]. We know - (arth(r)) =
1/(1—r?).
Writing " = v/1 — 12, s = /1 — s2, we obtain the quotient of the derivatives
1-1/K _2))ds 2 2 2
: 2 (1/(1 = 5%)5; _ 21_1/KK(arth(1"))1_1/K%i 88/2 9((5)2
% (arth(r))VE=1(1/(1 — r2) s2 K rr'2K(r)

1-1/K 1-1 KSjC(S)Z
2 /(arth(r)) /er(r)z

by [AVV1, appendix E(23)] and I'Hospital rule. By [AVV1, Lemma 10.7(3)], X(s)?/ %X(r)?
is increasing, since K > 1, (arth(r))'~'/¥ is increasing. Finally, s/r is increasing by
[AVV1, Theorem 1.25, E(23)]. So ¢(t) is increasing in ¢ on (0, 00).

(3) Fix K > 1. Clearly

VK for 0<t<1
1/K\ _ t or STS
max{t,t/"} = { t for 1<t<o0.

Thus
_ 2arth(px(thy))
© max{t, tV/K} 7
increases on (0, 1) and decreases on (1, 00). O

4.9. Proof of Theorem 1.10. The maximum value of the function considered in
Lemma 4.8 is ¢(K) = 2arth(pg(th})). The inequality now follows from Theorem
4.4. O

4.10. Bounds for the constant ¢(K). In order to give upper and lower bounds
for ¢(K) , we observe that the identity [AVV1, Theorem 10.5(2)] yields the following

formula
(1) = 2asth (i (11117 ) ) = 2aveh (1522000 )

1+1/e L+ ¢yx(l/e)

A simplification leads to

o(K) = —logpi/k(1/e).
Next, from the inequality ¢/ (r) > 2175 (1 + 7)1 5r K for K > 1,7 € (0,1) (cf.
[AVV1, Corollary 8.74(2)]) we get with v = log(2(1 + /1 — 1/e?)) < 1.3507

c(K) = —logyik(l/e) < —log (21*[((1 + \/m)lfKe*K)
= (K —1)+ K < 1.3507(K — 1) + K.

In order to estimate the constant ¢(K) from below we need an upper bound for
¢1/k,2(r), K > 1, from above. For this purpose we prove the following lemma.
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[e0]

—log(1.3507(K-1)+K-c(K))

N

— log(c(K)-b(K))

2
N

1 2 3 4 5 6

FIGURE 5. Graphical comparison of lower and upper bounds for ¢(K)
with b(K') = log(ch(Karch(e))).

4.11. Lemma. For every integer n > 2 and each K > 1, r € (0,1), there exists
K -quasiconformal maps g : B — B™ and h : B" — B™ with
(@) g(0)=0, g(B") =B", h(0) =0, h(B") =B" ,
2re 2r
b - h =
( ) g(T@l) (1 + ,r/)a + (1 _ ,r/)ou (Tel) (1 + rl)ﬂ + (1 _ ’I"/)ﬂ
where v’ = /1 =72 and o = K=" = 1/3. In particular, for n = 2 and K >
1, re(0,1)

2rk 2rt/K
< : > .
(C) SOI/K(T) = (1 + 7n/)[{ ¥ (1 — T,)K ’ ()OK(T) - (1 +7'/)1/K + (1 — T‘/)l/K

Proof. Fix r € (0,1). Let T, : B™ — B™ be a Mobius automorphism with T,(a) =
0 and 7,(B") = B". Choose s € (0,7) such that Ts, (0) = —Ts,(re;). Then
p(0,7e1) = 2p(0, ser) [Vul, (2.17)], or equivalently, (1+7)/(1—r) = ((1+s)/(1—5))?
and hence s = /(1 4 7). Consider the K-quasiconformal mapping f : B* — B",
f(z) = |z|* ', a = K07, Then f(4se;) = +5%;. The mapping g = T sa,, ©
foTs, : B" — B™ satisfies g(0) = 0, g(re;) = te; where p(—s®eq, s%7) = p(0,te;)
and hence t = 2r/((14+7")*+(1—7")*) by [Vul, (2.17)]. The proof for g is complete.
For the map h the proof is similar except that we use the K-quasiconformal mapping
m: x s |z|’~l2, B =1/a. Note that m = f~! and t = 1/ch(« arch(1/r)). For the
proof of (¢) we apply (a), (b) together with [LV, (3.4), p.64]. O

4.12. Lemma. For K > 1, ¢(K) > log(ch(Karch(e))) > u(K — 1) + 1, where
u = arch(e)th(arch(e)) > 1.5412.
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Proof. From Lemma 4.11(c), we know that

() = —ogux(1/e) = —tog

2/l

ei(l/e) < (1+/1T—-1/eA)E + (1 — /1 —1/e2)K
2
(e + V@ —DF + (e — V2 — 1)K’

2
(e++vVer2—1)K + (e— 621)K)
(e+vVe2 — 1)K + (e —Ve2 — 1)K
(T
= log(ch(Karch(e))) > u(K — 1) + 1,

where the last inequality follows easily from the mean value theorem, applied to the
function b(K) = log(ch(Karch(e))) . O
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[A2]

[AN]
(AV]
[AVV1]
[AVV2]
[EMM]
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[H]
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NORM INEQUALITIES FOR VECTOR FUNCTIONS

B. A. BHAYO, V. BOZIN, D. KALAJ, M. VUORINEN

ABSTRACT. We study vector functions of R™ into itself, which are of the form
z +— g(|z|)z, where g : (0,00) — (0,00) is a continuous function and call these
radial functions. In the case when g(¢) = t© for some ¢ € R, we find upper bounds
for the distance of image points under such a radial function. Some of our results
refine recent results of L. Maligranda and S. Dragomir. In particular, we study
quasiconformal mappings of this simple type and obtain norm inequalities for such
mappings.

Mathematics Subject Classification (2000): 30C65, 26D15

Keywords and phrases: Quasiconformal map, normed linear space

1. INTRODUCTION

In 2006 L. Maligranda [M] studied the following function
(1.1) op(z,y) = ||zl le — [y lyl, pER,

for z,y € R™\ {0}, termed the p-angular distance between x and y. It is clear that
a,, satisfies the triangle inequality and thus it defines a metric. Note that ag(z,y)
equals 2 sin(w/2) where w € [0, 7] is the angle between the segments [0, 2] and [0, y] .
He proved in [M, Theorem 2] the following theorem in the context of normed spaces.

1.2. Theorem.
|z — y|max{[z|", [y/’} .
max{|zl, [y[}
ap(r,y) < ( |z —y .
2-p) if pel0,1] and z,y # 0;
(max{|z[, [y[})'
p (max{|z], [y[})P e —y| if pe(l,00).

Soon thereafter, in 2009, S. Dragomir [D, Theorem 1] refined this result and gave
the following upper bound for the p-angular distance for nonzero vectors x,y .

1
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1.3. Theorem.
|z — yl(max{|z[, [y )P~ + [J=[*~" — |y[P~! | min{|z], |y|}
if pe€(1l,00);
|‘T y| 1-p 1-p |I| |y|p
+ Hx| |y| |In1 |y|1_p? |£L'|1_p

Oép((L',y) S Zf D c [0, 11:

|z —yl [lz['77 — Jy[*7|

(min{[z[, [y|})'~»  max{|z[?[y[*7*, |y[~P|x['77}

Generalizations for operators were discussed very recently in [DFM]. For general
information about norm inequalities see [MPF, Chapter XVIII].

Studying sharp constants connected to the p-Laplace operator J. Bystrom [By,
Lemma 3.3] proved in 2005 the following result.

1.4. Theorem. For p € (0,1) and z,y € R", we have
ap(z,y) < 277w —y|?
with equality for v = —y.

In this paper we study a two exponent variant of the function x — |z[P~!z defined
for a,b > 0,z € R",

aly if 2] <1
(1.5) Auste) = { [T S

This function, like its one exponent version (the special case a = b), defines a qua-
siconformal mapping and it has been used in many examples to illuminate various
properties of these maps [Va, p.49]. For instance, if a € (0,1) the function A, is
Holder-continuous at the origin.

We prove that the change of distance under this function is maximal in the radial
direction, up to a constant, in the sense of the next theorem (observe that the points
x and z are on the same ray). Note that the result is sharp for a — 1. This result
is natural to expect, but the proof is somewhat involved. For brevity we write
A=A, if0<a<1<Db.

1.6. Theorem. Let 0 <a <1<b and
C(a,b) = sup Q(z,y),

|z|<|yl
where Az) — AQ)
_ x) — Yy n .
Q(z,y) A@) —A(2)| z,y € R"\ {0} with x#vy,
and .
z = —(|z] + |z — yl).

]
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Then

C(a,b) = 3 2

1 and (11112 C(a,b) = 1.

Because A,; agrees with z — |z|*'2 in B", we can compare Theorem 1.6 to
Theorems 1.2, 1.3, and 1.4. We also have the following upper bound for «, :

1.7. Theorem. For all z,y € R™ and p € (0,1)

(1.8) ap(z,y) < |~Ap,1/p(5'3) - Ap,l/p(y” )

and furthermore, if |z| < |y|, we have also

2
(1.9) ap(z,y) < [Ap1sp(z) = Ap1yp(y)] < ﬁvtp,l/p(x) — Ap1p(2)l

where z is as in Theorem 1.6.

For a systematic comparison of the above results, see Section 5 where it is shown
that sometimes the bound in Theorem 1.7 is better than the other bounds in The-
orems 1.2, 1.3, 1.4.

We also discuss some properties of the distortion function ¢y (1) associated with
the quasiconformal Schwarz lemma, see [LV].

ACKNOWLEDGMENTS. The first author is indebted to the Graduate School of
Mathematical Analysis and its Applications for support. He also wishes to acknowl-
edge the expert help of Dr. H. Ruskeepéi in the use of the Mathematica® software
[Ru]. The fourth author was, in part, supported by the Academy of Finland, Project
2600066611.

2. PRELIMINARY RESULTS

We prove here some inequalities for elementary functions that will be applied in
later sections. These inequalities deal with the logarithm and some of them may
be new results. Note also in the paper [KMV] some elementary Bernoulli type
inequalities were proved and used as a key tool. We use the notation sh, ch, th,
arsh, arch and arth to denote the hyperbolic sine, cosine, tangent and their inverse
functions, respectively.

As well-known, conformal invariants of geometric function theory are on one
hand closely linked with function theoretic extremal problems and on the other
hand with special functions such as complete elliptic integrals, elliptic functions
and hypergeometric functions. The connection between conformal invariants and
special functions is provided by conformal maps which can be applied to express
maps of quadrilaterals and ring domains onto canonical ring domains such as a
rectangle and an annulus.

For example, the quasiconformal version of the Schwarz lemma says that for a
K-quasiconformal map of the unit disk B? onto itself keeping 0 fixed, we have for
all z € B? the sharp bound [LV, p. 64]

(2.1) f) < ezl ex(r) =p " (ur)/K)
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where g : (0,1) — (0, 00) is a decreasing homeomorphlsm defined by

22) W) =550 iy = [ wiﬁ s

and where K(r) is Legendre’s complete elliptic integral of the first kind and r’ =
V1—r2? for all r € (0,1). The function ¢ (r) has numerous applications to qua-
siconformal mapping theory, see [LV, K, AVV2], which motivates the study of its
properties. One of the challenges is to find bounds, in the range (0,1), and yet
asymptotically sharp when K — 1. For instance, the change of hyperbolic distances
under K-quasiconformal mappings of the unit disk onto itself can be estimated in
terms of the function ¢ , see [AVV2, LV].

2.3. Lemma. The following functions are monotone increasing from (0,00) onto

(17 OO);
(14 2)log(1 +x) B x
W )= D)) =
(3) For a fized t € (0,1), the function h(K) = K(1 — t¥K) is monotone increasing

n (1,00).
Proof. For the proof of (1) see [KMV, p. 7]. For (2), we get
' 1 x (14 2x)log(l4+x) —x
9 (@)= log(1+z) (1+z)(log(l+ x))? - (1+z)(log(l 4+ x))? ’
and g (x) > 0 by (1). Moreover, g tends to 1 and oo when z tends 0 and oco. Proof

of (3) follows easily because x +— (1 —a")/x is decreasing on (0, 1) for each a € (0,1)
[AVV2, 1.58(3)]. O

2.4. Corollary. For a fivzed x € (0,1), the functions, (1) f(a) = (1+az)"?,
(2) g(a) = (log(1+2))" are decreasing and increasing on (1,00), respectively. (3)
The following inequality holds for x > 0 and a € [0,1],

log(1 + z%) < max{log(1 + x),log*(1 + x)}.

2.5. Lemma. For K > 1,r € (0,1), u = arch(1/r)/K, the following functions

(1) f(K) = rarth(1/ch(u))sh(u),

(2) g(K) = rK arth(1/ch(u))sh(u)
are strictly decreasing and increasing, respectively. Moreover, both functions tend
o V1 —r2arth(r) when K tends to 1.

Proof. Differentiating f with respect to K we get

FI(K) = _%(21/7”) <arth (Chl(u> ch(u) — 1) <0,

g(K)=r <ch <i> (1 — arth <Chtu)) + K arth (Chtu» sh(u)>) > 0,
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respectively. We obtain

f(1)y=g9(1)= 7’a1rth(7’)\/(ch(amch(l/r)))2 —1=V1—12 arth(r).

2.6. Lemma. The following inequality holds for K > 1 and t € [to,1),to = (e —

1)/(e+1)

1/K
(2.7) log (i;/K) < Klog (12) .
Proof. Write h(t) = Karth(t) — arth(+'/X). Differentiating h with respect to t we
get,
h/(t) _ K B /K1 _ Kzt(l _ tQ/K) _ tl/K(l _ t2)
1—t2  K(1-t¥K) tK(1—12)(1 — t2/K)
Kt(1—) —tV5 (1 -¢)  Kt- /K -0
K1 —2)(1 - t¥/K) Kt(1—¢/5) = 7

The first inequality holds by Lemma 2.3(3) and the second one holds when Kt >
tVE ot > (1/K)K/E=D) = ¢ (K). It is easy to see by Lemma 2.3(1) that ¢;(K)
is decreasing in (1,00). We see that ¢;(K) — 1/e = 0.3679... and 0 when K — 1
and oo respectively, hence h(t) is increasing in ¢ > 1/e.

We can see that h(tg) = K(1 — Qarth(tl/K)/K)/Z. Now it is enough to prove that
f(K) = 2arth(t1/K)/K < 1. Differentiating f with respect to K we get

, —2arth(ty™)  2t,/" log(ty)
f(K) 2 K3(1 — /%)
2(—K (1 — 2y arth(t)/ ™) =t/ " log(to)) /(K3 (1 — t2/5))
2(—K (1 — t5/") arth(to) + o/ log(1/t0)) /(K31 — /™))

2= 1) 2o (42 ) 4 4/ o1 (0501~ )

(85" log(1/83) — K(1 = 15™)) /(K> (1 = 15"))
1 (15" 1og(1/3
- 7%(2//[() ~-1] <o,
K2\ k(1 £
hence f is a monotone decreasing function from (1, K') onto (0,1/2). This implies
the proof. 0O

2.8. Lemma. The following inequality holds for K > 1 and t € (0, 1],

1+ /K 1+

IN
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Proof. Write
_ log((1+ %) /(1 — tVE))
(log(1 +1)/(1 = )"
For the proof of (2.9) we show that F(t) is decreasing in ¢ and F'(ty) > 0. Differen-
tiating F’ with respect to t we get,

F(t)=K

log (124) /% (2052 — 1) log (52) — 21(¢2/% — 1) log (120

Kt(t2 —1)(t¥K — 1)

F'(t) =

Now we show that

1+ /% 1+t
2/K _ i VK (42 _ irt
(2.10) t(t 1)log (1 iR > /5 (t* = 1) log 1)

For the proof of (2.10), it is enough to prove that t(t* —1) > /K2 —1). We get

HEN = 1) = (R = 1) = (K = 1) — (@ ) (- 1)
A/EFERL | 1/K g /K141

FUE (fU/KHL ) (/B )

(tVEH LYK —p) >0,
hence F(t) is decreasing in t, and F(tq) is positive by the proof of Lemma 2.6. [
2.11. Corollary. The following inequality holds for K > 1 and t € (0,1)

14 t/K AN 14t
. — | < —_— —_— .
(2.12) log(l—tl/K < Kmax? | log 13 , log T3

Proof. The proof follows easily from inequalities (2.7) and (2.9). O

The next function tells us how the hyperbolic distances from the origin are
changed under the radial selfmapping of the the unit disk, z — |2["/5~12, K > 1,
which is the restriction of Ay k k() to the unit disk. See also [BV].

Hyperbolic metric p(z,y), =,y € B™, of the unit ball is define as

p(x,y) |z — y|2 2 2 2
th? = , P=(1- 1- ,
= =R )

[Vu, pp. 19].

2.13. Theorem. The following inequality holds for K > 1, |z] < 1;
(2.14) p(0, Ay (2)) < K max{p(0, |21), p(0, 1)<}
where p is the hyperbolic metric.

Proof. Proof follows easily from inequality (2.12) and the formula p(0,7) = log((1+
r)/(1—r)). O
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2.15. Remark. The constant K can not be replaced by K%' in (2.14), because
for |z| = to, the inequality (2.14) is equivalent to 1 — 2arth(ty/™) /K% > 0. Write
FK) =1—=2arth(t™) /K% and we get

7 (K) = garth(ty/™)  261/K log(ty)
- 2/KN
5K 19/10 K29/10(1 — to/ )

we see that f(1.005) = —0.004 < 0 and f(K) is not increasing in K.
2.16. Lemma. For K > 1 the function

2arth(1/ch(arch(1/r)/K))
max{2arth(r), (2arth(r))/K}
is monotone increasing in (0,ty) and decreasing in (to, 1).

Proof. (1) Let u = arch(1/r)/K and

F(r) =

_arth(1/ch(u))
Jr) = arth(r)
Differentiating f with respect to r we get
, arth(1/ch(u)) (1/ch(u))th(u)

A (1 —r2)(arth(r))? K+/1/r —13/1+ 1/rr2arth(r)(1 — (1/ch(u))?)
_ K arth(1/ch(u))sh(u) — V1 — r2 arth(r) <0
Kr(1 —r?)(arth(r))?sh(u) -

by Lemma 2.5(2), hence f is decreasing in r € (0,1).
(2) Let

21=1/Karth(1/ch(u
o) (1/chw)
(arth(r))Y/
Differentiating g with respect to r we get

’

g =¢ ((1 —r)arth(r) — VI — 12 arth(l/ch(u))sh(u)) >0
by Lemma 2.5(1), here
211K (arth(r))~(HK/K
 Kr(1—12)32sh(u)
Hence g is increasing in r € (0,1). We see that f(ty) = g(to). Thus F(r) increases

in r € (0,%p) and decreases in t € (to, 1). O
It is well-known that for all K > 1 and r € (0,1)
1+ @k(r) 1+r
2.17 1 —— | > Kl
(2.17) Og(l—cpK(r) 1=

[AVV1, (4.5)]. In the next theorem we study a function p(r) which by [AVV?2,
Theorem 10.14] is a minorant of ¢g (7).
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2.18. Theorem. The following inequality holds for K > 1, r € (0,1),

o (1 515) ot fus(127) ()

here p (r) = 1/ch(arch(1/r)/K) and c3(K) = 2arth(p (ty)). Moreover, c3(K) — 1
when K — 1.

Proof. The inequality follows easily from Lemma 2.16, because the maximum value
of the function given in Lemma 2.16 is ¢3(K) = 1/ch(arch(1/t)/K). O

We remark in passing that an inequality similar to (2.18) but with p(r) replaced
with ¢ (r) and c3(K) replaced with a constant ¢(K) was proved in [BV, Lemma
48].

3. QUASIINVARIANCE OF THE DISTANCE RATIO METRIC

Our goal in this section is to study how the distances in the j-metric are trans-
formed under the function (1.5) following closely the paper [KMV]. The main result
here is Corollary 3.3.

3.1. Lemma. The following inequality holds for K > 1,

[Aykx(2) — Ak (y)]
3.2 1 1+ — ’ ’
(3.2) °g< min{[ Ay rex ()], [Arxx (0)]}

> < 27YE max{log" " (t), log(t)}

here for all x,y € B", heret =1+ M
min{|z], |y[}
Proof. By Theorem 1.4 and Corollary 2.4(1) we get
| Ak () = Avyrc e (y))] L o el e — Ry
min{| Ay ()|, [ Ay ()|} min{|z VX, [y[V/5}
- 1+ al/K(xvy)
min ||/, [y[V/5}
< 1 4 2171/[{ |‘/1j - y‘l/K

min{|z[V/K, |y[1/5}

| | 1/K 2171/K
r—=y

- (amt )

( min{al, [y} )

Now by Corollary 2.4(3) we get

\Aurrc(z) = Ayrr ()] ) ( & —y| )”K
1 1+ — : ’ <1 14—+
o8 ( min{| Ay (@), Ay @)} =0 min{[z], [y[}

B B 1/K
< 21-1/K max log (1 + M) , (log (1 + M)) .
min{|z|, [y|} min{|z|, |y|}

IN

9l-1/K
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We denote by 0G the boundary of a domain G and define
d(z) = min{|z — m| : m € dG}.
For a domain G C R™, G # R", the following formula
. T —
o) =tos (14 iy ) wve
defines j as a metric in G (see [Vu, p.28]).
3.3. Corollary. Let D = R™\ {0}, then we have

jD(Al/K,K(x)a Al/K,K(y)) S 21_1/K maX{jD(xv y)7 jD(x7 y)l/K}

forall K > 1, z,y e B"ND.

Proof. Proof follows from inequality (3.2). O

4. RADIAL FUNCTIONS

4.1. Definition. Let f : R" — R" be a homeomorphism. We say that f is a
radial function if there exists a homeomorphism ¢ : (0,00) — (0,00) such that

f(x) = g(|z)z, = € R"\ {0}.

The following functions are examples of the radial functions:
(1) h(z) = —, z € R"\ {0}, 1(0) = 00, h(co) =0.

|z[?”
(2) For a,b >0,
x|y af 2] <1
Awsl@) = { ;xlb_lx z‘j]: ||Jc|| > 1.
4.2. Remark. Properties of A :
(1) For |z] < 1 and a,b,c,d >0

Asp(Aca(z)) = Aap(|al*z) = [l 2" e

_ |$|ac_c‘33|c_1l‘ _ |x|ac—1$.
(2) For |z| > 1
Aup(Aca(@) = Aap(|2]"2) = [Ja|™ 2zl
— |$|bdfd|x|d71x _ \x|bd’1x

)

(1) and (2) imply that A, p(Acd(x)) = Aacpal).
(3) A,y () = Avjanp().

4.3. Lemma. [Vu, (1.5)] An inversion in S"~*(a,r) is defined as,

h(z) =a+ m h(a) = 0o, h(c0) = a.
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Moreover,

(4.4) Ih(z) — hy)| = m

One of the goals of this section is to find a partial counterpart of the distance
formula (4.4) for A and to prove Theorem 1.6.

4.5. Lemma. Let h(w) = r*w/|wf*, r > 0, w € R*\ {0} and let z,y € R™\ {0}
with |z| < ly|. Then with A = (|| + |z — y|)/|z| and z = Az we have

|h(x) = h(z)| < |h(x) = h(y)] < 3|h(z) — h(2)].
Equality holds in the upper bound for x = —y.

Proof. For the proof of first inequality we observe that

A A —1] r?
h(x)—h = |h —h —
) =) = [ita) = ()| =
ey
|| (2] + |z — yl)
rlz —y|
< o = |[h(z) = h(y)l,
|yl
by triangle inequality.
For the second inequality, we have
|h(x) —h)l | —yl|z|(z] + |z —yl)
|[h(z) = h(z)] |||yl [z =y
S S ol P e [ PP
[yl [yl [yl
Note that here equality holds for z = —y. (I

4.6. Lemma. The following inequality holds for K > 1,

||{E|K71‘T—‘y|K 1 (K-1/K) |x|K 1/K

yl < e max{|z — y|"*, |z —y|*}
forall z,y € C\EQ.

Proof. By [AVV2, Theorem 14.18, (14.4)] we get because f : x — |z|5 71z is K-
quasiconformal [Va, 16.2]

_ % r—y
el FO) . (60| < vl 0.3,00D = s (1521
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Finally by [AVV2, Theorem 10.24] and [Vu, Remark 10.31] we have

_ _ [z — |
||$|K o — [y ly| < % nka <|x|
< e mast () ()
< " max ,
|| ||
< O K max{ |z — VK o — |}

O
4.7. Lemma. The following inequality holds for K > 1 and for all z,y € R" \En,
|27t = [y” 1yl < (K27 max{|z — y|, [« — y|”}
here ¢(K) = 2K KK exp(4K (K + 1)K — 1) and o = K077 = 1/p.
Proof. Proof follows similarly like Lemma 4.6. [

4.8. Corollary. The following inequalities hold for K > 1,
/K

(4.9)

x _ Y ‘_ 1-1/K [z —yl
IRyt (l=llyl) /¥

< cmed (1) () |

er K110 (Iﬂf—y|>l/K (Iw—y|>K
< max )
|z K1/ K |||yl |lzly|
for all z,y € B?.

Proof. For the proof of (4.9) we define

for all z,y € R™\ B,

r Y
|0 Jy [

(4.10)

for all z,y € B",

r ¥y
|z |y K

(4.11)

z z
9(2) = Ay (h(2)) = W, h(z) = W, zeR"\ B".

By Theorem 1.4 and (4.4) we get,

_ /K

_ z Y 1-1/K 1/K 1-1/K |z -y
l9(z) —g(y)| = - <2 [h(x) = h(y)[ 7" <277/% e
|| IHE [y /K (lzllyr/x

Again for the proof of (4.10) we define

9(2) = Aus(h(2) = 5 () = 5, 2 € B
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By Lemma 4.7 and (4.4) we get,
l9(2) —g(y)l < c(E)|h(x)|”~* max{|h(z) — h(y)|* [h(z) = h(y)|"}

0 me{ ()" ().

Similarly, inequality (4.11) follows from Lemma 4.6 and (4.4).

4.12. Lemma. For0<a<1<p< oo and 0 < s <21 we have
(14 p** — 2p® cos s)1/? < 1+ p°

X =/1+p>—2pcoss.

QI+X)e—1  —(@+pe—1’
Proof. Let ,
1+ p** —2p%coss
oals) = T ra X
Then
, (—a(p'™* +p"™ —2pcoss)/X + (1+ X — (14+ X)'7%))sins
Jpals) =2 p=(1+ X)=o(—1 4 (1 + X)o)3 ‘
As
R
because

p1+a(1 _ pl—a) S 1 _ pl—a
it follows that
—aX 4+ (1+X - (14+X))

fal9)/$ins 2 2 R T T 1+ X

As
1+X)"*<1+(1-a)X,
it follows that
fr.(s)=01if and only s =0 or s = 7.

p,a
For s = 0, the function f,, achieves its minimum
_1 + pa 2
a O = p—
a0 = (555)

and for s = 7 its maximum
1+p® 2
Jr) = —m——— ] .
Jpa(7) <1+(2+p)“>

4.13. Lemma. Forp>1, and 0 < d <1 we have,
d
1+p < 2 .
2+p)t—17—3"-1

(4.14)
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Proof. Let
h(p) = (3" = (1 +p") = 2(2+p)* — 1).
We need to show that h(p) < 0. We get
W(p)=d((3"=1)p™" —2(2+p)"").
Then
2 1 2
h'(p) < —+1 <
p)<0& <p+ ) T3
Since
9 1-d
()"
p
We need to show that
31—d 2
— Sd _ 17
but this is equivalent to
37<3,
which is obviously true. Thus 2/(p) < 0, and consequently h(p) < h(1) = 0 and this
inequality coincides with (4.14). O

4.15. Proof of Theorem 1.6. The case 1 < |z| < |y|. Let us show that Q(z,y) <
1. Without loss of generality, we can assume that x = r and z are positive real
numbers, and y = Re™. Then z = r + |r — Re'|. Let

R
p=—-
r
then p > 1. Next we have:
[A(z) —A@)l _ |1 —pe”]
|A(z) — A(2)] (1 +[1—pe|)> —
< 1= phe”|
T (11 =p 1+ 1 = pett]) -
- |1 _pbeitl
pb*1(1 + |1 —peit|) _
1 —phe”|

Tl o1+ PP — phett|
o bl bt et
P14 [prt — pheit| =
If |z| < |y| <1 and |z] <1, then by Lemmas 4.12 and 4.13 we get
[Alz) = Ayl _ [ — Ree”|

|A(z) — A(2)]  (r +|r — Reit|)a —ra
1+p° < 2
2+4per—17~3-1
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If |z| < |yl <1 and |z| > 1, then it follows from Lemmas 4.12 and 4.13 and
|2]® > |2]® that

[Alz) — Aly)| r — Re"|
Alz) = A()] — (r+r—et])r—r
1+ p® 2

(2+pe—-17—3-1
Next, The case |x| <1 < |y| and r*~! > R*~L. Then there holds

Qz,y) < 57—
First of all
A@)— A o — R
|A(z) — A(2)|  (r+ |r — Re'|)> —ra

o — €|

B+16—et) —a’

where a = r*/Rb and 3 = r/R. Take the continuous function k(g) = 89, a < q < 1.
Since

r re ré
5:k(1):§§a:ﬁ§k(@:@v

it follows that there exists a constant ¢ with a < ¢ < 1 such that k(c) = 8¢ = a.

Then

|a—R€it| B |ﬁc_€it|
B+IF—er—a ~ (BrIG—e -5
PR e
T (BH[B—et)e = pe
PR
- (2 + ﬁ)c _ ﬁc
2 2
< <=
- 3¢—-1"3—-1

the second inequality follows from Lemma 4.12 and the third inequality follows from
Lemma 4.13 by taking p = 1/5 and ¢ = d.
The case |z] <1< |y| and r*=! < R*~1. We get

AW - AWl - R
|A(z) — A(2)| (7 + |r — Re't|)> —ra
BB -et)—a
| — e't]

= <1

(B+18—e") —a
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because b > 1 and a < 3.

Finally, let us show that C'(a,b) > 2/(3* — 1). Suppose that x € R™\ {0} is such
that 3|z] < 1,1ie 0<|z| <1/3 and y = —z. Then z = z(|z| + |z — y|)/|z| = 3z
and 2]

2|x|® 2
Q(xv _'T) - = )
Bz — falt 3% -1

and hence C(a,b) >2/(3*—1). 0

5. REFINEMENTS
5.1. Proof of Theorem 1.7. For |z|,|y| < 1 we have

ap(z,y) = [l e = |y~ ly| = [Apas(@) — Apas(y)].
Consider the case |z| < 1 < |y|. It is obvious that

212 1yl 2 + [yl”)
2 )

cosf <1<

this is equivalent to

(y*? = Tyl") (I + [yI?)

S0 = LS T  ( — Tule)
<~
20z ly|'/P cos O — 2|z |y|” cos O < [y|*? — |y|*
<
[ = 202"y [P 2|y | cos 6 < [y[P — 2lx["~ y[ /P |z]|y| cos 0
<

P+ |[y[P Y = 20y P ey < |l P 4 [y Py P =20y ey

—

|zt = [y Py < |t = P ] = [ A p(@) = Ap ()]

Consider now the case 1 < |z| < |y|. Starting with the observation that the
function ¢ — t'/? — * is increasing for t > 1 when p € (0,1), we see that

= ((w/ - 1) > (L) =1) = w22 > - oy

—

|CC|2/‘D _ |y|2p + |y‘2/17 _ |x|2p > 2|x|1/p|y|l/p — 2|z [P|yP.
Now it is clear that
2217 — [yl + [y — faf
20z |/elyMr — 2z [P|ylP

cosf <1<

this is equivalent to
o 4 [y = 2|2 Plyl” cos § < [P + [y*? — 2]x[/7|y['/? cos 0
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=
[l e Pyl y P =2l Py ey < [l Py y P2l Yy ey

=
[P~ a2l + [yl g =202l y P ey < o™l + [yl = 2l iy ey

=

_ 12 _ 142 2
2P~ =yl ty | < [l =y = A () = Apap(y)] . O

5.2. Comparison of the bounds. In what follows, we use the symbols M, D, B, K
for the bounds given by Theorems 1.2, 1.3, 1.4, 1.6, respectively. In the case of the
complex plane, we will show by numerical examples that each of these four bounds
can occur as minimal. To this end, for each of the symbols M, D, B, K, we give a
table of four x,y pairs and the corresponding upper bound values associated with
the four symbols M, D, B, K, such that the bound associated with the symbol in
question is the least one. For the computation of the K bound it should be observed
that in Theorem 1.7 we have the constraint |z| < |y|. If this is not the situation

to begin with, we have swapped the points for computation. In Tables 1-4 the
parameter p = 0.5.

TABLE 1. Sample points with K < min{B, D, M} .

k Tk Yk B D M K

1] —2.00 —2.65¢ | 2.65—2.65¢ |3.0496 | 143.4290 | 3.6030 | 2.6591
21 225-0.75¢ | 2.6541.30¢ |2.0438 | 38.9860 | 1.8236 | 1.5158
3] 1.35+0.50¢ | 1.95—-0.65¢ |1.6107 | 14.8000 | 1.3571 | 1.2768
41 1.1042.300 | =240+ 2.10¢ | 2.6479 | 82.4142 |2.9447 | 2.3646

TABLE 2. Sample points with D < min{B, K, M }.

k Tk Yk B K M D

11 0.80—-0.50¢ | —1.80 4 1.45¢ | 3.6968 | 45.3884 | 3.2066 | 2.5495
2| 2.25—-0.75¢ | 0.00—0.05¢ |15.5147 | 32.3855 |2.7931|2.6174
3| 2.55+1.50¢ | —=1.1041.70¢ | 2.8148 | 76.9511 | 3.1879 | 2.7039
41 -2.7043.00: | 1.5040.607 | 4.2727 | 106.6320 | 3.6118 | 3.1104

In conclusion, Tables 1-4 demonstrate that each of the above four bounds is
sometimes smaller than the minimum of the other three bounds. Some further
results, in addition to Theorems 1.2, 1.3, 1.4, 1.6 can be found in the papers [M]
and [D]. The tables were compiled with the help of the Mathematica software
package.

In Tables 5-7 we compare (4.9), M and D, for x,y € R™\ B", p = —0.6.
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TABLE 3. Sample points with B < min{D, K, M }.

k T Yk D K M B
1] —-2.45—-2.205: | —1.2+0.55¢ | 2.92 | 43.55 | 2.42 | 2.40
2| —1.65+1.4bt | 215+ 2.75¢ | 3.01 | 92.27 | 3.22 | 2.83
3 —0.2 -3¢ —0440.2¢0 | 5.21 | 34.64 | 2.77 | 2.53
4 0.9 —-2.9¢ —1.4+1.35: |3.74| 115.15| 4.16 | 3.11
TABLE 4. Sample points with M < min{B, D, K}.
k T Yk B D K M
1] 0.3040.50¢ | —0.1542.95¢ | 2.23 | 3.69 | 23.73 | 2.17
21 095+1.85 | 0.55+1.55 |1.00]0.53| 5.18 | 0.52
31 1.60—-0.25 | 1.10—-0.35 |1.01]0.64| 3.93 | 0.60
4| —0.6040.30 | —3.00 + 1.95¢ | 2.41 | 4.02 | 32.84 | 2.31

TABLE 5. Sample points with M < min{(4.9), D} .

1] 2254245 | —0.0142.95¢| 0.27 | 0.27 | 0.24
2| —-2.60+0.407 | —0.70 — 0.607 | 1.23 | 3.30 | 1.19
31 0.75-0.75¢ | —2.90 —2.50¢ | 1.32 | 4.53 | 1.23
41 290+1.90c | 1.2040.85¢ | 0.75 | 1.67 | 0.71

TABLE 6. Sample points with (4.9) < min{D, M }.

1|-2.60—1.05¢|—1.35—1.40:|0.70 | 0.65 | 0.56
21 -045—-1.05¢| 2.354+1.80z |3.95]|1.83| 1.46
31 —115+42.30¢ | 2.70+40.65¢ |0.99 | 2.12 | 0.96
41 -0.1041.25¢ | 2.9042.45; |0.71]0.94| 0.60

TABLE 7. Sample points with D < min{(4.9), M }.

1) 1.35+295 | —1.35+2.90¢ | 0.59 | 1.07 | 0.43
2| —-0.80+2.75 | —1.85+2.40¢ | 0.38 | 0.49 | 0.25
3| 2.65+2.20¢ | —2.4542.40¢ | 0.49 | 0.64 | 0.49
4] 1.20—-0.70¢ | 1.30+0.70¢ | 1.05 | 1.96 | 0.91

17
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ABSTRACT. Motivated by the work of P. Lindqvist, we study eigenfunctions of
the one-dimensional p-Laplace operator, the sin, functions, and prove several
inequalities for these and p-analogues of other trigonometric functions and their
inverse functions. Similar inequalities are given also for the p-analogues of the
hyperbolic functions and their inverses.
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1. INTRODUCTION

In a highly cited paper P. Lindqvist [L| studied generalized trigonometric func-
tions depending on a parameter p > 1 which for the case p = 2 reduce to the familiar
functions. Numerous later authors, see e.g. [BEM1, BEM2, DM, LP| and the bib-
liographies of these papers, have extended this work in various directions including
the study of generalized hyperbolic functions and their inverses. Our goal here
is to study these p-trigonometric and p-hyperbolic functions and to prove several
inequalities for them.

For the statement of some of our main results we introduce some notation and
terminology for classical special functions, such as the classical gamma function
['(x), the psi function ¥ (x) and the beta function B(xz,y). For Rex > 0, Rey > 0,
these functions are defined by

o I () [(2)T(y
D(z)= [ e t*'dt, Y(z)= » Blz,y) = ;
@ = Vo) = T Bla) = i
respectively.
Given complex numbers a,b and ¢ with ¢ # 0,—1,—2,..., the Gaussian hyper-

geometric function is the analytic continuation to the slit place C \ [1,00) of the
series

F(a,b;c;z) = 2 Fi(a,b;c; 2) = wa;’:’

n=0
Here (a,0) = 1 for a # 0, and (a,n) is the shifted factorial function or the Appell
symbol

|z| < 1.

(a,n) :a(a+1)(a1+2)-~-(a+n—1)



2 B. A. BHAYO AND M. VUORINEN

for n € Z,. The hypergeometric function has numerous special functions as its
special or limiting cases, see [AS].

We start by discussing eigenfunctions of the so-called one-dimensional p-Laplacian
A, on (0,1), p € (1,00). The eigenvalue problem [DM]

A= — (|u’|P*2u’) = MufP2u,  u(0) = u(1) =0,

has eigenvalues
An = (p = 1) (nmp)?,
and eigenfunctions
sin,(nm,t), n €N,
where sin,, is the inverse function of arcsin, which is defined below, and
7rp:2/1(1—s)1/psl/p1ds:23(l—1,1> :7,27T :
P Jo p p'p)  psin(r/p)
Motivated by P. Lindqvist’s work, P. J. Bushell and D. E. Edmunds |BE]| found re-
cently many new results for these generalized trigonometric functions. Some authors

also considered various other p-analogues of trigonometric and hyperbolic functions
and their inverses. In particular, they considered the following homeomorphisms

siny : (0,a,) — I, cosp:(0,a,) — I, tan,:(0,b,) — I,
sinh, : (0,¢,) — I, tanh,: (0,00) — I,
where I = (0,1) and

1 1 1 11 11
ap:%v bp2<¢ <;—p> ¢<2>> =27 PF <>31+§2> ;
P P P pp p

P 1 11
() e (L)
2 P p 2

For x € I, their inverse functions are defined as
x 11 1
arcsin, r = / (l—t”)l/pdt:xF(,;1+;1:p>
0 p
1
= z(1— xﬂ)(pfl)/p_p <1’ 11+ —; xp) 7
p
z . 1 1
arctan, r = A+P)"dt = F 1,1+ - —2F ),
0 p p
, oy 11, 1
arsinh,z = (I+¢) " Pdt =xF ( —, =1+ —;—a” |,
0
@ ) 11
artanh,z = (1=t )" dt =aF (1,14 =P |,
0 p p

and by [BE, Prop 2.2] arccos, ¥ = arcsin, ((1 —2?)/?). For the particular case p = 2
one obtains the familiar elementary functions.
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The paper is organized into sections as follows. Section 1, the introduction,
contains the statements of our main results. In Section 2 we give some inequalities
for the p-analogues of trigonometric and hyperbolic functions. Section 3 contains
the proofs of our main results and some identities. Finally in Section 4 we give
some functional inequalities for elementary functions and Section 5 contains two
small tables with a few values of the function sin, and related functions compiled
with the Mathematica® software.

Some of the main results are the following theorems.

1.1. Theorem. For p > 1 and x € (0,1), we have
2P

s
(1) (1 + ) T < arcsin,z < 2z,

p(1+p) 2

1—aP 0

(2) (1 + M) (1 —aP)YP < arccos, z < Ep (1 —aP)'/7,
1 1 4 2P p p N\ Ll/P
(3) (1 +p)1 +2 )J;f/ i < arctan, z < 27 b, < .

p(1+ p)(1 4 ap)t+i/p 1+ P

1.2. Theorem. For p > 1 and x € (0,1), we have
(1.3)

log(1 P 1 P 1/p
z 1+M <arsinh,z <z 1+ —log(l+2a”) |, z= ° :
1+p P 14 P

+p p
The next result provides several families of inequalities for elementary functions.

1 1
(1.4) x (1 1 log(1 — x”)) < artanh,z < x (1 — —log(1 — a:p)> .

1.5. Theorem. For x > 0 and z = nx/2, the function g(p) = f(27)'/? is decreasing
in p € (0,00), where f(z) € {arsinh(z), arcosh(z), artanh(2z/7)}.

ACKNOWLEDGMENTS. The first author is indebted to the Graduate School of
Mathematical Analysis and its Applications for support. The second author was, in
part supported by the Academy of Finland, Project 2600066611. Both authors wish
to acknowledge the expert help of Dr. H. Ruskeepié in the use of the Mathematica®
software |[Ru| and Prof. P. Hésto for providing simplified versions of some of our
proofs.

2. PRELIMINARIES AND DEFINITIONS

For convenience, we use the notation R, = (0, 00).

2.1. Lemma. [N2, Thm 2.1] Let f : R, — R, be a differentiable, log-convex function
and let a > 1. Then g(x) = (f(x))*/f(ax) decreases on its domain. In particular,
if 0 < x <y, then the following inequalities
(Fw) _ ()"
flay) = flax)

< (f(0)*"
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hold true. If 0 < a < 1, then the function g is an increasing function on R, and
inequalities are reversed.

We recall the following identity [AS, 15.3.5]:
(2.2) F(a,bjc;2) = (1 —2)"F(b,c — a;¢; —z/(1 — 2)).
For the following lemmasee [AVV1, Theorems 1.19(10), 1.52(1), Lemmas, 1.33, 1.35].
2.3. Lemma. (1) Fora,b,c>0,c<a+b, and |z| <1,
F(a,bjc;x) = (1 — ) F(c —a,c — b;c; ).
(2) Fora,z € (0,1), and b,c € (0,00)

b
F(—a,b;c;:v)<lfa—x.
c

(3) Fora,x € (0,1), and b,c € (0, 00)

F(a,b;c;x) + F(—a,b;c;z) > 2.
(4) Let a,b,c € (0,00) and ¢ > a+b. Then for x € [0,1],
I'(e)l'(c—a—10)
I'(c—a)l(c—b)"
(5) For a,b> 0, the following function

Fla,bja+b;x) — 1
10 = S

is strictly increasing from (0,1) onto (ab/(a+b),1/B(a,b)).

F(a,bc;x) <

2.4. Lemma. Forp > 1 and x € (0,1), the functions
(arcsin, (2"))/* and  (artanh,(z*))"/*

are decreasing in k € (0,00), also

(arctan,(z¥))/* and (arsinh,(z*))"/*

(

are increasing in k € (0, 00).
In particular, for k> 1

{/arcsing, (x%) < arcsin, () < (arcsin, /)",
{/artanh, (%) < artanh,(z) < (artanh, /z)*
(arsinh,, /7)" < arsinh,(z) < {/arsinh,(z*),
(arctan, /7)" < arctan,(z) < {/arctan,(z*).



INEQUALITIES FOR EIGENFUNCTIONS OF THE p-LAPLACIAN 5

Proof. Let let

k) = (B, B@) = / “gydr, E=E(@h).

We get
11 EVE E E 1
f'=—EY*1og Eﬁ—i-%El/k*lE’xk logz = 2 (— log i (IkE - 1) log az’“) .
If g > 1, then
E 1 [
0

If ¢ is increasing, then

E I

E-—= ’“—/ t)dt >0
o g(z") ) g(t) 7

so that xk% —12>0. Thus f’ < 0 under these assumptions.
For arcsin, and artanh,, g is (1 — #*)"%/? and (1 — #?)~!, so the conditions are
clearly satisfied. Additionally, we see that for arsinh, and arctan, the conditions

g <1 and g is decreasing and this conclude that f’ > 0. This completes the proof.
O

2.5. Theorem. Forp > 1 and r,s € (0,1), the following inequalities hold:

(1) arcsin,(r s) < y/arcsin,(r?) arcsin,(s?) < arcsin,(r) arcsin,(s)

(2) artanh,(rs) < y/artanh,(r?) artanh,(s2) < artanh,(r) artanh,(s),

(3) arsinh,(r?) arsinh,(s?) < y/arsinh,(r?) arsinh, (s2) < arsinh,(r s),

(4) arctan,(r) arctan,(s) < y/arctan,(r?) arctan,(s?) < arctan,(rs).
Proof. Let h(z) = log f(e®). Then h is convex (in the C'% case) when h "> 0, i.e. iff
f
)
where y = e® and the function is evaluated at y. If f” > 0, then
fow
- Z f O ’
) (0)
so a sufficient condition for convexity is f/(0)(f'+yf") > (f/)?. If f” < 0, the reverse
holds, so a sufficient condition for concavity is f/(0)(f" + yf”) < (f')%. Suppose

f(x) = / " g(t) .

(f +yf") = ()
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Then f' = g and f” = ¢’. Then one easily checks that h is convex in case g is
(1 —t")~/? and (1 — t?)~!, and concave for g equal to (1 + t*)"%/? and (1 4 tP)~*
Now proof follows easily from Lemma 2.4. O

2.6. Lemma. For k,p > 1 andr,s € (0,1) with r > s, we have

arcsin,(s) g arcsin, (s*)
arcsin, (r arcsin, (k) ’
artanh,, (s artanh, (s

ol

()

Proof. For = > 0, the following functions

")
ik

artanh,, (r*
)
(ct)
), w(z) = artanh,(e
wy(z) = 1/arsinh,(e™)

are log-convex by the proof of Theorem 2.5. Let x < y, e =1 > s = e Y, now
inequalities follow from Lemma 2.1. O

2.7. Lemma. K, Thm 2, p.151] Let J C R be an open interval, and let f : J — R
be strictly monotonic function. Let f=1: f(J) — J be the inverse to f then

artanh, (r

)
)
)
o(s*

>)

arsinh,, (r¥)

arsinh arsinhy, (s

arsinh,(r

oy

u(x) = arcsiny(e

—T

1S concave,
18 CONVEL,
1S CONVEL,
18 concave.

(1) if f is convex and increasing, then f~!
(2) if f is convexr and decreasing, then f=*
(3) if f is concave and increasing, then f=!
(4) if f is concave and decreasing, then f~1

2.8. Lemma. For k,p > 1 and r > s, we have

inequalities reverse for k € (0,1).

"
) se0.),
siny,(s*)

tanh, (r*

fanhy () e (0, 00),
tanh,,(s*)

sinh,, (r")

— 0,1
sinhy,(s*)’ rs€(0,1),

Proof. Tt is clear from the proof of Theorem 2.5 that the functions

f(x) ), 9(x)

= log(arcsin, (e

= log(artanh,(e

=), h(z) = log(1/arsinh,(e”))

are convex and decreasing, then Lemma 2.7(2) implies that

S y) = log(1/siny(e)), g~ (y) =

log(1/ tanh,(e¥)), h(y) =

are convex, now the result follows from Lemma 2.1.

log(sinh,(e™?)),
(]
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2.9. Lemma. For p > 1, the following inequalities hold
1) /sin,(r?)sin,(s?) < siny(rs), r,s € (0,7,/2),

2) y/tanh,(r?) tanh,(s?) < tanh,(rs), r,s€ (0,00),

(3) sinhy,(rs) < y/sinh,(r?)sinh,(s?), r,s € (0,00).
Proof. Let f(z) = log(arcsin,(e™?)), z > 0. Then

flz)=—(—e?) P /F(1/p,1/p; 1 +1/p;e™) <0,
f is decreasing and by the proof of Theorem 2.5 f is convex. By Lemma 2.7(2),
[~Y(y) = log(1/ sin,(e¥)) is convex. This implies that

)= k) e )

letting 7 = e/ and s = e¥/?, we get the first inequality.

For (2), let g(z) = log(artanh,(e™*)), z > 0 and
g (z) = —1/((L = eP)F(L1/p; 1+ 1/p;e ™)) <0,
hence g is decreasing and by Theorem 2.5 g is convex. Then g~'(y) = log(1/tanh,(e¥))
is convex by Lemma 2.7(2), and (2) follows. Finally, let hi(2) = log(1/arsinh, (e*))
and

’

hy(z) =—1/F (1, 1/p;141/p; 0 j_p;z) <0
Then hi'(y) = log(sinh,(e7¥)) is decreasing and convex by Lemma 2.7(2). This
implies that
log(sinh,,(e~*/%¢7¥/2)) < (log(sinh,(e™®)) + log(sinh,(e7¥)))/2,
and (3) holds for r, s € (0,1). Again hy(z) = log(1/arsinh,(e"*)) and
hy(2) = (F(L,1/p; 1+ 1/pi1/(1+ €)™t > 0,

similarly proof follows from Lemma 2.7(2), and (3) holds for r,s € (1,00), this
completes the proof of (3). O

2.10. Lemma. For p > 1, the following relations hold

) /sin,(r)sin,(s) <sin,((r +s)/2), r,s € (0,71,/2),

\/bmh ) sinh ( ) <sinh,((r+s)/2), r,s€(0,00).

Pmof, The proof follows easily from Lemma 2.9 and the inequality 2/rs < r+s
since the functions are increasing.

0

2.11. Lemma. For p > 1, the following inequalities hold

(1) sin,(r+s) <sin,(r) +sin,(s), r,s€ (0,m,/4),
(2) tanh,(r + s) < tanhy(r) + tanh,(s), 7,s€ (0,b,/2),
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(3) tan,(r 4+ s) > tan,(r) + tan,(s), r,s € (0,b,/2),
(4) sinh,(r + s) > sinh,(r) +sinh,(s), s € (0,¢,/2).
Proof. Let f(x) = arcsin,(x), x € (0,1). We get
fiz) =@ —an™r,

which is increasing, hence f is convex. Clearly, f is increasing. Therefore
fr=F"(y) = siny(y)
is concave by Lemma 2.7(1). This implies that f, is decreasing. Clearly f,(0) = 0,

and by [AVV1, Theorem 1.25], fi(y)/yisdecreasing. Nowitfollowsfrom [AVV1,
Lemma 1.24] that

filr +5) < fi(r) + fi(s),

and (1) follows. The proofs of the remaining claims follow similarly. O

3. PROOF OF MAIN RESULTS
3.1. Proof of Theorem 1.1. By Lemma 2.3(3), (2) we get

» 11 1
2—(1—x><F( 14 )
p(1+p) p'p p

and the first inequality of part one holds. For the second one we get
11 1
arcsin, r = xF( 14+ a:p)
p'p p
cP1+1/prA+1/p—1/p—1/p)
F(1+1/p—1/p)L(1+1/p—1/p)

1 1 1 11
xF<1+)F(1—>—xB<1— >_x7rp
P P P P’ p 2

by Lemma 2.3(4). By [BE, Prop (2.11)] arccos,x = arcsin,, ((1 — 27)/?), and (2)
follows from (1). For (3), if we replaceb=1,c—a=1/p, c=1+1/p, a? = z/(1—=2)
in (2.2) then we get

1 1
arctan,z = xF( 1+ — —xp>
p’

F1,11 "
N <1+ > < Ty 1+xp>
1/p1
11
= F 777;1+
1+xp 1+:vp pp
1/p
11 1 P
= F 1+7;.’E7
1+xp p'p p 1+ap

1/p
21/pbp <1ip p> )
X

P
’1+:vp>

=

A
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third identity and inequality follow from Lemma 2.3(1), (4). For the lower bound

we get
w» \V7 11 1 aP
arctan, r > < ) <2—F<,;1+; >)
14 2P pp p 1+ aP

(p(L+p)(1 +2P) +aP)x
p(1+p)(1 +ap)i+i/p

from Lemma 2.3(3), (2).

3.2. Proof of Theorem 1.2. For (1.3), wereplace b =1/p, c—a=1/p, c =1+1/p
and 2? = z/(1 — z) in (2.2) and see that

11 1 po\ VP 1 1 »
arsinhpx:xF<,;1+;_gg1’>:< 1; > F<17;1+;x>_
p'p’ p 1+ ap p o p 1tar

Now we get

11 1 1 P P\ P
cFl—,=;14+—5—2P) < (1—=log|1— < v
pp P D 14 xp 14 xp

from Lemma 2.3(5) and observing that B(1,1/p) = p, this implies (1.3).
For (1.4) we get from Lemma 2.3(5)

1 1 1 1 1 1
I 1<F(1.—:1+=:2P) <=1 1
1+p0g<1—$”>+ (’p’ +p’$> pog(l—l"”>+ ’

which is equivalent to

1 1 1 1
x(l— log(l—x”)> <:L'F(1,;1+;:rp) <m<1—log(1—x”)) ,
L+p p p p

and the result follows.

3.3. Remark. For the particular case p = 2. Zhu [Z] has proved for x > 0

6v2(v1+ 22 — 1)1/
44+ V2(V1+ a2+ 1)1/2

When p = 2, our bound in (1.3) differs from this bound roughly 0.01 when x € (0, 1).

< arsinh(z).

3.4. Lemma. Forp > 1 and x € (0,1), the following inequalities hold:
(1) arctan,(z) < arsinh,(z) < arcsin,(z) < artanh,(z),
(2) tanh,(z) < siny(z) < sinh,(z) < tan,(z),

the first and the second inequalities hold for z € (0,m,/2), and the third one holds
for z € (0,b,).
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Proof. From the proof of Theorems 1.1(3), we get

NS T T

arctan,(r) = - F 7’7;14_7;357
14 2P pp p 1+ ap

1 P

p 1+aP

a2 \ P 1
= arsinh,(z) < (1 n ) <1 + —log(1 + xp))

xP D

N
[u—
i
kS
~
=
=
|
N
“)—\
= | =

P
< z(1l+4 > < arcsin,(x
< p(1+p) #(7)

11 1
= a:F(,;1+;xp>
pp p

1 1
< zF (1, — 1+ ;:c”) = artanh,(z),
p p

the first and the fifth inequality follow from the fact that F'(a,b;c;x) is increasing
in a. For the second and the fourth inequality we use (1.3) and Theorem 1.1(1).
The inequalities given in (2) follow from (1), if we take each inequality and apply
its inverse function to both sides and use limiting values. O
3.5. Lemma. For p > 2, we have
6p? 12p? 27

T << ==

3p? —2 =T = 6p% — w2’ o p sin(7/p)
Proof. By [KVV, Thm 3.1] we get

(i) = (5) =5 (0-5)

—|1-—= sin | — —|1-=—=,

p 6p*) ~ p) " p 3p?

and the result follows easily. O

3.6. Lemma. Fora € (0,1) and k,r,s € (1,00), the following inequalities hold

(1) Trs < \/7TT2 ez < \/7Tr7r87
(2) Mpasi-a <am, + (1 —a)m,,

k
3) (”) <TE <

T Tk

Proof. Let f(z) =log(mex), © > 0. We get

"

f(x)=e"n(e*mesc (6_9”77)2 — cot (e7*7) ,

which is positive, because the function g(y) = y*(csc(y))* —y cot(y) is positive. This
implies that f is convex. Hence

log(Teatiy/2) < 5 (log(mer) 4 log(mev))

N =



INEQUALITIES FOR EIGENFUNCTIONS OF THE p-LAPLACIAN

setting 7 = €%/2 and s = e¥/2, we get the first inequality of (1), and the second one
follows from the fact that 7, is decreasing in p € (1,00). Now it is clear that 7. is

convex, and we get
Teart(-ay < ATer + (1 — a)mey .

Let 0 <z <y, then we get
(Wey)k

’ﬂ-ek Yy

(We”)k

7Tek x

from Lemma 2.1, and (3) follows if we set r = e” and s = e?.

<

3.7. Lemma. Forp>1 and z € (0,1), we have

. T
arcsiny,

————— | = arctany(z),
V14 xp> p( )

in, (2) ¢ T
arcsin,(r) = arctan, | — =)

arccos,(z) = arctan,, ,

(=)

1

arccos, (m) = arctan,(z) .

Proof. We get

arctan,(z) =

11 1
:cF(,;1+;—:cp>
pp p

1 P
- ' el
1+ P p 1+aP

B T
 1+4ap

LA I TS
F 777;1+7;x7
14 2P pp p 1+ap

)

RSN TS| p
- (= Flo=le = (e
1+ ap p'p p’ \ (14 zp)l/p

= arcsin, (

one. For the third identity, we get

=)

arctan,,
x

by (2.2), Lemma 2.3(1) and [BE, Prop 2.2]. Similarly, the fourth identity follows

from third one.

x
v1+ xp>
by (2.2) and Lemma 2.3(1). Write y = x/¥/1 — 2P, and second follows from first

11 1
\p/l—a:PF<,;1+;(1—xp)
pp p

arcsin,,((1 — 2P)"/P) = arccos,(z)

)

11

0
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3.8. Conjecture. For a fived x € (0,1), the functions
sin, (1, x/2), tan,(m, /2), sinh,(c, )

are monotone in p € (1,00). For fized x > 0, tanh,(x) is increasing in p € (1,00).

4. SOME RELATIONS FOR ELEMENTARY FUNCTIONS

4.1. Lemma. For x € (0,1), the following functions
fi(k) = sin(z®)YE | fy(k) = cos(z®)Y* . fy(k) = tanh(z*)VE
are increasing in (0, 00).
Proof. We get
f1(k) = (zFcot(x*) log(x*) — log(sin(x*))) sin(z*)/* /K2,
which is positive because
hi(y) = y cot(y) log(y) — log(sin(y)) > 0.
For f5 we get
fo(k) = —(2* tan(z*) log(2*) + log(cos(z*))) cos(a*)/* /K2,
which is positive because the function hy(y) = y tan(y) log(y) +log(cos(y)) < 0. For
f3 we get

/ anh(z*)1/k
f5(k) = %(22’“ log(2¥)/ sinh(22%) — log(tanh(z"))).

Let
hs(y) = 2ylog(y)/ sinh(2y) — log(tanh(y)), y = 2* € (0, 00).
Clearly h3(y) > 0 for y > 1. For y € (0,1) we see that hs(y) > 0 iff

2y log(y)
sinh(2y) log(tanh(y)) =1

which holds because y > tanh(y). In conclusion, f4(k) > 0 for all z € (0, 00).

0

4.2. Lemma. The following inequalities hold
(1) \/arccos(r?)arccos(s2) < arccos(rs), r,s€ (0,1)

(2) \/arcosh(r2) arcosh(s?) < arcosh(rs), r,s€ (1,00).

Proof. For (1) we let f(x) = log(arccos(e™®)) ,z > 0, and get
() Ve2r — 1+ e*arccos(e™™) <0
r)=—
(e2r — 1)3/2arccos?(e=*) —

hence f is concave, and the inequality follows.
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For (2) we define h(z) = log(arcosh(e”)), « > 0 and get
B (z) = 7ez(ezm + arcosh(e”))
(e2r — 1)3/2 arcosh(e*)?
This implies the proof of (2). O

<0.

4.3. Lemma. Forr,s € (0,00), we have
(1) cosh(rs) < y/cosh(r2) cosh(s?),

(2) tanh(r)tanh(s) < y/tanh(r2) tanh(s2) < y/tanh(r2

Proof. For (1) let g;(x) = log(cosh(e™ )) and go(z) = log(cosh(e”ﬁ)), x > 0.
We get
g1 (z) = e 2(1/(cosh(e™®)?) + e” tanh(e ™)) > 0,

gy () = €®(e” /(cosh(e®)?) + tanh(e®)) > 0,
hence g; and g, are convex, and (1) follows. The first inequality of (2) follows from
Lemma 4.1. For the second one let hy(z) = log(tanh(e™*)), x > 0 and get

hi(z) =e (fcsch (e_x)2 + 2¢”csch (2¢7") — sech (e_x)2)

which is negative, hence h; is concave. Again, let ho(z) = log(tanh(e®)) and get

"

hy(z) = —€” (e"csch (e%)* — 2csch (2¢%) + e®sech (e”)Z) <0.

This implies that hy is also concave, and the second inequality of (2) holds for
r,s € (0,00).

(]
4.4. Lemma. Fory € (0,1), we have
(4.5) gycot ( 5 ) log y < log (sm (%)) ,
(4.6) y coth (y)log y < log (sinh (y)) ,
(4.7) log (tan (%)) > zylog(y) cse (%y) sec (%y) .

Proof. Let f(y) = gycot( 5 )log y — log (sin (%)) . We get

/ 1 2
fly = gcot (%) log y — i ym? csc (%) log y

- Nz cos(my/2)

_ 5log(y ) (;Sin%lr v/2) sin(ﬂz/§)>

B e
7Tlog()< y_sin(ﬂy)>.

2sin(ry/2)2 \ 2 2
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This is positive because x > sin z for z € (0,27), and f(1) = 0 and (4.5) follows.
Next, let
9(y) = ycoth (y) log y — log (sinh (y)) .

We get

log(1/y) .
(y) = sinh(y)? (y — sinh(y) cosh(y)) <0,
because sinhx > z/coshz for x > 0. Moreover, g tends to zero when y tends to
zero and this implies the proof of (4.6). Finally, let

’

™

h(y) = log (tan ( Qy)) — gylog(y) cse (%) sec (%) .

2

2 1 2
—%ylog(y) sec (%) + ZWleog(y) cse (%)

—g log(y) csc (%) sec (%)

= mwlog (;) ese(my)?(sin(ry) — my cos(my)) < 0,

We see that

h (y)

because x < tanz for x € (0,1). Hence h is increasing and tends to log(7/2) when
y tends to zero and this implies the proof. O

4.8. Lemma. (1) The function
_1 L AN my
H(y) = 27r10g (yy) cot( 5 ) log <csc( 5 )>
is decreasing from (0,1) onto (0,log(r/2)).
(2) The function
_ LUAR my
G(y) = log <COSh< 5 )) 5™y log(y) tanh( 5 )
is increasing from (0,1) onto (0, log(cosh(m/2))/2).
Proof. We get
’ m

H(y) = ——csc (%y)Q (7r log (yfy) + log(y) sin(wy))

= Tese () (mylog(1/y) — sin(ry) os(1/)).

A~ s

which is positive. Next,

1 Y 1 Y\ 2
G (y) = —§7rlog(y) tanh (7) — ZWleog(y)sech (?) >0,

and the limiting values follow easily. O
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4.9. Lemma. The following function is increasing from (0,1) onto (0, w(log(m/2))/2)

o(x) = \/%Wlog <31€> _ arcsin(z) log <amlln(x)> .

In particular,

. w/2
.Z,z/\/lfrt:? < aI‘CSiIl(J})arCSln(I) < (g) .,L,x/\/lfzz )

Proof. We get
, r?log(z) log(x) N log (arcsin(z))

r) = — = —
9 (@) (1—22)%?  V1—2a2 V1 — 22
log(1/z) — (1 — 2?) log(1/arcsin(z))
o (1 — 22)3/2
~ log(arcsin(z) =) /z)
(1= a2)3/2 )
which is clearly positive, and g tends to zero when x tends to zero and 1. (I

4.10. Lemma. For x € (0,1), the following functions

Tk

1/k 1/k
f(k) = sin (g xk) , g(k) = tan (5 x ) . h(k) =sinh (ask)l/k ,
are decreasing in (0,00). In particular, for k > 1
T

¢/sin (z ij> < sin (z J}) < sin (7 {“/:E)k
2 - 2 - 2 ’

k
¢/ tan (g x’f) < tan (g z) < tan <g {‘/E) ,
v/sinh (z¥) < sinh (z) < sinh (%)k .

Proof. We get

£ S (ﬂ-xk) na¥log(z) cot (%) log (sin (%))

2k k2

— _2%2 ([ sin (”;k) (Tl'k 2" log(1/x) cot (T) —2log (l/sin (”;”IC))) ,

which is negative by Lemma 4.8(1). Next, we get

S () = Htan (ng) n¥ log(z) csc2<]:§k) sec (”T“"k) - log (ta;(%”k)) o
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by (4.7). Finally,

Wk = {/sinh () (xk log(x)kcoth (z") log (sir:; (xk))>

= {/sinh (z*) (xk log(z*) coth (:L‘k) — log (sinh (xk))) (1/k%),

which is negative by inequality (4.6), and this completes the proof. ([

4.11. Lemma. The following functions

f(k)—cos(2 l/k) , x€(0,1),

g(k) = cosh (xk)l/k, z € (0,1),
1/k

h(k) = arcosh (;T k) ., xe(l,00),

are decreasing in (0,00). In particular, for k > 1

k
cos (z (75) < cos (g a:) < {/cos (g x") ,
\/cosh (z*¥) ) < cosh (f)k ,

T T —\*
arcosh 5 arcosh ) < arcosh (5\/5) .

Proof. We get
, 1 k 1/k ] t 1/k /9
£ (k) = cos <27rx1/k> <m OB (L) o cos a2 | <0

2k

and proof of g follows from Lemma 4.2(1).
Finally, for y > 7/2, let
ylog(2y/m)

VA1

Jj(y) = arcosh (y) log (arcosh (y)) —

¥ og (2y/m og (arcosh(y
jy)= >0,
(y? — 1)3/2 Vy?—1
and

Jj(m/2) = arcosh(m/2) log(arcosh(m/2)) = 0.0235.
With z = z* we get

/ arcosh (72/2)"/* mzlog(z T T
Vo) = e () () s o (5)) )

This is negative, because j(y) > 0 for y > 7 /2. |
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4.12. Lemma. The following relations hold
(1) sin(r)sin(s) < /sin(r?)sin(s?), r,s€ (0,1),

(2) cos(r)cos(s) < y/cos(r?) cos(s?) < cos(rs),

(3) tan(r) tan(s) > /tan(r?) tan(s?) > tan(rs),
the first inequalities in (2) and (3) hold for r,s € (0,1/7/2), and second
ones forr,s € (0,1).

Proof. Clearly (1) and the fist inequality of (2) follwos from Lemmas 4.1 and 4.11,
respectively. Let g(z) = log(cos(me™*/2)), x > 0, we get

2 —x 2 —z
q"(z) —% e ¥ sec <€ 27T> — ge_xtan <e 27r>

N
S e 2% sec <€ > (e’” sin (e_zw) + 77) <0,

™

4 2

and the second inequality of (2) follows.
For (3), we define h(x) = log(tan(me*/2)), > 0, and we get

W'(z) =e"m (1 —e "meot (e 7)) csc (e m) > 0,

hence h is convex, and the second inequality follows easily, and the first one follows
from Lemma 4.10. O

4.13. Lemma. For a fived x € (0,1), the function g(k) = (cos kx + sin kz)"/* is
decreasing in (0,1).
Proof. Differentiation yields

. (sin(kz) + cos(kz))'/* [ kx(cos(kz) — sin(kx))
g (k) = k2 < sin(kz) + cos(kx)
To prove that this is positive, we let z = kx,y = cos z + sin z < 1.1442

—log(sin(kx) + Cos(kx))) .

h(z) = (cos z + sin z)log(cos z + sin z) — z(cos z — sin z),
and observe that
W (z) = zcosz+ (cos z—sin z)log(cos z 4 sin z) + z sin 2
= 2y +log y*** —log y™ * > 0,

because e*¥ > ¢"" #. This implies that g (k) > 0. O
5. APPENDIX

In the following tables we give the values of p-analogue functions for some specific
values of its domain with p = 3 computed with Mathematica®. For instance, we
can define |Ru|

arcsinp[p_, x_] := x *Hypergeometric2F1[1/p, 1/p, 1 + 1/p, x"p]
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sinplp_, y_] := x /. FindRoot[ arcsinplp, x] ==y, {x, 0.5 }]

x arcsing () | arccos,(z) | arctan,(x) | arsinh,(z) | artanh,(z)

0.00000 | 0.00000 1.20920 0.00000 0.00000 0.00000
0.25000 | 0.25033 1.17782 0.24903 0.24968 0.25099
0.50000 | 0.50547 1.07974 0.48540 0.49502 0.51685
0.75000 | 0.78196 0.88660 0.68570 0.72710 0.85661
1.00000 | 1.20920 0.00000 0.83565 0.93771 00

x sing (z) | cosp(z) | tany(z) | sinhy,(z) | tanh,(x)
0.00000 | 0.00000 | 1.00000 | 0.00000 | 0.00000 | 0.00000
0.25000 | 0.24967 | 0.99478 | 0.25098 | 0.25033 | 0.24903
0.50000 | 0.49476 | 0.95788 | 0.51652 | 0.50518 | 0.48517
0.75000 | 0.72304 | 0.85362 | 0.84704 | 0.77588 | 0.68283
1.00000 | 0.91139 | 0.62399 | 1.46058 | 1.08009 | 0.82304

With a normalization different from ours, some eigenvalue problems of the p-
Laplacian have been studied in |[BR].

[AS]

[AQVV]

[AVV1]
[AVV2
[BEMI|
[BEM2
[BR]

[BE]

[DM]

[KVV]
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1. INTRODUCTION

During the past fifteen years, after the publication of the landmark paper [BBG],
numerous papers have been written about generalized elliptic integrals, modular
functions and inequalities for them. See e.g. [AQVV, AQ, B1, B2, HLVV, HVV,
WZC, WZQC, ZWC1, ZWC2]. Modular equations have a long history, which goes
back to the works of A.M. Legendre, K.F. Gauss, C. Jacobi and S. Ramanujan
about number theory. Modular equations also occur in geometric function theory
as shown in [AQVV, Vu2, K, LV] and in numerical computations of moduli of
quadrilaterals [HRV]. For recent surveys of this topic from the point of view of
geometric function theory, see [AVV4, AVV5, AV]. The study of these functions
is motivated by potential applications to geometric function theory and to number
theory.

Given complex numbers a,b and ¢ with ¢ # 0, —1,—2,..., the Gaussian hyper-
geometric function is the analytic continuation to the slit place C \ [1,00) of the
series

> (a,n)(b,n) 2"
F(a,b;c;z) = oFi(a,b;¢;2) = Z (7(0?51)7)71!’

n=0
Here (a,0) = 1 for a # 0, and (a,n) is the shifted factorial function or the Appell
symbol

|z| < 1.

(a,n)=ala+1)(a+2)---(a+n—1)
forn € Z,.

For later use we define classical gamma function T'(x), and beta function B(z,y).
For Rex > 0, Rey > 0, these functions are defined by

o r
I'(x) —/ e 't dt, B(x,y) = —-—2
0
1
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respectively.
For the formulation of our main results and for later use we introduce some basic
notation. The decreasing homeomorphism g, : (0,1) — (0, 00) is defined by
T Fla,1—a1;r?) 7 Ka(r')
2 sin(ra) F(a,1 —a;1;72)  2sin(ra) K (r)

Ua(r) =

for r € (0,1) and 7" = v/1 —r2. A generalized modular equation with signature 1/a
and order (or degree) p is

(1.1) Ha(s) =ppa(r), 0<r<l1.
We denote
(1.2) s = ¢ =ty (na(r)/K), K€ (0,00),p=1/K,

which is the solution of (1.1).
For a € (0,1/2], K € (0,00), r € (0,1), we have by [AQVV, Lemma 6.1]

(1.3) P () + o (r)? = 1.

For a € (0,1/2], r € (0,1) and 7 = /1 — 72, the generalized elliptic integrals are
defined by

Ko(r) = gF( —a;1;7?), Ealr) = gF(a_Ll—a;l;rQ),
%, (r) = Kq(r'), £ (r) = £q(r), ‘.
%(0) = . %all) = o0, £a(0) = 5, (1) = S}Ii(f%.

In this paper we study the modular function ¢% (r) for general a € (0, 3], as well as
related functions pg, Ka, n%, Ae, and their dependency on r and K, Where

S$\2 [ x
77?((1“):(?> ’5:90(;((7")77-: ma fOl" .’L‘,KG(0,00),

e\ (@K sin(ma)\?
A= (%yku/ﬂ)) ~ (R ) =)

Motivated by [L] and [BV] we define for p > 1 and r € (0, 1),
x 1 1

artanh,(z) = / (1—t")"'dt = xF (1 s =14 = :r”) .
0 p p

Then artanhy(z) is the usual inverse hyperbolic tangent (artanh) function.
We give next some of the main results of this paper.

1.5. Theorem. For a,b,c > 0, and r € (0,1), the function g(p) = F(a,b;c;r?)"/»
is decreasing in p € (0,00). In particular, for p > 1
(1) F(a,b;c;m?)'P < F(a,b;c;r) < Fla,b;c;r'/P)P,
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0 ez () e
(3) (g) o Ea(r/P)P < g,(r) < (g) e Eq(rP)V/P,

H. Alzer and S.-L. Qiu have given the following bounds for X = %/, in [AQ,
Theorem 18]

16) 7 (artanh(r))3/4 < %(r) < g (artanh(r)) |

2 r T

In the following theorem we generalize their result to the case of X,, and for the
particular case a = 1/2 our upper bound is better than their bound in (1.6). For a
graphical comparison of the bounds see Figure 1 below.

1.7. Theorem. For p > 2 and r € (0,1), we have

m (‘artanh,(r) 1z 7T p—1 9
G ek A\ Tl1— log(1 —
5 ( ) <3 o los(1=77)

r

T 2
X “(1-—"1og(1—7r?
< a<r><2( o log( r>),

where a = 1/p and 7, = 2r/(psin(7/p)) .
In [AQVV, Theorem 5.6] it was proved that for a € (0,1/2] we have

< rs >< (1) + ua(s) < 2 2rs
a 77 ] = HalT alS) > a — )
K 1+7's a a a Vi+rs+r's

for all r,s € (0,1). See also Theorem 4.3 below. In the next theorem we give a
similar result for the function %,.

1.8. Theorem. The function f(x) = 1/%,(1/cosh(x)) is increasing and concave
from (0,00) onto (0,2/m). In particular,
Ka(r) KQ(S/>/ < K1)+ Ka(s) < 2%K,(r) Ka(s) < 2%, (1) Kal(s)
Ka(rs/(1+1's)) Ko(y/rs](1+ 75 +1'5)) Ka(rs)
for all r,;s € (0,1), with equality in the third inequality if and only if r = s.

)

There are several bounds for the function y,(r) when a = 1/2 in [AVV1, Chap.5].
In the next theorem we give a twosided bound for pi,(r).

1.9. Theorem. Forp > 2 and r € (0,1), let
To\2 (P> — (p—1)logr? P2 pm, — 2logr?
L(r) = (2 d =(5 P :
o(7) (2) ( pm, — 2logr? and (1) (2) p?— (p—1)logr?
(1) The following inequalities hold
Up(r) < pra(r) < uy(r),
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where a =1/p.
(2) For p =2 we have

ug(r) < %12(7“).

ACKNOWLEDGMENTS. The first author is indebted to the Graduate School of
Mathematical Analysis and its Applications for support. The second author was, in
part, supported by the Academy of Finland, Project 2600066611. Both authors wish
to acknowledge the expert help of Dr. H. Ruskeepéd in the use of the Mathematica®
software [Ru].

2. PRELIMINARIES

For easy reference we record the next two lemmas from [AVV1] which have found
many applications. Some of the applications are reviewed in [AVV5]. The first
result sometimes called the monotone [’Hospital rule.

2.1. Lemma. [AVV1, Theorem 1.25] For —co < a < b < oo, let f,g : [a,0] — R
be continuous on [a,b], and be differentiable on (a,b). Let g'(x) # 0 on (a,b). If
f(x)/g (x) is increasing (decreasing) on (a,b), then so are

[f(2) = f(a)l/lg(z) = g(a)] and [f(z) = F(b)]/[g(z) = g(b)].

If f'(x)/g () is strictly monotone, then the monotonicity in the conclusion is also
strict.

2.2. Lemma. [AVV1, Lemma 1.24] For p € (0,00], let I = [0,p), and suppose that
frg : I — [0,00) are functions such that f(x)/g(x) is decreasing on I\ {0} and
g(0) =0 and g(x) > 0 for x > 0. Then

fl@+y)(9(@) +9(y) < glz+y)(f(2) + fy),

for x,y,x +y € I. Moreover, if the monotonicity of f(x)/g(x) is strict then the
above inequality is also strict on I\ {0}.

For easy reference we recall the following lemmas from [AQVV].

2.3. Lemma. Fora € (0,1/2], K € (1,00), r € (0,1) and s = ¢5(r), we have
(1) f(r) =5 Ka(5)2/(r" Ko(1)?) is decreasing from (0,1) onto (0,1),
(2) g(r) = s%,(s)%/(r x,(r)?) is decreasing from (0,1) onto (1,00),
(3) the function r'°%K,(r) is decreasing if and only if ¢ > 2a(1 — a), in which
case 1'° K, (r) is decreasing from (0,1) onto (0,7/2). Moreover, Vi’ Kq(r) is
decreasing for all a € (0,1/2].

2.4. Lemma. The following formulae hold for a € (0,1/2], r € (0,1) and x,y, K €
(0, 00),
dF ab

(1) d—:—F(1+a71+b;1+c;r); F =F(a,b;c;r),
r c



ON GENERALIZED COMPLETE ELLIPTIC INTEGRALS AND MODULAR FUNCTIONS 5

dX.(r)  2(1 —a)(&a(r) — 12 %K(r))

<2> dr = 7’1"/2 7
3 de;:r) _ 2a- 1)(:1<ar(r) — &4(r)) ,
d,ua(r) _ —?
(4) dr — 4rr'2%,(r)?’
dpie(r) — s57%Ka(s)? 552 %Ka(s)Ky(s) 552K, (s)?
(5) dr Krr'2%K,(r)2 2K (r) K, (r) KW ’
Agi(r) _ 4557 %a(5)211alr)
(6) dK T2 K2 ’

where s = gaK( ),

dnf(x) 75 Kal(s) s K, (s) 2 _ s\’ Ka(s) K, (5)
@ dr K <1“5 Kao(r )> =K (rs/ fK;(T)) (rs') Kao(r) K, (r)’
dnfe(z) _ 8 () pta(r) Ka(s)?
(8) dK m2K? ’
in (7) and (8), r = +/z/(1 +z) and s = k().

2.5. Lemma. [AVV1, Theorem 1.52(1)] For a,b > 0, the function

F(a,b;a+b;x) —1

o) = = og 1/ — )

is strictly increasing from (0,1) onto (ab/(a +b),1/B(a,b)).

2.6. Proof of Theorem 1.5. With G(r) = F(a,b;c;r?), and g as in Theorem 1.5
we get by Lemma 2.4(1)

r 1/p—1
J(p) = (G(C);Q (cG(r)log (G(r)) +abpr? F(a+ 1,b4+ 1;¢+ 1;rP) log(1/r))

which is negative. Hence this implies (1), and (2) follows from (1). For (3), write
F(r) = F(—a,b;c;r?). We define h(p) = F(r)"/? and get

r 1/p—1
B'(p) = (F(c)pEQ (cF(r)log(1/ F(r)) 4+ abpr? F(a+1,b+ 1;¢+ 1;77) log(1/r))

which is positive because F(r) € (0,1). Hence h is increasing in p, and (3) follows
easily. O
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FiGure 1. Comparison of upper bounds given in Theorem 1.7 and
(1.6) for x(r).

2.7. Proof of Theorem 1.7. By the definition of artanh,,, Lemma 2.5 and Bernoulli
inequality we get

(BOV (L)

2 r 2 P P
< g (1 — ]19 log(1 — rp)> v
b))
()
< gQ—pﬁlbarw%)zf
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Again by Lemma 2.5 and [AS, 6.1.17] we obtain

1 1
§ < gF <p71—p;1%7’2) = Ki/p(7)

T 1 9
< (w0 )

s 2
= Z(1-—""log(1—+°
2< - og( 7‘)>,

and this completes the proof. O
2.8. Proof of Theorem 1.8. Writing r = 1/ cosh(x) we have
d
é = —(sinhz)/cosh®x = —r 7’
" () dr 20— a) alr) ~ ()
X! (r) dr 2(1 —a) &,(r) —r*K,(r
! _ a - _ a a _ /
fO="%ne="wn w7
ea(r) —r? %, (r)
=2(1—
(1-a) T Ko(r)? ’

which is positive and increasing in r by Lemma 2.3(3) and therefore f'(z) is de-
creasing in x and f is concave. Hence,

@+ f) < 1 (57
— 1 < 1 n 1 > < 1
2 \ Ku(1/cosh(z)) = XKa(1/cosh(y)) /) = Ka(1/cosh((z +y)/2))
2%, (1) Ko(s)

= Xalr) + Kals) < %(/rs/(L+ 15 +75))

by using cosh?((z + y)/2) = (1 + s+ s)/(rs) and setting s = 1/ cosh(y). Clearly,
(r—sP>0&1-2rs+1%*>1—7" — s> 4 s

= 1l-rs>7s «=2>1+4rs+7rs < 2rs/(1+rs+rs)>rs,

and the third inequality follows. Obviously, f(04) = 0, and f'(x) is decreasing in
x. Then f(x)/x is decreasing and f(z +y) < f(z) + f(y) by Lemmas 2.1 and 2.2,
respectively. This implies the first inequality.

2.9. Proof of Theorem 1.9. By Lemma 2.5 we get

—1 1 1 2
(a) 12 5 logr?‘<F<71—;1;1—7‘2><1—logr2
p p p b7y
—1 1 1 2
b) 1-2 1og(1—r2)<F(,1—;1;r2)<1—1og(1—r2).
p p p

2
Tp
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By using (a), (b) and the definition of 1., we get (1). The claim (2) is equivalent to

2(m — log(r?)) _ 4 (7r>2 4 —log(r?)

4—log(1—7r2) ~w\2/) w—log(l—r?)

= 4(m —log(r?)) (7 — log(1 — 1%)) — (4 — log(r*))(4 — log(1 — 7%)) < 0

<= (1 —4) (41 — log(r?*) log(1 — r%)) < (7 — 4)(47 — (log(2))?) < 0.
For the second last inequality we define w(z) = log(x)log(1 — x), and get

ey A= )loe(1 =)~ slo(a) (o)
z(l —x) z(l—x)
and see that g(z) = zlog(z) — (1 — x)log(1 — x) is convex on (0,1/2) and concave
on (1/2,1). This implies that ¢ < 0 for € (0,1/2) and g > 0 for z € (1/2,1).
Therefore w is increasing in (0, 1/2) and decreasing in (1/2,1). Hence the function
w has a global maximum at z = 1/2 and this completes the proof.

O

One can obtain the following inequalities by using the proof of Theorem 1.9:
P, K)o v, (1)
2m (1= (2/(pmp))log r?) =7 7= 21 (1—((p—1)/p)log r?)’
with a = 1/p and p > 2.
2.10. Lemma. The following inequalities hold for all r,s € (0,1) and a € (0,1/2],
(1) Ka(rs) < v/ Ka(r?) Ka(s?) < 2%a(r) Kas),

(2) 2e4(r) &als) < v/ €a(r?) a(s?) < &ulrs).
Proof. Define f(x) =log(X,(e™™)), z > 0. We get by Lemma 2.4(2)

and this is negative by the fact that h(r) = €,(r) =12 %,(r) > 0 and decreasing in r
by [AQVV, Lemma 5.4(1)] and the fact that h is increasing (1'(r) = 2ar X, (r) > 0).
Therefore f'(x) is increasing in x, hence f is convex, and this implies the first
inequality of part one. The second inequality follows from Theorem 1.5(2).

The first inequality of part two follows from the Theorem 1.5(3), for the second
inequality we define g(x) =log(&,(2)), z =€ ", x > 0, and get Lemma 2.4(3)

J(x) =21 - a><”<a<2az;a<z>>

which is positive and increasing in z by [AQVV, Theorem 4.1(3), Lemma 5.2(3)],
hence ¢' () is decreasing in z, therefore g is increasing and concave. This implies
that

)

log(€q(e” /%)) > (log(€a(e ™)) +log(€a(e™)))/2,
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and the second inequality follows if we set r = e*/2 and s = e ¥/, O

3. FEW REMARKS ON SPECIAL FUNCTIONS
In this section we generalize some results from [AVV1, Chapter 10].

3.1. Theorem. The function u;'(y) has exactly one inflection point and it is log-
concave from (0,00) onto (0,1). In particular,

(" (2))" (1" (1))" < g1 (P + q )
forp,q, x,y >0 withp+q=1.
Proof. Letting s = ' (y) we see that j,(s) = y. By Lemma 2.4(4) we get

dS_ 4 9 2
0 558 Ka(s),
@2 ds 4 ,
(Tyi — fd—;ﬁ(s%ca(s)zf252ﬂ<a(8)2+29<a(8)2(8a(5)fSQJCG(S)))
16
= 755 Ka(8)*(28a(s) — (14 5%) Kals)).

We see that 2&,(s) — (1 + s%) K,(s) is increasing from (0, c0) onto (—oo,7/2) as
a function of y. Hence d(y;*(y0))/dy* = 0, for yo € (0,00) and ju,* has exactly one
inflection point. Let f(y) = log(u,'(y)) = log s, we get

() = — 55 %l

which is decreasing as a function of y, by Lemma 2.3(3), hence u;' is log-concave.
This completes the proof. O

3.2. Corollary. (1) For K > 1, the function f(r) = (log ©%(r))/logr is strictly
decreasing from (0,1) onto (0,1/K).
(2) For K > 1,7 € (0,1), the function g(p) = ¢%(r?)/? is decreasing from (0,00)
onto (r'/% 1). In particular,

< QG () < ()P, p > 1,
and

P (r’) = i (r)’, 0<p<1.

Proof. Let s = ¢%(r). By Lemma 2.4(5) we get

, 2 5,(s) K
= TSS, () 7(8) logr — log s,
srr'? Ko (r) K, (r)

and this is equivalent to

’

24 (1) — 2 (s 5 logr B log s
rlog 1 (1) = 5 %,(5)5,(6) , ).

2K, (r) K, (r)  $?2K.(s) K,
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which is negative by Lemma 2.3(3). The limiting values follow from 1'Hopital Rule
and Lemma 2.3(1). We observe that

log % (1P
log g(p) = <WK()> logr,

and (2) follows from (1). O

3.3. Lemma. For0<a<1/2, K,p>1 andr,s € (0,1), the following inequalities
hold

/05() + /05(5") _ pie(r) +9k(s) _ pk(¥)” + ek (Y5)"

0% (1P) 0% (sP) — L+ ¢he(r)pk(s) = 1+ (0% (Yr) % (¥/s))P

Proof. Tt follows from the Corollary 3.2(2) that
)P < ().
From the fact that artanh is increasing, we conclude that
artanh (% (r?)Y/?) + artanh(p% (s”)/?) < artanh(¢%(r)) + artanh(p%(s)) .
This is equivalent to
a P 1/P a ¥4 1/10 a a
o (GO G (RO ) ),
1+ (5% (1) + @5 (sP))1/P 1+ (g% (r) + ¢%(s))

and the first inequality holds. Similarly, the second inequality follows from ¢% (r) <
P (ri/eyr. 0

For0<a<1, K>1andrse€(0,1), the following inequality
. <T+8> < $hc(r) + ¢i(5)
SDK — a a
1+rs 14+ % (r)e%(s)
is given in [AQVV, Remark 6.17].

(3.4)

3.5. Theorem. Forr,s € (0,1), we have
(1) [05(r) = ¢h(s)] < @ (|r = s]) < ITVOROR — VK K > 1,
here R(a) is as in [AQVV, Theorem 6.7]
(2) |95 (r) = ¢k (s)] = (| — s[) = eITVOR@O2] — 5|VK 0 < K < 1.

Proof. Tt follows from [AQVV, Theorem 6.7] that r~!¢%(r) is decreasing on (0, 1).
If K > 1 then by Lemma 2.2 we obtain

Y@ +y) < k(@) + 9% (), =y e (0,1).
Now the first inequality in (1) follows if we take r = z+y and s = y, the second one
follows from [AQVV, Theorem 6.7]. Next, (2) follows from (1) and the fact that

ap(r) = e%(ep(r), A,B>0,r€(0,1)
when we replace K, r and s by 1/K, go‘f/K(r), gp‘ll/K(s)7 respectively. O
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1.00,

Lemma 3.3

0.98:
096
094+

0.92;

0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 2. Let g(a, K,p,r,s) = i)t Y (s , hla,K,r;s) =
1+ V@K (rP) <pK(sP

% (f:fs) be the lower bounds in Lemma 3.3 and (3.4), respectively.

Fora = 0.2, K = 1.5, p=1.3 and s = 0.5 the functions ¢ and h are

plotted. We see that for r € (0.02,1) the first lower bound is better.

3.6. Theorem. Forc,r € (0,1) and K, L € (0,00) we have
(1) The function f(K) = log(v%(r)) is increasing and concave from (0,00) onto
(—00,0).
(2) The function g(K) = artanh(y%(r)) is increasing and convex from (0, 00)
onto (0,00).
(3) @i (r)L(r)'=° < Wik i 1-or(r) < tanh(cartanh(gf (r))+(1—c) artanh(pf (1)) .

(4)
\/ Ok (M)t (r) < SO?K+L)/2(7")
Pic(r) + ¢ (r)
T 1+ ek (Met(r) + o ()6l ()
Proof. For (1), by Lemma 2.4(6) we get

’

F(K) = 45" Ko(s)pa(r) / (n° ),
which is positive and decreasing by Lemma 2.3(3). For (2), we get

’

F(K) = 4s%a(3)pa(r) /(T K?) = 55,(5)*/ pa(r)
by Lemma 2.4(6), which is positive and increasing by Lemma 2.3(3). By (1) and
(2) we get

clog(f(r)) + (1 — ) log(¢1(r)) < log(¢rkia—ayr(r));
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artanh(¢gy (1_ (1)) < aartanh(pg(r)) + (1 — ¢) artanh(pf (1)),
respectively, and (3) follows. Also
(log(¢k (r) + log(¢L(r)))/2 < log(¢{k1y2(r))

artanh ({1 /(1)) < (artanh (g (r)) + artanh(e7))/2,
follow from (1) and (2), and hence (4) holds. O

3.7. Theorem. For K > 1 and 0 < m < n, the following inequalities hold

(1) mie(mn) <3/ ng(m?)ng(n?)

@ () = Zf ((m)) = (%)K |

K

@ aromnion < (i ("))

i (m)nf(n)
4) 2——————— < N (vVmn) < \/n%(m)n%(n).
() n%(m)_’_n?{(n) K( ) K( )K( )
Proof. We define a function g(x) = logn%(e”) on R. By [AQVV, Theorem 1.16], g
is increasing, convex and satisfies 1/K < ¢'(z) < K. Then

(@) — g (fﬂ + y) < 9@) +9(y)

1 a
Og Nk ) 9

1 1
5 10815 (") + 5 log(nic (")),
and this is equivalent to

log (7 (e%/2%/2)) < log (i (e/*)(e2))

Hence (1) follows if we set e”/2 = m and €%/ = n. For (2), let # > 5. Then by the
inequality 1/K < ¢'(z) < K and the mean value theorem we get

(z—y)/K < g(z) —g(y) < K(z —y),
and this is equivalent to
(log(e”) —log(e”))/K < log(ng(e”)) — log(nf(e’)) < K (log(e”) — log(e”)) .

By setting e*/? = m and e¥/? = n we get the desired inequality. For (3), let
f(z) =log(n%(z)), r = \/z/(1 + ) and s = ¢%(r). Then by Lemma 2.4(7) we get

o= 5 (3) () -5 () (R6)
) ()
which is positive and decreasing by Lemma 2.3(2). Hence (f(z)+ f(y))/2 < f((z +

y)/2), and the inequality follows.
For (4), letting h(z) = 1/n%(e*), we see that this is log-concave by (1), and we get
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log(1/n%(e*)) ;log(l/nﬁ((ey)) < log(1/n (€= 0)/2)) |

Setting e* = m and €Y = n we get the second inequality. We observe that h(z) =

(s'/5), s = p%(r), r = \/er /(e* + 1). We get

o= () (8)

which is positive and decreasing by Lemma 2.3(1), hence h is convex, and the first
inequality follows easily. O

3.8. Theorem. Forx € (0,00), the function f : (0,00) — (0,00) defined by f(K) =
n% () is increasing, conver and log-concave. In particular,

(@) (2)' ™ < i qoon(@) < enje(a) + (1= e (2)
for K, L,z € (0,00) and c € (0,1), with equality if and only if K = L.
Proof. We observe that f(K) = (s/s)?, where s = p%(r) and r = /2 /(z + 1). We
get by Lemma 2.4(8)
/ 852 %, (s)? 4 %) [(s%.()\
K) = — 5 Har) = — ; % :
K) n2s2k2 ! (r) msin(ma) K, (r)

s
which is positive and increasing by Lemma 2.3(3), hence f is increasing and convex.
For log-concavity, let g(K) = log(n%(x)). By Lemma 2.4(8) we get

’ SKG(S)Z 4 JCG(T) ’ 2
K = a = — 0 7 fK: s
9 (K) K2V ) msin(ma) K, (r) o(9)
which is decreasing, hence f is log-concave. (I

3.9. Theorem. The function

FUK) = 08 5;?):11%@)

is decreasing from (1,00) onto

< (1) 49<a(7")9<;(7’)>7

(ra)K,(r)" msin(ra)

and the function

is increasing from (1,00) onto
U

(4r* sin(m a) K, (r) Ka(r)/(wr'2), 00),
where r = \/x/(z + 1).
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Proof. Tt follows from Theorem 3.8 and Lemma 2.1 that f is monotone. Let s =
©%(r), by Lemma 2.4(6), the 'Hopital Rule and definition of u, we get

. 2 sr’
Jim, F(K) = Jim 77— log (gr)

45, (1)K, (r)
mwsin(ra)

= lim 8%als) ptalr) Ka(s)*p1a(r) = %Ka(r)Z,ua(r) =

K—1 K27I'2
By using the fact that K = 1, (r)/1.(s) and the I'Hopital Rule, we get

Jm () = i S0

2%, (s)? 2%,(0)? T Kq(r)

Koo sin(ma)pa(r)  sin®(ma)pa(r)  sin(ma) K, (r)’
Next, let g(K) = G(K)/H(K), where G(K) = (s/s')>— (r/r')> and H(K) = K —1.
We see that G(1) = H(1) = 0 and G(o0) = H(o0) = 0o. We see that
G'(K)/H (K) = 2(s%,(5))*/ (s *pta(r))

and it follows from Lemmas 2.3(3) and 2.1 that ¢g(K) is increasing and the required
limiting values follow from p%(r) = p, (1a(r)/K). O

3.10. Remark. If we take x = 1 in Theorem 3.9, then

(1) the function log(A\,(K))/(K — 1) is strictly decreasing from (1,00) onto
(m/sin(ma),t),
(2) the function (\,(K)—1)/(K—1) is increasing from (1, c0) onto (¢ sin?(7 a), c0),
where t = 4%,(1/v/2)?/(rsin(r a)).
In particular,
671'(K—1)/sin(7ra) < )\a(K) <et(K—1)7

1+ t(K — 1)sin?(7a) < A\ (K) < oo,
respectively, and we get
max{e™E-V/sm(Ta) 1 44K —1)sin?(ma)} < A\(K) < 7Y,

3.11. Lemma. For ¢ € [-3,0), the function f(r) = K(r)® + K, (r)¢ is strictly
increasing from (0,1/v/2) onto ((1/2)¢,2%,(1/v/2)°).
Proof. By Lemma 2.4(2) we get

) = 2(1 = a)e K, (r) (Ea(r) — r2 Ko(r)) S 2(1- a)e X, (r) (e (r) — r2 K (r))

rr rr
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r2 % (r)t=e o o .
and here h(r) = —"——(&u(r) — r~%,(r)), which is increasing on (0,1) by

r
[AVV1, Theorem 3.21(1)] and Lemma 2.3(3). Hence f'(r) < 0 on (0,1/+/2), and
the limiting values are clear. (I
3.12. Theorem. (1) For K > 1, the function (log(\.(K))/(K — 1/K) is strictly
increasing from (1,00) onto (2K,(1/v/2)/(x sin(w a)), 7/ sin(r a)).
(2) The function log(Ao(K) + 1) is convex on (0,00), and log(A.(K)) is concave.
(3) The function g(K) = log(Ao(K))/log K is strictly increasing on (1,00). In
particular, for ¢ € (0,1)

Aa(K€) < (Aa(K))

Proof. For (1), let r = p; (7K /(2sin(m a))), 0 < r < 1/4/2. Then by (1.3)

r = %— <ua1 <2sj;1€;®)>2
- \/1 ~ (Mgl <Kua <\2>))2 = <2K817rn(7ra)> ’

we observe that K = %, (r)/ %, (r). Now it is enough to prove that the function

) = 2log(r' /) _ mlog(r' /r)
Ko (r)/ Ka(r) = Ka(r) Ko (r)  sin(ra)(pa(r) + pa(r')’

is strictly decreasing on (0,1/v/2). Set f(r) = G(r)/H(r). Clearly, G(1/v2) =
H(1/4/2) = 0. By Lemma 2.4(4) we get

G(K) 4

H'(K) 7sin(ma)(K.(r)=2 — K, (r')~2)’
which is strictly decreasing from (0, 1/4/2) onto
(2%,(1/V?2) /(7 sin(m a)), 7/ sin(r a))

by Lemma 3.11. Now the proof of (1) follows from Lemma 2.1. For (2), it follows
from Theorem 3.8 that log(\,(K)) is concave. Letting f(K) = \o(K) + 1 we have

lﬂK)=(mf(2;zi@>>2,

by (1.4) and (1.3). Now we have log f(K) = —2logy, here u,(y) = 7K/(2sin(mw a)).
By Lemma 2.4(4) we get

(K 2dy 4
FUD - 200 _ 2y,
F(K) ydK 7
which is decreasing in y by Lemma 2.3(3), and increasing in K. Hence log f(K) is
convex.
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For (3), K > 1, let h(K) = (K —1/K)/log K. We get

/ (14 K?)logK — (K* —1)
h(K) = (Klog K)? ’

which is positive because

AK—1) K1
K+1 K2 +1

by [AVV1, 1.58(4)al, hence h is strictly increasing. Also

1) = i AL _ 00

log K >

is strictly increasing by (1). This implies that
los (%) _ los(Au(K))
clog K log K
and hence (3) follows. O
3.13. Corollary. For 0 <r < 1/v/2 and t = 72/(2%,(1/v/2)?), we have

(1) The function f(r) = (j1a(r) = pa(r"))/ log(r' /7) is increasing from (0,1/v/2) onto
(1,t). In particular,

7.‘.2

log(r//r) < pa(r) — ua(r/) < 710g(r,/r).

2%, (1/7/2)?
(2) For g(r) = log(r' /1),
g(r) + \/(7r/ sin(ma))? + g(r)? < 2u.(r) <tg(r)+ \/(ﬂ/ sin(ma))? + 2 g(r)2.

Proof. 1t follows from the proof of Theorem 3.12(1) that f(r) is increasing, and
limiting values follows easily by the I'Hopital Rule. For (2), from the definition of
tha We get piq(r') = 72 /((2sin(m a))?uq(r)), replacing this in (1) we obtain

pa(r)? — w2 /(2sin(ma))? - L
B T o B T WP
This implies that
(3.14) Ha(r)” = pa(r) log(r /1) > (2sin(r a))?
and
(3.15) pa(r)” =t pra(r) log(r /1) < (2sin(ra))?’

We get the left and right inequalities by solving (3.14) and (3.15) for pu,(r), respec-
tively. O
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4. THREE-PARAMETER COMPLETE ELLIPTIC INTEGRALS

The results in this section have counterpart in [AQVV]. For a,b,¢ > 0, a+b > ¢,
the decreasing homeomorphism i, 4. : (0,1) — (0,1), defined by
B(a,b) F(a,b;c;r'?)
2 F(a,b;c;r?)’

Hape(T) = r e (0,1)

The (a, b, ¢)-modular function is defined by

a,b,c

05 () = g po(Hape(r)/ K) -
We denote, in case a < ¢
Ha,e(T) = fa,c—ae(r) and  @i(r) = @R(r).

We define the three-parameter complete elliptic integrals of the first and second
kinds for 0 < a < min{ec,1} and 0 < b < ¢ < a+b, by

B(a,b
Kap,e(r) = (Z’ )F(a,b; c;r?)
B(a,b
Eape(r) = %F(a —1,b;¢;7%),

and denote

Kae(T) = Kaemae(r) and  Eqo(r) = Eqe—aclr).
4.1. Lemma. [HLVV, Theorem 3.6] For 0 < a < ¢ < 1, the function f(r) =
tac(r)artanhr is strictly increasing from (0,1) onto (0, (B/2)?).

4.2. Lemma. [HLVV, Lemma 4.1] Let a < ¢ < 1, K € (1,00), r € (0,1), and let
s=E(r) and t = gp‘f/cK(r) Then the function

(1) fi(r) = Kae(8)/ Kae(r) is increasing from (0,1) onto (1, K),

(2) fo(r) = 8 Kae(8)2/(r' Kao(r)?) is decreasing from (0,1) onto (0,1),
(3) fa(r) = 5%, .(5)?/(rK,.(r)?) is decreasing from (0,1) onto (1,00),
(4) g1(r) = Kac(t)/ Kae(r) is decreasing from (0,1) onto (1/K,1),

(5) g2(r) =t Ko e(t)?/(r' Kae(r)?) is increasing from (0,1) onto (1,00),
(6) g3(r) =t%, (t)*/(rx, (r)?) is increasing from (0,1) onto (0,1),
(7) ga4(r) = s/r is decreasing from (0,1) onto (1,00),

(8) g5(r) =t/r is increasing from (0,1) onto (0,1).

4.3. Theorem. For 0 < a < ¢ <1, the function f(x) = pa.(1/ cosh(x)) is increas-
ing and concave from (0,00) onto (0,00). In particular,

rs 2rs
Na,c ( ) S ,ua,c(r) + ,ua,c(s) S 2,u/a,c ( ) )

1+7's 1+rs+1's

for all r;s € (0,1). The second inequality becomes equality if and only if r = s.
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Proof. Let r = 1/ cosh(z) and (cf. [HLVV])

2

M) = (g ) a0 €0000) + L) 1) = %elr) ().

We get
. Bla,b) M(r?)
f (])) - 2 7’/2 fK(?")2 ’

which is positive and increasing in r by [HLVV, Lemma 3.4(1), Theorem 3.12(2)],
and f is decreasing in x. Hence f is concave. This implies that

2 (e (i) e (i) = e (e rom)

and we get the second inequality by using the formula

Tty > l4rs+rs
cosh [ —= =
2 2rs

and setting s = 1/cosh(y). Next, f'(x) is decreasing in x, and f(0) = 0. Then
f(xz)/x is decreasing on (0,00) and f(x+y) < f(z) + f(y) by Lemmas 2.1 and 2.2,
respectively. Hence the first inequality follows. O

4.4. Lemma. For 0 <a < c¢ <1, we have
Pae() + Hae(s) < 2pac(vTs)
for all r,;s € (0,1), with equality if and only if r = s.
Proof. Clearly,
(r—s5?>0=14+r*>>1—(r —s)>+r%s?
2

<:>(1—7"s)221—7’ 2= 1—rs>7rs

= 2>14rs+rs < 1/(rs) > (1+rs+rs)/(2rs).
By using the fact that p, . is decreasing, we get

2rs
e ({ ) i

1+rs+r's
and the result follows from Theorem 4.3. U
4.5. Theorem. For K >1,0<a<candrs € (0,1),
tanh(Kartanhr) < o%°(r).

The inequality is reversed if we replace K by 1/K.
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Proof. Let s = ¢3°(r). Then s > r, and by equality ¢3°(r) = gy (ttac(r)/K) and
Lemma 4.1 we get

1
?,uayc(r)artanh s = ftgc(s)artanh s > p, (r)artanhr,

this is equivalent to the required inequality. For the case 1/K let © = <p‘ll’/cK(7").
Then = < r, similarly we get

K (r)artanh o = p, o(x)artanh x < p, o(r)artanhr,

and this is equivalent to tanh((artanhr)/K) > (p(f/CK(T) d
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